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Abstract

We study in-depth those rings R for which, there exists a fixed n > 1,
such that u™ — 1 lies in the subring A(R) of R for every unit v € R. We
succeeded to describe for any n > 1 all reduced m-regular (2n — 1)-AU rings
by showing that they satisfy the equation 22" = z as well as to prove that the
property of being exchange and clean are tantamount in the class of (2n—1)-
AU rings. These achievements considerably extend results established by
Danchev (Rend. Sem. Mat. Univ. Pol. Torino, 2019) and Kosan et al.
(Hacettepe J. Math. & Stat., 2020). Some other closely related results of
this branch are also established.
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1. INTRODUCTION AND MOTIVATION

In this paper, let R denote an associative ring with identity element, which is
not necessarily commutative. For such a ring R, the sets U(R), Nil(R), C(R)
and Id(R) represent the set of invertible elements, the set of nilpotent elements,
the set of central elements, and the set of idempotent elements in R, respectively.
Additionally, J(R) denotes the Jacobson radical of R. The ring of n x n matrices
over R and the ring of n X n upper triangular matrices over R are denoted by
M, (R) and T, (R), respectively. A ring is termed abelian if each its idempotent
element is central.

The main instrument of the present article plays the set A(R), which was
introduced by Lam in [15, Exercise 4.24] and recently studied by Leroy-Matczuk
in [16]. As pointed out by the authors in [16, Theorems 3 and 6], A(R) is the
largest Jacobson radical’s subring of R which is closed with respect to multiplica-
tion by all units (quasi-invertible elements) of R. Also, J(R) C A(R). Moreover,
A(R) = J(T), where T is the subring of R generated by units of R, and the
equality A(R) = J(R) holds if, and only if, A(R) is an ideal of R. An element a
in a ring R is from A(R) if 1 — ua is invertible for all invertible v € R.

A ring R is said to be n-UJ provided u — u"™ € J(R) for each unit u of R,
where n > 2 is a fixed integer; that is, for any u € U(R), v ! —1 € J(R).
This notion was initially introduced by Danchev in [5] on 2019 and after that,
hopefully independently, by Kosan et al. in [10] on 2020; note that these rings are
a common generalization for n = 1 of the so-termed JU rings which were firstly
defined by Danchev in [3] on 2016 and later redefined in [9] on 2018 under the
name UJ rings. They showed that for (2n)-UJ rings the notions of semi-regular,
exchange and clean rings are equivalent.

Likewise, letting n > 2 be fixed, a ring R is called n-UU if, for any u €
U(R), u™ — 1 € Nil(R). This concept was introduced by Danchev (see [4]), and
furthermore studied in more details in [6]. It is principally known that a ring
R is said to be strongly m-regular provided that, for any a € R, there exists an
integer n > 1 depending on a such that a” € a"*'R. In [6], the authors showed
that a ring R is simultaneously (n — 1)-UU and strongly w-regular if, and only if,
R is strongly n-nil-clean (that is, the sum of an n-potent and a nilpotent which
commute each other).

A ring R is said to be regular (resp., unit-regular) in the sense of von Neumann
if, for every a € R, there is © € R (resp., x € U(R)) such that aza = a, and R is
said to be strongly reqular if, for every a € R, a € a®R. Recall also that a ring R
is exchange if, for each a € R, there exists €2 = e € aR such that 1 —e € (1 —a)R,
and a ring R is clean if every element of R is a sum of an idempotent and a unit
(cf. [19]). Notice that every clean ring is exchange, but the converse is manifestly
not true in general; however, it is true in the abelian case (see [19, Proposition
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1.8]). In this aspect, a ring R is called semi-regular provided R/J(R) is regular
and idempotents lift modulo J(R). It is well known that semi-regular rings are
always exchange, but the opposite is generally untrue (see, for instance, [19]).

In 2019, Fatih Karabacak et al. introduced new rings that are a proper
expansion of UJ rings. They called these rings AU in [8], namely a ring R is said
tobe AUiIf 1+ A(R) =U(R).

So, as a possible non-trivial extension of AU rings, we introduce the concept
of an n-AU ring. A ring R is called n-AU if, for each u € U(R), u™ — 1 € A(R),
where n > 2 is a fixed integer. Clearly, all AU rings and rings with only two
units are n-AU. Also, every n-UJ ring is n-AU, but the reciprocal implication
does mot hold in all generality.

Our basic material is organized as follows: In the next section, we examine
the behavior of n-AU rings comparing their crucial properties with these of the
AU rings (see, for instance, Theorems 2.15, 2.23, 2.27 and 2.28, respectively). In
the third section, we concentrate on the structure of some key extensions of n-AU
ring demonstrating that there is an abundance of their critical properties (see,
e.g., Propositions 3.1, 3.2, 3.4, 3.7, 3.8, 3.12, 3.14, etc. and Theorem 3.5). In
closing, we pose a challenging question which, hopefully, will motivate a further
research study of the explored subject.

2. n-AU RINGS

In this section, we begin by introducing the notion of n-AU rings and investigate
its elementary properties. We now give our main tools.

Definition 2.1. A ring R is called n-AU if, for each u € U(R), u" — 1 € A(R),
where n > 2 is a fixed integer.

Definition 2.2. A ring R is called 7-AU if, for any v € U(R), there exists i > 2
depending on u such that u’ — 1 € A(R).

According to the above two definitions, we observe that every AU ring is
obviously an n-AU ring and that every n-AU ring is a 7-AU ring. Besides, it is
easy to see that if R is a finite 7-AU ring, then one can find some number m € N
such that R is an m-AU ring.

We now arrive at the following construction.

Example 2.3. Once again, it is clear that n-UJ rings are always n-AU. However,
the converse claim is generally invalid. For example, consider the ring R =
Fo(z,y)/(z%). Then, one calculates that J(R) = {0}, A(R) = Fez + xRz and
U(R) =1+ Fyz + zRx. Thus, R is AU in view of [8, Example 2.2] and hence it
is n-AU. But, evidently, R is not n-UJ.
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We continue with the following technicalities.

Proposition 2.4. Let R be an n-AU ring, where n is an odd number. Then,
2 € A(R).

Proof. Writing —1 = (—1)" € 1+ A(R) whence —2 € A(R), we apply [16,
Lemma 1(2)] to conclude that 2 € A(R), as formulated. [ ]

Remark 2.5. The condition ”n is an odd number” in Proposition 2.4 is essential.
For instance, Zg is a 2-AU ring, but a simple computation shows that 2 ¢ A(Zg).

Proposition 2.6. Let R be an n-AU ring and k € N such that nlk. Then, R is
a k-AU ring.

Proof. Since R is an n-AU ring, for any u € U(R) we may write that u™ = 1+,
where € A(R). Since n|k, there exists an integer ¢ such that k = tn. Thus,

Wb = (W) =1+t =147,

where r’ = (1 4+ 7)! — 1, which is obviously in A(R) because it is a subring of R.
Therefore, u* = 1 + ¢/, where ' € A(R). Hence, R is a k-AU ring, as stated.

Proposition 2.7. A division ring D is n-AU if, and only if, u™ = 1 for every
ue U(D).

Proof. It is straightforward by noticing that for any division ring D we have

A(D) = {0}. n

Lemma 2.8. Suppose F is a field. Then, F is n-AU if, and only if, F is finite
and (|F| — 1)|n.

Proof. Let f(x) =1— 2" € F[z]. Since F is a field, the polynomial f(z) has at
most n roots in F*. So, if we suppose A to be the set of all roots of f in F*, we
will have F* = A. Consequently, |F*| = |A4| < n.

On the other hand, as F* is a cyclic group, there exists a € F* such that
F* = (a). Since a" = 1, we get o(a)|n, and hence n = o(a)q = |F*|q. Therefore,
|F*||n and, finally, (|F| — 1)|n, as pursued.
The reverse implication is elementary. [ |

Lemma 2.9. Let D be a division ring and n > 2. If D is n-AU, then D is a
finite field and (|D| —1)|n.

Proof. Certainly, A(D) = {0}. So, for any a € D, we have a” = 1, whence
a = a™*1. Furthermore, appealing to the famous Jacobson’s Theorem [14, 12.10],
we detect that D must be commutative, and thus a field, as expected.

The second part follows at once from Lemma 2.8. [ |
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Corollary 2.10. If D is a division ring which is m-AU, then D is a field.

Example 2.11. Consider the ring Z. Knowing that U(Z) = {1, —1}, it is not too
hard to see that A(Z) = {0}. Hence, Z is an n-AU. Nevertheless, for an arbitrary
prime number p, the ring Z, is not n-AU for every n unless p — 1 divides n by
Lemma 2.8.

Proposition 2.12. A direct product [[;.; R; of rings R; is n-AU if, and only if,
each direct component R; is n-AU.

Proof. Asthe equalities A([[;c; Ri) = [Lic; A(R:) and U ([ [;c; Ri) = [ Lic; U(Rs)
are fulfilled, the result follows at once. [

Proposition 2.13. Let R be an n-AU ring. If T is an epimorphic image of R
such that all units of T lift to units of R, then T is n-AU.

Proof. Suppose that f : R — T is a ring epimorphism. Let v € U(T). Then,
there exists u € U(R) such that v = f(u) and " =1+ r € 1 + A(R). Thus, we
have

" = (f(w)" = fW")=f1+r)=f1)+ f(r)=1+f(r) €1+ A(D),
as asked for. [ |

Proposition 2.14. Let R be an n-AU. For any unital subring S of R, if SN
A(R) C A(S), then S is an n-AU ring. In particular, the center of R is an
n-AU ring.

Proof. Let v € U(S) C U(R). Since R is n-AU, we have v" —1 € A(R)N S C
A(S). So, S is necessarily an n-AU ring. The rest of the statement follows
directly from [16, Corollary 8]. ]

Our first major assertion is the following necessary and sufficient condition.

Theorem 2.15. Let I C J(R) be an ideal of a ring R. Then R is n-AU if, and
only if, so is R/I.

Proof. Let R be n-AU and w+ I € U(R/I). Then, u € U(R) and thus v" =
1 + 7, where r € A(R). Now, (u+I)" =u"+1 = (1+1)+ (r +I), where
r+1¢e€ A(R)/I =A(R/I) in virtue of [16, Proposition 6].

Conversely, let R/I be n-AU and uw € U(R). Then, u+ I € U(R/I) whence
(u+I)"=1+1)+(r+1), where r+1 € A(R/I). Thus, u"+1 = (1+r)+1 and
sou™—(14r)el C JR)C A(R). Therefore, u" = 1+ 1/, where ' € A(R).
Hence, R is n-AU, as required. [ ]

As an automatic consequence, we extract:
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Corollary 2.16. A ring R is n-AU if, and only if, R/J(R) is n-AU.
We next proceed by proving the following structural affirmations.

Proposition 2.17. Let R be an n-AU (resp., a m-AU) ring and let e be an
idempotent of R. Then, eRe is an n-AU (resp., a m-AU) ring.

Proof. Let u € U(eRe). Thus, u+ (1 —e) € U(R). By hypothesis,
(u+(1l—-e)'=u"4+(1—-e)=14+recl+A(R).

So, we have u™ — e € A(R). Now, we show that v — e € A(eRe). Let v be an
arbitrary unit of eRe. Apparently, v+ 1 —e € U(R). Note that u" —e € A(R)
gives us that ™ —e+ v+ 1 — e € U(R) utilizing the definition of A(R). Taking
u"—e+v+1—e=teU(R), one checks that

et =te=cte=u" —e+wv,

and so ete € U(eRe). It now follows that u™ — e + U(eRe) C U(Re). Then, we
deduce u™ — e € A(eRe) implying u" € e + A(eRe) which yields that the corner
ring eRe is an n-AU ring, as wanted.

The case of m-AU rings is quite similar, so we omit the arguments. [ |

Proposition 2.18. For any ring R # {0} and any integer n > 2, the ring M, (R)
is not a (2k — 1)-AU ring whenever k > 1.

Proof. Since it is long known that Ms(R) is isomorphic to a corner subring of
M, (R) for n > 2, it suffices to show that M3(R) is not a (2k—1)-AU ring bearing
in mind Proposition 2.17. To this goal, consider the matrix

A= (2 _01) € U(My(R)).

Thus, A?*~1 = A or A%k~ = —A. Now, let My(R) be (2k — 1)-AU. If firstly
A?k=1 — A then we conclude that

-1 -1

B::A—I:(1 1

> € A(My(R)).
But, we know that B is a unit. So, utilizing [16, Lemma 1], we infer that BB~ €
A(Ms(R)) and hence I € A(Ma(R)). This, however, is an obvious contradiction.

If now A%*~! = — A it can be concluded that I € A(My(R)) and again this
is a contraposition. So, Ms(R) is really not a (2k — 1)-AU ring, as desired. m
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Example 2.19. Consider the matrix ring R = Ma(Z2). We have

o= (5 0. (0 0) (0006 )b

With a simple calculation at hand, we may derive that, for any u € U(R),
u% —1 € A(R). So, Ris a 6-AU ring. In general, M, (Z3) (n > 2) is not n-AU if
n is an even number. However, this observation does not hold in general for odd
values of n.

Let us now recollect that a set {e;; : 1 < 7,5 < n} of non-zero elements of R is
said to be a system of n? matriz units if ejjest = 0jseit, where d;; = 1 and d;5 =0
for j # s. In this case, e := Y ;" | e;; is an idempotent of R and eRe = M, (S),
where

S ={reeRe:rej=eyr foral i,j=1,2,...,n}.
Recall also that a ring R is said to be Dedekind-finite provided ab = 1 implies

ba = 1 for any two a,b € R. In other words, all one-sided inverse elements in the
ring must be two-sided.

We are now prepared to establish the following.
Proposition 2.20. Every (2k — 1)-AU ring is Dedekind-finite, provided k > 1.

Proof. If we assume the contrary that R is not a Dedekind-finite ring, then
there exist elements a,b € R such that ab =1 but ba # 1. Assuming e;; = a’(1 —
ba)b/ and e = Y1, e;;, there exists a non-zero ring S such that eRe = M, (S).
However, owing to Proposition 2.17, eRe is a (2k — 1)-AU ring, so M, (.S) has to
be a (2k — 1)-AU ring too, which contradicts Proposition 2.18, as expected. m

Recall that a ring R is said to be semi-local if R/J(R) is a left artinian ring
or, equivalently, if R/J(R) is a semi-simple ring.

Proposition 2.21. Let R be a ring and n > 1. Then, the following two condi-
tions are equivalent for a semi-local ring:
(i) R is a (2n —1)-AU ring.

(i) R/J(R) 2", F », where (p* —1)|n and F ok, is a field with pFi elements.

pki )
Proof. (i) = (ii) Since R is semi-local, R/J(R) is semi-simple, so we have

m
R/J(R) 2 [ [ Mn,(Dy),
i=1
where each D; is a division ring. Then, employing Corollary 2.16 and Proposition
2.18, we deduce that R/J(R) = [[;%, D;. On the other hand, invoking Lemma

2.9, we derive that D; = ]Fpki, where pFi — 1 divides n, as claimed.
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(ii) = (i) According to Lemma 2.8, we conclude that every F x; is (2n—1)-AU
for all 4. Then, taking into account Proposition 2.12, we receive that []", ki
is (2n —1)-AU and hence R/J(R) is (2n —1)-AU. Thus, R is a (2n — 1)-AU ring
in accordance with Corollary 2.16, as asserted. [ |

Lemma 2.22. Let R be a (2n — 1)-AU ring for some n > 1. If J(R) = {0}
and every non-zero Tight ideal of R contains a non-zero idempotent, then R is
reduced.

Proof. Suppose the reverse that R is not reduced. Then, there exists a non-
zero element a € R such that a? = 0. Referring to [17, Theorem 2.1], there
is an idempotent e € RaR such that eRe = Ms(T) for some non-trivial ring
T. However, thanks to Proposition 2.17, eRe is a (2n — 1)-AU ring and hence
M>(T) is a (2n — 1)-AU ring as well. This, in turn, contradicts Proposition 2.18,
as expected. [ |

It is well known that a ring R is called w-regularif, for each a in R, a™ € a™ Ra™
for some integer n. So, regular rings are always m-regular. Also, strongly m-regular
rings are themselves 7-regular.

Our second main statement is the following.

Theorem 2.23. Let R be a ring and n > 1. The following three items are
equivalent:

(i) R is a regular (2n — 1)-AU ring.
(ii) R is a w-regular reduced (2n — 1)-AU ring.
(iii) R has the identity z°" = x.

Proof. (i) = (ii) Since R is regular, J(R) = {0} and thus every non-zero right
ideal contains a non-zero idempotent. So, Lemma 2.22 applies to get that R
is reduced. Moreover, every regular ring is known to be m-regular and so the
implication follows immediately, as promised.

(ii) = (iii) Notice that reduced rings are always abelian, so R is abelian
regular by [1, Theorem 3] and hence it is strongly regular. Then, R is unit-
regular and so A(R) = {0} by [16, Corollary 16]. Thus, we have Nil(R) =
J(R) = A(R) ={0}.

On the other hand, one observes that R is strongly m-regular. Let x € R. In
view of [7, Proposition 2.5], there is an idempotent e € R and a unit v € R such
that © = e + u, ex = ze € Nil(R) = {0}. So, it must be that

r=zxz—ze=z(l—e)=u(l—¢e)=(1--e)u.
But, since R is a (2n — 1)-AU ring, u?"~! = 1. It follows now that

xQn—l — ((1 _ e)u)Qn—l — u2n—1(1 _ 6)271—1 — (1 o 6).
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Hence, z = 2(1 — e) = 2.2°""! = 22" and we are done.

(iii) = (i) It is trivial that R is regular. Let u € U(R). Then, we have

u?" = u forcing that 4?1 = 1 and thus R is a (2n —1)-AU ring, as promised. ®

We now can record the following interesting consequence.
Corollary 2.24. Suppose n > 1. The following four conditions are equivalent
for a ring R:
(i) R is a regular (2n — 1)-AU ring.
(ii) R is a strongly reqular (2n — 1)-AU ring.
) R is a unit-reqular (2n — 1)-AU ring.
) R has the identity 2°" = .

(iii
(iv
Proof. (i) = (ii) In virtue of Lemma 2.22, R is reduced and hence abelian. Then,
R is strongly regular.

(ii) = (iii) This is pretty obvious, so we leave out the argumentation.

(iii) = (iv) Let z € R. Then, x = ue for some u € U(R) and e € Id(R).
We know that every unit-regular ring is by definition regular, so R is regular
(2n —1)-AU whence R is abelian. On the other hand, [16, Corollary 16] leads us
to A(R) = {0}. Therefore, for any u € U(R), we have u?>"~! = 1 which means
that 2271 = 2~ 1e27~1 = ¢, So, we detect that 22" = z, as required.

(iv) = (i) It is clear by a direct appeal to Theorem 2.23. [ ]

Let us recall that a ring R is called semi-potent if every one-sided ideal not
contained in J(R) contains a non-zero idempotent.

The next difficult question arises quite logical.
Problem 2.25. Characterize semi-potent n-AU rings for an arbitrary n > 1.
The following technical claim is useful.

Proposition 2.26. Suppose k > 1. Then, a ring R is AU if, and only if,
(i) 2 € A(R),

(ii) R is a 28-AU ring.

(iii) If, for every © € R, 22" € A(R), then = € A(R).

Proof. ”=" As R is a AU ring, then —1 = 1+ for some r € A(R). This implies
that —2 € A(R) and so 2 € A(R). Besides, every AU ring is 2¥-AU. Now, the
asked result follows from [8, Proposition 2.4(3)].

"<” Let u € U(R). By (ii), we have u?" € 1+A(R) and hence, combining [16,
Theorem 3(2) and Lemma 1(3)] with (i), we conclude that (u— 1)2k =1+u®+r
for some r € A(R). So, (u — 1)2k € A(R). Thus, with the help of (iii), we infer
that u — 1 € A(R), which ensures that R is a AU-ring, as required. ]
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We now come to the next two pivotal assertions.

Theorem 2.27. Let R be a (2n — 1)-AU ring. Then, the following two points
are equivalent:
(i) R is an exchange ring.

(ii) R is a clean ring.

Proof. (ii) = (i) This is obvious, because each clean ring is always exchange.
(i) = (ii) If R is simultaneously exchange and (2n — 1)-AU, then R is re-

duced thanking to Lemma 2.22, and hence it is abelian. Therefore, R is abelian

exchange, so it is clean. [ |

Theorem 2.28. Let R be a (28 —1)-AU ring for some k > 1. Then, the following
three statements are equivalent:

(i) R is a semi-regular ring.

(ii) R is an exchange ring.

(iii) R is a clean ring.

Proof. Observe that (ii) and (iii) are equivalent employing Theorem 2.27.

(i) = (ii) This is obvious, since every semi-regular ring is always exchange.

(iii) = (i) First, we show that 2 € J(R). To this end, Proposition 2.4 assures
that 2 € A(R). Let r € R and r = e + u be a clean decomposition for r. We
know that 2e — 1 € U(R) and hence (2e — 1) = (2e — 1)2k71 € 14+ A(R), so that
2e € A(R). Thus, 2r = 2e +2u € A(R) + A(R) C A(R). So, 1 —2r € U(R) and
hence 2 € J(R), as claimed.

On the other hand, 2 = e+ 2f + u2k, where f € R. So,

r—r2k:(e+u)— (6+2f+u2k) =(e4u)— (e+2f+u(u2k_1>>
=(e+u)—(e+2f +u+d),

whence

r—r? = —(2f +d) € A(R),

where d € A(R). Consider now R = R/J(R), where R is reduced and so abelian
enabled via Lemma 2.22.

Next, we prove that A(R) = J(R). Letting d € A(R) and e € Id(R), we
have 1 — ed = f + u, where f € Id(R) and u € U(R). So, 1 —ed = f +u and
multiplying by the expression (1 — e) on the left the previous equality, we derive
that (1 —e) = (1 —e)f + (1 — e)u. Then, one inspects that

A-el-fl=1-eucU({@-eR0—e)nId(I—e) R({1—e)).
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Consequently, (1 —e) (1 — f) = (1 — e), so again using this trick for the expres-
sion f on the right of the previous equality, we deduce that (1 —e)f = 0, so that
f=¢f ceRe.

Furthermore, if we multiply the equation 1 —ed = f + @ by € on the left, we
will have € — ed = ef + eu = f + eu. Hence,

e— f==¢(u+d) e U(eRe)N Id(eRe),
and so € — f = e concluding that f = 0. Then, f € J(R) N Id(R) = {0}. Thus,

f =0 and hence 1 — ed € U(R).
On the other side,

l—rd=1—ed—ud € U(R)+ A(R) CU(R),

and we conclude that d € J(R). Hence, r — r2° € J(R). Thus, the quotient -

J(R)
is regular and also idempotents lift modulo J(R), because by hypothesis R is a
clean ring, whence finally R is a semi-regular ring, as required. [ |

3. SOME EXTENSIONS OF n-AU RINGS

As usual, we say that B is a unital subring of a ring A if ) # B C A and, for any
x,y € B, the relations x — y, xy € B and 14 € B hold. Let A be a ring and let
B a unital subring of A, we denote by R[A, B] the set

{(a1,...,an,b,b,...) 1 a; € A,be B,1<i<n}.

Then, a routine check establishes that R[A, B] forms a ring under the usual
component-wise addition and multiplication. The ring R[A, B] is called the tail
ring ertension.

We start our considerations here with the following helpful statement.

Proposition 3.1. R[A, B] is an n-AU ring if, and only if, both A and B are
n-AU rings.

Proof. Suppose R[A, B] is an n-AU ring. Firstly, we prove that A is an n-AU
ring. Let u € U(A). Then, u = (u,1,1,...) € U(R[A, B]). By hypothesis,
we have (u" — 1,0,0,...) € A(R[A, B]), so (u" —1,0,0,...) + U(R[A, B]) C
U(R[A, B]). Thus, for all v € U(A),

(" —1+wv,1,1,...) = (u®> = 1,0,0,...) + (v,1,1,...) € U(R[A, B)).
Hence, u"—14v € U(A), which insures that u"—1 € A(A). Now, we show that B
is an n-AU ring. To this target, choose v € U(B). Then, (1,...,1,1,v,v,...) €
U(R[A, B]). By hypothesis, (0,...,0,0" — 1,0" —1,...) € A(R[A, B]), so

(0,...,0,0" —1,0" —1,...) + U(R[A, B]) C U(R[A, B]).
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Thus, for all u € U(B),
(L,1,...,0" =14 u,v" —1+u,...) € UCR[A, B]).

We have v" — 1 +u € U(B) and hence v — 1 € A(B), as required.
Conversely, assume that A and B are both n-AU rings. Let

u= (ulyu%' <y U, U, U, ) € U(R[AaB])a

where u; € U(A) and v € U(B) C U(A). We must show that @ — 1 +

U(R[A, B]) CU(R[A, B]). In fact, for all @ = (a1,...,am,b,b,...) € U(R[A, B])

with a; € U(A) and b € U(B) C U(A), take z = max{m,t}. Then, we obtain
" —14a=(uf —14ay,...,u> —14a,0" —1+bv" —1+b,...).

z

Note that u}) —14a; € U(A) forall1 <i < zandv"—1+be U(B) CU(A). We,
thereby, deduce that " — 1+ a € U(R[A, B]). Thus, a" —1 € A(R[A, B]) and
u" € 1+ A(R[A, B]). This unambiguously enables us that R[A, B] is an n-AU
ring, as asserted. n

Let R be a ring and suppose that a : R — R is a ring endomorphism.
Traditionally, R[[x;«]] denotes the ring of skew formal power series over R; that
is, all formal power series in x having coefficients from R with multiplication
defined by ar = a(r)z for all » € R. In particular, R[[z]] = R[[z;1g]] is the ring
of formal power series over R.

Proposition 3.2. The ring R[[z;a]] is n-AU if, and only if, so is R.

Proof. Consider I = R[[z;a]lx. Then, a plain check gives that I is an ideal
of R[[xz;a]]. Note that J(R[[z;a]]) = J(R) + I, so I C J(R[[z;c]]). Since
R[[z;a]]/I = R, the result follows at once exploiting Theorem 2.15. |

As an automatic consequence, we yield.
Corollary 3.3. The ring R[[z]] is n-AU if, and only if, so is R.

Let R be a ring and suppose that o : R — R is a ring endomorphism. Stan-
dardly, R[z;a] denotes the ring of skew polynomials over R with multiplication
defined by xr = a(r)z for all » € R. In particular, R[z] = R[x;1g] is the ring of
polynomials over R. For an endomorphism « of a ring R, R is called a-compatible
if, for any a,b € R, ab =0 <= aa(b) = 0, as in this case « is evidently injective.

Let Nil.(R) denote the prime radical (or, in other terms, the lower nil-
radical) of a ring R, i.e., the intersection of all prime ideals of R. We know that
Nil,(R) is a nil-ideal of R. It is long known that a ring R is called 2-primal if its
lower nil-radical Nil,(R) consists precisely of all the nilpotent elements of R. For
instance, it is well known that both reduced and commutative rings are 2-primal.
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Proposition 3.4. Let R be a 2-primal and a-compatible ring. Then, the equality
A(R[z,a]) = A(R) + Nil.(R[z,a))x is valid.

Proof. Assuming f = Y. ja;x' € A(R[z,q]), then, for every u € U(R), we
have that 1 — uf € U(R[z,a]). Thus, [2, Corollary 2.14] employs to get that
1 —wuag € U(R) and, for every 1 < i < n, the relation ua; € Nil,(R) is true.
Since Nil,(R) is an ideal, it must be that ag € A(R) and, for every 1 < i < n,
the relation a; € Nil,(R) holds. But, as R is a 2-primal ring, [2, Lemma 2.2] is
applicable to conclude that Nil.(R)[z,a] = Nil.(R[x,a]), as required.

Reciprocally, assume f € A(R) + Nily.(R[z,a])r and u € U(R|x,«]). Then,
owing to [2, Corollary 2.14], we have u € U(R) 4+ Nil.(R[z,a])z. Since R is a
2-primal ring, one has that

1—uf € UR)+ Nil,(R[z, o))z CU(R[z,a]),
and thus f € A(R[z,a]), as needed. ]

We are now in a position to establish the following criterion.

Theorem 3.5. Let R be a 2-primal ring and o an endomorphism of R such that
R is a-compatible. The following are equivalent:

(i) R[z;a]is an n-AU ring.
(ii) R is an n-AU ring.

Proof. (ii) = (i) Let f = > juz’ € U(R[z,q]), so in view of [2, Corollary
2.14] one arrives at ug € U(R) and u; € Nil(R) for each i@ > 1. Then, by
hypothesis, 1 — ufj € A(R). Therefore, with [2, Corollary 2.14] at hand, there
exists g € Nil.(R)[x; @] such that

" =ug+gx €1+ A(R)+ Nil.(R[z,a])x,
and hence with the aid of Proposition 3.4 we obtain
" el+ A(R[z;al).
(i) = (ii) Let w € U(R) C U(R[z;a]). Hence,
u" € 1+ A(R[z;0a]) =1+ A(R) + Nil,(R[z, o).
Thus, we have u™ € 1+ A(R) whence R is an n-AU ring, as wanted. |

As a valuable consequence, we arrive at the following.

Corollary 3.6. Let R be a 2-primal ring. Then, the following are equivalent:
(i) R[z] is an n-AU ring.



434 P. DANCHEV, A. JAVAN, O. HASANZADEH, M. DOOSTALIZADEH AND ...

(ii)) R is an n-AU ring.

Let R be a ring and M a bi-module over R. The trivial extension of R and
M is stated as
T(R,M)={(r,m):r € Rand m € M},

with addition defined component-wise and multiplication defined by
(r,m)(s,n) = (rs,rn + ms).

One knows that the trivial extension T'(R, M) is isomorphic to the subring

{<T m>:reRandm€M}
0 r

of the formal 2 x 2 matrix ring <§ ]\}é[

the trivial extension T'(R, M) is precisely
U(T(R,M)) =T(U(R), M).

>. We also notice that the set of units of

Also, by [8], one may exactly write that
A(T(R, M)) = T(A(R), M).
We are now ready to prove the following.
Proposition 3.7. Let R be a ring and M a bi-module over R. Then, the following
hold:
(i) The trivial extension T(R, M) is an n-AU ring if, and only if, R is an n-AU
TIng.
(ii) The upper triangular matriz ring T,(R) is an n-AU if, and only if, R is an
n-AU ring.
Proof. (i) Set A = T(R,M) and consider the ideal I := T(0,M). Then, one
finds that I C J(A) such that ? = R. So, the result follows directly from
Theorem 2.15.
(ii) Let I = {(ai;j) € Tn(R)|asi = 0}. Then, one establishes that I C J(T,,(R))
with T,,(R)/I = R™. Therefore, the desired result follows from a plain combina-
tion of Theorem 2.15 and Proposition 2.12. [ |

Let a be an endomorphism of R and n a positive integer. It was defined by
Nasr-Isfahani in [18] the skew triangular matriz ring like this

ap ay a o Qp—1
0 a a1 -+ ap-2
To(R,a) = 0 0 a - an-3||q;, eR

0o 0 0 --- ao
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with addition point-wise and multiplication given by:

ap ay az - Gp_q bo b1 by - b

0 ap a1 - ap—2 0 bp b1 - bp2

0 0 ag -+ Ap—3 0 0 b(] s bn_g —
0 0 0O -+ ap 0 0 0 -+ b

Co C1 Cy - Cp—1

0 c ¢ - cp2

0 0 cpy -+ Cp-3 ,

0 0 0O -+ ¢

where ‘
c; = aoao(bi) + alal(bi_l) + - 4 a;a’(by), 1<i<n-—1.

We denote the elements of T),(R, ) by (ao, a1, ...,an—1). If a is the identity
endomorphism, then one easily checks that T, (R, «) is a subring of the upper
triangular matriz ring Ty, (R).

All of the mentioned above guarantee the truthfulness of the following state-
ment.

Proposition 3.8. Let R be a ring and k > 1. Then, the following are equivalent:
(i) Th(R, ) is a k-AU ring.

(ii) R is a k-AU ring.

Proof. Choose the set

0 a2 ... Qip
0 0 ... QAo2n

I:= L ) aij € R (i <j)
0 0 ... O

Then, one easily verifies that I C J(T, (R, «)) and w = R. Consequently,
Theorem 2.15 directly applies to get the expected result. [ |

A simple manipulation with coefficients guarantees that there is a ring iso-

morphism
Rz, a]

NED

— Th(R, ),
given by

plag + a1z + -+ an_12" " + (2") = (ao, a1, . .., an_1)
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with a; € R, 0 < i <n—1. So, one finds that T, (R, o) = Pz[fg‘))‘}, where (z") is

the ideal generated by x™.

We, thus, proceed by discovering the following two claims.

Corollary 3.9. Let R be a ring and k > 1. Then, the following are equivalent:
(i) R is a k-AU ring.

ii) For n > 2, the quotient-ring R[x,ia} is a k-AU ring.
(z™)

(i) For n > 2, the quotient-ring R([Ef,i‘)l” is a k-AU ring.

Corollary 3.10. Let R be a ring. Then, the following are equivalent:
(i) R is a k-AU ring.
(ii) Forn > 2, the quotient-ring gc[f% is a k-AU ring.

(iii) For n > 2, the quotient-ring Ig}ffy is a k-AU ring.

Consider now R to be a ring and M to be a bi-module over R. Let
DT(R, M) :={(a,m,b,n)|a,b € R,m,n € M}
with addition defined component-wise and multiplication defined by

(a1, m1,b1,n1)(az, ma, b2, n2)

= (alag, aims + mias, a1bs + bras, aing + mibs + bymo + nlag).

Then, one claims that DT(R, M) is a ring which is isomorphic to T(T(R, M),
T(R,M)). Also, we have

DT(R, M) = la,b € R,m,n e M

oo 3
o8 oo

n
b

m
a

O O O

Likewise, one asserts that the following map is an isomorphism of rings: gLﬁ;@) —

DT(R, R), defined by

a b ¢ d
a+bx + cy + dey — 0 a 0 ¢
0 0 a b
0 0 0 a

We, thereby, detect the following.
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Corollary 3.11. Let R be a ring and M a bi-module over R. Then, the following
statements are equivalent:

(i) R is an n-AU ring.

(i) DT(R, M) is an n-AU ring.

(iii) DT(R, R) is an n-AU ring.
)

R[x’zé] is an n-AU ring.

(iv

Let A, B be two rings and M, N be (A, B)-bi-module and (B, A)-bi-module,
respectively. Also, we consider the bi-linear maps ¢ : M @ N — A and ) :
N ®4 M — B that apply to the following properties:

Idy @Y = ¢ @4 Idy, Idy @4 ¢ =1 @p Idy.

For m € M and n € N, define mn := ¢(m ® n) and nm := (n ® m). Now,
A

N B
operations that is called a Morita context ring. Denote two-side ideals Im¢ and
Imiy to MN and N M, respectively, that are called the trace ideals of the Morita
context.

the 4-tuple R = becomes to an associative ring with obvious matrix

We now have at our disposal all the ingredients necessary to establish the
following.

Proposition 3.12. Let R = ( ﬁ ]\34

a (2n—1)-AU ring if, and only if, both A, B are (2n—1)-AU and MN C J(A),
NM C J(B).

be a Morita context ring. Then, R is

Proof. Let R be a (2n — 1)-AU ring. Consider e := (164 10 > Then, one says
B

that eRe = A and (1 —e)R(1 —e) = B. So, thankfully to Proposition 2.17, we

get that A, B are both (2n — 1)-AU. Obviously, <(1) T) € U(R). Therefore,

<(1) ?>2n_1 - <é (2”_11)’”) €1+ A(R)

0 2n—1)m . . 0 0
and hence (0 0 > € A(R). Similarly, we obtain ((Qn— D! 0) €

A(R), where m’ € N. Since 2 € A(R),2n — 1 € U(A), for any m € M and
m’ € N we receive that

((2n—01)—1 (1)> <8 (2n61)m) € A(R).
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Then, it must be that (8 73) € A(R). Also,

((Qn_()l)m’ 8) <(2n_01)1 (1)> € A(R).
0 M

0 . . . 0
Thus, (m’ O) € A(R). Since A(R) is a subring, we have <N O> € A(R).

Then, for any m € M and m’ € N, we have

(0 0) (o o) catm= (" 7) cam.

(,2/ 8) <8 ?) €A(R) = <8 NOM) c A(R).

MN M
-

N ~Num) S A(R) and I
is an ideal, whence I C J(R). Consequently, MN C J(A) and NM C J(B)
invoking [20, Theorem 2.5], as required.

Reciprocally, let A, B be (2n —1)-AU, where MN C J(A) and NM C J(B).

Then, utilizing [20, Lemma 3.1], we derive that J(R) = <J§\}4) J?é)) Thus,

Since A(R) is a subring, we can verify that [ := (

the isomorphism ng) = J&) X J(E]gg) is fulfilled. Finally, that R is (2n — 1)-AU

is guaranteed by virtue of Proposition 2.12 and Corollary 2.16, as needed. [ |
The next comments are worthwhile.

Remark 3.13. Exploiting Proposition 3.12, we have that if R is (2n)-AU, then
both A, B are (2n)-AU and the containments (2n)MN C J(A), (2n)NM C J(B)
hold. Now, a quite logical question arises that, if A, B are (2n)-AU, where
(2n)MN C J(A) and (2n)NM C J(B), can it be deduced that R is a (2n)-AU
ring?

However, the answer is negative as the following construction illustrates:
letting R := Fa(z, y|z? = 0), then it can be checked that R is 2-AU and 2R = {0},
but Ms(R) is not 2-AU.

Moreover, an other natural question arises, namely that if R is a (2n)-AU
ring, whether it could be derived that MN C J(A) and NM C J(B)?

Again, the answer is contrapositive, because we know that My(Zs) is 6-AU;
in fact, supposing A = B = M = N = Zy, then R = My(Zs) is 6-AU, but
MN ¢ J(A) and NM ¢ J(B), as it can be verified without any difficulty.

The following result could also be of some helpfulness and importance.



n-AU RINGS 439

A M
N B
MN C J(A) and NM C J(B). Then, R is an n-AU ring if, and only if, both A
and B are n-AU.

Proposition 3.14. Let R = ( be a Morita context ring such that

Proof. In view of [20, Lemma 3.1], we argue that

0= ("% i)

and hence the isomorphism J(’;) ~ J&) X J(L?B) holds. Then, the result follows
immediately from Corollary 2.16 and Proposition 2.12. [ |

Now, let R, S be two rings, and let M be an (R, S)-bi-module such that the
operation (rm)s = r(ms) is valid for all r € R, m € M and s € S. Given such a
bi-module M, we can set

T(R,S, M) = (1; Ag) :{(6 ”;) :reR,meM,seS},

where it forms a ring with the usual matrix operations. The so-stated formal
matrix T(R, S, M) is called a formal triangular matriz ring. In Proposition 3.14,
if we set N = {0}, then we will obtain the following.

Corollary 3.15. Let R, S be rings and let M be an (R, S)-bi-module. Then, the
formal triangular matriz ring T(R, S, M) is an n-AU ring if, and only if, both R
and S are n-AU.

Given a ring R and a central element s of R, the 4-tuple <Z g) becomes

a ring with addition component-wise and with multiplication defined by
(al 331) <a2 $2> _ (alaz +sT1y2 a1z + I1b2>
y1 b)) \y2 b2 yraz +biys  sy1wa +biby )

This ring is denoted by K (R). A Morita context <]<1[ Ag) with A=B=M =

N = R is called a generalized matriz ring over R. It was observed by Krylov in
[13] that a ring S is a generalized matrix ring over R if, and only if, S = K(R)
for some s € C(R). Here, MN = NM = sR, so MN C J(A) <= s € J(R),
NM C J(B) < s € J(R).

We, thus, have all the instruments to state the following.

Corollary 3.16. Let R be a ring and s € C(R) N J(R). Then, Ks(R) is an
n-AU ring if, and only if, R is n-AU.
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Following Tang and Zhou (cf. [21]), for n > 2 and for s € C(R), the n x n
formal matriz ring over R, defined with the usage of s and denoted by M, (R;s),
is the set of all n x n matrices over R with the usual addition of matrices and
with the multiplication defined below:

For (aij) and (bZJ) in Mn(R; 8),

(aij)(bij) = (cij), where (cij) =Y s"™aiby;.

Here, 6;j = 1+ i, — 0ij — i, where 0z, d;5, 05, are the standard Kroncker delta
symbols.

We now offer the validity of the following.

Corollary 3.17. Let R be a ring and s € C(R) N J(R). Then, for any k > 1,
M, (R;s) is a k-AU ring if, and only if, R is k-AU.

Proof. If n = 1, then M,(R;s) = R. So, in this case, there is nothing to
prove. Let n = 2. By the definition of M, (R;s), we have My(R;s) = K2 (R).
Apparently, s> € J(R) N C(R), so the claim holds for n = 2 with the help of
Corollary 3.16.

To proceed by induction, assume now that n > 2 and that the claim holds
for My,_1(R;s). Set A := M,_1(R;s). Then, M,(R;s) = <]<1f Ag) is a Morita

context, where

Mln

S
I

: and N = (Mnl e Mn,n—l)
Mn—l,n

with M;, = M,; = Rforalli=1,...,n—1, and

Y NOM — N, n®@mr— snm
¢ MRXN— M, men+— smn.

T1n
Besides, for x = : €M and y = (Yn1-.-Ynn—1) € N, we write
Tn—1,n
2
S"T1nYnl ST1inYn2 e STinYn,n—1
2
ST2nYnl S T2nYn2 .- ST2nYn,n—1
Ty = . . ) . € sA

2
STn—1nYnl STn—-1nYn2 ... S Tn—-1nYnn—1
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and
2 2 2 2R
YT = S Yn1&in + 8 Yn2T2n + - + S Ynn—1Tn—1,n € S™ L3

Since s € J(R), we see that MN C J(A) and NM C J(A). Thus, we obtain that
M,(R;s) . A R

T(Mu(R;s)) ~ J(A) " J(R)

Finally, the induction hypothesis and Proposition 3.14 yield the claim after all. m

A M
A Morita context < N B) is called trivial if the context products are trivial,

ie., MN = (0) and NM = (0). Consulting with [11], we now are able to establish
that

A M
N B

>2T(A><B,M@N),

where ;3 ]\B4> is a trivial Morita context. We, therefore, begin the proof-check

of the following.

Corollary 3.18. The trivial Morita context <]<1[ ]\B/[> is an n-AU ring if, and
only if, both A and B are n-AU.

Proof. 1t is apparent to see that the two isomorphisms

A M\ _(AxB M&N
(N B):T(AXB,M@N)_( 0 AxB)

are true. Then, the rest of the proof follows by combining Propositions 3.7(i) and
2.12, as needed. [ |

As usual, for an arbitrary ring R and an arbitrary group G, the symbol RG
stands for the group ring of G over R. Standardly, e(RG) designates the kernel
of the classical augmentation map € : RG — R, defined by

%Z%Q:Z%

geG geG
and this ideal is traditionally called the augmentation ideal of RG.

Here we will explore group rings that are n-AU, as for the case of JU group
rings we refer the interested reader to [12]. Specifically, we continue by establish-
ing the next three technicalities.

Lemma 3.19. If RG is an n-AU ring, then R is too n-AU.
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Proof. Choosing u € U(R), then u € U(RG). Thus, u"™ = 1+ r, where r €
A(RG). Since —r = 1 —u™ € R, it suffices to show that r € A(R), which is
obviously true, because, for any v € U(R) C U(RG), we have v—r € U(RG)NR C
U(R). Therefore, r € A(R), as required. |

We say that a group G is a p-group if the order of every element of G is a
power of the prime number p. Besides, a group G is said to be locally finite if
every finitely generated subgroup of G is finite.

In this light, the following two statements hold.

Lemma 3.20 [22, Lemma 2|. Let p be a prime with p € J(R). If G is a locally
finite p-group, then e(RG) C J(RG).

Lemma 3.21. If R is an n-AU ring and G is a locally finite p-group, where p
is a prime number such that p € J(R), then RG is an n-AU ring.

Proof. One looks that Lemma 3.20 tells us that e(RG) C J(RG). On the other
hand, since the isomorphism RG/e(RG) = R holds, Theorem 2.15 is a guarantor
that RG is an n-AU ring, as stated. [

We close our work with the following intriguing problem.

Problem. Describe the structure of those rings R whose elements are a sum of
a tripotent (or even of a potent) and an element from A(R) which commute each
other.
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