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25 1. INTRODUCTION

2% With an idea of bringing common abstraction to most of the existing ring theo-
7 retic and lattice theoretic generalizations of a Boolean algebra, the concept of an
s Almost Distributive Lattice (ADL) was introduced by Swamy and Rao in [13].
20 An Almost Distributive Lattice (ADL) is an algebra (R, A, V) of type (2,2) which
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2 S.S. KHOPADE AND D.R. PHADATARE

satisfies almost all the properties of a distributive lattice except possibly the com-
mutativity of A and V and the right distributivity of V over A. It is interesting
to note that many results which are valid for distributive lattices are also valid
for ADLs, even though the techniques of the proofs in case of ADLs are slightly
different, for the reason that the operations A and V are not commutative. The
concept of an ideal was introduced in an ADL analogues to that in a distributive
lattice. A study of some properties of prime ideals, minimal prime ideals and
annihilator ideals in an ADL is carried out in [6, 9, 10, 11] and [14]. Recently
different types of ideals in an ADL are introduced and studied in [7] and [8].

Motivated by the characterizations of Stone lattices obtained by Gratzer and
Schmidt [2], Cornish [1] and Pawar [4] characterized distributive lattices with
the least element 0 in which every prime ideal contains a unique minimal prime
ideal and called such lattices normal lattices. This work inspired Xinmin Lu et
al. [3] to introduce the concept of decomposable lattices by replacing the word
normality by decomposability. A distributive lattice L with the least element 0
is said to be decomposable if for any two incomparable elements a,b € L, there
exists z,y € L such that a = 2V (e Ab) and b =y V (aAb) and z Ay = 0.
Further prime, minimal prime and special ideals in decomposable lattices are
studied explicitly in [3]. Analogues to normal distributive lattices, normal ADLs
are defined and studied by Rao and Ravikumar [11]. Hence it worth to introduce
decomposability in an ADL. The work of Xinmin Lu et al. [3] motivates us to
study some more properties of prime ideals, minimal prime ideals and annihilator
ideals in a decomposable ADL.

In this paper we introduce decomposable ADL. Note that our definition is
slightly different from that for lattices. Examples of decomposable ADL and non
decomposable ADL are furnished. Various properties of prime, minimal prime
and annihilator ideals in a decomposable ADL are proved. The concluding section
deals with strongly decomposable ADL. Various characterizations for an ideal in
a strongly decomposable ADL to be totally ordered are obtained.

2. PRELIMINARIES

In this section we recall some definitions and results from references that we need
for the text of this paper.

Recall from [13], an almost distributive lattice (ADL) with 0 is an algebra
(R,A,V,0) of type (2, 2, 0) satisfying the following conditions for all z,y,z € R.
(L1) zv0=2x
(L2) 0Az=0
(L3) (xVy)Az=(xAz)V(yAz)

(L4) oA (yVz)=(zAy)V(zAz)



68

69

70

71

72

73

74

75

76

v

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

DECOMPOSABLE AND STRONGLY DECOMPOSABLE ALMOST ... 3

(L) 2V (yAz)=(zVy Az V2)
(L6) (zVy) Ay =y.

Throughout this paper, R stands for an ADL (R, A, V,0) with zero unless
otherwise mentioned. For any a,b € R, define a < b if a = a A b (or equivalently
aVb=0»), then < is a partial ordering on R. For any m € L, m is maximal with
respect to partial ordering < if and only if mVx = m for all x € L. A non-empty
subset I of R is said to be an ideal if it satisfies the conditions:

(i) a,beI=aVbeland
(ii) aecl,xre R=>aNz el

The set of all ideals of R is denoted by J(R). Note that for a,b € R and I € J(R)
we have a Ab € [ if and only if bAa € I. Theset S ={aAzx:x € R} is the
smallest ideal of R containing a. We denote it by S = (a] and it is called the
principal ideal generated by a. An ideal I of R is said to be proper if I # R. A
proper ideal P of R is said to be prime if for any z,y € R, x Ay € P implies
x € Porye P. A prime ideal P of R is called minimal if there exists no prime
ideal @ of R such that Q C P. Every prime ideal of R contains a minimal prime
ideal. A proper ideal M of R is said to be maximal if it is not properly contained
in any proper ideal of R. R is called a pm-ADL if every prime ideal is contained
in a unique maximal of R (see [5]). For any x € R, an z-maximal ideal is an
ideal of R which is maximal with respect to not containing x. For any non-empty
subset A of an ADL R, define A* ={x € R : aANz =0, for all a € A}. Then
A* is called the annihilator of A. For any non-empty subset A of R, A* is an
ideal of R and A* N A C {0}. An ideal I of R to be aniihilator ideal if I = I**.
For € R, the annulet {z}* of x is defined as {z}* ={y € R: 2 Ay =0}. An
element = € R is said to be dense in R if, {z}* = {0}. Two distinct ideals I and
J in R are said to be co-maximal if 1V J = R. Dually we can define filter, prime
filter, minimal prime filter and maximal filter. Let R be an ADL with maximal
elements and A be the set of all maximal elements in R. An element x € R is
said to be dual dense if {x}* = A, where {z}T = {y € R: 2V y = m for some
m € A}. Any two distinct filters F, G in R are said to be weakly co-maximal, if
F'V G contains a dual dense element in R. An ADL, R with maximal elements
is called a dually semi-complemented if, for each non zero element x € R there
exists a non-maximal element y € R such that x V y is maximal. For an ADL R,
let M(R) denotes the set of all minimal prime ideals of R.

Proposition 1 [13]. Fora,b € R we have, (aAb] = (a]N(b] and (aVb] = (a] Vv (b].

Proposition 2 [13]. The set J(R) of all ideals of R is a complete distributive
lattice with the least elements {0} and the greatest element R under set inclusion,
in which for any I,J € 3(R), INJ is the infimum of I and J and the supremum
is gwen by IV J={ivj:i€l, je J}.
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4 S.S. KHOPADE AND D.R. PHADATARE

Proposition 3 [6]. Let X be a non-empty subset of R such that 0 ¢ X. Then
U{{a}*rae X} =N{M e M(R) : MNX = ¢}.

Proposition 4 [9]. For any nonempty subset of A of R, A* is an ideal of R.
Proposition 5 [9]. For any nonempty subset I of R we have I* N I** = (0].

Proposition 6 [9]. The set of all annihilator ideal of R forms a complete Boolean
algebra.

Proposition 7 [12]. P is a minimal prime ideal of R if and only if R\ P is a
mazimal prime filter of R.

Proposition 8 [12|. Every prime ideal of R contains a minimal prime ideal.
Proposition 9 [6]. For a € R, any a-mazximal ideal in R is prime.

Proposition 10 [6]. For any subset A of R, A* = (\{M € M(R) : AL M}.

3. DEcoMPOSABLE ADL

For I,J € J(R) we write I || J when the ideals I and J are incomparable in the
poset (J(R),C). At the outset we define a decomposable ADL.

Definition. An ADL R is said to be decomposable if for any I | J, where
I,J € 3(R), there exists z € I \ J and y € J \ I such that Ay = 0.

1

1

b c
a b

a

0
0

Figure 1. Decomposable ADL. Figure 2. Non Decomposable ADL.

Example 11. An ADL represented by the Hasse Digramme as in Figure 1 is
decomposable while an ADL represented in by the Hasse Digramme as in Figure
2 is not decomposable.

Example 12. Let X be any non-empty set. Fix z¢o € X. For any z,y € X,
define Aand Von X by zAy =y, xaVy=x if x # xg and xoAx = x9, oV = .
Then (X, A,V,zp) is an ADL with xo as its zero element (see [13]). It can be
verified that this ADL is decomposable.
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A necessary and sufficient condition for a proper ideal to be prime in a
decomposable ADL is proved in the following theorem.

Theorem 13. In a decomposable ADL R, a proper ideal P is prime if and only
if the set {I € 3(R) : I D P} is totally ordered.

Proof. Let a proper ideal P of R be such that the set {I € J(R)|I 2 P} is a
totally ordered subset of J(R). Let P be not prime. Then there exist a,b € R
such that aANb € P witha¢ Pand b¢ P. As PV (a] D P and PV (b D P, by
assumption PV (a] C PV (b] or PV (b] C PV (a]. Assume PV (a] C PV (b]. As
aNbe P, we get

PV (anbl=PVa]n(@b], (by Result 1)
=[PV (a]]n[PV(b]], (by Result 2)
=PV (a]. (since PV (a] € PV (b]).

This shows that a € P; a contradiction. Hence P must be a prime ideal.

For converse, let {I € J(R) : I O P} be not totally ordered. Then there
exists I, J € J(R) containing P and I || J. As R is a decomposable ADL there
exist z € I\ Jandy € J\ I withaAy=0. AszAy=0¢€ Pand P is a
prime ideal, we get x € P or y € P. But then z € J or y € I leading to the
contradiction. Hence {I € J(R) : I O P} must be a totally ordered set. ]

Note that {0} need not be a prime ideal in R (e.g. an ADL R represented in
Figure 1). But if R is a decomposable ADL then following is a direct consequence
of Theorem 13.

Corollary 14. In a decomposable ADL R, {0} is a prime ideal in R if and only
if R is totally ordered.

From Theorem 13 and from the fact that no two maximal ideals in R are
comparable we have the following consequence.

Corollary 15. Any decomposable ADL is a pm-ADL.

For a prime ideal P of R define Sp = ({M € M(R) : M C P}. Nec-
essary and sufficient condition for any two prime ideals to be comparable in a
decomposable ADL is proved in the following theorem.

Theorem 16. In a decomposable ADL R, two prime ideals P and Q are com-
parable if and only if Sp C Q or Sg C P.

Proof. The proof of only if part being obvious, we prove if part only. Let Sp C @
and P || Q. As R is decomposable, there exists z € P\ Q and y € Q \ P such
that z Ay = 0. As for M € M(R) contained in P, 0 = x Ay € M implies
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x € M asy ¢ P. But then x € N{M € M(R)|M C P} = Sp implies z € Q;
a contradiction. Hence P and ) must be comparable. Similarly we prove if
Sq C P, then prime ideals P and @) are comparable. [ |

In the following theorem we prove a property of finite number of mutually
incomparable prime ideals of a decomposable ADL.

Theorem 17. Let R be a decomposable ADL and0 < a € R. If P\, P>, Ps, ..., P,
are mutually incomparable prime ideals of R and a ¢ \J!_, P;. Then there exist
a; Eﬂ;;ij\Pi such that 0 < a; < a and a; Naj =0 fori# 7,1 <i,j <n.

Proof. We prove this theorem by induction on n > 2.

Step 1. n =2. Let P, || P, and a ¢ P, UP,. As R is decomposable, there exists
x1 € P\ Py and 9 € P; \ P; such that 21 A zo = 0. Define a; = a A x; and
as = aAxg. Thena ¢ Py and x1 ¢ P, imply a Azqy = a1 ¢ P;. Again a ¢ Py
and zo ¢ P» give a Axg = ag ¢ P». Clearly 0 < a1 and 0 < ag. If a1 = a,
then a A 1 = a which implies a < x1 € P, which means a € P»; a contradiction.
Therefore a; < a. Similarly, we get as < a. Thus 0 < a1 < a and 0 < ag < a.
Further a1 Aag = (aAxz1) A(aAx2) =aA (i ANaAxe) =al(aNxy Axe) =
a A (aAN0)=aA0=0. This shows that the result is true for n = 2.

Step 2. Now assume that the result is true for any (n — 1) prime ideals.

Step 3. We prove that the result holds for n. Let P, || P || Ps--- || Pu
and a ¢ U/, P;. Then P, | Py || P3--- || P,_y and a ¢ J!~' P. By induction
hypothesis, there exist b; ¢ P; such that 0 < b; < a and b; Ab; = 0 for ¢ # j where
i,j € {1,2,3,...,n—1}. Also we have P, || P3| Py--- || Py, and a ¢ U, P;.
Therefore again by induction hypothesis, there exist ¢; ¢ P; such that 0 < ¢; < a
and ¢; A¢; = 0 for i # j, where 4,5 € {2,3,...,n}. Further P || P, and
a ¢ Py UP,. Therefore by step 1, there exist dy ¢ P,d, ¢ P, such that
0<d <aand 0<d, <aandd Ad, =0. Since b; ¢ P, and ¢; ¢ P;, we
get fi = b ANe; & P fori € {2,3,...,n—1}. It is easy to verify that f; < a
and f; A f; = 0 for ¢ # j. If f; = b; Ac; = 0, then b; € P; or ¢; € P;, which is
not true. Therefore we must have f; > 0. Let fi = by Ady and f, = ¢, A d,.
Since by ¢ Py and dy ¢ P we get f1 = by Ady ¢ P. Also 0 < f; < a.
Similarly ¢, ¢ P, and d,, ¢ P, = f, = ¢, Nd,, ¢ P,. Further 0 < f,, < a and
fANfa=bAdi Aep ANdy = by Aey ANdy ANdy, = by A e, AO = 0. This shows that
there exist fi, fa,..., fn in R such that f; ¢ P, 0 < f; < a and f; A f; = 0 for
i,7 € {1,2,...,n}. This shows that the result is true for n.

Hence by the principal of induction, the result is true for all n > 2. [ |

Let N(R) denote the set of all annihilator ideal in R i.e., N(R) = {I €
J(R) : I = I**}. We know that N(R) forms a complete Boolean algebra (by
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Proposition 6). In the view of definition of decomposable ADL, Theorem 6 in [6]
can be restated as follows.

Theorem 18. In a decomposable ADL R, for any prime ideal P in R, the fol-
lowing statements are equivalent.
(i) For any I € 3(R), I and P are comparable.
(ii) For any N € N(R)\ R,N C P.
(iii) For any M € M(R),M C P.
(iv) For any a ¢ P,{a}* = {0}. (i.e., each element of (R \ P) is dense in R).

Proof. By Theorem 5 in [6], we have (i) = (ii) = (iii) = (iv). Therefore it is
sufficient to prove (iv) = (i).

Suppose, if possible, that there is an ideal I of R such that I || P. Since R
is decomposable, there exist € I\ P and y € P \ I such that z Ay = 0. Then
x>0,y > 0and y € {z}*. Also by assumption, z ¢ P implies {x}* = {0}. Thus
y € {x}* = {0} gives y = 0; a contradiction. Hence I and P must be comparable.
This proves (iv) = (7). |

4. STRONGLY DECOMPOSABLE ADL

In this section we introduce strongly decomposable ADL and prove some char-
acterizations for an ideal in a strongly decomposable ADL to be totally ordered.
For a,b € R, we write a || b, when a, b are incomparable in (R, <).

Definition. An ADL R is said to be strongly decomposable if for a || b,a,b € R,
there exist x,y € R such that a =2V (a Ab) and b=y V (a Ab) and z Ay = 0.

Let < R,A,V,0 > be an ADL where R = {0,a,b,c} and A and V defined on
R as shown by the following tables

ol | o<
ol |lolo
T|NT| o | v |
o'|o'|o|o| T
oloc|o|lalo
o|TH | o>
olo|lo|lo|lo
Ol || O
o|T||o|lT
olo|lolo|o

The ADL < R, A,V,0 > is strongly decomposable.

Naturally, we have the relation between strongly decomposable ADL and
decomposable ADL as given below.

Theorem 19. Ewverly strongly decomposable ADL is decomposable.
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Proof. Let R be strongly decomposable. Let I || J in J(R). Therefore there
exist z € I\ J and y € J \ I such that z || y. Since R is strongly decomposable,
there exist a,b € Rsuch that z =aV (x Ay)and y =bV (x Ay), with a Ab = 0.
Now a < z givesa =xANa € I (asz € I). Thus a € I. As y € J we have
xANy € J. If a € Jwe will have aV (x Ay) € J ie., x € J; a contradiction.
Therefore a ¢ J. Thus a € I\ J. Similarly, b € J\ I. Thus for I || J in J(R)
there exist a € I'\ J and b € J \ I such that a A b = 0. This proves that R is
decomposable. [ |

A sufficient condition for I** to be be totally ordered is proved in the following
theorem, where I # {0} is an ideal of a strongly decomposable ADL R.

Theorem 20. Let R be a strongly decomposable ADL and I # {0} be an ideal
of R. Then I™ is a totally ordered ideal, if I* is a prime ideal of R.

Proof. By Proposition 4, we have I** is an ideal in R. Assume, if possible, that
I'** is not totally ordered. Then there exist x,y € I** such that = || y. As R
is strongly decomposable, there exist a,b € R such that x = a V (z A y) and
y=>bV (x Ay) with a Ab=0. Therefore a < x and b < y which imply a =a Az
and b =bAy. Since z € I and I** is an ideal of R, we get a A x € I which
means a € I**. Similarly we obtain b € I**. Since I* is a prime ideal of R and
aNb=0€I*wegeta€l*orbell* Ifae€l* then a € I*NI* = (0] which
means a = 0. But thenz =aV (zx Ay) =0V (z Ay) = x Ay. This gives = < y;
which is not possible (as z || y). Similarly b € I* implies b = 0 and consequently
y < x; which is again absurd. Hence I** must be a totally ordered ideal. [ |

We characterize non-zero, totally ordered ideal in a strongly decomposable
ADL R in the following theorem.

Theorem 21. In a strongly decomposable ADL R, following statements are equiv-
alent for any ideal I # {0} in R.

(i) I is totally ordered.

For any 0 <ae€l,{a}* =1".

I* is a prime ideal of R.

I* is a minimal prime ideal of R.

I is a mazimal totally ordered ideal of R.

I is a minimal annihilator ideal of R.

I* is a maximal annihilator ideal of R.

For any 0 < xz € I, x-maximal ideal is unique.

FEach 0 < z € I is contained in a unique mazximal filter of R.
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Proof. (i) = (ii) Let 0 < a € I. Then clearly I* C {a}*. Let, if possible,
I* C {a}*. Select z € {a}* \ I*. Then z > 0,z Aa =0 and = A b # 0 for some
b e I. As I is totally ordered, either x Ab < aora<axzAb If x Ab< a, then
xAb=xAbANa = xzNaNb= (xAa)ANb=0Ab=0. Thus xAb = 0; a contradiction.
Ifa<xAb thena=aANzAb=xzAaANb=0Ab=0;a contradiction. Therefore
we must have I* = {a}* for 0 < a € I.

(ii) = (iii) By Proposition 4, I* is an ideal in R. On contrary assume that I* is
not prime. Then there exist a,b € R such that a ¢ I* and b ¢ I* but a Ab € IT*.
Then a Az > 0 for some z € I. For, if a Az =0 for all z € I, then a € I* which
is not possible. Similarly b A y > 0 for some y € I.

Now, (aAz)A(bAyY) = aA(xAbAY) =aA(bAxzAy) = (aAb)A(zAy). Since
xAy € I and aAb € I*, we have (aAb)A(zAy) = 0. Therefore (aAz)A(bAy) =0
which means bAy € {aAz}*. As0 < aAx € I, by hypothesis we get {aAz}* = I*.
Therefore b Ay € I NI* = {0} which yields b Ay = 0; a contradiction. Therefore
I* is a prime ideal in R.

(iii) = (iv) If possible assume that the prime ideal I* is not a minimal prime
ideal of R. By Proposition 8, there exists a minimal prime ideal M of R such
that M C I*. If I ¢ M, then I* C M (since from Proposition 10 we have
I* =n{M € M(R) : I ¢ M}); which contradicts to the fact that M is a minimal
prime ideal of R. Therefore I C M. Thus I = INM C INI* = {0} which means
I = {0}; a contradiction. Therefore I* must be a minimal prime ideal of R.

(iv) = (v) By Theorem 20, we have I** is a totally ordered ideal. We need to
prove that I** is a maximal totally ordered ideal of R. Let if possible there exists
a totally ordered proper ideal J of R containing I** properly. Select x € J \ I**.
Then x > 0 and x Ay > 0 for some y € I*. But then x Ay € I*. Also x € J and
J is an ideal imply x Ay € J. Pickupany 0 <a € l. Thenae I C ™ C J
ie,, a € J. Since J is totally ordered and a, x Ay € J, we have a < x Ay
or x ANy <a. Ifa<zAy, thena=aA(zxAy)=0andifzAy < a, then
zANy=(xAy)ANa=0 (since x ANy € I* and a € I). Thus in either case we
get a contradiction. Therefore our assumption is wrong. This shows that I** is
a maximal totally ordered ideal of R.

(v) = (vi) Obviously I** is an annihilator ideal. Let T be a non zero annihilator
ideal of R contained in I**. Since I** is totally ordered (by assumption), we get
T is also totally ordered ideal of R. From previously established parts of this
theorem we have (i) = (v), therefore we get T** is a maximal totally ordered
ideal of R. As T = T** we get T = I**. This shows that no non-zero annihilator
ideal is contained in I** properly. Hence I** is a minimal annihilator ideal of R.

(vi) = (vii) We have N(R), the set of all annihilator ideal of R, is a Boolean
algebra (from Proposition 6). Define a mapping 0 : N(R) — N(R) by 6(I) = I".
Then 6 is a dual isomorphism. Therefore if I** is a minimal element in N (R), then
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O(I**) = I* is a maximal element in N(R). Hence I* is a maximal annihilator
ideal of R.

(vii) = (viil) Suppose there exists some 0 < x € I which has two distinct z-
maximal ideals say M; and M. = ¢ M; and M; is prime imply I* C M.
Similarly z ¢ My and My is prime gives I* C M. Thus I* C M; N My. As
M, || Ma, there exist s € M; \ My and t € My \ M; such that s At = 0 (by
Theorem 19). Since s At = 0 we have t A s = 0 which implies a A (t A s) = 0.
Therefore (t Aa) As=01ie., sA(tAa)=0 which yields s € {t Aa}* = {a At}*.
Also as a € I we have a At € I. This gives {a At}* D I*. Since I* is a maximal
annihilator ideal of R we get {a At}* = I*. Thus s € I* and hence s € Mp; a
contradiction. Hence for each 0 < z € I, there exist only one z-maximal ideal

of R.

(viii) = (i) Assume, if possible, that I is not totally ordered. Then there exist x, y
in I such that x || y. Since R is strongly decomposable, there exist a,b € R such
that z =aV (zAy)and y =bV (zAy) withaAb=0. Asz,y € [ we get a,b€
and a # b. Let M; denote a-maximal ideal and M5 denote b-maximal ideal of R.
Therefore My # Ms. For, if M; = M, then Proposition 9 and a Ab =0 € My
imply a € My or b € My. As M; is a-maximal ideal, we have b € M; = M, i.e.,
b € My; which contradicts to the fact that My is b-maximal ideal. Now a ¢ M;
implies a Vb ¢ M. Therefore M is a aV b-maximal ideal. Similarly b ¢ My gives
a Vb ¢ Ms. Therefore My is a a V b-maximal ideal. Thus 0 < a Vb € I has two
distinct a V b-maximal ideals. This contradicts to our hypothesis (viii). Hence I
must be a totally ordered ideal.

(vii) = (ix) Let there exist some 0 < z € I such that it is contained in two distinct
maximal filters say F; and F» of R. Define Q1 = R\ F} and Q2 = R\ F». Then
by Proposition 7, @1 and ()2 are distict minimal prime ideals of R and hence they
are incomparable. R being a decomposable ADL (by Theorem 19), there exist
x€Q1\Q2,y € Q2\ Q1 such that z Ay =0. Now z ¢ Q7 implies I* C () and
z ¢ Q2 implies I* C @Qy. Thus I* C Q1 N Q2. Also z Ay € I gives {z Ay}* D I*.
By hypothesis (vii) we get {z Ay}* =I". NowzAzAy=zAzAy=2AN0=0.
Therefore x € {z Ay}* = I'*. This in turn gives x € @1 N Q2; which is absurd.
This shows that each 0 < z € I must be contained in a unique maximal filter.

(ix) = (i) Assume, if possible, that I is not totally ordered. Therefore there exist
x,y € I such that z || y. As R is strongly decomposable, there exist a,b € R such
that z =aV (zAy),y=bV(xAy) withaAb=0. Now,a<aV(zAy) ==z
and b < bV (x ANy) =y. Therefore a =aAx and b=>bAy. As x € I we have
a A x € I which means a € I. Similarly, y € I gives b€ I. As 0 < a € I,a must
be contained in a unique maximal filter say My of R. Also 0 < b € I implies b
must be contained in a unique maximal filter say Ms of R. Further a Ab = 0 will
give My # M. Since a € M7 and as b € Ms we have aVb € M; and aV b € M.
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Thus 0 < aVbel and aVbis contained in two distinct maximal filter M; and
Ms; a contradiction. Hence I must be a totally ordered ideal.
Hence all the statements are equivalent. [ |

A sufficient condition for a non-zero, proper annihilator ideal of R to be
a minimal prime ideal of a strongly decomposable ADL R is furnished in the
following theorem.

Theorem 22. Let N be a non-zero, proper annihilator ideal of a strongly decom-
posable ADL R i.e., N € N(R)\{R,{0}}. If any two annihilator ideals of R are
either comparable or co-maximal then N is minimal prime ideal of R.

Proof. Let R be strongly decomposable ADL such that any two annihilator
ideals of R are either comparable or co-maximal. Let N € N(R) \ {R,{0}}.
Assume that N is not a minimal prime ideal of R. Let us denote N* = A. Then
A is an ideal of R. As N is an annihilator ideal we have N = N** and therefore
N = A*. Thus N = A* is not a minimal prime ideal in R. But then A is not a
totally ordered ideal (by Theorem 21). Hence there exist z,y € A such that z || y.
As R is strongly decomposable, there exist a,b € R such that z = a V (z A y)
and y = bV (x Ay) with a Ab=0. Then a,b € Aand 0 < a and 0 < b. As
{a}* and {b}* are annihilator ideals of R, by hypothesis they are co-maximal or
comparable.

Case 1. Let {a}* and {b}* be co-maximal i.e., {a}* V {b}* = R. Then using
Proposition 2 and Proposition 5 we have
{a}* = {a}* AR = {a}* 0 [{a)* v 5] = {a}™ N {a}] v [{e}* 0 {B}]
={0} vV [{a}*™ n{b}*] = {a}*™ N {b}*. Therefore {a}** C {b}* < (D)
Again by hypothesis the annihilator ideals {a}** and {b}** are co-maximal or
comparable.

Subcase 1. Suppose {a}** and {b}** are co-maximal i.e., {a}** VvV {b}** = R.
Then {a}* = {a}* N R = {a}* N [{a}* v {3}*] = [{a}* N {a}**] v [{a}* N {B}*]
= {0} v [{a}" N {b}™] = {a}* N {b}™.

Thus {a}* C {b}** which means {b}* C {a}** <o (ID).

Combining the inclusions from (I) and (IT) we get {b}* = {a}**. Asa,be A
we have {a}* DO A* and {b}* O A*. Therefore {a}* N {b}* O A* which gives
{a}* n{a}™ D A* ie., A* = {0} (by Proposition 5). Therefore N = A* = {0}; a
contradiction.

Subcase 2. Suppose {a}*™ and {b}** are comparable. Then either {a}** C
{b}* or {b}** C {a}*™. If {a}*™* C {b}** then {a}** C {a}* (using (I)). Therefore
{a}*™* ={a}* N{a}* = {0} which yields {a}* = R. This is impossible. Similarly
{b}* C {a}** leads us to {b}* = R which is again impossible.
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Case 2. Let {a}* and {b}* be comparable. Then either either {a}* C {b}* or
{b}* C{a}*. If {a}* C {b}* then as a Ab =0 we get b € {a}* C {b}*. This gives
b = 0, which is absurd. Similarly {b}* C {a}* gives a € {a}* which means a = 0;
a contradiction. Thus from Case 1 and Case 2 it follows that our assumption is
wrong. Hence any non-zero, proper annihilator ideal N is minimal prime ideal
of R. [ |

REFERENCES

[1] W.H. Cornish, Normal lattices, J. Australian Math. Soc. 14(2) (1972) 200-215.
https://doi.org/10.1017 /S1446 788700010041

[2] G. Gratzer and E.T. Schmidt, Characterizations of relatively complemented distribu-
tive lattices, Publ. Math. (Debrecen) 5 (1958) 275-287.
https://doi.org/10.5486/PMD.1958.5.3-4.11

[3] X. M. Lu, D.S. Liu, Z.N. Qi and H.R. Qin, Prime ideals in decomposable lattices
(2010).
arXiv:1006.3850

[4] Y.S. Pawar, Characterizations of normal lattices, Indian J. Pure Appl. Math. 24
(1993) 651-656.

[5] Y.S. Pawar and I.A. Shaikh, The space of mazimal ideals in an almost distributive
lattice, Int. Math. Forum 6 (2011) 1387-1396.
https://www.m-hikari.com/imf-2011/25-28-2011/pawarIMF25-28-2011.pdf

[6] Y.S. Pawar and I.A. Shaikh, On prime, minimal prime and annihilator ideals in an
almost distributive lattice, Eur. J Pure Appl. Math. 6(1) (2013) 107-118.
https://www.ejpam.com/index.php/ejpam/article/view /1781

[7] N. Rafi, Ravi Kumar Bandaru and M. Srujana, A -prime spectrum of Stone almost
distributive lattices, Discuss. Math. Gen. Algebra Appl. 41(2) (2021) 299-320.
https://doi.org/10.7151/dmgaa.1370

[8] N. Rafi, T.S. Rao and M. Srujana, Disjunctive ideals of almost distributive lattices,
Discuss. Math. Gen. Algebra Appl. 42(1) (2022) 159-178.
https://doi.org/10.7151/dmgaa.1384

[9] G.C. Rao and M. Sambasiva Rao, Annihilator ideals in almost distributive lattices,
Int. Math. Forum 4 (2009) 733-746.

[10] G.C. Rao and M. Sambasiva Rao, a-ideals and prime ideals in ADL, Int. J. Algebra
3 (2000) 221-229.

[11] G.C.Rao and S. Ravikumar, Normal almost distributive lattices, Soutest Asian Bull.
Math. 32 (2008) 831-841.

[12] G.C. Rao and S. Ravikumar, Minimal prime ideals in almost distributive lattices,
Int. J. Math. Sciences 4 (2009) 475-484.

[13] U.M. Swamy and G.C. Rao, Almost distributive lattices, J. Austral. Math. Soc. 31
(1981) 77-91.
https://doi.org/10.1017/S1446788700018498


https://doi.org/10.1017/S1446788700010041
https://doi.org/10.5486/PMD.1958.5.3-4.11
https://arxiv.org/abs/1006.3850
https://doi.org/10.7151/dmgaa.1370
https://doi.org/10.7151/dmgaa.1384
https://doi.org/10.1017/S1446788700018498

417
418
4

pry

9

420
421
422

DECOMPOSABLE AND STRONGLY DECOMPOSABLE ALMOST ... 13

[14] U.M. Swamy, S. Ramesh and Ch. Shanti Sundar Raj, Prime Ideal Characterization
of stone ADLS, Asian Eur. J. Math. 3(2) (2010) 357-367.
https://doi.org/10.1142/S179355711000026X

Received 15 September 2024
Revised 14 January 2025
Accepted 14 January 2025

This article is distributed under the terms of the Creative Commons Attribution 4.0 International
License https://creativecommons.org/licenses/by/4.0/


https://doi.org/10.1142/S179355711000026X
https://creativecommons.org/licenses/by/4.0/
http://www.tcpdf.org

