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Abstract19

The main objective in the present paper is to describe the structure of a 3-20

prime near-ring N satisfy certain algebraic identities involving g-derivation.21

In addition, and to show the necessity of the different hypotheses used in22

our results, we will present at the end of this work examples which illustrate23

that the restrictions imposed are not superfluous.24
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1. Introduction27

Throughout this paper, N will represent a left near-ring and Z(N ) its multiplica-28

tive center. For x, y ∈ N , the symbols [x, y] and x ◦ y denote the commutator29
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xy−yx and the anti-commutator xy+yx, respectively. A near-ring N is 3-prime30

if xN y = {0}, where x, y ∈ N , implies x = 0 or y = 0. Also, N is 2-torsion free31

if whenever 2x = 0, with x ∈ N implies x = 0. An additive mapping d : N → N32

is said to be a derivation if d(xy) = d(x)y + xd(y) for all x, y ∈ N . An additive33

mapping g : N → N is called a left multiplier, if g(xy) = g(x)y for all x, y ∈ N ,34

likewise g is said to be a right multiplier if g(xy) = xg(y) holds for all pairs35

x, y ∈ N . Moreover, g is called a multiplier if g is both a left multiplier and36

a right multiplier. A g-derivation dg on N is defined as an additive mapping37

on N verifying dg(xy) = dg(x)g(y) + xdg(y) for all x, y ∈ N . Clearly, we can38

consider each derivation on N as a g-derivation associated with g = idN , but the39

converse is not true in general. Thereby, this work is essentially independent of40

all works involving derivations, which gives more advantage in the case where g41

is a multiplier of N .42

Differential identities and additive maps are fundamental in the study of43

prime rings and subsequently contribute to the understanding of their algebraic44

structure. In this context, Divinsky [10] proved that the simple Artinian ring is45

commutative if it has a non-trivial commuting automorphism. In 1957, Posner46

[11] proved that the existence of nonzero centralizing derivation on a prime ring47

forces this ring to be commutative.48

A few years later, several authors have subsequently refined and extended49

these results in various directions using suitably constrained additive mappings,50

as Jordan derivations, generalized derivations, semiderivations and (σ, τ)-derivations51

acting either on whole ring or on appropriate subsets of the ring (see [1, 4, 9] and52

[14] for reference where further references can be found). However, in the case53

of near-rings, this type of study was not known until 1987, when the researchers54

Bell and Mason published their article entitled on derivations in near-rings (see55

[6]) in which they used the notion of derivation defined in the rings. Later, using56

some appropriate restrictions on 3-prime near-rings, interesting results between57

the commutativity of the near-ring N and certain special types of mappings on58

N , were obtained by several authors (see for example, [5, 7, 8, 12] and [13]).59

Our main in the present paper, is to continue this line of investigation by60

studying the commutativity criteria of 3-prime near-rings using the notion of61

g-derivations.62

2. Main results63

To prove our results, we present some lemmas including two important new lem-64

mas. One of them studies the right multiplication of d(x)g(y) + xd(y) by g(z),65

where x, y, z ∈ N . The other lemma treats the zero-symmetric property of N .66

Lemma 1. Let N be a 3-prime near-ring. If [x, y] ∈ Z(N ) for all x, y ∈ N , then67
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N is a commutative ring.68

Lemma 2. Let N be a 3-prime near-ring.69

(i) [3, Lemma 1.2 (iii)] If z ∈ Z(N ) and xz ∈ Z(N ), then x ∈ Z(N ).70

(ii) [6, Lemma 1.5] If N ⊆ Z(N ), then N is a commutative ring.71

Lemma 3. Let N be a 2-torsion free 3-prime near-ring. If −(x ◦ y) ∈ Z(N ) for72

all x, y ∈ N , then N is a commutative ring.73

Proof. Obviously, if N = {0} then N is a commutative ring. So, in the following
we treat the case when N is not zero. By hypotheses given, we have −(x ◦ y) ∈
Z(N ) for all x, y ∈ N . Taking y = xy we get x(−(x◦y)) ∈ Z(N ) for all x, y ∈ N
which, because of Lemma 2(i), implies that

x ∈ Z(N ) or − (x ◦ y) = 0 for all x, y ∈ N .

Suppose there exists x0 ∈ N such that x0 /∈ Z(N ). From the previous relation,74

we conclude that x0 ◦ y = 0 for all y ∈ N , that is x0y = y(−x0). Replacing y by75

yt, we get x0yt = yt(−x0) = y(−x0)t for all t, y ∈ N . It follows that y[−x0, t] = 076

for all t, y ∈ N . Substituting tz in place of y and using the fact that N is 3-prime,77

we obtain y = 0 or −x0 ∈ Z(N ) for all y ∈ N . Since N 6= {0}, we infer that78

−x0 ∈ Z(N ). On the other hand, we have x0 ◦ (−x0) = 0 = (−x0)(x0+x0). Left79

multiplying the second side by r, where r ∈ N , we find that (−x0)r(x0 +x0) = 080

which implies that (−x0)N (x0+x0) = {0} which, in view of the 2-torsion freeness81

and 3-primeness of N , implies that x0 = 0. But, the relation 0 ◦ y = 0 for all82

y ∈ N gives 0 ∈ Z(N ), a contradiction with our assumption that x0 /∈ Z(N ).83

Consequently, x ∈ Z(N ) for all x ∈ N and therefore N is a commutative ring by84

Lemma 2(ii).85

Lemma 4. Let N be a near-ring admits a g-derivation dg associated with a left

multiplier g. Then

(dg(x)g(y) + xdg(y))g(z) = dg(x)g(y)z + xdg(y)g(z) for all x, y, z ∈ N .

Proof. By the defining property of dg, we have for all x, y, z ∈ N ,86

dg((xy)z) = dg(xy)g(z) + xydg(z)

=
(

dg(x)g(y) + xdg(y)
)

g(z) + xydg(z), (1)

and87

dg(x(yz)) = dg(x)g(yz) + xdg(yz)

= dg(x)g(yz) + xdg(y)g(z) + xydg(z). (2)

Comparing (1) and (2), we get the required result.88
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Lemma 5. A near-ring N admits a g-derivation dg associated with a left multi-89

plier g if and only if it is zero-symmetric.90

Proof. Suppose that N is a zero-symmetric near-ring. We can see that the91

identity map Id on N is a 0-derivation on N . Conversely, assume that N has a92

g-derivation dg, we have for all x, y ∈ N93

dg((x0)y) = dg(x0)g(y) + x0dg(y)

= 0g(y) + 0dg(y).

On the other side, we have94

dg(x(0y)) = dg(x)g(0)y + xdg(0)g(y) + x0dg(y)

= 0y + 0g(y) + 0dg(y).

Now, comparing the two expressions of dg(x.0.y) and conclude.95

In this section, we give some new results and examples concerning the ex-96

istence of g-derivations in near-rings which are not rings. We will also apply97

Lemma 5 several times without mentioning it. We begin by the following inter-98

esting result.99

Theorem 6. Let N be a 3-prime near-ring. If N admits a nonzero g-derivation100

dg associated with a multiplier g satisfying dg([[x, y], z]) = 0 for all x, y, z ∈ N ,101

then N is a commutative ring.102

Proof. We divide the proof into two cases.103

Case 1. If g = 0, by hypotheses given, we have dg([[x, y], z]) = 0 for all x, y, z ∈104

N which means that dg([x, y]z) = dg(z[x, y]) for all x, y, z ∈ N . So, [x, y]dg(z) =105

zdg([x, y]) for all x, y, z ∈ N . Replacing x by [u, v] in the preceding relation, we106

obtain [[u, v], y]dg(z) = 0 for all u, v, y, z ∈ N ; also putting z = rt we find that107

[[u, v], y]rdg(t) = 0 for all u, v, y, r, t ∈ N and hence [[u, v], y]Ndg(t) = {0} for all108

u, v, y, t ∈ N . Since N is 3-prime and dg 6= 0, we conclude that [[u, v], y] = 0 for109

all u, v, y ∈ N , then N is a commutative ring by Lemma ??.110

Case 2. Suppose that g 6= 0, we have111

dg([[x, y], z]) = 0 for all x, y, z ∈ N (3)

that is,112

dg([x, y])g(z) + [x, y]dg(z) = dg(z)g([x, y]) + zdg([x, y]) for all x, y, z ∈ N . (4)

Replacing x by [u, v] in (4) and using (3), we get113

[[u, v], y]dg(z) = dg(z)g([[u, v], y]) for all u, v, y, z ∈ N . (5)
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Now, taking z = x in (3), we infer that dg([x, y]x) = dg(x[x, y]) for all x, y ∈ N114

which can be written as115

dg([x, y])g(x) + [x, y]dg(x) = dg([x, xy]) for all x, y ∈ N . (6)

Substituting [u, v] for x in (6), where u, v ∈ N , and invoking (3) we arrive at116

[[u, v], y]dg([u, v]) = 0 for all u, v, y ∈ N .

According to (5) and the last result, we conclude that117

dg([u, v])g([[u, v], y]) = 0 for all u, v, y ∈ N .

It follows that,118

dg([u, v])g([u, v])y = dg([u, v])g(y)[u, v] for all u, v, y ∈ N . (7)

Putting yt instead of y in (7), we get119

dg([u, v])g([u, v])yt = dg([u, v])g(y)t[u, v] for all u, v, t, y ∈ N . (8)

From (7) and (8), we can see that dg([u, v])g(y)[[u, v], t] = 0 for all u, v, t, y ∈ N .
Substituting rys for y in latter expression, we obtain

dg([u, v])rg(y)s[[u, v], t] = 0 for all u, v, r, t, s, y ∈ N ,

which reduces to120

dg([u, v])N g(y)N [[u, v], t] = {0} for all u, v, t, y ∈ N . (9)

By virtue of the 3-primeness of N and g not zero, (9) shows that121

dg([u, v]) = 0 or [u, v] ∈ Z(N ) for all u, v ∈ N . (10)

Suppose there exist two elements u0, v0 ∈ N such that [u0, v0] ∈ Z(N ). Taking122

z = [u0, v0]t in (3), we get dg

(

[u0, v0]
[

[x, y], t
]

)

= 0 for all x, y, t ∈ N . By defining123

property of dg and (3), the preceding equation gives dg
(

[u0, v0]
)

g
(

[[x, y], t]
)

= 0124

for all x, y, t ∈ N and hence125

dg([u0, v0])g([x, y])t = dg([u0, v0])g(t)[x, y] for all x, y, t ∈ N .

Replacing t by tz, we infer that126

dg([u0, v0])g(t)[[x, y], z] = 0 for all x, y, z, t ∈ N . (11)
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Taking t = rts in (11), we get dg([u0, v0])rg(t)s[[x, y], z] = 0 for all x, y, z, r, t, s ∈
N which can be rewritten as

dg([u0, v0])N g(t)N [[x, y], z] = {0} for all x, y, z, t ∈ N .

In the light of the 3-primeness of N and g 6= 0, we conclude that either

dg([u0, v0]) = 0 or [[x, y], z] = 0 for all x, y, z ∈ N .

So that, (10) yields127

dg([u, v]) = 0 or [[x, y], z] = 0 for all u, v, x, y, z ∈ N . (12)

i) If [[x, y], z] = 0 for all x, y, z ∈ N , then N is a commutative ring by Lemma128

??.129

ii) Let130

dg([u, v]) = 0 for all u, v ∈ N . (13)

Replacing v by uv in (13) and using it again, we get dg(u)g([u, v]) = 0 for all131

u, v ∈ N , that is dg(u)g(u)v = dg(u)g(v)u for all u, v ∈ N . Now, replacing v by vt132

in the last equation and applying it, we get dg(u)g(v)[u, t] = 0 for all u, v, t ∈ N .133

Putting svr instead of v, where s, r ∈ N , we obtain dg(u)sg(v)r[u, t] = 0 for all134

u, s, r, v, t ∈ N which, in view of the 3-primeness of N and g 6= 0, that135

dg(u) = 0 or [u, t] = 0 for all u, t ∈ N . (14)

Suppose there exists u0 ∈ N such that [u0, t] = 0 for all t ∈ N , so that u0 ∈ Z(N ).
In this case, replacing v by u0v in (13), we get 0 = dg(u0[u, v]) = dg(u0)g([u, v])
for all u, v ∈ N . It follows that dg(u0)g(u)v = dg(u0)g(v)u for all u, v ∈ N ;
again taking u = ut in the latter equation, we obtain dg(u0)g(u)[t, v] = 0 for all
u, v, t ∈ N . Now, replacing u by rus and using the 3-primeness of N together
g 6= 0, we obtain dg(u0) = 0 or [t, v] = 0 for all t, v ∈ N and therefore (14) shows
that

dg(u) = 0 or [t, v] = 0 for all u, v, t ∈ N .

As dg 6= 0, the preceding result forces [t, v] = 0 for all t, v ∈ N and hence N is a136

commutative ring by Lemma 2(ii).137

The result of Theorem 6 does not remain valid if we replace the Lie product138

by the Jordan product. In fact, we obtain the following result.139

Theorem 7. Let N be a 2-torsion free 3-prime near-ring. Then, there is no140

nonzero g-derivation dg associated with a multiplier g satisfying dg((x◦y)◦z) = 0141

for all x, y, z ∈ N .142
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Proof. Assume that143

dg((x ◦ y) ◦ z) = 0 for all x, y, z ∈ N . (15)

Which equivalent to

dg((x ◦ y)z) = −dg(z(x ◦ y)) for all x, y, z ∈ N .

Noting that in a left near-ring, we have −(x+y) = −y−x, and hence the previous144

relation yields145

dg(x ◦ y)g(z) + (x ◦ y)dg(z) = −zdg(x ◦ y)− dg(z)g(x ◦ y)for all x, y, z ∈ N . (16)

Replacing x by u ◦ v in (16) and invoking (15), we obtain146

((u ◦ v) ◦ y)dg(z) = −dg(z)g((u ◦ v) ◦ y) for all u, v, y, z ∈ N . (17)

Case 1. If g = 0, (17) assures that ((u ◦ v) ◦ y)dg(z) = 0 for all u, v, y, z ∈ N .147

Substituting rt for z in the last equation, we get ((u ◦ v) ◦ y)rdg(t) = 0 for148

all u, v, y, r, t ∈ N which can be written as ((u ◦ v) ◦ y)Ndg(t) = {0} for all149

u, v, y, t ∈ N . In view of N is 3-prime and dg 6= 0, we infer that (u◦v)◦y = 0 for150

all u, v, y ∈ N . Replacing y by yzt in the preceding relation and using it again,151

we get (u ◦ v) ◦ yzt = yzt(−(u ◦ v)) for all u, v, y, z, t ∈ N which means that152

yz(−(u ◦ v))t = yzt(−(u ◦ v)) and then yz[−(u ◦ v), t] = 0 for all u, v, y, z, t ∈ N .153

So that, yN [−(u ◦ v), t] = {0} for all u, v, y, t ∈ N . By the 3-primeness of N and154

N is not zero, we obtain −(u ◦ v) ∈ Z(N ) for all u, v ∈ N and therefore, N is a155

commutative ring by Lemma 3.156

Case 2. If g 6= 0. In this case, returning to (15) and replacing z by x, we get157

dg((x ◦ y)x) = −dg(x(x ◦ y)) for all x, y ∈ N , which means that158

dg(x ◦ y)g(x) + (x ◦ y)dg(x) = −dg(x ◦ xy) for all x, y ∈ N . (18)

Replacing x by u ◦ v in (18) and using (15), we arrive at159

((u ◦ v) ◦ y)dg(u ◦ v) = 0 for all u, v, y ∈ N . (19)

According to (17), (19) assures that160

dg(u ◦ v)g((u ◦ v) ◦ y) = 0 for all u, v, y ∈ N , (20)

and hence161

dg(u ◦ v)g(u ◦ v)y = dg(u ◦ v)g(y)(−(u ◦ v)) for all u, v, y ∈ N . (21)
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Now, replacing y by yt in (21) and using it, we find that162

dg(u ◦ v)g(y)[−(u ◦ v), t] = 0 for all u, v, t, y ∈ N . (22)

Putting rys instead of y in (22), we get

dg(u ◦ v)rg(y)s[−(u ◦ v), t] = 0 for all u, v, r, t, s, y ∈ N ,

thereby obtaining163

dg(u ◦ v)N g(y)N [−(u ◦ v), t] = {0} for all u, v, t, y ∈ N , (23)

Since N is 3-prime and g 6= 0, (23) gives164

dg(u ◦ v) = 0 or − (u ◦ v) ∈ Z(N ) for all u, v ∈ N . (24)

Suppose there exist two elements u0, v0 ∈ N such that −(u0 ◦ v0) ∈ Z(N ).
Replacing z by (−(u0 ◦ v0))z in (15), we get

dg

(

(−(u0 ◦ v0))
(

(x ◦ y) ◦ z
)

)

= 0 for all x, y, z ∈ N .

Invoking (15), the latter result shows that

dg(−(u0 ◦ v0))g
(

(x ◦ y) ◦ z
)

= 0 for all x, y, z ∈ N .

By additivity of g, it follows that165

dg(−(u0 ◦ v0))g(x ◦ y)z = −dg(−(u0 ◦ v0))g(z)(x ◦ y) for all x, y, z ∈ N . (25)

Replacing z by tz in (25) and using it again, we arrive at dg(−(u0 ◦v0))g(t)[−(x◦
y), z] = 0 for all x, y, z, t ∈ N . Taking t = rts in the last equation, we get
dg(−(u0 ◦ v0))rg(t)s[−(x ◦ y), z] = 0 for all x, y, z, r, t, s ∈ N which means that
dg(−(u0 ◦ v0))N g(t)N [−(x ◦ y), z] = {0} for all x, y, z, t ∈ N . In view of the
3-primeness of N , we conclude that

dg(−(u0 ◦ v0)) = 0 or − (x ◦ y) ∈ Z(N ) for all x, y ∈ N .

So that, (24) yields166

−(x ◦ y) ∈ Z(N ) or dg(u ◦ v) = 0 for all u, v, x, y ∈ N . (26)

i) If the first condition of (26) holds for all x, y ∈ N , then N is a commutative167

ring by Lemma 3.168

ii) Suppose that the second part of (26) is verified, i.e169

dg(x ◦ y) = 0 for all x, y ∈ N . (27)
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Substituting xy for y in (27) and using it again, we get dg(x)g(x ◦ y) = 0 for all170

x, y ∈ N , that is dg(x)g(x)y = −dg(x)g(y)x for all x, y ∈ N . Now, putting yt171

instead of y in the latter equation, we get dg(x)g(y)[−x, t] = 0 for all x, y, t ∈ N ,172

again let y = rys where r, s ∈ N , we obtain dg(x)rg(y)s[−x, t] = 0 for all173

x, y, r, t, s ∈ N . In the light of the 3-primeness of N , we find that for each174

x ∈ N , we have either175

dg(x) = 0or− x ∈ Z(N ). (28)

Suppose there exists x0 ∈ N such that −x0 ∈ Z(N ). Replacing y by (−x0)y in
(27), we get dg((−x0)(x ◦ y)) = 0 for all x, y ∈ N and hence dg(−x0)g(x)y =
−dg(−x0)g(y)x for all x, y ∈ N . Taking y = yt in the last equation, we obtain
dg(−x0)g(y)[−x, t] = 0 for all x, y, t ∈ N ; a second time, replacing y and x by
rys and −x, respectively, and using the 3-primeness of N , we obtain dg(−x0) = 0
or [x, t] = 0 for all x, t ∈ N . Consequently, (28) shows that

dg(y) = 0 or [x, t] = 0 for all x, y, t ∈ N .

As dg 6= 0, then from the previous result, we can see that N ⊆ Z(N ) and hence176

N is a commutative ring by Lemma 2(ii).177

Now, returning to our hypotheses and using the fact that N is a commutative178

ring, we find that dg(4(xyz)) = 0 for all x, y, z ∈ N . By the 2-torsion freeness179

of N , we get dg(xyz) = 0 for all x, y, z ∈ N which implies that dg(xyzt) = 0 for180

all x, y, z, t ∈ N . So, dg(xyz)g(t) + xyzdg(t) = 0 and hence, xyzdg(t) = 0 for181

all x, y, z, t ∈ N which, in view of the 3-primeness of N , contradicts our original182

hypotheses.183

The following example shows that the 3-primeness of N in the Theorem 6184

and Theorem 7 cannot be omitted.185

Example 8. Let (M,+) be an any group and let us define the multiplicative186

law on M, noted ., as follows: x.y = y for all x ∈ M r {0}, y ∈ M and187

0.y = y.0 = 0 for all y ∈ M. Define N and the maps g, dg : N → N by: N =188










0 0 x
0 y 0
0 0 0



 | x, y ∈ M







, g





0 0 x
0 y 0
0 0 0



 =





0 0 x
0 0 0
0 0 0



 and dg





0 0 x
0 y 0
0 0 0



 =189





0 0 x.y
0 0 0
0 0 0



. We can see that N and M are left near-rings, which N is190

not 3-prime, g is a multiplier, and dg is a nonzero g-derivation that satisfies191

dg([[A,B], C]) = 0 and dg((A ◦B) ◦C) = 0 for all A,B,C ∈ N . However, N is a192

noncommutative left near-ring.193

Example 9. Let (Z/2Z,+) be the usual group. Let us define ∗ in Z/2Z as follows:194

x ∗ y = y for all x, y ∈ Z/2Z. Then, (Z/2Z,+, ∗) is a noncommutative 3-prime195
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left near-ring. Let us define a map g and the g-derivation dg : Z/2Z → Z/2Z by:196

g(x) = 0̄ and dg(x) = x for all x ∈ Z/2Z. The condition dg([[x, y], z]) = 0̄ for all197

x, y, z ∈ Z/2Z is not verified because dg([[1̄, 0̄], 0̄]) = 1̄ 6= 0̄.198

In the next example, we prove that the condition: dg([[x, y], z]) = 0̄ for all199

x, y, z ∈ N in Theorem 6 is necessary.200
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