10
11
12
13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

Discussiones Mathematicae
General Algebra and Applications xx (xxxx) 1-13

m-ORDERED SEMIGROUPS

CARLA MENDES AND PAULA MENDES MARTINS

DMAT - Departamento de Matemdtica
Universidade do Minho

e-mail: cmendes@math.uminho.pt
pmendes@math.uminho.pt

Abstract

In this paper we define and study m-ordered semigroups. In particular,
idempotents and subsemigroups of m-ordered semigroups are studied and
is established a characterization of inverse semigroups that, under natural
order, are m-ordered semigroups.
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1. INTRODUCTION

An ordered semigroup is a semigroup together with a compatible order. For
standard notation in semigroup theory, we refer the reader to [4] and [1]. In
particular, for a semigroup S, E(S) denotes the set of idempotents of S and
V(x) denotes the set of inverses of an element x € S. In an ordered semigroup
S, for x € S, 1 denotes the set {y € S : x < y}. Recall that the natural order
on a regular semigroup .5, represented by <,,, is defined by, for all x,y € S,

x <,y x=ecy=yf for some e, f € E(S).
Restricted to the set of idempotents E(S), it simplifies to
Ve,f € E(S), e<,fee=ef=fe
In the case of an inverse semigroup S, we have that, for all z,y € S,

<,y < x=-ey forsomeeec E(S)
& x=yf forsome f € E(Y).
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2 C. MENDES AND P. MENDES MARTINS

In [2], the study is dedicated to the class of regular ordered semigroups S
such that, for every z € S, there exists * = max{y € S : zyz < z}. These
semigroups are called principally ordered semigroups. Motivated by this study,
we consider the class of regular semigroups S such that, for every x € S, there
exists min{y € S : zyx < z}.

Definition. An m-ordered semigroup is a regular ordered semigroup .S such that,
for every x € S, there exists

rT =min{y € S : zyz < z}.

In what follows, S is, unless otherwise is specified, an m-ordered semigroup.

2. BASIC PROPERTIES

We begin our study of m-ordered semigroups by establishing some basic proper-
ties for the operation = — z. Considering the definition of this operation, it is
immediate the following result.

Theorem 1. Let S be an m-ordered semigroup. Then, for every x € S,
xxtx <.

In [2], they have proved that in a principally ordered semigroup T, for z € T,
x = xx*x and therefore z° = x*xx™ is the largest inverse of . However, in an
m-ordered semigroup S, it is not necessarily true that, for every x € S, xr = vz Tz,
as the following example shows.

Example 2. Let S = ({e,a,b,c,u},-) be the Klein 4-group ({e, a, b, c},-) with an
additional identity u adjoined. Consider the order defined in S by the following

Hasse diagram u

a b c
[ ] [ ] [ ]
e
Simple calculations prove that x* = x for x € {e,a,b,c}, and ut = e. Therefore

S is an m-ordered semigroup. Moreover, uu™u = e # wu.

About the operation x + T defined in an m-ordered semigroup S, it is
interesting to observe that, for every x € S, ™ is a minimal element of S.

Theorem 3. Let S be an m-ordered semigroup. If y < xt, then y = x* for
every x,y € S.

Proof. If y <z, we have zyr < zaxtz < z. Thus 2" <y andsoy =z™. [
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m-ORDERED SEMIGROUPS 3

Let x € S. Since zaxtaxTzr < zxTz <z, 27 < ztax™. For x € S, we denote

the element x T2z by x°,

2° = axtaa™.

Hence, the following result holds.
Theorem 4. Let S be an m-ordered semigroup. Then x™ < x° for every x € S.
Considering Theorems 1 and 4, we can now verify that x is an associate of z°.

Theorem 5. Let S be an m-ordered semigroup. Then x° = x°xx® for every
x€S.

Proof. Applying Theorem 4, we have 2° = x xa™ < 2°22° and, by Theorem 1,

2°rx® = e et eaT et < aTzxt = 2°.

Thus, z° = z°xx°. [

In the subsequent theorems, we present a set of properties that follows from
the preceding results.

Theorem 6. Let S be an m-ordered semigroup. Then, for every x € S.
(i) atz = 2°z is idempotent.
) xzat = x2® is idempotent.
) 2T =axtattat = (zata)t.
) 2%+ =gt
) att <.
)zttt =gt
(vii) ¢ =att.
i) ot < 2.
) %0 < .
)
)
)

,CL'O — x<><><>.

xt <2 for all 2’ € V(z).

2T is the least inverse of ™.

Proof. (i) By Theorems 4 and 1 we have 72 < 2°z = zTzotz < xtx. Hence
xtx = 2°r and 272 = 2722 2. Then x*x is an idempotent element.

(ii) The proof is similar to that of (i).

(iii) Considering Theorem 1, we have zTzT T2 < 2. So, by Theorem 3, it
follows that Tzt t2T = zT.
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4 C. MENDES AND P. MENDES MARTINS

By (ii), we have zztzzTzazte = xotz, whence (zatz)™ < xT. Consequently,
by Theorem 3, we have (zztz)" = z™.
(iv) By (i) and (iii), we have xtxzTzTTztea™ = zTza™. So,

x<>+ (erxer)Jr < x++

and, considering Theorem 3, it follows that 2°T = z 7.

(v) By Theorem 5, we have x°zz® = x°, whence z°" < z. Thus, by (iv), we
obtain zT1 < z.

(vi) By (v), we have 27T < zT. Hence, by Theorem 3, 2771 = 2.
(vii) This follows immediately from (vi) and (iii), since

PO = gttt = gttt bt

(viii) Using the previous properties we have

gt = prtpttt o+t

= [by (iii)]

= attatatt by (v)

= 2ttt by (iv)]

< gttt [by Theorem 4]

= x°°. [by definition of z°].

(ix) We have

2% = 2°T2°z°t  [by definition of z°°]
= zttatztt  |by (iv)]
<arr [y ()
= zxtxzTx  [by definition of x°]
<z [by definition of z].

(x) This follows from the observation that

2 =atext = gtettateetaettat

[
= gt tratet Tyt [by definition of x°]
= zta®tatr Tt [by (iv)]
= xta*xt [by definition of z°°|
= gyt [by (vi)]
= %t p%og®ot [by (iv)]
= x° [by definition of x°%°].

(xi) This is immediate since zz'z = .
(xii) By (iii) and (vi) we have

stettet = ot and ettt ett = pttpttrett —

So, xtt € V(z1) and, by (xi), z*T is the least inverse of zT. |
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m-ORDERED SEMIGROUPS 5

The reverse of the inequality established at Theorem 4 and the reverse in-
equalities of Theorem 6(v), (viii), (ix) do not necessarily hold in an m-ordered
semigroup. In Example 2, we have u®® = e # u, which illustrates the last case.
For the others, consider the following example.

Example 7. Let S = ({e,a,u},-) be the group ({e,a}, ) with an additional
identity u adjoined. Consider the order defined in S by the following Hasse

diagram
e

a
.
u

Easily we verify that et = u, a* = a and ™ = u and so S is an m-ordered
semigroup. Moreover, ¢ = e # e, et =u # e and e®® =e # et .

Let S be an m-ordered semigroup. By Theorem 3 we know that, for every
z € S, 7" is a minimal element of S and by Theorem 6(v) we also know that, for
every x € S, x is greater than or equal to the minimal element 2+ +. Furthermore,
2+ is the only minimal element less than or equal to . In fact, by the one hand,
we know that if m is a minimal element of S, then m € ST = {s* : s € S} (since
m*t < m and m is minimal, we have m = m™* ). By the other hand, for every
z,y € S, if y© < x then 2°yT2° < 2°22° = 2° and so (z°)" < yT. Thus, by
Theorem 3 and Theorem 6(iv), we have y* = 2t = 27+,

Based on the previous observations, we derive the following result.

Theorem 8. Let S be an m-ordered semigroup. Then for every x,y € S,
(i) If 27 < x and 2™ <y, for some z € S, then x+ = y™T.

(i) If v <y, then 2™ =yt.

(i) If x <y, then x° < y°.

Proof. (i) If z,y are elements of S such that 2™ < z and 2™ < y, for some z € S,

then

ot = ot =yt

considering the previous observation and that 2™ is a minimal element of S. From
Theorem 6(vi) we get 7 = yT.

(ii) Follows from (i) and Theorem 6(v).

(iii) It follows from (ii). |

Theorem 9. Let S be an m-ordered semigroup. Then

S= 4 @"

TzEST
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6 C. MENDES AND P. MENDES MARTINS

Proof. Considering Theorem 8(ii) and Theorem 6(vi), the union |J, g+ (z)" is
a disjoint union. By Theorem 6(v), it is immediate that S C |),cg+(2)T. Since
the converse inclusion is obvious, the equality follows. [ |

3. IDEMPOTENTS IN m-ORDERED SEMIGROUPS

By Theorem 6(i),(ii) we know that the set of idempotents of an m-ordered semi-
group S is not empty. Our purpose now is to study this set of elements.

Theorem 10. Let S be an m-ordered semigroup. Then for all e, f in E(S),
(i) et <e.

) ett =et.

) et € E(9).

) e =f*.

(v) (ef)* € B(S).
)
)
)
)

e® <e.

Proof. (i) Since e € E(S), we have ece = e. So et <e.
(ii) This is an immediate consequence of (i) and Theorem 8.
(iii) Considering (i), we have eetete < eece = e and so e < ete™. Thus

etet <eTetet. Moreover, by (ii) and Theorem 6(iii) we have

€+€+€+ = €+€++€+ = €+.

So ete™ < et and equality eTet = e follows.
(iv) Since e, f € E(S), e*, ft € E(S). Moreover,
f+(e+f+)<>e+e+f+(e+f+)<>e+ — f+(e+f+)°e+f+(e+f+)°e+
— f+(€+f+)<>€+-
Thus (f*(et fT)%t)t < et and therefore (fT (et f*)%e™)T = e'. Similarly, we
have (fT (et fT)%et)t = f*. Soet = fT.
(v) By (i) we have et < e and fT < f. So et f* < ef and considering (iv) it

follows that eTe™ < ef. Now, taking into account (iii), we have e™ < ef and, by
Theorem 8 and by (ii), we obtain e™ = (ef)*. So, (ef)" is an idempotent.

(vi) By (i), we have e® = etee™ < ece = e.
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m-ORDERED SEMIGROUPS 7

(vii) We have

e = (e®)Te(e®)t [by definition of ¢*|

[
= etTefet™ [by Theorem 6(iv)]
= etefet [by (ii)]
= eteTeete™  [by definition of €°]
= etee® [by (iii)]
e® [by definition of €°]

(viii) By definition of (ef)°, (v) and Theorem 6(i), we have

(ef)°(ef)® = (ef)Tef(ef)"(ef)Tef(ef)
= (e/)Tef(ef)Tef(ef)T
= (ef)Fef(ef)”
= (ef)*.
So, (ef)® € E(S).
(ix) This follows from (viii). ]

Now, we observe that in an m-ordered semigroup S, it is not always the
case that the equality e® = f° holds for idempotents e and f. For instance, in
Example 7, u,e € E(S) and u® # €°.

We also observe that, in the case of principally ordered semigroups, the cor-
responding conditions to Theorem 10 (ii), (iii) and (ix),

e* € B(S),e" = e, e° € B(S) (e € E(S)),

are not necessarily satisfied but are equivalent, as shown in [3, Theorem 2.2].

Based on the properties discussed earlier, we have the following result.

Theorem 11. Let S be an m-ordered semigroup. Then E(S) has a minimum
element w, and w = e, for every e € E(S).

Proof. Since E(S) # 0, let e € E(S). From Theorem 10(iii), we know that
*t € E(S) and, as a consequence of Theorem 10(iv), (i), it follows that, for all
f € BE(S), et < f. So, E(S) has a minimum element w, and w = e, for every
ee€ E(S). ]

Considering the existence of a minimum idempotent for every m-ordered
semigroup, we have the following results.

Theorem 12. Let S be an m-ordered semigroup and w be the minimum element
of E(S). Then, for all z € S, 2°w = 2° = wx®.
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8 C. MENDES AND P. MENDES MARTINS

Proof. Considering Theorem 6(ii) and Theorem 5, we have that, for every z € S,
2w < 2°%22° = 2° and zxlwr < xatratr = xxtr = zxtr <z, 50 2T < 2w.

Then

2° =zt < 2Pwrrw < 2°rrrrw = rlw.

Hence x° = x°w, and likewise wz® = z°. [

We establish the following theorem, whose results are relevant to the next
section.

Theorem 13. Let S be an m-ordered semigroup and w be the minimum element
of E(S). Then for all z,y € S,
() (y(ay))* <=

) ((zy)°z)* <y.
) ot = (y(zy)*) ™ < y(ay)®.
(iv) y* = ((zy)°2)™" < (ay)°z.
) (zy)t <ytat.
(vi) (zy)™ = (yTah)™.
(vii) (xz)™ =zT if and only if x is an idempotent.
) za°® = zat < xy(ey)® = zy(zy) T

)

)

)

)y,

(xii) (2°2)® = x°x*°.

Proof. (i) We have y(zy)°zy(zy)° = y(xy)°® and so (y(zy)°)* < z.

(ii) The proof is similar to that of (i).

(iii) By (i) we have (y(xy)°)t < z and by Theorem 8(ii) and Theorem 6(v) it
follows that x* = (y(zy)°) ™t < y(zy)°.

(iv) The proof is similar to that of (iii).

(v) From (iv) we have
wyy w ey < wy(zy) rat ey < ay(ey) vy < vy

and so (zy)T < ytzt.

(vi) By (v) and Theorem 8, we have (zy)*" = (y*t2*)*. Then by Theorem 6(vi),
it follows that (zy)™ = (yTz™)** .

(vii) If (zx)™ = 2T then by (vi) and Theorem 6(vi) it follows that

+

(zH ottt = ot
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m-ORDERED SEMIGROUPS 9

Thus (zT T2zttt = 2% and so 2+ < 2T T2+ by Theorem 6(v). Therefore
ot = gtottet < gtottottet
and by Theorem (8) it follows that xt+ = (z Tzt T2 TT2™)™*; so,
ot = (ztatta Tt
Hence, since x 2" and 2™ are idempotents, (z Tz 2 T21) T+ is also idem-
potent by Theorem 10(v); thus x is idempotent. Conversely, if 2" is idempotent,

by (v) we have

++

r(zx)tr <zertoter=zatz <o

whence 7 < (zz)*. Thus, by Theorem 3 it follows that + = (xz)*.
(viii) This follows immediately from Theorem 6(ii) and by (iii).

(ix) Using Theorem 6(i) and considering (iv), the proof is similar to that of (viii).

(x) On the one hand, wrw < x*°zx°rx®r* = x*°x°x* = 2°°. On the other hand,
wrw = (zz™)Tz(ztz)" [by Theorem 11]
> (zzt)Tzaztz(xtx)t [by Theorem 1]
= (xz°)°zzx(x°x)® [by Theorem 6(i),(ii)]
> (za®)°xx®z®® [by (viii)]
> %%z [by (ix)]
= x*° [by Theorem 5.

Thus z%° = waw.
(xi) Considering Theorem 6(ii), Theorems 11 and 12 and by (x), we have
($x<>)<> — ($$O)+xx°(xx°)+ = wrzlw = wrwr® = r°z°.

(xii) The proof is similar to (xi). ]

4. SUBSEMIGROUPS OF m-ORDERED SEMIGROUPS

In this section, we focus on the subsemigroups of m-ordered semigroups. Specif-
ically, we aim to determine whether for an m-ordered semigroup S, the sets
ST = {zT|r € S} and S° = {2°|]z € S} are subsemigroups of S. We also
explore the relationship between the class of m-ordered semigroups and the well-
known class of inverse semigroups ordered by natural order. In particular, we
provide a characterization of inverse semigroups that, under their natural order,
are also m-ordered semigroups.

We already know that the set of idempotents of an m-ordered semigroup
S is not empty. Moreover, given e € E(S), we have that, for all f € E(S),
fe e and (ff)T = (e7)! and we can state that, for every e € E(S), (eT)! is
a subsemigroup of S.
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Theorem 14. Let S be an m-ordered semigroup. For every e € E(S), (e™)! is
a subsemigroup of S.

Proof. If a,b € (e™)T, then et < a,b. So, et = ete™ < ab and therefore
ab € (M. ]

It was observed that, for every e € E(S), E(S) C (e)T, but, as can be seen in
the next example, the semigroup (e*)T contains other elements than idempotents.

Example 15. Consider the ordered semigroup S described by the following
Cayley table and Hasse diagram

a b c d e
ala a a a a b c d e
bla b a d e
clec ¢ ¢ ¢ ¢ W
dla d a e b a
ela e a b d

It is readily seen that, for every x € S, there exists 7 = min{y € S : zyzr < z}.
Moreover, we have a € E(S), a* = a and (a*)T = S and it is evident that not
all elements of (a*)" are idempotents.

Theorem 16. Let S be an m-ordered semigroup. If U is a subsemigroup of S
such that U C ()T, for some v € S, then U C (e*)! for every e € E(S).

Proof. If U is a subsemigroup of S such that U C (21)" then there exists some
a € U such that 7 < a and 2™ < aa. Then, by Theorem 8, we have 27" = a™
and 271 = (aa)™. So a™ = (aa)™ and, by Theorem 13(vii), it follows that a™ is
an idempotent of S. Hence, by Theorem 10(iii) and Theorem 6(vi), the element
xt = a™T is also an idempotent of S. Thus, considering Theorem 10(iv),(ii) and
Theorem 6(vi), for every e € E(S), we have et = zT. ]

Despite the previous result, an m-ordered semigroup S can have other sub-
semigroups that are not necessarily contained in subemigroups (e*)T, with

e € E(9).

Example 17. Consider the m-ordered semigroup S presented in Example 2.
We have e € E(S), (e")" = {e,u}, S° = {e,a,b,c} is a subsemigroup of S and
52 (e,

From Example 7, we know that the subset S* of an m-ordered semigroup S
is not necessarily a subsemigroup of S: clearly ST = {a,u} is not a subsemigroup
of S. So, our aim now is to establish under which conditions the subset ST of an
m-ordered semigroup S is a subsemigroup of S.
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Theorem 18. Let S be an m-ordered semigroup. Then
(i) ST is a subsemigroup of S if and only if Tyt = (yx)T, for all z,y € S.

(ii) If ST is a subsemigroup of S, then ST is a regular semigroup.

Proof. (i) Let z,y € S. If ST is a subsemigroup of S, we have zty™ = s* for
some s € S. Then, by Theorem 13(v), (yx)* < st and from Theorem 3 it follows
that sT = (yx)™. The converse implication is obvious.

(ii) This follows immediately from Theorem 6(iii). |

Although S7 is not necessarily a subsemigroup of an m-ordered semigroup
S, we can prove that S° is always a subsemigroup of S.

Theorem 19. Let S be an m-ordered semigroup and w be the minimum element
of E(S). Then S° = wSw and is an inverse submonoid of S with identity w.
Moreover, S° is dually naturally ordered.

Proof. Considering that, for all x € S°, x = 2°® and, by Theorem 13(x), we have
z%° = wrw, it follows that S® = wSw. Clearly, S¢ is a subsemigroup of S. The
minimum element of F(S) is an element of S°, since w® = wHww™ = www = w,
and obviously is the identity of S°. So, it remains to prove that S¢ is an inverse
semigroup. To do that, it is sufficient to show that S¢ is a regular semigroup
and that its idempotents commute. By Theorem 5, for all x € S°, zz®z =
x°x°x®® = 1% = x; so S° is a regular semigroup. Now, considering that S° is
a subsemigroup of S and by Theorems 13(x) and 10(viii), for all e, f € E(S°),
we have ef = (ef)®® = wefw < fefe = (fe)*°(fe)*® = (fe)*® = fe. Similarly,
fe < ef. Hence the idempotents of S® commute. Thus S is an inverse semigroup.

If now e, f € E(S®) with e <,, f thene =ef = fe givese =efe > wfw = f.
Thus S° is dually naturally ordered. [ |

Corollary 20. Let S be an m-ordered semigroup. Then E(S°) is a subsemigroup
of S°.

We now characterize when a naturally ordered inverse semigroup is m-ordered.

Theorem 21. An inverse semigroup S, under its natural order <, is m-ordered
if and only if it has a smallest idempotent. In this case, S® = ST and is a subgroup

of S.

Proof. Suppose that S is an inverse semigroup with a smallest idempotent w
under <,. If z,y € S and zyzr <,, z, then there exists e € F(S) such that
ryxr = ex. Consequently, z 'zyr = v~ tex € E(S). Then w <, v toyz <, yx
whence wz™! <n ywwil <,p y. Since also wrlr = zrlaw = aw <, x it
follows that zt exists and is wa™!. 1

The reverse implication is clear.

Likewise, 27 = 27w and so 2+ = wz™w.
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Finally, if S is an inverse and an m-ordered semigroup, we have x° =

ztret = wrlza ™ lw = wrTlw = 27T, for all z € S. Then S° = ST and
is a subgroup since is an inverse submonoid of S and, for every e € E(S°),
e=e®=¢"=et =w. [

Example 22. Let S = Z x Ny. The algebra S = (5, %), where * is the binary
operation defined by

(al,bl) * (ag,bg) = (a1 + ag,min(bl,bg)), for all (al,bl), (ag,bg) es,

is an inverse semigroup. For all (a,b) € S, (—a,b) is the unique inverse of (a,b).
Moreover, E(S) = {0} x Ny and, under the natural order defined on S, (0,0)
is the smallest idempotent. Hence, by the previous result, S is an m-ordered
semigroup.

Consider now the subset
T={zxeS|z°eV(x)}
of an m-ordered semigroup S.
Theorem 23. Let S be an m-ordered semigroup. Then T is an ideal of S.
Proof. If x € T, then, by Theorem 12, for every y € S,
)

xy(zy)’xy = xvy(zy) oy < xy

and
xy(xy)ry = xa®ry(zy)ry > xotwry = xa®ry = vy.

Consequently, by Theorem 5, zy € T and so T is a left ideal of S. Similarly, T is
a right ideal. Thus T is a subsemigroup of S which is clearly regular. [ |

Theorem 24. Let S be an m-ordered semigroup. Then for all x € T,
x° = min V(x).

Proof. Let z € T and y € V(z). Then zyx = x gives 27 < y whence

2° =gzt <yay=y.

Hence z° is the least inverse of z. []

Theorem 25. Let S be an m-ordered semigroup and w be the minimum element
of E(S). Then S° = wTw and is an inverse transversal of T
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Proof. Clearly, S° = wTw and, for every x € T, we have z° € S°NV (z). If now
y,z € S°NV(x), then y = yry = yrzery > wzw = z, and similarly z > y. Hence
y = z and consequently S° NV (x) = {z°}. |
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