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Abstract16

One of the important principles for characterizing ordered semigroups17

into classes is the purities of ideals. It was Changphas, and Sanborisoot18

studied this concept in ordered semigroups. They described left (resp., right)19

weakly regular ordered semigroups using left (resp., right) pure of two-sided20

ideals. Our work weakens their study by introducing new kinds of purities21

for α-ideals. We characterize our new version of purities; moreover, a class22

of ordered semigroups is characterized by this concept.23
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1. Introduction26

When analyzing the structure of various algebraic systems, the idea of ideals is27

crucial. The purities are one of the essential characteristics of ideals. Numerous28

algebraic systems employed the purities of ideals as a subject of research. The29

1Corresponding author.



2 N. Tiprachot, B. Pibaljommee and N. Lekkoksung

purities and the purely primness of ideals in semigroups were firstly begun in 198930

by Ahsan and Takahashi (see [1]). In 2009, Bashir and Shabir [14] expanded these31

ideas to ternary semigroups. They discussed weakly pure ideals and examined32

their properties. The set of all proper purely prime ideals in ternary semigroups33

is topologized was also demonstrated. In 2012, Shabir and Anjum [15] started the34

concept of purities for k-ideals in hemirings. They explained left pure and right35

pure of k-ideals. Additionally, the authors used left (resp., right) pure k-ideals36

to characterize left (resp., right) k-weakly regular hemirings. In Γ-semirings,37

Jagatap [5] introduced the purities of k-ideals. The author began by studying38

the properties of pure k-ideals.39

When Changphas and Sanborisoot established the ideas of left (resp., right)40

pure, weakly pure, and purely prime ideals in ordered semigroups, the research41

of Ahsan and Takahashi was generalized to a higher level. Changphas and San-42

borisoot [4] characterized left (resp., right) pure ideals and used them to describe43

left (resp., right) weakly regular ordered semigroups. In the same year, the same44

authors extended the investigations of Bashir and Shabir (see [13]). The new45

purities versions were initially introduced in ordered hemirings by Pibaljommee46

and Palakawong na Ayutthaya (see [12]). They defined the properties of quasi-47

pure and bi-pure of k-ideals. The authors used two new types of pure k-ideals to48

characterize ordered hemirings: those that are both left and right weakly ordered49

k-regular and those that are k-regular. It seems that the trend of quasi-purity50

and bi-purity is significant. Palakawong na Ayutthaya and Pibaljommee started51

these notions for ideals and k-ideals in ordered semirings in [10] and [11], respec-52

tively. They characterized left (resp., right quasi-, bi-) pure for both ideals and53

k-ideals. The characterizations of left (resp., right) weakly ordered (k-)regular54

semirings were provided by using left (resp., right quasi-, bi-) purity of ideals and55

k-ideals.56

In addition to being crucial for characterizing algebraic systems, the purities57

of ideals are also essential for understanding hyperalgebraic systems. In ordered58

Krasner hyperrings, left (resp., right) purity of left (resp., right) hyperideals was59

attempted to be defined by Omidi et al. in 2007 (see [9]). They investigated60

the properties of left (resp., right) pure hyperideals. The authors also developed61

the idea of purely maximum hyperideals and examined their associated features.62

Changphas and Davvaz [3] investigated the properties of left (resp., right) pure63

hyperideals in ordered semihypergroups in a similar approach. Their character-64

izations were present. The authors also started the concept of left (resp., right)65

weakly pure hyperideals. They showed that the set of all purely prime hyper-66

ideals forms topology on an appropriate set. Recently, Shao et al. [16] studied67

the concept of left (resp., right) pure and purely prime hyperideals in ordered68

semihyperrings.69

As mentioned earlier, we can see from the motivation that the purities concept70
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is typically defined for two-sided ideals. Additionally, the variety of ideal purities71

seems to be limited. In the current study, we introduce the concept of β-purity72

of α-ideals in ordered semigroups utilizing the concept of α-ideals. By a suitable73

ideal, we characterize β-pure α-ideals. In addition, we describe γ-regular ordered74

semigroups by β-pure α-ideals.75

2. Preliminaries76

The basic notions used in this paper are recalled in this section. The notion77

of words is present in the first subsection. The second subsection provides the78

concept of ordered semigroups and their auxiliary results. The readers can be79

found some of these basic notations in [17].80

2.1. Word81

Throughout this paper, let N := {1, 2, 3, . . .} be the set of all natural numbers,82

and N0 to be the set of all nonnegative integers, that is, N0 := N ∪ {0}. Let X83

be a nonempty set.84

We denote the free monoid over the set X by X∗. The identity of X∗ is called85

the empty word, denoted by ε. The notation X+ := X∗
r {ε} denotes the free86

semigroup over the set X. Let α ∈ X∗. We define var(α) and |α| to be the set of87

variables occurring in the word α and the length of α, respectively. We denote88

by X∗
f the set {α ∈ X∗ : var(α) = X}. For any n ∈ N, we let89

X∗
n := {α ∈ X∗ : |α| = n}90

and91

X∗
f,n := {α ∈ X∗

f : |α| = n}.92

Any α ∈ X∗ and n ∈ N, we denote α · · ·α
︸ ︷︷ ︸

n times

by αn. Let α ∈ X+, and R := {i →93

j : i, j ∈ X and i 6= j}. We define αR to be the word obtained by replacing i in94

the word α by j for all i → j ∈ R. In particular, if R = {i1 → j1, . . . , ik → jk} is95

finite, then we may write αR by αi1→j1,...,ik→jk .96

Let m,n ∈ N be such that m ≤ n. We define [m,n] := {i ∈ N : m ≤ i ≤ n}.97

For any k ∈ N, we denote the set {[m,n] : 1 ≤ m ≤ n ≤ k} by Int(k).98

For any n ∈ N, we say that an I ∈ In if I is either an m-element subset of99

Int(n), where 1 ≤ m ≤ n, such that100

I =
{
[b1, c1], . . . , [bm, cm] : [bj, cj ] ∩ [bk, ck] = ∅ for all 1 ≤ j < k ≤ m

}
,101

or I = {∅}. We denote I :=
⋃

n∈N In. Note that Ik ⊂ Ik+1 for all k ∈ N.102
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Let α = a1 · · · an ∈ {0, 1}∗n and I = {[b1, c1], . . . , [bm, cm]} ∈ In, where n ∈ N.103

We define a new word αI obtained by α and I by104

αI := a1 · · · ab1−10ac1+1 · · · abm−10acm+1 · · · an.105

If I = {∅}, then we define αI := α. We set a1 · · · ab1−1 := ε if b1 = 1 and106

acm+1
· · · an := ε if cm = n.107

For any α ∈ {0, 1}+, a mapping 1α : {0, 1}
+ → {0, 1}+ assigns for any β =108

b1 · · · bn ∈ {0, 1}∗n, where n ∈ N, by 1α(β) := α1 · · ·αn such that109

αi =

{

0 if bi = 0,

α if bi = 1,
110

where 1 ≤ i ≤ n. In particular, for any n ∈ N, we denote 1nα(α) by α(n). We note111

that α(0) = α.112

Let α ∈ {0, 1}+. We define113

minor(α) :=
{
β ∈ {0, 1}+ : (β(m))I = α for some m ∈ N0 and I ∈ I

}
.114

Let α, β ∈ {0, 1, 2}+ such that |α| = m and |β| = n, wherem,n ∈ N. Suppose115

that β = b1 · · · bn. We define the word rα(β) obtained by β with respect to α by116

rα(β) := β if there is no i ∈ {1, . . . , n −m + 1} such that bi · · · bi+m−1 = α1→2,117

otherwise,118

rα(β) := b1 · · · bi−12bi+m · · · bn.119

In particular, rα(β) := 2b1−m · · · bn and rα(β) := b1 · · · bi+m−22 if i = 1 and120

i = bi+m−1, respectively. For any k ∈ N0, we define rkα(β) = rα(r
k−1
α (β)), where121

rkα(β) := β if k = 0.122

Let α ∈ {0, 1}+. We define 〈α〉 := {α} if |α| = 1, otherwise, 〈α〉 := {α}∪{1j :123

1 ≤ j ≤ |α| − 1}. For any α1, . . . , αk ∈ {0, 1}+, where k ∈ N, we denote124

〈α1〉 × · · · × 〈αk〉 by Πk
i=1〈αi〉.125

Let α ∈ {1, 2}∗n, where n ∈ N. Suppose that α = a1 · · · an. For any 1 ≤ i ≤ n,126

we define127

πi(α) =

{

〈α2→0〉 if ai = 1,

{2} if ai = 2.
128

We denote π1(α) × · · · × πn(α) by π(α).129

Any k-ary tuple x = (x1, . . . , xk) of {0, 1, 2}+ induces a word assigned by130

x := x1 · · · xk.131

For any k ∈ N and α ∈ {0, 1}∗f , we define the set compk(α) to be the set132

{

(α1, . . . , αk) ∈ ({0, 1}∗ r {1}∗)k : x ∈ minor(α) for all x ∈ Πk
i=1〈αi〉

}

.133
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Let α ∈ {0, 1}+ and k ∈ N. We define the set134

K(k)
α := {(α1, . . . , αk) ∈ compk(α) : α ∈ minor(α1 · · ·αk)}.135

The set K
(k)
α is a tool for characterizing all classes of ordered semigroups136

which we will present in the following subsection.137

2.2. Ordered semigroup138

An ordered semigroup is an algebraic structure 〈S, ·,≤〉 of type (2; 2) such that139

〈S, ·〉 is a semigroup, and 〈S,≤〉 is a partially ordered set such that≤ is compatible140

with the binary operation ·. That is, for any x, y ∈ S such that x ≤ y, we have141

that x · z ≤ y · z and z · x ≤ z · y for all z ∈ S.142

From now on, we denote an ordered semigroup 〈S, ·,≤〉 with the bold letter143

S of its universe set. Moreover, we denote the product x · y by xy.144

Let S be an ordered semigroup, and A,B and C subsets of S. Define the145

sets AB and (C] as follows: AB := ∅ if A or B is empty, otherwise,146

AB := {ab : a ∈ A and b ∈ B}147

and148

(C] := {x ∈ S : x ≤ c for some c ∈ C}.149

The following lemma is important in investigating ordered semigroups.150

Lemma 1 [6]. Let S be an ordered semigroup, and A and B nonempty subsets151

of S. Then the following statements valid:152

1. A ⊆ (A] and ((A]] = (A];153

2. A ⊆ B implies (A] ⊆ (B];154

3. A(B], (A]B, (A] (B] ⊆ (AB];155

4. (A ∪B] = (A] ∪ (B].156

In 2013, Towwun and Changphas [18] introduced the notion of α-ideals in or-157

dered semigroups as a generalization of one-sided ideals. Miccoli and Ponděĺıček,158

who first proposed the idea of α-ideals in semigroups, were the inspiration for159

Towwun and Changphas’ research (see [8]). It is, therefore, preferable to recol-160

lect a few concepts related to the idea of α-ideals in ordered semigroups.161

Let S be an ordered semigroup, and α = a1 · · · an = {0, 1}∗n, where n ∈ N0.162

For any A ⊆ S, we define fA
α : P (S) → P (S) by fA

α (B) := ∅ if n = 0, otherwise,163

fA
α (B) := C1 · · ·Cn, where164

Ci =

{

A if ai = 0,

B if ai = 1,
165
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for all B ⊆ S and 1 ≤ i ≤ n. In particular, if B = {b}, then we write fA
α (b)166

instead of fA
α ({b}). Here P (S) is the set of all subsets of S.167

Miccoli and Ponděĺıček gave the result below in terms of semigroups, but we168

can also present it in terms of ordered semigroups.169

Lemma 2 [8]. Let S be an ordered semigroup, A and B nonempty subsets of S,170

and α, β ∈ {0, 1}∗. Then the statements holds:171

1. fS
α (A) ⊆ fS

α (B), where A ⊆ B;172

2. fS
αβ(A) = fS

α (A)f
S
β (A).173

The result that follows is simple to acquire.174

Corollary 3. Let S be an ordered semigroup, A,B nonempty subsets of S, and175

α ∈ {0, 1}∗. Then fA
α (S) ⊆ fB

α (S) whenever A ⊆ B.176

Proof. We observe that fS
α0→1,1→0

(A) = fA
α (S) and fS

α0→1,1→0
(B) = fB

α (S).177

By applying Lemma 2(1), we have fA
α (S) = fS

α0→1,1→0
(A) ⊆ fS

α0→1,1→0
(B) =178

fB
α (S).179

Following is a definition of α-ideals.180

Definition [18]. Let S be an ordered semigroup. A nonempty subset A of S181

such that (A] = A is said to be an α-ideal of S if AA ⊆ A and fS
α (A) ⊆ A.182

It is not difficult to see that any left, right, bi-, and (m,n)-ideal is a 01-, 10-,183

101-, and 1m01n-ideal, respectively (see [17]).184

Towwun and Changphas proved the following result.185

Theorem 4 [18]. Let S be an ordered semigroup, A a nonempty subset of S and186

α ∈ {0, 1}∗ r {1}∗ such that |α| ≥ 2. Then the smallest α-ideal of S containing187

A is of the form188

(

A ∪ · · · ∪A|α|−1 ∪ fS
α (A)

]

.189

We denote the smallest α-ideal of S containing A by 〈A〉α. For the conve-190

nience, let 〈A〉α := S if α = 0. In particular, if A = {a}, where a ∈ S, then we191

write 〈a〉α instead of 〈{a}〉α.192

An ordered semigroup S is said to be α-regular if any a ∈ S, we have a ∈193
(
fS
α (a)

]
. The concept of α-regular ordered semigroups can describe all classes194

of ordered semigroups determined by a linear inequation. Tiprachot et al. [17]195

characterized the concept of α-regular ordered semigroups in 2022.196

Theorem 5 [17]. Let S be an ordered semigroup, and α ∈ {0, 1}∗f . Suppose that197

(α1, . . . , αk) ∈ K
(k)
α , where k ≥ 2, and α1, . . . , αk ∈ {0, 1}∗ r {1}∗. Then the198

following statements are equivalent:199
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1. S is α-regular;200

2. A1 ∩ · · · ∩Ak ⊆ (A1 · · ·Ak] for any αi-ideal Ai, where 1 ≤ i ≤ k.201

It, then, turns out that the above generalizes, for example, Theorem 3.2 and202

Lemma 4.1 in [2] and Theorem 2 in [7].203

3. Results204

The idea of purities of α-ideals in ordered semigroups is introduced and described205

in our final section. We also characterize a class of ordered semigroups using this206

concept. Before we proceed, a notion from the previous section needs to be207

adjusted to make it more helpful in identifying the purities.208

Let S be an ordered semigroup, and α = a1 · · · an = {0, 1, 2}∗n, where n ∈ N0.209

For any A ⊆ S, we define fA
α : P (S) × P (S) → P (S) by fA

α (B,C) := ∅ if n = 0,210

otherwise, fA
α (B,C) := D1 · · ·Dn, where211

Di =







A if ai = 0,

B if ai = 1,

C if ai = 2,

212

for all B,C ⊆ S and 1 ≤ i ≤ n.213

The following consequence is obtained immediately by the above definition.214

Lemma 6. Let S be an ordered semigroup, and α, β ∈ {0, 1, 2}+. Then fS
αβ(A,B) =215

fS
α (A,B)fS

β (A,B) for any A,B ⊆ S.216

Moreover, Definition 2.2 can be restated as follows.217

Definition. Let S be an ordered semigroup. A nonempty subset A of S such218

that (A] = A is said to be an α-ideal of S if AA ⊆ A and fS
α (A,S) ⊆ A.219

Now, we are ready to define the concept of purities of α-ideals.220

Definition. Let S be an ordered semigroup, α ∈ {0, 1}+r{1}+, and β ∈ {1, 2}+.221

An α-ideal A of S is β-pure if a ∈
(

fS
β (a,A)

]

for any a ∈ A.222

The following result demonstrates the relationship between different purities223

of an α-ideal in ordered semigroups.224

Proposition 7. Let S be an ordered semigroup, α ∈ {0, 1}+ r {1}+ and β ∈225

{0, 1, 2, }+. Suppose that B is an α-ideal of S. Then226

fS
β (A,B) ⊆ fS

rkα(β)
(A,B)227

for any A ⊆ S and k ∈ N0.228
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Proof. Let A,B ⊆ S. The proof is achieved if k = 0. We let P (k) to be the229

statement: fS
β (A,B) ⊆ frkα(β)(A,B). We show this statement by induction on230

k. Let us suppose more that α = a1 · · · am and β = b1 · · · bn. It is clear that231

fS
β (A,B) ⊆ frα(β)(A,B) whenever m > n. Assume that m ≤ n. If rα(β) = β,232

then fS
β (A,B) ⊆ frα(β)(A,B). Suppose that there exists i ∈ {1, . . . , n −m + 1}233

such that bi · · · bi+m−1 = α1→2. Then234

fS
β (A,B) = fS

b1···bn(A,B)235

= fS
b1···bi−1

(A,B)fS
bi···bi+m−1

(A,B)fS
bi+m···bn(A,B)236

= fS
b1···bi−1

(A,B)fS
α1→2

(A,B)fS
bi+m···bn(A,B)237

= fS
b1···bi−1

(A,B)fS
α (B,A)fS

bi+m···bn(A,B)238

= fS
b1···bi−1

(A,B)fS
α (B,S)fS

bi+m···bn(A,B)239

⊆ fS
b1···bi−1

(A,B)fS
1 (B,S)fS

bi+m···bn(A,B) (since B is an α-ideal)240

= fS
b1···bi−1

(A,B)fS
2 (A,B)fS

bi+m···bn(A,B)241

= fS
b1···bi−12bi+m···bn(A,B)242

= fS
rα(β)

(A,B).243

This shows that P (1) is true. Assume that P (k) is true. That is, fS
β (A,B) ⊆244

fS
rkα(β)

(A,B). Suppose that rkα(β) = c1 · · · cl for some l ∈ N. If l < m, then245

fS
rkα(β)

(A,B) = fS

rk+1
α (β)

(A,B). This implies fS
β (A,B) ⊆ fS

rk+1
α (β)

(A,B). Suppose246

that m ≤ l. If rkα(β) = rk+1
α (β), then we have that fS

β (A,B) ⊆ fS

rk+1
α (β)

(A,B).247

Suppose that there exists i ∈ {1, . . . , l −m+ 1} such that ci · · · ci+m−1 = α1→2.248

Then249

fS
rkα(β)

(A,B) = fS
c1···cl

(A,B)250

= fS
c1···ci−1

(A,B)fS
ci···ci+m−1

(A,B)fS
ci+m···cl

(A,B)251

= fS
c1···ci−1

(A,B)fS
α1→2

(A,B)fS
ci+m···cl

(A,B)252

= fS
c1···ci−1

(A,B)fS
α (B,A)fS

ci+m···cl
(A,B)253

= fS
c1···ci−1

(A,B)fS
α (B,S)fS

ci+m···cl
(A,B)254

⊆ fS
c1···ci−1

(A,B)fS
1 (B,S)fS

ci+m···cl
(A,B) (since B is an α-ideal)255

= fS
c1···ci−1

(A,B)fS
2 (A,B)fS

ci+m···cl
(A,B)256

= fS
c1···ci−12ci+m···cl

(A,B)257

= fS

rk+1
α (β)

(A,B).258

This shows that P (k+1) is true. By mathematical induction, we obtain that259
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fS
β (A,B) ⊆ fS

rkα(β)
(A,B) for all k ∈ N. Altogether, we have that, fS

β (A,B) ⊆260

fS
rkα(β)

(A,B) for any A,B ⊆ S and k ∈ N0.261

Lemma 8. Let S be an ordered semigroup and α ∈ {1, 2}∗. Then262

fS
α




⋃

w∈〈α2→0〉

fS
w(A,B), B



 =
⋃

x∈π(α)

fS
x
(A,B)263

for any A,B ⊆ S.264

Proof. Suppose that |α| = n, where n ∈ N, such that α = a1 · · · an. Let A,B ⊆265

S. Assume that y ∈ fS
α

(
⋃

w∈〈α2→0〉
fS
w(A,B), B

)

. Then y ∈ y1 · · · yn, where266

yi = B if ai = 2 and yi = fS
w(A,B) for some w ∈ 〈α2→0〉 if ai = 1. This means267

that y ∈ fS
w1
(A,B) · · · fS

wn
(A,B) such that268

wi ∈

{

〈α2→0〉 if ai = 1,

{2} if ai = 2.
269

We observe that (w1, . . . , wn) ∈ π(α). Thus270

y ∈ fS
w1···wn

(A,B) ⊆
⋃

x∈π(α)

fS
x
(A,B).271

Conversely, let y ∈
⋃

x∈π(α) f
S
x (A,B). Then y ∈ fS

x (A,B) for some x ∈ π(α).272

Since x ∈ π(α), we see that x = (x1, . . . , xn) ∈ π1(α)×· · ·×πn(α). If there exists273

i ∈ {1, . . . , n} such that ai = 1, then xi ∈ πi(α) = 〈α2→0〉. Thus,274

y ∈ fS
x
(A,B) = fS

x1
(A,B) · · · fS

xn
(A,B) = fS

α

(
fS
xi
(A,B), B

)
275

⊆ fS
α




⋃

w∈〈α2→0〉

fS
w(A,B), B



 .276

If there is no i ∈ {1, . . . , n} such that ai = 1, then277

y ∈ fS
x (A,B) = fS

x1
(A,B) · · · fS

xn
(A,B) = Bn

278

= fS
α




⋃

w∈〈α2→0〉

fS
w(A,B), B



 .279

This shows that
⋃

x∈π(α) f
S
x (A,B) ⊆ fS

α

(
⋃

w∈〈α2→0〉
fS
w(A,B), B

)

. Therefore, we280

complete the proof.281
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We define D ⊆ {0, 1}+ × {1, 2}+ as follows282

D := {(α, β) : for any x ∈ π(β) there exist n ∈ N0 and I ∈ I with rnα(xI) = β}.283

We can describe β-pure of α-ideals by the following theorem based on the284

notion of the set D.285

Theorem 9. Let S be an ordered semigroup, A ⊆ S, α ∈ {0, 1}+ r {1}+, and286

β ∈ {1, 2}+. Suppose that A is an α-ideal of S and (α, β) ∈ D. Then the following287

statement are equivalent:288

1. A is β-pure;289

2. B ∩A ⊆
(

fS
β (B,A)

]

for all β2→0-ideal B of S.290

Proof. (1) ⇒ (2) Let B be an β2→0-ideal of S and x ∈ B∩A. Since A is β-pure,291

x ∈
(

fS
β (x,A)

]

⊆
(

fS
β (B,A)

]

. This shows that B ∩A ⊆
(

fS
β (B,A)

]

.292

(2) ⇒ (1) Let x ∈ A. Then,293

〈x〉β2→0
=

(

⋃

w∈〈β2→0〉

fS
w(x, S)

]

=

(

⋃

w∈〈β2→0〉

fS
w(x,A)

]

294

is a β2→0-ideal of S containing x. By assumption, we have that295

x ∈




⋃

w∈〈β2→0〉

fS
w(x,A)



 ∩A296

⊆



fS
β








⋃

w∈〈β2→0〉

fS
w(x,A)



 , A








297

⊆



fS
β




⋃

w∈〈β2→0〉

fS
w(x,A), A








298

=




⋃

x∈π(β)

fS
x (x,A)



 (by Lemma 8)299

=
⋃

x∈π(β)

(
fS
x (x,A)

]
.300

Thus, x ∈
(
fS
x
(x,A)

]
for some x ∈ π(β). Since (α, β) ∈ D, we have that301

rnα(xI) = β for some n ∈ N0 and I ∈ I. By Proposition 7, x ∈
(

fS
xI
(x,A)

]

⊆302

(

fS
rnα(xI)

(x,A)
]

=
(

fS
β (x,A)

]

. Therefore, we have that A is β-pure.303
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In our final result, we characterize a class of ordered semigroups using the304

notion of purities of α-ideals. We establish a notion to describe this class of305

ordered semigroups.306

Let β ∈ {1, 2}∗ r {1}∗ such that β = b1 · · · bn for some n ∈ N. For any307

α ∈ {0, 1}∗r{1}∗, we define an n-tuple β(α) obtained by α and β by (γ1, . . . , γn),308

where309

γi =

{

β2→0 if bi = 1,

α if bi = 2,
310

for all 1 ≤ i ≤ n.311

Theorem 10. Let S an ordered semigroup, α ∈ {0, 1}+ r {1}+, β ∈ {1, 2}+f312

such that |β| = n for some n ≥ 2 and γ ∈ {0, 1}+f . Suppose that (α, β) ∈ D and313

β(α) = (γ1, . . . , γn) ∈ K
(n)
γ . Then the following statements are equivalent:314

1. S is γ-regular;315

2. every α-ideal A of S is β-pure.316

Proof. (1) ⇒ (2). Let A be an α-ideal and B a β2→0-ideal of S. Since S is317

γ-regular, β(α) ∈ K
(n)
γ and Theorem 5, we have C1 ∩ · · · ∩ Cn ⊆ (C1 · · ·Cn] for318

any γi-ideal Ci of S, where319

Ci =

{

B if γi = β2→0,

A if γi = α,
320

for all 1 ≤ i ≤ n. That is, A ∩B ⊆ (C1 · · ·Cn], where β = b1 · · · bn and321

Ci =

{

B if bi = 1,

A if bi = 2,
322

for all 1 ≤ i ≤ n. Therefore, A ∩B ⊆
(

fS
β (B,A)

]

. By Theorem 9, we have that323

A is β-pure.324

(2) ⇒ (1). Let A be an α-ideal and B a β2→0-ideal of S. Then A ∩ B ⊆325
(

fS
β (B,A)

]

. We note that fS
β (B,A) = C1 · · ·Cn, where326

Ci =

{

B if γi = β2→0,

A if γi = α,
327

for all 1 ≤ i ≤ n. By Theorem 5, S is a γ-regular ordered semigroup.328
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4. Conclusion329

This study introduces the idea of β-pure α-ideals in ordered semigroups. As we330

can see, there are several kinds of purities of α-ideals; hence, our study may331

provide some insight into researching other forms of purities. In our first main332

consequence, we establish a relationship between various purities of an α-ideal.333

With the aid of an appropriate ideal, β-pure α-ideals are described. The char-334

acterization of a class of ordered semigroups is given using the idea of β-pure335

of α-ideals. We can ask if we can examine something similar for other algebraic336

systems through this work.337
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