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Abstract10

We introduce a new class of rings, in which elements are sum of units11

and tripotents. This class of rings is called tri-clean (T -clean) rings which12

is a generalized structure of clean rings and invo tri-clean rings. We derive13

several properties of T -clean rings. We show that if an element a is T -clean14

in a corner ring eRe for some idempotent e then it is also a T -clean element15

in R. If 2 is an unit in R then R is a T -clean ring if and only if R

I
is a T -clean16

ring for every nil ideal I of R. We also prove that all the upper triangular17

matrix rings over T -clean ring is a T -clean ring.18
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1. Introduction22

In this discussion R denotes a ring with 1 unless specified. An element a ∈23

R is called clean if a = u + e for some unit u and idempotent e in R. The24

concept of clean elements were first introduced 47 years back by Nicholson [19].25

Hongbo introduced the generalized clean rings (G − clean) and showed several26

relationships of clean rings and (s, 2) rings in the paper [21]. In 2008 Chen [5]27

extended clean elements of commutative reduced rings to arbitrary abelian rings.28

In 2017 Danchev [6] defined a ring R to be invo clean if each element of R can29

be expressed as a sum of an involution element and idempotent element. In the30

paper the author completely described the algebraic structure of invo-clean rings.31

Later in 2018 Danchev [9] gave some important criterion when a commutative32
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group ring is invo-clean ring. For further details on invo clean rings and related33

topics, we refer to [7, 8]. Following in 2022 Ahmad et al. [1] extended the concept34

to involution tri clean rings and showed many applications in graph theory.35

Meanwhile several authors have studied various properties of rings widely36

where every element of R can be splitted into two parts. For better insight into37

these rings the readers are referred to [3, 12, 20, 13, 15] etc.38

All clean elements in a ring R satisfies the property (P1) : a ∈ R is clean39

if and only if a − 1 is clean. It is well known that the clean elements in R are40

not closed under additive inverse means it does not satisfy the property (P2) :41

a is clean in R if and only if −a is clean in R. Rings satisfying property P2 is42

investigated by Grigore and Horia in the paper [4]. But the tri-clean rings or T -43

clean ring satisfies property P2 and does not satisfy property P1. In this article,44

we characterize the tri-clean rings which satisfy property P2 and do not satisfy45

property P1. Apart from this, the core objective of this article is to study several46

properties of T -clean rings.47

We denote idem(R), T (R), U(R) are set of all idempotents, tripotents and48

group of units in a ring R respectively. UTn(R) denotes the n×n upper triangular49

matrix ring over R with the usual addition and multiplication of the matrix.50

We also recall J(R) the Jacobson radical, which is equal to the intersection of51

all maximal right/left ideals in a ring R. It is well known that J(R) = {x ∈52

R : 1 + yxz ∈ U(R),∀y, z ∈ R} which is indeed an ideal of R. Interestingly53

J(R) + U(R) = U(R). P (R) denotes the set of all elements x ∈ R such that54

xn = x for some positive integer n, called the potent elements. For any a ∈ R,55

I(a) = {r ∈ R : ara = a} is called the inner inverses of a in R. We also noticed56

that semi-tripotent rings are T -clean but the converse is not true. We know that57

idempotents can be lifted modulo every nil ideal in a ring R ( [14], Theorem 2).58

However, the same is not true for tripotent elements. For example, 2̄ ∈ Z8

2Z8
is59

a tripotent but 2 is not a tripotent in Z8. Khurana [14] studied the generalize60

conditions on a ring R for which potent elements lifted modulo every nil ideals.61

With this motivation we are inspired to establish the notion of T -clean rings and62

deduce several noteworthy findings.63

2. Preliminaries64

In this section, we provide the fundamental definitions and findings that are65

necessary for our work. We start with the definition of tri-clean elements and66

tri-clean rings.67

Definition. An element a of a ring R is called tri-clean or T -clean if a can be68

written as a sum of an unit and a tripotent. If every element of R is tri-clean69

then R is called a T -clean ring.70
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We denote T (R) = {x ∈ R : x3 = x} and T − clean(R) = {a ∈ R : a = u+ t,71

for some u ∈ U(R) and t ∈ T (R)}. If R = T − clean(R) then R is a T -clean ring.72

We will often refer the equation a = u + t for some u ∈ U(R) and t ∈ T (R) as73

tri-clean or T -clean decomposition of a.74

Example 1. Z4 is T -clean as well as clean. However, Z is not T -clean.75

Example 2. If a ∈ R is a T -clean then by simple computations we have −a is76

also a T -clean.77

It is clear that all clean rings are T -clean but the converse is not true. Here78

is an example.79

Example 3. Let A =

(

−2 0
0 −2

)

in the ring UT2(Z). Then A is T -clean by the

decomposition given by

(

−2 0
0 −2

)

=

(

−1 0
0 −1

)

+

(

−1 0
0 −1

)

but A is not clean by Proposition 11 of [4].80

There may be more than one T -clean decomposition of a ∈ R. If there is81

only one T -clean decomposition then it is called uniquely T -clean. Again, if the82

unit and the tripotent of the T -clean decomposition of a commute, then it is83

called strongly T -clean. However, we will not go into great detail about these84

properties of T -clean ring. In addition, determining all the T -clean or number of85

T -clean decompositions for a is a matter of another significant work. The matrix86
(

1 0
0 0

)

=

(

1 −n

0 1

)

+

(

0 n

0 −1

)

in the ring UT2(Z) is T -clean with infinitely87

many T -clean decomposition.88

Definition [15]. A ring R is called semi− n − potent if each element of R can89

be written as a sum of an element from Jacobson’s radical and an n− potent.90

Example 4. Semi-tripotent (semi-3-potent) rings are T -clean ring. If R is a91

semi-tripotent ring then for any a ∈ R, a + 1 = j + f for some j ∈ J(R) and92

f3 = f . Then a = (j − 1) + f is a T -clean decomposition as j − 1 ∈ U(R).93

However, the reverse implication does not hold. Here is an example.94

Example 5. Let R = M2(Q). Then

(

2 1
0 0

)

=

(

2 0
0 1

)

+

(

0 1
0 −1

)

is a T -clean in R but not semi-tripotent ([15], Remark 1 ).95
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Remark 6. ([16], Ex. 1.4) For any ring R. If ab, ba ∈ U(R) then a, b ∈ U(R).96

If R is a dedekind domain then only ab ∈ U(R) is enough to conclude both97

a, b ∈ U(R).98

Let a ∈ R be a tripotent (unit) element and I be an ideal of R. We say a99

lifts modulo I if there exists a tripotent (unit) element t ∈ R (u ∈ R) such that100

t− a ∈ I (u− a ∈ I).101

The following lemmas are about the units and tripotents that can be lifted102

modulo every nil ideal of R.103

Lemma 7. For any ring R and I is a nil ideal of R. If ā ∈ U(R
I
), then there104

exists u ∈ U(R) such that a− u ∈ I.105

Proof. We consider v̄ ∈ R
I
such that āv̄ = 1̄ in R

I
. Thus, av−1 ∈ I and va−1 ∈ I106

and hence we get av ∈ 1+ I and va ∈ 1+ I. But as I is nil ideal we have 1+ I ⊆107

U(R). So, av, va ∈ U(R) and hence by Remark 6 a, v ∈ U(R). Now we consider108

u = v−1 then we get a+I = (1+I)(v+I)−1 = (1+I)(v−1+I) = (v−1+I) = u+I.109

Therefore, a− u ∈ I.110

Lemma 8. For any ring R and Jacobson’s radical J(R) of R. If ā ∈ U( R
J(R)),111

then there exists u ∈ U(R) such that a− u ∈ J(R).112

Proof. The proof is similar to Lemma 7 because for any x ∈ J(R), 1 + x is an113

unit.114

Lemma 9. ([14], Theorem 8) Let I ⊆ R be an one sided nil ideal and a ∈ R is115

such that a3 − a ∈ I. If 2 ∈ R is an unit, then there exists t ∈ R with t3 = t such116

that a− t ∈ I.117

The following lemma determines all the tripotent elements of Zp[i], where p118

is a prime. If p ≡ 3(mod 4) then Zp[i] is a field and hence contains only the trivial119

tripotents {0, 1, p − 1}.120

Lemma 10. ([2], Proposition 1) Let p be a prime number such that p ≡ 1(mod 4)121

and x = a+ib ∈ Zp[i]. Then x is a tripotent if and only if a2 = 1−p
4 and b2 = p−1

4 .122

Lemma 11. Let a ∈ R be such that an = a for some n ∈ N. Then a is T -clean.123

Proof. We consider an = a, n ≥ 2 is a potent element in a ring R. Then by124

Lemma 2.1 of [15] we have x = ue where e2 = e, un−1 = 1 and ue = eu. Now125

we suppose v = ue − (1 − e) which is an unit in R with v−1 = un−2e − (1 − e).126

Leaving f = 1 − e we get a = v + f is a clean decomposition. Therefore, a is127

clean and hence T -clean.128

Remark 12. Any potent ring is a T -clean ring.129
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Lemma 13. ([12], Theorem 1) The following statements are equivalent for any130

ring R.131

(1) The ring R satisfies the identity a3 = a.132

(2) The ring R is commutative such that for every a ∈ R, a = e + f for some133

e, f ∈ idem(R).134

(3) For any a ∈ R we have a = e + f for some e, f ∈ idem(R) such that135

ef = fe.136

3. Main results137

In this section, we present the main results. We start with a proposition that can138

be used for an alternative defintion of T -clean rings.139

Proposition 14. Let R be a ring. Then R is a T -clean ring if and only if for140

every a ∈ R we get a = t− u for some t ∈ T (R) and u ∈ U(R).141

Proof. We supposeR is a T -clean ring and −a = t+u is a T -clean decomposition142

for some t ∈ T (R) and u ∈ U(R). Then we can write a = (−t) − u where143

(−t)3 = −t3 = −t ∈ T (R). Conversely, we suppose that for every a ∈ R,144

−a = t − u for some t ∈ T (R) and u ∈ U(R). Then a = (−t) + u where,145

−t ∈ T (R) is a T -clean decomposition. So, R is a T -clean ring.146

Proposition 15. Let R be a ring with char(R) = 3. Then x is a T -clean if and147

only if x− 1 is a T -clean.148

Proof. (=>) We assume, x = u + t for some u ∈ U(R) and t ∈ T (R). Then149

x − 1 = u + (t − 1). As, char(R) = 3 we have (t − 1)3 = t3 − 3t2 + 3t − 1 =150

t3 − 1 = t− 1 ∈ T (R).151

(<=) we assume x−1 = u+t for some u ∈ U(R) and t ∈ T (R). Then x = u+(t+152

1). Again as, char(R) = 3 we obtain (t+ 1)3 = t3 + 3t2 + 3t+ 1 = t+ 1 ∈ T (R).153

Hence the result.154

Proposition 16. Any homomorphic image of a T -clean ring is a T -clean.155

Proof. We suppose φ : R → S is an epimorphism and R is T -clean. Let x ∈ S156

is any element. Then there exists a ∈ R such that φ(a) = x. So writing a = u+ t157

for some u ∈ U(R) and t ∈ T (R) we get x = φ(u + t) = φ(u) + φ(t). Since158

any ring homomorphism sends unit to unit we have φ(u) ∈ U(S) and (φ(t))3 =159

φ(t3) = φ(t) ∈ T (S). Therefore, S is a T -clean ring.160
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Remark 17. From Proposition 16 we have for any ring R and ideal I of R. If161

R is a T -clean ring then R
I
is T -clean too. But the reverse implication does not162

hold. For we take the following example.163

Example 18. Z
8Z is a T -clean ring but Z is not a T -clean ring.164

Proposition 19. Let R be a ring and e ∈ idem(R). If a ∈ eRe is a T -clean then165

a is T -clean in R.166

Proof. We consider a = u′ + t is a T -clean decomposition in eRe, where t3 =167

t ∈ eRe and u′ ∈ U(eRe) with inverse u′w = e = wu′ in eRe. Then we can easily168

prove that u = u′ − (1 − e) is an unit with its inverse u−1 = w − (1 − e) in R.169

Now a− u = (u′ + t)− u = u′ + t− u′ + (1− e) = t+ (1− e). Here,170

(t+ (1− e))3 = (t+ (1− e))(t2 + (1− e)t+ t(1− e) + (1− e))

= (t+ (1− e))(t2 + t− et+ t− te+ (1− e))

= (t+ (1− e))(t2 + (1− e)) (as, t ∈ eRe => et = t = te)

= (t+ (1− e)) ∈ T (R).

Therefore, a = u+ (t+ (1− e)) is a T -clean decomposition in R and hence a is a171

T -clean in R.172

Theorem 20. Let R be any ring and I be a nil ideal such that 2 ∈ U(R). Then173

R is a T -clean ring if and only if R
I
is a T -clean ring.174

Proof. (=>) It is clear from the proposition 16 using the canonical ring epimor-175

phism from R to R
I
.176

(<=) We consider R
I

is a T -clean ring. Let a ∈ R, ā ∈ R
I
. So there exists177

ū ∈ U(R
I
) and t̄ ∈ T (R

I
) such that ā = ū+ t̄. Since I is a nil ideal and by Lemma178

7 we have units are lifted modulo I. Therefore, we may consider u ∈ U(R) and179

a − u is a tripotent modulo I. Since 2 is an unit in R, so by Lemma 9 we have180

that tripotents are lifted modulo I. Therefore, a − u is a tripotent. So R is a181

T -clean ring.182

We may wonder if 2 is not an unit, does the Theorem 20 still hold. This is183

unfavorable. Here is an example.184

Example 21. Let R = Z[x] with (x2 − 1)2 = 0 and I =< x2 − 1 >. Here,185

I is clearly a nil ideal in R also 2 is not an unit in R. We consider α + I =186

(1+I)+(x+I) in R
I
. Then (x+I)3 = x3+I = (x+I)(x2+I) = (x+I)(1+I) = x+I,187

is a tripotent. Hence, α + I is a T -clean element in R
I
. Next we show that the188

tripotent α − 1 = x + I does not lift modulo I. If it is lifted modulo I then189



A note on tri-clean rings 7

(x + (x2 − 1)(ax + b))3 = (x + (x2 − 1)(ax + b) for some a, b ∈ Z. This implies190

that191

x3 + 3x2(x2 − 1)(ax + b) = x+ (x2 − 1)(ax+ b).

Simplifying we get192

3ax5 + 3bx4 − 3ax3 − 3bx2 + x3 = ax3 + bx2 − ax+ x− b.

Again by replacing x4 = 2x2 − 1 from the given rule we get193

(2a+ 1)x3 + 2bx2 − (2a+ 1)x− 2b = 0.

Comparing we get 2a+ 1 = 0, which has no solution in Z. Therefore, α− 1 does194

not lift modulo I and consequently α is not a T -clean element in R.195

We recall that the intersection of all prime ideals in a ring R is an ideal called196

prime radical of R which is denoted by P(R).197

Corollary 22. Let R be a ring and 2 ∈ U(R). Then R is a T -clean ring if and198

only if R
P(R) is a T -clean ring.199

Proof. It follows from the Theorem 20 as the prime radical P(R) is a nil ideal.200

201

Theorem 23. The usual product ring R =
∏n

i=1Ri is a T -clean if and only if202

Ri is a T -clean for each i.203

Proof. (=>) It follows from the Proposition 16 by considering the natural epi-204

morphism φi : R → Ri for each i.205

(<=) We consider Ri is a T -clean ring for each i and x = (x1, x2, ...xn) ∈ R.206

For each xi ∈ Ri we have the T -clean decomposition xi = ui + ti for some207

ui ∈ U(Ri) and ti ∈ T (Ri). Then clearly u = (u1, u2, ...un) ∈ U(R) and208

t = (t1, t2, ..., tn) ∈ T (R) such that x = u+ t. Therefore, R is a T -clean ring.209

We consider the following example to show if one of R1 or R2 is not T -clean210

then R = R1 ×R2 may failed to be T -clean.211

Example 24. Let R = Z4 × Z. We show that (0, 3) does not have any T212

clean decomposition in R. We suppose (0, 3) = (u1, u2) + (t1, t2) is a T -clean213

decomposition in R, where (u1, u2) ∈ U(R) and (t1, t2) ∈ T (R). Then 3 =214

u2 + t2 =⇒ t2 = 3− u2 in Z. But units in Z are {−1, 1}. So, the tripotent t2 is215

either 2 or 4. This is impossible as the tripotent elements of Z are {−1, 0, 1}.216

The following Theorem characterizes the T -clean elements in an abelian ring.217

Theorem 25. Let R be ring which is abelian and e ∈ idem(R). If a ∈ R is a218

T -clean then the following holds219
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1. ae is a T -clean.220

2. If 1 + a is also T -clean, then a+ e is a T -clean in R.221

3. If b+ e is clean, then b is a T -clean for any b ∈ R.222

Proof. 1. We consider a = u + t is a T -clean decomposition in R such that223

u ∈ U(R) and t ∈ T (R). Now right multiplying both side by e we have224

ae = ue + te. Then clearly ue ∈ U(eRe) and as R is abelian we have225

(te)3 = tetete = tet2e = t3e = te ∈ T (eRe). Thus ae is T -clean in eRe.226

Therefore, by Proposition 19 ae is T -clean in R.227

2. We consider a = u1 + t1 and 1 + a = u2 + t2 for some u1, u2 ∈ U(R) and228

t1, t2 ∈ T (R). Now a + e = ae − ae + a + e = a(1 − e) + (1 + a)e =229

(u1 + t1)(1− e) + (u2 + t2)e = u1(1− e) + u2e+ t1(1− e) + t2e. Since R is230

an abelian ring we can clearly see u1(1− e) + u2e ∈ U(R) as, (u1(1− e) +231

u2)(u
−1
1 (1− e) + u−1

2 e) = e+ 1− e = 1. Again as R being abelian we have232

(t1(1 − e) + t2e)
3 = (t1(1 − e) + t2e)(t

2
1(1 − e) + t22e) = t31(1 − e) + t32e =233

t1(1− e) + t2e ∈ T (R). Therefore, a+ e is T -clean in R.234

3. We consider b + e = u + f for some u ∈ U(R) and f ∈ idem(R). Then235

b = u+(f−e). As, R is an abelian ring e and f are commuting idempotent.236

Thus have (f − e)3 = f − e. Therefore, b is T -clean in R.237

238

In support of the Theorem 25 we present the following example.239

Example 26. Let R = Z6 ×

(

Z Z

0 Z

)

and e = (3,

(

0 1
0 1

)

) ∈ idem(R). We240

consider a = (2,

(

1 1
1 1

)

) = (1,

(

1 0
0 1

)

)+(1,

(

0 1
1 0

)

) is a T -clean element241

in R. Then242

1. ae = (2,

(

1 1
1 1

)

)(3,

(

0 1
0 1

)

) = (0,

(

0 2
0 2

)

) is a T -clean element in

R. Because we have the T -clean decomposition as,

(0,

(

0 2
0 2

)

) = (1,

(

1 1
0 1

)

) + (5,

(

−1 1
0 1

)

).

2. We have 1 + a = (3,

(

2 1
1 2

)

) is a T -clean element in R with a T -clean

decomposition as,

(3,

(

2 1
1 2

)

) = (3,

(

1 1
1 2

)

) + (0,

(

1 0
0 0

)

).
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So, a+ e = (5,

(

1 2
1 2

)

) is a T -clean element in R with a T -clean decom-

position as,

(5,

(

1 2
1 2

)

) = (5,

(

1 1
1 2

)

) + (0,

(

0 1
0 0

)

).

3. We take b = (4,

(

1 −1
0 1

)

) such that b + e = (1,

(

1 0
0 2

)

) is a clean

element in R with a clean decomposition as,

(1,

(

1 0
0 2

)

) = (1,

(

1 0
0 1

)

) + (0,

(

0 0
0 1

)

).

Then it is not difficult to show that b is a T -clean element in R.243

End(R) denotes the endomorphism ring of R consisting all the endomor-244

phisms on R. Let σ ∈ End(R) and define the rule xa = σ(a)x for all a ∈ R245

and some indeterminate x. Then R[x, σ] consisting all polynomials of finite de-246

gree with the multiplication rule of a and x is a ring called the skew or twisted247

polynomial ring under polynomial addition and multiplication. The skew upper248

triangular matrix ring is denoted by STn(R,σ) according to A.Isfahani [18]. For249

the multiplication rule of any two matrix in the ring STn(R,σ) we refer to [18].250

Theorem 27. Let R be a ring with 2 ∈ U(R) and σ ∈ End(R). Then the251

followings are equivalent for any n ∈ N.252

1. R is a T -clean ring.253

2. R[x,σ]
<xn>

is T -clean.254

3. STn(R,σ) is T -clean.255

Proof. (a) <=> (b) : Define a ring homomorphism φ : R[x,δ]
<xn>

→ R by φ(a0 +256

a1x + .... + an−1x
n−1+ < xn >) = a0. Then clearly φ is an epimorphism. We257

consider I = ker(φ) =< x+ < xn >> which is a nil ideal of R[x,δ]
<xn>

. Therefore, by258

Theorem 20 we have the required result.259

(b) <=> (c) : From [18] we have STn(R, δ) ∼=
R[x,δ]
<xn>

. Hence the result.260

Theorem 28. The upper triangular matrix ring R = UTn(R) is T -clean if and261

only if R is T -clean.262

Proof. (=>) It is clear from the Proposition 16 with the epimorphism φ :
UTn(R) → R by φ((aij)n) = a11.
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(<=) For the converse it is enough to prove for n = 2. We consider R is a T -clean

ring and

(

a b

0 c

)

∈ UT2(R). Then we have a = u1 + t1 and c = u2 + t2 for some

u1, u2 ∈ U(R) and t1, t2 ∈ T (R). Now rewriting,

(

a b

0 c

)

=

(

u1 b

0 u2

)

+

(

t1 0
0 t2

)

we get a T -clean decompositions in UT2(R). Therefore, the result is true for263

n = 2. Following this process we can easily prove the result for any n.264

Example 29. The upper triangular matrix ring over Z4 is a T -clean ring, but265

over Z is not a T -clean ring. Because Z4 is a T -clean ring but Z is not a T -clean266

ring.267

Theorem 30. Let A,B are any ring and M be left−A right−B bimodule. Then268

the general upper triangular matrix ring R =

(

A M

0 B

)

is T -clean if and only if269

A and B are T -clean.270

Proof. (=>) It is clear from the Proposition 16 by defining natural epimorphisms
R → A and R → B.

(<=) We consider

(

a m

0 b

)

∈ R be any element. As A,B are T -clean there exist

u1 ∈ U(A), u2 ∈ U(B), t1 ∈ T (A) and t2 ∈ T (B) such that

(

a m

0 b

)

=

(

u1 + t1 m

0 u2 + t2

)

=

(

u1 m

0 u2

)

+

(

t1 0
0 t2

)

.

which is a T -clean decomposition in R. Therefore, R is a T -clean ring.271

Corollary 31. If R be an abelian ring and t ∈ T (R). Let t̄ = 1 − t2. Then tR272

and t̄R are T -clean ring if and only if R is a T -clean ring.273

Proof. Since R is an abelian ring by the pierce decomposition of R we have274

R ∼= tR⊕ t̄R ∼=

(

tR 0
0 t̄R

)

. Now from Theorem 30 we get the result.275

Definition [11]. For any ring R. Then a ∈ R is called an (s, 2) element if a is a276

unit or sum of two units in R. A ring R is called an (s, 2) ring if every element277

of R is an unit or sum of two units in R.278

Theorem 32. Let R be a ring such that it contains no non-trivial idempotents.279

If R is a T -clean ring then R is an (s, 2) ring.280
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Proof. Let R be a T -clean ring and a = u + t. Then by [15] Lemma 2.1 there281

exist e ∈ idem(R) and v ∈ U(R) with v2 = 1 and ev = ve such that t = ev. If282

e = 0 we have t = 0 and if e = 1 we have t = v. Therefore, in both the cases we283

have a = u or a = u+ v. Therefore, R is an (s, 2) ring.284

Example 33. Z8 is a T -clean ring with only trivial idempotents. We notice that285

1, 3, 5, 7 are units also we write all non units as 0 = 1+7, 2 = 1+1, 4 = 1+3, 6 =286

1 + 5. Therefore, Z8 is an (s, 2) ring.287

Proposition 34. Let p be a prime with p ≡ 1(mod 4) and R = Zp[i]. Then the288

T -clean elements of R are of the form (a+c)+ i(b+d) such that a2+b2 ∈ U(Zp),289

c2 = 1−p
4 and d2 = p−1

4 .290

Proof. Rewriting x = (a + c) + i(b + d) = (a + ib) + (c + id). Then clearly291

a+ ib ∈ U(R) since (a+ ib)−1 = 1
a+ib

= a−ib
a2+b2

= (a2 + b2)−1(a − ib) ∈ R. Again292

by Lemma 10 we have c+ id ∈ T (R). Therefore, x is a T -clean.293

In support of Proposition 34 we consider the following example.294

Example 35. Let p = 13 and R = Z13[i]. Then 9 + 10i is a T -clean element as295

9 + 10i = (2 + 6i) + (7 + 4i). Here, 2 + 6i ∈ U(R) and 7 + 4i ∈ T (R).296

Definition [17]. For any ring R an idempotent e ∈ R is called q − central if297

eR(1 − e)Re = 0 equivalently erse = erese for all r, s ∈ R. If each idempotents298

in R are q − central then R is called a q − abelian ring.299

Proposition 36. Let R be a T -clean ring and e ∈ idem(R) be a q-central. Then300

eRe is also a T -clean ring.301

Proof. Let eae ∈ eRe be any element. As R is T -clean there exist u ∈ U(R)302

with u−1 = v and t ∈ T (R) such that a = u+t. Then eae = e(u+t)e = eue+ete.303

Since e is q-central by applying Definition 3 we have (eue)(eve) = eueve = euve =304

e = (eve)(eue) also (ete)3 = (ete)(ete)(ete) = (etete)(ete) = et2ete = et3e = ete.305

Therefore, eue ∈ U(eRe) and ete ∈ T (eRe) and hence eRe is a T -clean ring.306

Theorem 37. Let R be a ring which is abelian and e ∈ idem(R). Then R is a307

T -clean ring if and only if eRe is a T -clean ring.308

Proof. (=>) We consider eae ∈ eRe. Replacing a = u + t for some u ∈ U(R)309

with u−1 = v and t ∈ T (R), we have eae = eue + ete. As, R is an abelian ring310

we have eue.eve = e and (ete)3 = etetete = ete ∈ T (eRe). Therefore, eRe is a311

T -clean ring.312

(<=) Proposition 19.313

Corollary 38. Let R be a ring which is abelian. Then R is a clean ring if and314

only if R is T -clean.315
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Proposition 39. Let a = u + t be a T -clean decomposition. Then for any unit316

w ∈ U(R); aw,wa is T -clean if and only if w ∈ I(t).317

Proof. We have aw = uw + tw. Since product of two unit is an unit we got318

uw is an unit. Again we have (tw)3 = twtwtw = tw ⇐⇒ twt = t. Thus319

tw ∈ T (R) ⇐⇒ w ∈ I(t). Similar proof for wa. Hence the result.320

Proposition 40. Let R be a T -clean ring. Then any element of R can be written321

as sum of unit, idempotent, and square root of 1.322

Proof. We consider x = w + t be a T -clean decomposition. As, t ∈ T (R) by323

Lemma 11 we can express t = f + v for some f ∈ idem(R) and v ∈ U(R).324

Applying a similar computation as in the proof of Lemma 11 we have v = ue −325

(1 − e). Now v2 = (ue− (1− e))2 = ueue− (1− e)ue − ue(1 − e) + (1 − e) = 1.326

Therefore, x = w + f + v is the required decomposition.327

Proposition 41. If R is an uniquely T -clean ring. Then 2 = 0 and 2t2 = 0 in328

R for any t ∈ T (R). In other words uniquely T -clean ring has characteristics 2.329

Proof. Let t ∈ T (R). Writing the T -clean decompositions of 0 in R we have.330

(1) 0 = (−1) + 1

331

(2) 0 = 1 + (−1)

332

(3) 0 = (2t2 − 1) + (1− 2t2)

From equations 1 and 2 we have 2 = 0 and from equations 1 and 3 we have333

2t2 = 0.334

Proposition 42. Let R be a ring and J(R) be its Jacobson’s radical. If S = R
J(R)335

has identity a3 = a and idempotents are lifted modulo J(R) then R is a T -clean336

ring.337

Proof. Let x ∈ R and S = R
J(R) has identity a3 = a. Then by Lemma 13 we338

have two commuting idempotents ē, f̄ ∈ S such that x̄ = ē+ f̄ . As idempotents339

are lifted modulo J(R) we may consider e, f ∈ idem(R) which also commutes340

such that a = e+ f + b for some b ∈ J(R). Rewriting a = e− (1 − f) + (1 + b).341

Here 1+ b ∈ U(R) and as difference of two commuting idempotent is a tripotent,342

we get e− (1− f) ∈ T (R). Therefore, a is a T -clean and hence R is T -clean ring.343

344
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Let M be an (R − R) bimodule. The trivial ideal extension is defined as345

I(R,M) = R ⊕ M , which is clearly an abelian group and it is a ring if we346

define the multiplication as (r,m1)(s,m2) = (rs, rm2+m1s) for any r, s ∈ R and347

m1,m2 ∈ M . (1, 0) is the multiplicative identity of the ring I(R,M). In the same348

abelian group structure R⊕M , if we define the multiplication as (r,m1)(s,m2) =349

(rs, rm2+m1s+m1m2). Then we get the general ideal extension ring we denote350

it by I(R,M). For more details of ideal extension we refer to [10].351

Proposition 43. Let M be an (R − R) bimodule. If the trivial ideal extension352

I(R,M) is T -clean, then R is T -clean. The reverse implication holds if for every353

m ∈ R and u ∈ U(R), mu = um.354

Proof. We assume that I(R,M) is a T -clean ring. Define φ : I(R,M) → R by355

φ(r,m) = r. Then clearly φ is an epimorphism. Therefore, by Proposition 19, R356

is a T -clean ring. For the converse, we assumeR is T -clean. Let (r,m) ∈ I(R,M).357

There exist u ∈ U(R) and t ∈ T (R) such that r = u + t. Thus (r,m) =358

(u,m) + (t, 0). Clearly (t, 0) ∈ T (I(R,M)). Now Let x = −(u−1)2m. Then359

(u,m)(u−1, x) = (1, ux+mu−1) = (1,mu−1 −u−1m) = (1, 0). As by assumption360

mu = um =⇒ u−1m = mu−1. similarly we can show (u−1, x)(u,m) = (1, 0).361

Therefore, (u,m) ∈ I(R,M). Therefore, I(R,M) is a T -clean ring.362

Proposition 44. Let M be an (R− R) bimodule. If the general ideal extension363

I(R,M) is T -clean, then R is T -clean. The everse implication holds if for every364

m ∈ R and u ∈ U(R), m+mu+m2u = 0 with mu = um.365

Proof. Proof is similar literature to the Proposition 44. For the converse part366

we take x = u−1m.367

4. Conclusions and scope of further study368

In the past few years, researchers have contributed several results and charac-369

terized rings where every elements can be written as sum of two other elements.370

We have discussed several properties and established certain characterizations of371

T -clean rings. This class of rings can be considered to be a more generalized372

version of the algebraic structure of clean rings and invo tri-clean rings. About373

the uniquely T -clean ring structure, Proposition 41 tells us that it can have char-374

acteristic 2. In future we can study more about uniquely T -clean rings and its375

characterization. From Proposition 36 we can further characterize this class of376

rings using the concept of quarter central elements, which is a fairly new concept377

given by T.Y. Lam. We can also study the graph theoretic representations of378

T -clean elements in a ring R. Moreover, we can extend the characterizations of379

T -clean rings using the notion of additive commutators.380
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