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Abstract

This paper investigates the grading of a quotient semiring of a graded
semiring and explores many relationships between the homogeneous compo-
nents of both gradings. Furthermore, the relationship between the supports
of the original and induced gradings is established.
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1. INTRODUCTION

The concept of semirings was first introduced by H. S. Vandiver in 1935 [25],
and it has since garnered considerable attention from researchers across various
fields of mathematics. Semirings naturally arise in numerous mathematical areas
due to their versatile structure. In 2008, Sharma and Joseph [23] introduced
the notion of grading of a semiring by a finite group and investigated several
properties related to such gradings. Earlier, in 1969, P. J. Allen [2] introduced
the concepts of ()-ideals and the quotient semirings of a semiring. The quotient
semiring has the greatest importance, as there are many studies that explain its
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importance. Next, the grading of semiring plays an important role in studying its
properties, as it saves us effort and time to obtain the results, as we do not need
to deal with the semiring to study its properties. Rather, it is only sufficient to
deal with one or more subsets of it (homogeneous components) to judge whether
that semiring checks this property or not. But the problem was how we would
grade the quotient semiring.

In this research paper, we solved that problem by grading the quotient semir-
ing of a graded semiring. We demonstrate how there are relationships between
the homogeneous components of the original graded semiring and those of the
quotient semiring. To this end, we investigate several properties that help to
clarify how such connections can be established. Particularly, when the semiring
is assumed to be E-inversive [1], yoked [10, 23], inverse [12], additively regular
[12], additively idempotent [1], additively cancellative [18], M-divisible [15, 16],
divisible [15, 16], almost-divisible [15], or zero sum free [14] and when an element
in the semiring is assumed to be infinite [7], M-divisible [15, 16], divisible [15, 16],
almost-divisible [15], or additively idempotent [1]. Moreover, we explore the rela-
tionship between the zeroids [18] of both the semiring and its quotient semiring.
As a future idea, we will extend our research on studying as many properties
and relations between the semiring and the quotient semiring as possible. The
problem of the grading of a quotient semiring has already been solved in this
research paper.

2.  PRELIMINARIES

This section introduces key definitions concerning semirings and quotient
semirings, which will be frequently referenced throughout the text [1, 3, 5, 7, 8,
10, 12, 14, 15, 16, 17, 18, 19, 22, 23, 24).

Note that by a group (monoid, semigroup) we mean a multiplicative group
(multiplicative monoid, multiplicative semigroup) unless otherwise specified. For
the definition of commutative cancellative monoid, see [4, 21|, and for the defini-
tion of yoked semigroup, see [20].

Definition 2.1 [3, 19]. A semiring is a nonempty set R with two associative
operations (+) and (.) for which (+) is commutative and there exists 0 € R such
that for each o € R, we get a0 = 0w = 0 and o 4+ 0 = «, and the multiplication
operation is distributive over addition on both sides.

If () is commutative, then R is called commutative. A subsemiring S of a
semiring R with zero 0 is a nonempty subset of the semring R satisfies a4, af €
S forall o, € Sand 0 € S.

Definition 2.2 [18, 22]. A semiring R is said to be additively cancellative if for
all a,b,c € R, a + b = a + ¢ implies that b = c.
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ON THE GRADING OF QUOTIENT SEMIRINGS 3

Definition 2.3 [18]. The zeroid Z,(R) of a semiring R is the set
Zr(R)={r € R3y € R,z +y =y}

Definition 2.4 [1]. Denote by E™(R) the set of all additive idempotent elements
in a semiring R where an additive idempotent element in R is such an element
¢ for which ( = ( + (, and if all elements in R are additive idempotent, then R
is called additively idempotent. Now, if for each K € R there exists an element
¢ € R for which k 4+ ¢ € ET(R), then R is called E-inversive.

Definition 2.5 [10, 23]. In a semiring R if for every (, x € R, there exists ¢ € R
for which ( + 4 = { or k + ¢ = (, then R is called yoked.

Definition 2.6 [14]. A semiring R is said to be zero-sum free if for all {,x € R,
¢ 4+ k = 0 implies that ( =k = 0.

Definition 2.7 [12]. An element ( in a semiring R is called additively regular if
there exists unique element « € R such that { = (+ s+ (. If every element in R
is additively regular, then R is called additively regular.

Definition 2.8 [12]. An element ¢ in a semiring R is called inverse if there exists
unique element k € R such that ( = (+x+( and Kk = K+ (+ k. If every element
in R is inverse, then R is called inverse.

Definition 2.9 [7]. an element ¢ in a semiring R is called infinite if ( + k = ¢
for all kK € R.

Definition 2.10 [15, 16]. Let (R,+) be a semigroup. Suppose ¢ # M C Z*.
An element o € R is said to be M-divisible in R if for each n € M there exists
B8 € R such that a = ng.

A semigroup (R, +) is said to be M-divisible (divisible, resp.) if every element
of R is M- divisible (Z"-divisible, resp.) in R.

A semiring R is said to be additively M-divisible (additively divisible, resp.)
if (R, +) is an M-divisible semigroup (a divisible semigroup, resp.).

Definition 2.11 [15]. Let (R,+) be a semigroup. An element o € R is said to
be almost-divisible in R if there is 8 € ZTa such that 3 is P-divisible in R for
some infinite set of prime numbers P.

A semigroup (R,+) is said to be almost-divisible if every element of R is
almost- divisible in R.

A semiring R is said to be additively almost-divisible if (R, +) is an almost-
divisible semigroup.

Definition 2.12 [8, 17, 24]. A partitioning ideal (also called a Q-ideal) of a
semiring R is an ideal I in R for which there exists a subset ) of the semiring R

for WhiChR:ggQ(C+I)’ and ((1+1)N(Ge+1) # ¢ iff (1 = (o for all (1, € Q.



106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

129
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Define R/I = {¢(+ 1 | ¢ € Q} and define on R/I an operation (4) and an
operation (.) such that (¢; +1)+ ({2 +1) = {3+ I where the element (3 is unique
element in @ for which ({1 +(2)+1 C 3+ 1, and (1 +1)(C2a+ 1) = (4 + I where
the element (4 is unique element in @ for which ((;1¢2) + 1 C (4 + I, then we get
that (R/I,+,.) is the quotient semiring of R, and the zero element in (R/I) is
unique element ¢’ + I for which 0 + I C ¢’ + I. Note that if Q is an additive
submonoid of R, then ¢’ = 0.

Definition 2.13 [5, 23]. A graded semiring R by a group (a semigroup, a monoid)
G is a semiring in which R = & R; where R; is an additive submonoid of R and

teG
RiRs C Rys for all ¢, s € G.

Denote (R, G) the grading of the semiring R by G. The support of the grading
(R,G) is a subset of G denoted by Supp(R,G) defined as follows {t € G|R; #
{0}}. For each t € G, R; is called a homogeneous component of the grading
(R,G). Also, if R is graded by a group or a monoid G with identity e, then R,
is a subsemiring of R.

Example 2.14. Let S be a semiring, G be a left zero semigroup with at least
two elements g1, go. Suppose R is the set of all 3 x 3 diagonal matrices over S.
Then R with two binary operations (+), the addition of matrices, and (.), the
multiplication of matrices, is a semiring. Now, Suppose

a 0 0
Ry,=4(0 b 0]|labes
000
0 00
Ry=<¢[0 0 0]|lces
0 0 ¢
0 00
Rg=4(0 0 0] pVgeG—{g 92}
0 00

Then the family {R;};cq forms a grading of R by G.

Example 2.15 [6]. Suppose G = {0, 1}. Then (G, min) is a monoid with identity
element where all of its elements are idempotent and has an absorbing element
0. Now, let R be a semiring with unity 1. Define on A = {(a,b);a,b € R} two
operations (+) and (.) as follows

(a,b) + (¢,d) = (a+ ¢, b+ d)
(a,b)(c,d) = (ac + ad + be, bd)
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ON THE GRADING OF QUOTIENT SEMIRINGS 5

for all (a,b), (¢,d) € A, Then it can be easily seen that (A, +,.) is a semiring with
unity (Ogr,1r) and zero (Og,0pr). Define

Ap =A{(z,0R);z € R}
Ay ={(Ogr,z);x € R}.

Then it can be easily seen that the family {4y, A1} forms a grading of A by G.

3. THE GRADING OF THE QUOTIENT SEMIRING R/I BY A GRADING OF R

In this section, we prove the grading of a quotient semiring R/I where R is a
graded semiring and [ is a ()-ideal in R. Also, we give an example to support
this theorem.

Theorem 3.1. Suppose G is a left zero semigroup and suppose Q = © Qg4 is an
geG

additive submonoid of a semiring R in which Qg4 is an additive submonoid of @
for all g € G. Assume that I is a Q-ideal in R and the quotient semiring of R is
R/I. Suppose for each element g € G, the following condition

rg € Rg= 3oy € Qg;rg+1 C ag+I(Vry € Ry). (1)

If R = @GRg is graded by G, then the family {(R/I)4}gec forms a grading of
ge
R/I, such that

(R/I)g={ag+I€R/I|Frs € Ry;rg+1Cag+1& ag € Qq4}
forallg € G.

Proof. We have (R/I); € R/I. Let g be an element in G. Since 0+ 1 C 0+ 1,
0 € Ry and 0 € Qg, then 0+ I € (R/I),. Therefore (R/I), # ¢. Now, suppose
¢+ 1,8+ 1 are elements in (R/I),. Then ¢, € Q4 and there exist ¢y and \g
in Ry such that g +1 C ¢+ 1 and \j +1 C S+ 1, also ¢y € g +1 C (+ 1,
g + Ag € Ry, and ( + B € Q4. Therefore (g + Ag) +1 C (Vg +1)+Ng)+1C
(g +1)+Ag+1) S(C+D)+(B+1) = ((+B)+ 1, Yg+Ag € Ry, and (+ 5 € Qg
follow that (R/I)4 is an additive submonoid of R/I. Let g, h be two elements in
G and let 7 be an element in (R/I)s(R/I)y. Then there exists u+ I € (R/I),4
and there exists v+ I € (R/I);, for which n = (u+ I)(v+ I) . Now, we have

eut+le(R/l)y=Fxy€Ry;xg+1Cu+l.

ev+Ile(R/Dy=3Jyn€Rp;yn+1Cv+1.



156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

6 DarwisH, M. E. AND Rao, G. N.

And also, we have n = (u+ I)(v+ I) = kK + I where & is unique element in @ for
which wv +1 C k+ I (see [17, 24]). Now, we have zgyp, +1 C (u+ )y, + 1 C
wyp + lyp + 1 Cuyp+ I Culv+ D +T1 Cuw+ul+1 Cuw+ 1 C k+1 and
xgyn € RyRy C Rgp. Now, since x4y, € Rgp, then by condition (1), there exists
an element p € Qgp, for which xgy, +1 C p+ 1. Since xgyp, +1 C K+ 1 =1,
zgyn +1 C p+1, and since I is a Q-ideal in R, we get x = pu, hence k € Qg and
n € (R/I)gn. Therefore (R/I)g(R/I)), C (R/1)gh.

Now, we shall prove that R/I = @G(R/I)g. Let 6 be an element in R/I.

g€

Then there exists ( € @ such that 8 =+ 1. Since (€ Q C R = EBGRQ, we can
g€

write ( = Y 74 such that v, € R;. Thus ¢ =(+1 = > v, + 1. On the other
geG geG
hand, for every g € G, we have v, € R, implies there exists (; € (4 such that

Yg € vg+1 C {4+ 1 (Condition (1)). Therefore (;+1 € (R/I), for all g € G and
O=C+I1=> v +IC > (G+D)+IC > (g+I)= > ¢+ 1. Sincelisa
geG geG geq@

geG
(Q-ideal in R, and since (, Y (4 are elements in ) such that ( +1 C ( + I and
geG
C+HIC Y G+1I,weget0=C+1= > (o+1= > ((4+1). Therefore R/I =
gelG geG geG
Y (R/I)g. Wehave 0 =C+1= > vg+1= > (g+1I. Since > 4 > (€Q
geG geG geG geG  geG
and I is a Q-ideal, we get Y vy, = > (4. Assume that 6 can also be written as
geG geG
follows 6 = >~ (By+ 1) = ) By + I such that 8,4+ 1 € (R/I), for all g € G.
geG geqG
Therefore = > v+ 1= ) fg+ 1. Since both ) vy, > By are elements in Q
ge@ ge@ geG  geG
and I is Q-ideal, we get Y vy = > By, hence > (; = > By where (4, By € Qq
9€G geG geG geG

for all g € G. It follows that (; = 3, for all g € G (since Q@ = @ Q). Therefore
geG
Cg+1=py+1forall g ed. [ ]

In the following, we give an example to support the above theorem.

Example 3.2. Suppose R = @ R; is a graded semiring by a left zero semigroup
geG

a b ,

<0 c> a,b,ceR}

a b ,

(O C> a,b,ceRg}VgeG
a 0 /

<0 O) aeR}

G. Assume that
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{6 e

182 1. (R,+,.) is a graded semiring by G where R = & R,.

aeR;}VgeG

geG
183 2. @ = @ Qg is an additive submonoid of the semiring R where for each
184 g € G, 59 is an additive submonoid of ), and I is a ()-ideal in R.
185 3. Assume that g is an element in G. For each ry, € Ry, there exists ay € Qq
186 such that ry +1 C oy + 1.

187 4. HOMOGENEOUS COMPONENTS AND SUPPORT RELATIONS IN A GRADED
188 SEMIRING AND ITS GRADED QUOTIENT SEMIRING

180 In this section, we examine several properties of the homogeneous components
o in the gradings of both the semiring and its quotient semiring. Also, we explore
1 the relationship between the supports of these gradings. First, we begin this
> section with the following theorem.

1

©

1

©

1

©

13 Theorem 4.1. Let Q = © Q4 be an additive submonoid of a graded semiring
geG

e R = @ Ry by a left zero semigroup G where Q4 is an additive submonoid of Q
geG

s for all g € G. Suppose I is a Q-ideal in R and R/I is the quotient semiring of
6 R. Suppose for each g € G the following condition holds:

1

©

1

©

rg € Ry = 3oy € Qg;rg+1 C ay+I(Vry € Ry). (2)
w7 By Theorem 3.1, the family {(R/I)4}gec forms a grading of R/I such that
198 (R/I)g={ag+I€R/I|Fry € Ry;rg+1Cag+1& ag € Qq4}

1

©

o for all g € G. Then we have the following:
200 1. For each g € G.

201 (a) Ry is E-inversive => (R/I)4 is E-inversive.
202 (b) Ry is yoked = (R/I)4 is yoked.

203 2. Suppose Ry € I for all g € Supp(R,G). Then Supp(R,G) = Supp(R/I,G).
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3. Let g be an element in G. Suppose Qg is additively cancellative. Then
(a) Ry is inverse = (R/I), is inverse.
(b) Ry is additively reqular => (R/I)q is additively regular.

4. Let g be an element in G. Suppose Ry 1 —{0}. Then
Ry is zero-sum free <= (R/I)4 is zero-sum free.

5. Let g be an element in G. Suppose I is additively cancellative and suppose
a+1=a+jimpliesi=j for all o € Q4 and for all i,j € I. Then

(R/I)q is additively cancellative = Ry is additively cancellative.

6. Let g be an element in G and r be an infinite element in Ry. Then there
exists an infinite element a + I € (R/I)y such thatr +1 C a+ 1.

7. Let g be an element in G and r be an element in Z,(Ry). Then there exists
an element a + 1 € Z,((R/I)4) such thatr+1 Ca+1.

8. Let g be an element in G and r be an element in E*(Rgy). Then there exists
an element a+ 1 € EY((R/I)y) such thatr+1 Ca+1.

9. Let g be an element in G. Then
R is additively idempotent = (R/I), is additively idempotent.

10. Suppose ¢ # M C Z+. Then we have the following:

(a) Let g be an element in G and let r be an M-divisible element in R,.
Then there exists an M -divisible element a + I € (R/I)4 such that
r+1Ca+1.

(b) Let g be an element in G. Then
Ry is M-divisible = (R/I)q is M-divisible.
(c¢) Let g be an element in G and let r be a divisible element in Ry. Then
there exists a divisible element a+1 € (R/I)y such thatr+1 C a+1.
(d) Let g be an element in G. Then
Ry is divisible = (R/I), is divisible.
11. Let g be an element in G and let r be an almost-divisible element in Rg.

Then there exists n € ZT and there exists a P-divisibl element a + I €
(R/1I)g4 such that nr+1 C a+ I for some infinite set of prime numbers P.
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12. Let g be an element in G and let r be an almost-divisible element in Rg.
Then there exists almost-divisibl element a + 1 € (R/I), such that r +1 C
a+1.

18. Let g be an element in G. Then
Ry is almost-divisible = (R/I)4 is almost-divisible.

Proof. First, we shall prove that R, is a subsemiring of R and (R/I), is a
subsemiring of (R/I) for all g € G. Suppose g is an element in G. Since R is
graded by G, RyR; C R4y = R,. Since R is graded by G, R4 is an additive
submonoid of R. Therefore R, is a subsemiring of R. Similarly, we can prove
that (R/I)4 is a subsemiring of (R/I).

1. Suppose g is an element in G.

(a) Suppose R, is E-inversive, and ¢ + I is an element in (R/I),. Then
Y € Qg and there exists 7y € Ry such that ry € vy +1 C ¢ + 1. Now,
since ry € Ry and R, is E-inversive, there exists v € R, such that
v+ ry € ET(Ry). Also, since v € Ry, there exists A € Q4 such that
v €v+1 C A+1 (by Condition (2)). Therefore y+ry € (y+1ry)+1 C
(A +¢) + I. On the other hand, since v+ r4 € ET(R,), we have
(Y+rg)+I=[(v+rg)+(v+rg)]+ 1 =[(v+rg) +I]+[(v+714)+1] C
[(A+)+ I+ [(A+9)+1] = [(A+)+(A+4)]+1. Since (y+714) € Ry,
by condition (2), there exists n, € Qg such that (y+1rg) +1 Cny+ 1.
Hence

A+ eQ,CQ & (v+ry) +IC(A+9)+1 (3)
and

A+ +A+9)eQcQ & (y+r) +ICS[A+9)+A+9)]+1
(4)

Now, from (3), (4) and since I is Q-ideal in R, we get (A + ) + I =
(A + )+ A+ a)]+1. Since A+Y)+1 =A+1)+ (¢+ 1) and
(A+9)+ A+ )]+ T =[A+D)+ @+ D]+ [(A+1)+ (¢ +1)], then
A+D+@W+I) =[A+I1)+@+D]+[(A+1)+ (¢ +I)]. Finally, we
have y+1 C A\+1,v € Ry, and X € Q. It follows that A\+1 € (R/I),.
Therefore (R/I), is E-inversive.

b) Let v+ I, A+ I be two elements in (R/I),. Suppose that R, is yoked.
g g
Then
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e y+Iec(R/I)y=veQgand Iy, € Ry ;vg+1Cp+1
e M\+Ie(R/I)y=pecQgand I, e Ry;0,+1CA+1
e R, is yoked and v,,0, € Ry = dry € Ry ; vy + 14 = 04 or
Og+19 =14
If vy +1y = 0y, then 6,41 C A4 I implies (g +174)+1 C A+ 1. Since
rq € Ry, there exists an element 7, € ), such that r, +1 C ny + I
(by Condition (2)). Therefore (v, + 1)+ (rg+1) C (Y + 1)+ (ng+1I).
Hence (yg +rg) +1 C (v +1ny) + 1. Since (yg+174) +1 € X+ 1,
(vg+1g)+1 C (Y+mng)+1,and I is a Q-ideal, we get (¢ +1y) +1 =
(Y +1)+ (ng+1) =X+ 1. Again, if 0, + ry = 4, then in the similar
way, we can find that (A + 1)+ (ny + I) = ¢ + I such that n, € Q,
satisfies vy +1 C ng + 1. Finally, since ry +1 C ng + 1, 4 € Q4 ,and
ry € Ry, we get ng+ 1 € (R/I)y. Hence g+ 1 € (R/I), for which
A+D)+mg+I)=v+Tor (Y+1I)+(ng+1I)=X\+1. Therefore
(R/I)4 is yoked.

Assume that Ry ¢ I. Suppose g is an element in Supp(R/I,G). Then
(R/I)g # {Opsr}. This implies that there exists Og/; # ¢ + 1 € (R/I),.
Since ¢y +1 # 0+1, 1 # 0. Again, since p+1 € R/I),, there exists 4 € R,
such that ry +1 C ¢+ I and 9 € Q4. We claim that r, # 0. Suppose, to
the contrary, that ry = 0. Then 0+ 1 C ¢ + I. Now, since 0+ 1 C 0+ 1,
0+1Cy+1,and [ is a Q-ideal, we get ¢ = 0, which contradicts the fact
that ¢ # 0. Hence R, # {0}. Therefore g € Supp(R,G). Thus

Supp(R/I,G) C Supp(R, G). (5)

Conversely, let g be an element in Supp(R,G). Then R, # {0}. On the
other hand, let ry € Ry —{0}. Then there exists t, € Q4 such that ry+1 C
tg + I (by Condition (2)). Hence ty+ 1 € (R/I)g, 79 € g +1 Cty+1, and
rqy # 0. Suppose (R/I)y ={0+1}. Since rg € ty+ 1l and t,+1 € (R/I)y =
{0+ 1}, ry € I. Therefore R, C I, which contradicts the assumption that
Ry, ¢ I. Therefore (R/I)y # {0+ I}. Hence g € Supp(R/I,G). Therefore

Supp(R,G) € Supp(R/I,G) (6)
Thus from (5) and (6), we get Supp(R, G) = Supp(R/I,G).

(a) Suppose Ry is inversive and suppose kg + I is an element in (R/I),.
Since kg + 1 € (R/I)4, kg € Qg4 and there exists 7y € R4 such that
rg +1 C kg + 1. Since ry € Ry and R, is inverse, there exists unique
element a4, € Ry such that ry = ry + a4 +rg and ay = ag + rg + ay.
Hence (rg+ag+14) +1 C kg + 1. Now, since a4 € Ry, there exists an
element (, € Q4 such that ay + 1 C (;+ I (by Condition (2)). Hence
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(rg+ag+rg)+1C (kg+(g+rg)+1. Since (rg+ag+1y)+1 C rg+1,
(rg +ag+rg) +1 C (kg + g+ rg) + 1, and I is Q-ideal, we get
kg = Kg + (g + Kg. Therefore kg + 1 = (kg + 1)+ ((g+ 1) + (kg + I).
Again, since ag = a4 + 1y + ag, then ag + 1 C (, + I implies (ag + 14+
ag) +1 C (g + 1. Also, since (ag + 14 +ag) +1 C ((g+ kg + (g) + 1,
(ag+rg+ag)+1 C (g+1, and since I is Q-ideal, we get (;4+rq+(y = (4.
Therefore ((g +I) + (kg + 1) 4+ ({g +I) = (4 + I. Now, assume that
sqg+1 € (R/I)g such that kg + 1 = (kg + 1) + (sg + 1) + (kg + I)
and sg +1 = (sg+ 1)+ (kg + 1) + (sg + I). Then g+ 1 = (kg +
Sg+ kg) + 1 and sg + 1 = (sq + kg + s¢) + I. Since I is Q-ideal,
we get kg = Kg + Sg + kg and s4 = s4 + kg + 54. Finally, we have
kg +1 = (kg+8g+rg)+1 = (kg+ g+ kg)+I. Since I is Q-ideal,
we get kg + Sg + kg = Kg + (g + Kyg. Again, since @, is additively
cancellative, we get sq = (5. Thus sy + 1 = (4 + I. Therefore (R/I),
is inverse. Similarly, we can prove (b).

4. Suppose Ry is zero-sum free. Let a + I,b+ I be two elements in (R/I),

such that (a + 1)+ (b+1) = 0+ 1. Since a + I,b+ 1 € (R/I),, there
exist ag,by € Ry such that ag +1 C a+ I and by +1 C b+ I. Therefore
(ag+1)+(bg+1) C (a+1)+(b+1). Hence (ag+bg)+1 C (a+b)+1. Now,
since (a+b) +1=(a+1)+ (b+1)=0+1, we get (ag+by) +1 C 0+ 1.
Hence a4 + by € RyN 1 = {0}. Therefore ay + by = 0. Since Ry is zero-sum
free, we get ay = by = 0. Therefore 0+1 Ca+ 1 and 0+1 C b+ I. Now,
since I is Q-ideal, we get a+1 =041 and b+ 1 =0+ 1. Thus (R/I), is
zero-sum free.

Conversely, suppose (R/I)g is zero-sum free. Let ag4, by be two elements in
R, such that ay +b, = 0. Sincce ag, by € Ry, there exist a,b € Q)4 such that
ag+1 Ca+1and by+1 C b+ 1. Therefore there exist a+1,b+1 € (R/I),
such that ag+1 C a+1 and by+1 C b+ 1. Thus (ag+by)+1 C (a+0b)+1,
which implies 041 C (a+b)+1. Since I is Q-ideal, we get (a+b)+1 = 0+1.
Therefore (a + 1)+ (b+ 1) = 0+ I. Now, since (R/I)4 is zero-sum free,
we get a+1 =0+1 and b+ 1 = 0+ I. Therefore ay € ag +1 C I and
by € by +1 C I. Since Ry NI = {0}, we get ayg = by, = 0. Thus Ry is
zero-sum free.

. Suppose (R/I), is additively cancellative. Let ag4,by,cy be elements in R,

such that a4 + b, = a4 + ¢4. Since agy, by, cy € Ry, there exist a,b,c € @y
such that ag+1 Ca+1,by+1 C b+ 1, and ¢y +1 C c+ I. Therefore there
exist a+ I,b+1I,c+1 € (R/I)ysuchthat ag+1 Ca+1,by+1Cb+1,
and ¢g +1 C ¢+ 1. Since (ag+by) +1 C (a+0b)+ 1, (ag+by) +1 =
(ag+cg)+1 C (a+c)+1, and I is Q-ideal, we get (a+b)+1 = (a+c)+1.
It follows that (a+ 1)+ (b+1)=(a+ 1)+ (c+1). Therefore b+1 =c+1,
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since (R/I)g4 is additively cancellative. Now, since by € by + 1 C b+ I and
cg €cg+1Cc+1=>b+1, there exist 4,5 € I such that b, = b+ 7 and
cg = b+ j. Since a4 € a+ I, there exists k € I such that a; = a + k. Hence
ag+by = ag+b+i = ((a+k)+b)+iand ag+cy = ag+c+i = ((a+k)+c)+].
Therefore ay +by = a+b+i+ k and ag +c¢4 = a+c+j+ k. Since
ag+by = ag+cy and since a+¢ = a+ j implies ¢ = j for all o € @, and for
all i,j € I, we get i + k = j + k. It follows that i = j (since I is additively
cancellative). Now, since i = j, by = b+, and ¢y = b+ j, we get by = c4.
Thus R, is additively cancellative.

. Since r € Ry, there exists an element a € ()4 such that r +1 C a+ I. Let

b+ I be an element in (R/I),. Since b € @, there exists t € R4 such that
t+ 1 C b+ I. Therefore (r+t)+ 1 C (a+b)+ I. Now, since r is infinite,
r+1C (a+b)+I. Therefore r+1 C ((a+b)+I)N(a+1I). It follows
that a +1 = (a+ 1)+ (b+I) (since I is Q-ideal). Thus a+ I € (R/I)4 is
infinite.

Since r € Z,(Ry), there exists an element ¢t € R, such that 4+t = t. Again,
since r,t € Ry, there exist a,b € Q4 such that r+1 C a+1 and t+1 C b+1.
Therefore (r +t¢)+1 C (a+b) + . Hence t +1 C (a+b) + I. Now, we
have t+1 C ((a+b)+I)N(b+1). Thus (a+ 1)+ (b+1)=0b+1 (since I
is Q-ideal). Therefore a +1 € Z.((R/I)y) and r+1 C a+ 1.

. Since r € EY(R,) C Ry, 7 +r = r and there exists an element a € @, such

that 7 + I C a + I. Therefore (r+r)+1 =r+1 C (a+a) + I. Hence
r+I1C(a+I)N((a+a)+1I). It follows that a+ I = (a+ I) + (a + I)
(since I is Q-ideal). Thus a+ I € ET((R/I)y) and r+1 Ca+I.

. Suppose R, is additively idempotent. Let a + I be an element in (R/I),.

Since a+1 € (R/I)y, there exists an element r € R, such that r+1 C a+1.
Now, since r € Ry, and R, is additively idempotent, we get r +r = r.
Therefore (r+r)+I =r+I C (a+a)+I. Hence r+1 C (a+1)N((a+a)+1).
It follows that a + I = (a 4+ I) 4+ (a + I) (since I is Q-ideal). Thus a + I €
ET((R/I)g). Therefore (R/I), is additively idempotent.

(a) Let n be an element in M. Since r is M-divisible in R, there exists
t € R, such that » = nt. Again, since r,t € R, there exist a,b € Q,
such that r+I C a+1 and t+1 C b+I. Therefore a+1,b+1 € (R/I),,
n(t+I)=nt+1Ca+I,andnt+I=n(t+1)Cnb+I)=nb+1.
Since I is Q-ideal, we get a + I = n(b+ I). Thus a + I is M-divisible
in (R/I)gandr+1Ca+1.

(b) Suppose R, is M-divisible. Let g be an element in G and a + I be
an in (R/I)y. Since a + 1 € (R/I)g4, there exists r € R, such that
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r+1 C a+ 1. Now, let n be an element in M. Since r € R4 and
R, is M-divisible, there exists t € R, such that » = nt. Again, since
t € Ry, there exists b € Q4 such that t +1 C b+ I. It follows
that b+ 1 € (R/I);. Now, we have n(t + 1) =nt+1 C a+ I and
nt+ 1 =n(t+1) Cnb+I)=nb+ 1. Since I is Q-ideal, we get
a+1=n(b+1). Thus a+ I is M-divisible in (R/I)g4. Thus (R/I)g is
M-divisible. Similarly, we can prove (c) and (d).

11. Since r is almost-divisible in Ry, there exists n € Z* such that nr is P-
divisible in R, for some infinite set of prime numbers P. Now, since nr is
P-divisible in Ry, there exists a P-divisible element a + I € (R/I), such
that nr + 1 C a+ I (see (10) of Theorem 4.1).

12. By (11) of Theorem 4.1 and since r is almost-divisible, there exists n € Z*
and there exists a P-divisible element b+1 € (R/I)4 such that nr+1 C b+1
for some infinite set of prime numbers P. Again, since r € R, there exists
a+1 € (R/I)gsuch that r+1 C a+1. Therefore nr+1 C na+1 =n(a+1).
Since I is Q-ideal and a,b € Qg, we get n(a+1) = b+ 1. Therefore n(a+1)
is P-divisible for some infinite set of prime numbers P. Thus a + [ is
almost-divisible in (R/I)g and r +1 Ca+I.

13. Suppose R, is almost-divisible. Let a + I be an element in (R/I),. Then
a € (g and there exists r € Ry such that »+1 C a+ 1. Since R, is almost-
divisible, there exists an almost divisible element b+ I € (R/I)4 such that
r+1 Cb+1I (by (12) of Theorem 4.1). Since I is Q-ideal and a,b € @y,
we get a + I = b+ I. Therefore b+ I is almost-divisible in (R/I),. Thus
(R/I)g4 is almost-divisible.

Theorem 4.2. Let ) = © Q4 be an additive submonoid of a graded semiring
geG
R= @ Ry by a left zero semigroup G, where Q4 is an additive submonoid of Q
geG

for all g € G. Suppose I is a Q-ideal in R and R/I is the quotient semiring of
R and suppose for each g € G the following condition

rg € Ry = Jay € Qg;1g+1 C g+ I(Vry € Ry). (7)
By Theorem 3.1, the family {(R/I)q}qec forms a grading of R/I such that
(R/I)g={ag+I€R/I|Fry € Ry;rg+1Cag+1& ag € Qq4}

for all g € G. Define the set Q = {ay, € Q [Irg € Ry ; 19+ 1 C ag+ I} for all
g € G. Let g be an element in G. Then we have the following:
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(Qy,+) is a submonoid of the monoid (Qg, +).

. (+r=0implies ¢ = k =0 for all (,x € Q) <= (R/I), is zero-sum free.
(Qy: +) is yoked <= (R/I)y is yoked.

(Qy,+) is an idempotent semigroup <= (R/I)g = E*((R/I),).

. Suppose ¢ # M C Z+. Then we have the following:

(a) (Qy,+) is an M-divisible semigroup <= (R/I), is M-divisible.
(b) (Qy,+) is a divisible semigroup <= (R/I), is divisible.

- (Qy,+) is an almost-divisible semigroup <= (R/I), is almost-divisible.

Proof. First, we have R is a subsemiring of R and (R/I), is a subsemiring of
(R/I) for all g € G (see the proof of Theorem 4.1).

1

. We have @, C Q. Since 0+ 1 = 0+ I where 0 € @, and 0 € Ry, we
get 0 € Q. Hence Q) # ¢. Now, let 7,0 be two elements of Q. Since
7,0 € @, then 7,0 € Q4 and there exist ¢, A € Ry such that ¢ +1 Cy+1
and A+1 C 0+1. Which implies (¢ +A)+1 C (y+0)+1, where )+ X € Ry
and v + 0 € Qg. Therefore v + 6 € Q}. Thus @Q is an additive submonoid
of (Qg, +).

. Suppose v+ 68 = 0 implies v = § = 0 for all 7,0 € Q’g. Assume that g+ I
and o+ I are two elements in (R/I)4, where (8+1)+ (a+1) = 0+1. Then
(B+a)+1=0+1. Thisimplies S+ a =0 (Since 0,5+ o € Q4 C @ and
I is a Q-ideal of R). Since 0+ 1 = (8 + a) + I where 8, € Q4,0 € Ry and
B+a=0,weget f+a€Q)and f=a=0. Hence B+ =a+I=0+1.
Therefore (R/I), is a zero-sum free semiring.

Conversely, suppose (R/I), is a zero-sum free semiring. Let v,6 be two
elements of Q'g such that v+ 6 = 0. Since Q'g is an additive submonoid of
Qg, we get y+6 € Qy C Qg. Now, since y+0 = 0, we get (y+0)+1 = 0+1.
Hence (y+1)+ (0 +1) = 0+ 1. Also, since 7,0 € Q, we get 7,0 € Qg and
there exist ¥, A\ € Ry such that ¢ +1 C v+ 1 and A+ 1 C 6 + I. Hence
v+1,0+1 € (R/I)y. Thusv+1,0+1 € (R/I)g, (y+I)+(0+1) =0+1, and
(R/I)g is zero-sum free. Therefore y + I =0+1=0+1. Thusy=6=0.

. Suppose (Qj, +) is yoked. Let v+ 1,0+ 1 be two elements of (R/I),. Then
7,0 € Q4 and there exist x,y € Ry such that x+1 C y+I and y+1 C 0+1.
Hence 7,0 € Q. Since 7,0 € Q} and Q) is yoked, there exists £ € @y such
that v +k = 0 or § + k = . Therefore (y+ )+ (k+ 1) = 0+ I or
@+1)+ (k+1)=~+1. Since k € Q), K+ 1 € (R/I)g. Thus (R/I), is
yoked.
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Conversely, suppose (RR/I), is yoked. Let 7,6 be two elements of Q. Then
7,0 € Qg and there exist z,y € Ry such that x+I C y+Iand y+1 C 0+1.
Hence y+1,0+1 € (R/I)4. Since (R/I)4 is yoked, there exists an element
k+1 € (R/I)g such that (y+1)+(k+1)=0+1Tor (0+1)+(k+1)=~+1.
Hence (Y+k)+I=0+Tor (+k)+1=~+1. Since I is Q-ideal, we get
v+K=0o0rf+k=r. Also, since k+1 € (R/I)4, we get kK € Q4 and there
exists an element z € Ry such that z +1 C k+ 1. Thus k € Q;. Therefore

(Qy, +) is yoked.

Suppose (@, +) is idempotent. Let ¢) + I be an element in (R/I),. Then
Y € g and there exists r € R, such that r +1 C ¢ + 1. Hence 9 € Q;.
Since @y is idempotent, we get ¢ + ¢ = 1. Hence (¢ +1I) + (Y + 1) =
¢+ 1. Thus ¢+ I € ET((R/I),). Therefore (R/I)y C ET((R/I)g). Since

ET((R/1)g) € (R/I)g, we get (R/1)g = ET((R/1),).

Conversely, suppose (R/I), = ET((R/I),). Let ¢ be an element in Q.
Then 9 € Q4 and there exists an element r € R, such that r +1 C ¢ + I.
Hence ¢+ 1 € (R/I)y = ET((R/I)4). Therefore (¢ + 1)+ (v +1) =+ 1.
Thus (Y +1v)+ 1 =1+ 1. Since I is Q-ideal, we get ¢ + ¢ = 1). Therefore
(@, +) is idempotent.

(a) Suppose (Qy,+) is M-divisible. Let ¢ + I be an element in (R/I),.
Then 1 € (), and there exists r € R, such that r + 1 C 1 + I. Hence
¢ € Q. Let n be an element in M. Since Qj is M-divisible and
P € Qy, there exists ¢ € Q such that 1) = n¢. Hence ¢ +1 =n +1.
Thus (¢ + 1) = n(¢ +I). Now, since ¢ € Qy, ( +1 € (R/I),. Again,
since ( +1 € (R/I)y and (¢ +I) = n(¢ +I), ¢ + I is M-divisible in
(R/I)q4. Therefore (R/I)4 is M-divisible.

Conversely, suppose (R/I), is M-divisible. Let ¢ be an element in Q’g.
Then 1) € Q4 and there exists an element r € R, such that r4-1 C ¢+1.
Therefore +1 € (R/I),. Now, let n be an element in M. Since (R/I),
is M-divisible and ¢ + I € (R/I),, there exists ( + I € (R/I)4 such
that v + I =n(¢+ 1) =n{+ 1. Since ( + 1 € (R/I)4, we get ( € Qq
and there exists t € Ry such that ¢ + 1 C ¢+ I. Therefore ¢ € Q.
Again, since I is Q-ideal, ¥, n¢ € Qg, and Y+ I =n(¢+ 1) =n{ + 1,
we get 1 = n¢. Hence 1 is M-divisible in (Q,+). Thus (Qf,+) is
M-divisible. Similarly, we can prove (b).
Suppose (Q,+) is almost-divisible. Let ¢ + I be an element in (R/I),.
Then ¢ € )y and there exists r € R4 such that » + 1 C ¢ + I. Hence
Y € Q. Since (Q), +) is almost-divisible, there exists n € Z* such that ni
is P-divisible in Q; for some infinite set of prime numbers P. Now, let p is
an element in P. Since n is P-divisible in Q’g, there exists ¢ € Q’g such that
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ny = p(. Therefore (+1 € (R/I)y and n(yy+1) = p(¢+1). Hence n(¢)+1)
is P-divisible in (R/I), for some infinite set of prime numbers P. Thus +1
is almost-divisible in (R/I),. Therefore (R/I), is almost-divisible.

Conversely, suppose (12/1),, is almost-divisible. Let 1) be an element in Q.
Then ¢ € Q4 and there exists an element r € R, such that r +1 C ¢ + I.
Therefore ¢ + I € (R/I)y. Since (R/I), is almost-divisible, there exists
n € Z* such that n(y + I) is P-divisible in (R/I), for some infinite set of
prime numbers P. Now. let p be an element in P. Since n(¢ + I) is P-
divisible in (R/I)g, there exists (+1 € (R/I), such that n(y+1) = p(¢+1).
Therefore ny)+1 = p¢+1. Since (+1 € (R/I),, we get ¢ € Q’g. Again, since
I'is Q-ideal, nyp+1 = p(+1, and ny, p¢ € Qg, we get nyp = p(. Hence ny is
P-divisible in (Q;, +) for some infinite set of prime numbers P. Therefore

¢ is almost-divisible in (Qf, +). Thus (Qf,+) is almost-divisible.

Finally, we prove the following theorem.

Theorem 4.3. Let Q = © Q4 be an additive submonoid of a graded semiring
geG
R= ® Ry by a left zero semigroup G, such that Q4 is an additive submonoid of
geG

Q for each g € G. Suppose I is a Q-ideal in R and the quotient semiring of R is
R/I. Suppose for each element g € G, the following condition

rg € Rg = Jag € Qgirg+1 C ag+ IVry € R, (8)
By Theorem 3.1, the family {(R/I)q}qec forms a grading of R/I such that

(R/I)g={ag+I€R/I|Frs € Ry;rg+1Cag+1& ag € Qq4}

for all g € G. Define the set Qy = {ag € Qg [3rg € Ry ; rg +1 C ay + I} and
suppose QuQj, € Qyy, for all g,h € G. Then we have the following:

1. Q’g is a subsemiring of Qg for all g € G.

2. Q"= 3 Qy is a graded subsemiring of R.
geG
8. The mapping f, = Qy — (R/I), defined as fy(a) = a+1 Va € Q is a
semirings isomorphism for all g € G.

Proof. 1. Suppose g € G. Then by Theorem 4.2, we get (Q},+) is a sub-
monoid of the monoid (@4, +) where @ C R. Since G is a left zero semigroup

and Q’QQ’h C Q;h for all g,h € G, we get Q’gQ’g C Q;g = Q;. Therefore Q’g
is a subsemiring of R.
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515 2. Since 0 € @, € R, we get 0 € Q" C R. Let v,0 be two elements of Q'

516 Then v = Y1y, 0 = > Ay such that 1y, Ay € Qg for all g € G. Hence
geG geqG
517 YO = D g+ DA = 2 (Pg+ Ag). Now, since ¢, + Ay € Q for all
geG geG geG
518 g € G, we get v+ 6 is an element in Q. Also, since (Qy, +) is an additive
519 submonoied of (Qg,+) and Q;Q), C Q;h for all g,h € G, we get v0 =
520 (X g) (2o Ag) = 20 DAy = > mg such that n, € Q) for all g € G.
geG geG teGgeqd geq@
521 Thus 70 € @Q'. Therefore @ is a subsemiring of R. Now, we shall prove
522 that @’ is graded by G. Suppose z is an element in Q. Write z = )" z,
geG
523 and z = )y, where z4,y, € Q) for all g € G. Then Yz, = Y y,. It
g€G geG geG
524 follows that > (xg +1) = > (yg +I). Since xy + I,y, + 1 € (R/I), for
9eG geCG
525 all g € G and (R/I) = @G(R/I)g, we get 5 +1 =y, + I for all g € G.
g€
526 Therefore z, = y, for all g € G, since I is Q-ideal. Now, since (Qy,+) is
527 a submonoid of (Qg,+) for all g € G and @}, C Q' for all g € G, we get
528 (Qg, +) is a submonoid of (@', +) for all g € G. Since Q;Q), C @, for all
529 g,h € G, we get the subsemiring Q' = QBGQ’g of R is graded by G.
g€
530 3. Assume that g is an element in G. Let ¢, k be two elements of Q;. Then
531 (@) fo(C+r)=(C+r)+I=(C+I)+(+1)=[(C)+ fy(k).
532 (b) By the definition of R/I, we have ((+I)(k+1) = 1+ I such that v is
533 unique element in @ such that (k +1 C 4+ 1. Since (k+1 C Y + 1,
534 Ck+1 C(h+1,C(k € Qgg = Qg € Q, and [ is Q-ideal, we get
535 Ck+I=9+1=(C+1I)(k+1I). It follows that f4(Ck) = Cr+1 =
536 (C+ Dk +1)= fo(Q)fg(r).
537 (c) Suppose f4(¢) = fg(x). This implies ( + I = k + I. Since I is Q-ideal,
538 we get ( = k.
539 (d) Suppose 7 is an element in (R/I),. Then there exists o € Q4 such
540 that n = a + I and there exists r € Ry such that r + 1 C o+ I. Thus
541 a € @y for which fy(a) =a+1=n.
542 Thus, from (a), (b), (c), and (d), we get f, is an isomorphism.
543 |
544 Note that, in Theorem 4.2 and Theorem 4.3, we have (R/I); = {ag + I

s |y € Q) forall g € G.
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