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ROOTED MUTATION GROUPS AND FINITE TYPE
CLUSTER ALGEBRAS
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University of Wisconsin Whitewater
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Abstract

For a fixed seed (X, Q), a rooted mutation loop is a sequence of mutations
that preserves (X, Q). The group generated by all rooted mutation loops
is called rooted mutation group and will be denoted by M(Q). The global
mutation group of (X, @), denoted M, is the group of all mutation sequences
subject to the relations on the cluster structure of (X, Q). In this article, we
show that two finite type cluster algebras A(Q) and A(Q’) are isomorphic
if and only if their rooted mutation groups are isomorphic and the sets
M/M(Q) and M'/M(Q') are in one to one correspondence. The second
main result shows that the group M(Q) and the set M/M(Q) determine
the finiteness of the cluster algebra A(Q) and vice versa.

Keywords: cluster algebras, subseeds, rooted mutation loops.

2020 Mathematics Subject Classification: Primary 13F60, Secondary
05E15.

1. INTRODUCTION

Fomin and Zelevinsky introduced cluster algebras in [2, 8, 9, 10, 17]. A cluster
algebra is a ring with distinguished sets of generators called “clusters”. A cluster
is a set of commutative variables that form a transcendental basis for some ratio-
nal field F. Each cluster is paired with a “valued” quiver (skew-symmetrizable
matrix) to form what is called a seed. The cluster structure of a cluster algebra is
the set of all seeds generated from an initial seed by applying mutations. A clus-
ter algebra is of finite type if its cluster structure is a finite set and equivalently
the number of clusters is finite.

For a fixed seed (X, Q), a rooted mutation loop is a sequence of mutations
that preserves (X, @). The group generated by all rooted mutation loops is called
rooted mutation group and will be denoted by M(Q). In [16], the concept of global
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2 I. SALEH

mutation loops was introduced as sequences of mutations preserving every seed in
the cluster structure. The group generated by all sequences of mutations subject
to the global mutation loops, as relations, is termed the global mutation group
and denoted as M.

In this article, we used a “natural” orientation for the cluster pattern to
introduce a concept termed reduction process applied to the directed cluster pat-
tern (refer to Definition 3.7). This procedure forms the basis for the statement
of the main result, detailed in Theorem 3.15. In [14], an equivalent condition for
the isomorphism between two cluster algebras, A(Q) and A(Q'), was established.
This condition implies that the quivers Q and @’ are symmetric, meaning there
exists a quiver automorphism o such that Q' = ¢(Q). We provide another equiv-
alent condition for two finite type cluster algebras to be isomorphic, as detailed
in Theorem 3.15. The following presents a statement of this result.

Theorem 1.1. Two cluster algebras A(X,Q) and A(X',Q’"), of finite type, are
isomorphic as cluster algebras if and only if the following conditions are satisfied

e the associated rooted mutations groups M(Q) and M(Q') are isomorphic;
e the two sets M/M(Q) and M'/M(Q') are in one-to-one correspondence.

In [9], Theorem 1.4 provides a complete classification of the cluster algebras
of finite type. This classification is identical to the Cartan-Killing classification
of semisimple Lie algebras and finite root systems. The other main result of
this article, namely Theorem 3.12, provides an equivalent condition for a cluster
algebra to be finite type. Here is a brief version of the theorem.

Theorem 1.2. The following are equivalent.

1. The cluster algebra A(Q) is of finite type;
2. M(Q) is a finite group and M/M(Q) is a finite set.

The paper is structured as follows: we provide a concise introduction to
valued quivers and their mutation. The third section offers an overview of rooted
mutation loops and the group generated by them. We introduce a reduction
process on the cluster pattern (Definition 3.7) and employ the resulting cluster
diagram to prove the main results, including Theorems 3.12 and 3.15. We will
use F as a rational field in n indeterminant over a filed K of zero characteristic.

2. VALUED QUIVERS MUTATION

Definitions 2.1. 1. An oriented valued quiver of rank n is a quadruple Q =
(QOa Qla VYa d)a where
e () is a set of n vertices labeled by [1,n].
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ROOTED MUTATION GROUPS AND FINITE TYPE CLUSTER ALGEBRAS 3

e ()1 is a set of ordered pairs of vertices, that is ()1 C Qg X Qo such that;
(i,1) ¢ Q for every i € Qo, and if (i,7) € Q1, then (j,7) ¢ Q1.

o V = {(dij,dji) € NxN|(4,5) € Q1}, V is called the valuation of ). The
weight of an edge « = (4, j) is the product d;jdj; and is denoted by w; j. The
weight of Q is given by w(Q) = max{w;;; (i,7) € Q1}.

e d = (di,...,dy) where d; is a positive integer for each ¢, such that d;d;; =
djidj for every i,j € [1, n]

In the case of (i,j) € @1, then there is an arrow oriented from i to j, and in

dij,dji i, ..
notation, we shall use the symbol -i(%)-]‘ , 0T - B, -; when the emphasis is

on the weight of the edge. We will also use rk(Q) for the rank of Q. The quiver
Q@ will be called simply-laced if w(Q) = 1. We will ignore labeling any edge of
weight one. Also, a vertex i € Qg is called a leaf if there is exactly one vertex j
such that w;; # 0 and wy; = 0, for all k € [1,n]\{j}.

The neighborhood of the vertex ¢ in the quiver (), denoted as Qnpp,, is
defined as the set of all vertices connected to it, i.e., Qnnpi = {j € Qo;ws; # 0}.

2. Let S, be the symmetric group in n letters. One can introduce an action of S,
in the set of quivers of rank n as follows: for a permutation 7, the quiver 7(Q) is
obtained from @) by permuting the vertices of @) using 7 such that for every edge
i —>+j in @, the valuation (d;j, dj;) is assigned to the edge -,(;y — 7(;) in

7(Q). In such case, we say that 7(Q) is symmetric to Q.

We note that every oriented valued quiver corresponds to a skew symmetriz-
able matrix B(Q) = (b;;) given by

dij? if (Zaj) € Ql?
(2.1) bij = 40, if i = j,
—dij, if (j,1) € Q1.

One can also see that every skew symmetrizable matrix B corresponds to an
oriented valued quiver @ such that B(Q) = B.

All our valued quivers are oriented, so in the rest of the paper, we will omit
the word “oriented”. All quivers are of rank n unless stated otherwise. We will
also remove the word valued from the term “valued quiver” when there is no
confusion.

Definition 2.2 (Valued quiver mutation). Let @ be a valued quiver. The muta-
tion pp(Q) at a vertex k is defined through Fomin-Zelevinsky’s mutation of the
associated skew-symmetrizable matrix. The mutation of a skew symmetrizable
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4 I. SALEH

matrix B = (b;;) on the direction k € [1,n] is given by ui(B) = (b

(2.2) T if k € {i, 5},
’ b’ij + Sign(bik) maX(O, bikbkj)7 otherwise.

/
i;)> where

The following remarks provide a set of rules that are adequate to calculate
mutations of valued quivers without using their associated skew-symmetrizable
matrix.

Remarks 2.3. 1. Let Q = (Qo,Q1,V,d) be a valued quiver. The mutation

ur(Q) at the vertex k is described using the mutation of B(Q) as follows. Let

we(Q) = (Qo, @y, V', d), we obtain @) and V', by altering @Q; and V, based on

the following rules:

(a) replace the pairs (i, k) and (k, j) with (k,7) and (7, k) respectively and, in the
same manner, switch the components of the ordered pairs of their valuations;

(b) if (i,k), (k,j) € Q1, such that neither of (j,4) or (i,7) is in Q1 (respectively
(i,7) € Q1) add the pair (i, j) to @}, and give it the valuation (vixvkj, VkiVjk)
(respectively change its valuation to (v + vikUkj, Vji + UkiVjk));

(c) if (i,k), (k,j) and (j,7) in @1, then we have three cases:

(i) if vigvr; < vij, thenkeep (j,7) and change its valuation to (vj;—vrvpi, —vij+

VikUkj);
(ii) if vigvg; > vij, then replace (j,4) with (4, ) and change its valuation to
(—vij + VikUkjs [Vji — VjRVK|);

(iii) if vipvrj = vij, then remove (j,4) and its valuation.
(d) d will stay the same in p(Q).

2. One can see that; 43 (Q) = Q and px(B(Q)) = B(ui(Q)) at each vertex k €
[1,n] where ux(B(Q)) is the mutation of the matrix B(Q). For more information
on mutations of skew-symmetrizable matrices, see, for example, [10, 14].
Definitions 2.4. A seed in F of rank n is a pair (X, Q), where

1. the n-tuple X = (x1,...,x,) is called a cluster where X = (z1,xz9,...,2,) €
F™ is a transcendence basis of F over K that generates F. Elements of X
will be called cluster variables.

2. @ is an oriented valued quiver with n vertices. The vertices of () are labeled
by numbers from [1,n].

3. If o = pi, -+ - p4,, is a sequence of mutations, we will use the notations {p} :=
(_
{pirs - e} and o= g, - piy

Definitions 2.5 (Subquivers). [11, 15] Let () be a quiver of rank n. We can
obtain a sub-mutation class of [@] by fixing a subset I of @y and applying all
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possible sequences of mutations at the vertices from the set I only. We will refer
to the vertices in the set Qo\I as the frozen vertices. In such a case, the quiver
@, with a set of frozen variables Qo\I, will be denoted by Q; and we will use
Q1 < @ to indicate that Q) is a subquiver of Q).

Examples 2.6. 1. Let

(2,3) (2,3) (2,1)

(2.3) Q=4 3 2 7
1,2
6:2) l( <2)73>
g1 5.

Consider the subquiver Qr, with I = {1,2,3}, and d = (1,2,3). So, rk(Qr) = 3
and w(Q) = 12. Here, (6,2) is the valuation of the edge -1 —— 3. Applying
mutation at the vertex 2 produces the following quiver

2,3 3,2 1,2
Mz(Q1)='4( ).3( )‘2 (1,2) .

ol .

)

Lemma 2.7. If Q is simply-laced quiver then for every permutation o there is a
sequence of mutations p such that o(Q) = p(Q), for more details see (Theorem
2.6 in [1]).

Definition 2.8 (Seed mutation). Let (X,Q) be a seed in F. For each fixed
k € [1,n], we define a new seed pup(X,Q) = (ur(X), urp(Q)) by setting ux(X) =

(@),...,2),) where

€Ty, if 4 7& kj,
(2.4) T = I xiji+ il x;bji
bj;>0 bj;<0 T

And pi(Q) is the mutation of @ at the vertex k € [1, n].

Definitions 2.9 (Cluster structure and cluster algebra).
e The set of all seeds obtained by applying all possible sequences of mutations

on the seed (X,Q) is called the cluster structure of (X,Q) and it will be
denoted by [(X, Q)]

e Let X be the union of all clusters in the cluster structure of (X, Q). The
rooted cluster algebra A(Q) is the Z-subalgebra of F generated by X. For
simplicity we will omit the word “rooted”.
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6 I. SALEH

One can see that any seed in the cluster structure of (X, Q) generates the
same cluster structure.

Definition 2.10 (Rooted cluster digraph of an initial seed (X, @)). Fix an initial
seed (X, Q). The rooted cluster digraph G(Q) of the initial seed (X, Q) is an n-
regular directed “connected” graph formed as follows.

e The vertices are assigned to be the elements of the cluster class [(X, Q)] such
that the endpoints of any edge are obtained from each other by the quiver
mutation in the direction of the edge label.

e The edges are 2-cycles, where each 2-cycles is associated to one of the single
mutations p1, po, .. ., ltn, such that each arrow in the same 2-cycle is labeled
by the same single mutation.

So, any two adjacent vertices in G(Q) would look like the following

S
[ i .8/

where both arrows are labeled with the same single mutation, say pu;, j €
[1,n] and s’ = p;(s), where s € [(X, Q)].

e All paths in G(Q) have a finite number of possible revisits to each vertex.
In other words, if P is a path in G(Q), it is of finite length, meaning every
vertex in P will be revisited at most a finite number of times along P.

Definition 2.11. A cluster algebra A(Q) is called finite mutation type if the
rooted mutation class [(X, Q)] contains finitely many seeds.

3. ROOTED MUTATIONS GROUPS

Fix an initial seed (X, Q).

Definition 3.1. Let M denote the set of all sequences (formal words) formed
from the elements of the set uq,...,u,. A relation on M is a sequence of muta-
tions that preserves every seed in [(X, @)]; such mutation sequences are referred
to as global mutation loops. The group generated by elements of M subject to
global mutation loops as the relations is called the global mutations group of

A(Q), and will be denoted by M.

It is important to note that this definition of global mutation loops diverges
from the one provided in [15]. Here, the group relations on M stem from the
action on the cluster structure of the entire seed. Conversely, in Definition 3.1
of [15], the relations are determined by the action solely on the cluster structure,
[Q], of the quiver Q.
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Remark 3.2. Each element p of M corresponds to a unique directed subgraph
(path) in the rooted cluster diagraph G(Q). Such path will be called the rooted
path of p and will be denoted by P,. For simplicity we will call it the path of p.
Also, we will be swinging between p and P, freely.

Proof. Let p = p, - - - pi, be a sequence of mutations. Assign the following path
(directed subgraph) of G(Q) to u

. Miq Hig iy,
Pui= (xQ = m,(x,Q) — w(X,Q)) -

The uniqueness follows directly from the well-defined property in the definition
of mutations, where each single mutation applied to a specific seed produces a
distinct seed. [ |

Definitions 3.3. Fix an initial seed (X, Q). We have the following:

1. The set of all seeds that appear on the path P, in G(Q), of a mutations
sequence u, will be called mutation class of p, and will be denoted by [u], and
[1t]o for the set of all quivers only that appear in [p].

2. If p satisfies that p(X,Q) = (X, @), then it will be called a rooted mutation
loop of (X, Q). The set of all rooted mutation loops of (X, @) will be denoted by
mg and the corresponding set of subgraphs of the digraph G(Q) will be denoted

by ma

3. A cancelled cluster variable in P, (respect to p) is a cluster variable that is
produced by any sub path of P, of the form -y ¢ BN 13 (V,Q") o, (Y,Q")

or a 2-cycle in G(Q) (respect to the subsequence ,ujz of u). The cluster set of
a sequence of mutations p (respect to P,), denoted by p., is the set of all non-
canceled cluster variables produced form (X, Q) over the path of P,.

4. The following relation = defines an equivalence relation on mg (respect to
mé). Let p and 4/ be two elements in mg (respect to P, and P, in my) such

k Q
that 4/ # 3. Then we define
p =y if and only if pe = pul.

In such case, we say that p and p’ are identical on (X, Q). We will denote the
digraph G(Q) subject to the equivalence relation = by G(Q).

5. A path P, of a mutation sequence p = -1, -+ i, k > 1 (vespect to ) is
said to be of finite cluster order if there is a mutation p;,, € {u} such that

fre = (Hig * iy )c-
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The smallest such natural number m will be called the cluster order of P, (respect
to w). In the rest of the article, we will omit the word “cluster” from the term
“cluster order” if no confusion.

Examples 3.4. 1. For every simply-laced quiver @, let ¢ and j be any two
adjacent vertices in (). Then we have ;) = pyjq, where pj = pip it i

2. Let py, ---ps, be a sequence of mutations formed of mutations associated to
mutually non-adjacent vertices then fu, - -« ftiy = i, = By for any permuta-
tion ¢ in the symmetric group S.

3. Let @ be the following quiver

Q:.

%

Then the mutation sequence (1 1%)® is rooted mutation loop for ((z;, 2, xx,), Q).

Proposition 3.5. If p =y’ then {u} = {i'} and [u] = [i/]. In other words, the
cluster set characterizes its sequence of mutations.

A

Proof. First we show that {u} = {u'}.

e Suppose that there is pu; € {u} \ {¢'}. Obviously p; can not appear as a first
mutation in p. Otherwise the non-cancelable cluster variable p;(z;) € pi, that
is because . = p, which is a contradiction with p; ¢ {¢'}. Then the cluster
variable produced by p; in p. is not a first generation cluster variable. Now,
assume that p; appears after applying some other mutations. Then the cluster
variable z; must occur in the denominator vector of some cluster variable in f.
and then in some denominator vector of the same cluster variable in u. But
since pj ¢ {1’} then the cluster variable associated to j can not appear in the
cluster set of y/ or in any of the denominator vectors of the cluster variables of
it which contradicts with p. = ul, thanks to the uniqueness of the denominator
vectors.

e Secondly we show [u] = [¢]. This part is divided into two main parts.

(1) The equality of the quivers sets of i and /. Let Q* € [u]g be a quiver
on P, that does not belong to the quivers set [1/]g. In such case, there is a sub
sequence of mutations p* of p where p* = i, - - pi;, such that p*(Q) = Q*.
Without loss of generality, we can assume that p;, - - @i, (Q) is a quiver in [p]g
for every t € [1,k], i.e., @* is the first quiver to appears on the path P, that is
not in P,. One can assume that the change in Q*, that is different from any
quiver in the quiver set of g, is in the shape of the subquiver Q'y ;. j that forming
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the neighborhood of j. Let 27 be the cluster variable produced by applying p*. If
k =0, then x; is a cluster variable of a single mutation sequence. Since 93; € u,
and the initial quiver is fixed then p*(Q) = p;(Q) is in deed in the quiver set
[1']q of pe which is a contradiction. Now, assume that ¢ > 1. Since z} € g
then we must have a quiver Q" that appears in [u]g over the path P, which
has a subquiver that is symmetric or identical to the subquiver formed of the
vertices of Q. I Which means that the difference between Q" and Q* appears
outside the subquiver of Q7 ;- Then if all quivers 4, - -- 1, (@) forall 1 <¢ < k
are not similar to any quiver in 1], then we would not obtain any subquiver
that is similar to Q% ; over the Path P,,. Hence, there is 1 < ¢ < k such
that g, - - - 3, (@) is not similar to any quiver in the quiver set [¢/]¢ of ©* which
contradicts with the assumption that Q* is the first such quiver.

(2) The equality of the sets of seeds [u] and [¢/]. First we will show that
the sets of clusters of u and y' are equal considering the clusters as sets. This is
an obvious case since if Y is a cluster that does not belong to the cluster set of 1/,
then at least one cluster variable in p. that is not in p, which is a contradiction.
Secondly, we show the equality of the clusters sets of p and y/ considering the
clusters as n-tuples. Suppose that (Y, Q') is not in [¢/] as a whole seed. Since
each seed is characterized by its cluster so we will be done if we show that the
sets of clusters of u and p’ are identical, which is equivalent to show that each
cluster in P, equals a cluster in P, as sets. If Y is a cluster that is not the cluster
set of P, then its uniquely associated quiver @}y is not in the quiver set of P .
Hence, Qy is not in the quiver set of p which is a contradiction with the first
part (1) of the proof above. [ ]

Lemma 3.6. The following statements hold.

1. For any pn € M, we have (). = 1. = 0. In other words the path P
contains no cluster variables. In particular, the sequences of mutations ;ﬁﬂ
are the only sequences with empty cluster sets.

2. For any two rooted mutation loops u and i, one can see that up' and p'p
are identical on (X, Q).

3. If A(Q) is a finite type cluster algebra, then we have the following

(a) any mutation sequence p is of the form p = pFt1u®) .. () where each
of 19 is a rooted mutation loop for 0 < j < k and p*t1 is a subsequence
of some rooted mutation loop;

(b) for every cluster variable y there is a rooted mutation loop p such that

Y € fe.

Proof. 1. The uniqueness is the only part requiring validation. For a non-identity
mutation sequence p, if . = 0, then every cluster variable produced over P,
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becomes a canceled cluster variable. This implies that P, comprises an even-
length sequence, with a cyclic process of “build and break” under the action of u.
Consequently, 4 can be decomposed into two sequences that mirror each other.
In this structure, P, has two identical seeds in the middle sandwiched by two
otgar identical seeds and so forth, suggesting p is represented as the product

py'
2. The proof of this part follows directly from the definition of rooted mutation
loops.

3. (a) If A(Q) is a cluster algebra of finite type, then any path P, in G(Q), where
W= [, - - [i;, encompasses only a finite set of cluster variables. Consequently,
P, has finite cluster order. Therefore, there exists an index 1 < m < k such that
te = (4, - - - iy )¢, indicating that p ceases to generate new cluster variables after
the step f;,,. One would thus expect the initial seed (X, Q) to appear on P,. If
(X, Q) emerges after the step ;, , then p =y, - - /,Lit1+1[,6(1), where 1Y) denotes
the rooted mutation loop 4, - - - pi,. Continuing this process of identifying rooted
mutation loops in P, yields p = pFtp®) (D where each pl9) represents a
rooted mutation loop for 0 < j < k and ;**! denotes the remaining subsequence
of mutations, which could be the entire mutation sequence p or just one mutation.

(b) This observation is a direct consequence of Part (a) above. If y denotes
a cluster variable, then a sequence of mutations can be devised that does not
cancel out y and eventually reproduces (X, Q). [

The following definition is inspired by Proposition 3.5 and Lemma 3.6.

Definitions 3.7. ¢ The Reduction Process. Let G(Q) be the cluster digraph
of (X, Q) under the equivalence relation = on (X, Q). We define a sub-digraph
G(Q) of G(Q) by modifying it through the following process.

(1) Let P,, be a path in G(Q) where o = - - p;, - - - ;, with a cluster rank I < oo.
Then we identify p with p;, - - - p;; and consequently identify P, with P, by -

(2) Let P, be a path in G(Q) with p = p#1u® ... 4(1) where each of ) is a
rooted mutation loop of (X, Q). Then P, will be replaced with the reduced path
P,y where p/’ is obtained from p by applying the following steps.

(a) First we remove every rooted mutation loop that is identical to ("), and keep

o)

(b) Next step, is to remove every rooted mutation loop that is identical to pltn)
and keep ("), where t; is the smallest number such that ) and p() are
not identical.
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(c) And continue on doing this process until we obtain

/ k+1, () A

p =ty (f2)

(1)

Y wey

where non of the mutations loops u(tl), e u(tl), and ,u(l) are identical on

(X, Q).

The graph obtained from G(Q) after applying the above reduction process will
be denoted by G(Q).

e The Rooted Mutation Group. Let mg be the set of all rooted mutation

loops of (X, @) in the reduced cluster diagraph @(Q) The group generated by
elements of m will be called the rooted mutation group of (X,Q) and will be
denoted by M(Q).

Example 3.8. Let u = p"pu®p®) ... () where pu® = p® and 4@ = 4@ =

Remarks 3.9. 1. The reduction process is automatically applied to the prod-
uct in the group M(Q) so the product of any two elements would correspond
to a path in G(Q).

2. The group M(Q) is a commutative group, thanks to Part 2 of Lemma 3.6.

Proposition 3.10. For every cluster algebra A(Q), the rooted mutation group
M(Q) is independent of the choice of the initial seed.

Proof. Let (Y,Q") = p((X,Q)) for some mutation sequence p, where M(Q) is
the rooted mutation group of the seed (Y,Q’). Define 1) : M(Q) — M(Q') by
V(') = ' r. The rest of the proof is straightforward. [ ]

Example 3.11. Let @ be the quiver -; — 2. Then M(Q) = {1,upg} =
{1, ppn }-
Theorem 3.12. The following are equivalent.

1. The cluster class [(X, Q)] is finite.

2. Fach path in @(Q) (respect to every element in M(Q)) is of finite order.

3. M(Q) is a finite group and M/M(Q) is a finite set.

Proof. 1. (1)=(2). Let [(X,Q)] be a finite set. Then the number of cluster
variables is finite. Hence, cluster set, ji., in each path P, is also finite. Therefore,

each path P, must stop producing new cluster variables at certain point, which
means P, must have a finite cluster rank.

2. (2)=(3). Assume that every path in @(Q) is of finite cluster rank. Then,
after applying the second step of the reduction process, all paths in G(Q) will be
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of finite length. Hence, each composition of rooted mutation loops must be also
finite. Therefore, the set of elements of M(Q) is a finite set.

Part 3(a) of Lemma 3.6, guarantees that, each element x of M can be written
of the form p = pF1u®) ... 4 where ), j € [1,k] are rooted mutation loops
for some k > 0 where p**1 is a subsequence of some rooted mutations loop. Step
1 of the reduction process guarantees that each subsequence of mutations is of
finite length, i.e., in the case of u, we have p*+! is of finite rank which means
it will be identified with its longest productive sub sequence. Then each path
P, must stop producing new cluster variables at certain point. Therefore the set

M/M(Q) is also finite.

3. (3)=(1). First, we will prove that (3)=(2), and then we will show that
(2)=(1). Assume that M(Q) is a finite group and M/ M(Q) is a finite set. The

reduction process eliminates all redundant subpaths in G(Q), preserving only
the productive ones, i.e., subpaths containing cluster variables that have not
previously appeared in any other subpath. Consequently, the order of each path
is proportional to the cardinality of its cluster set. Now, suppose G(Q) contains a
path of infinite order, denoted by P,. After applying the reduction process to the
corresponding mutation sequence u, the remaining mutation sequence will still
has infinite length. Therefore, p is either composed of an infinite number of non-
identical rooted mutation loops or is a product of an infinite number of sequences
of mutations, which are elements of the quotient M/M(Q). This implies that
either M(@Q) is an infinite group, or M /M(Q) is an infinite set contradicting the
assumption that M(Q) is a finite group and M /M (Q) is a finite set.

Now, suppose that each path (with respect to every element in M(Q)) in
@(Q) is of finite order. Then, by definition, the cluster set of each path must
be finite, and consequently, so are the cluster sets of each sequence of mutations.
Furthermore, the number of possible paths in G(Q) is finite, as it is an n-regular
graph with a finite number of edges between any two vertices and no paths of
infinite order. Therefore, both the cluster sets of paths and the number of possible
paths are finite, leading to a finite set of cluster variables formed by the union of
all cluster sets. This implies that the cluster class [(X, Q)] is finite. |

We recall the following concepts and notations before proceeding with the
lemma. For a quiver@, [Q] denotes the mutation class of @, consisting of all
quivers that can be generated from @ by applying every possible sequence of
mutations. The weight of [Q], denoted by w[Q], is defined as the maximum of
the weights of the quivers in [Q)]. Additionally, X represents the set of all cluster
variables of a seed of the form (X, Q).

Lemma 3.13 (15, Lemma 3.11). Let Q be a quiver of finite mutation type. Then
w[Q] = 4 if and only if one of the following cases, depending on the rank of @,
is satisfied
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(i) If rk(Q) = 3 then [Q] contains one of the quivers

- (1,z) (2,2) (2,1)
Q30 = g, Q3(2) = it or Q33 = "t
e e ] A
k "k 'k
where x =1,2,3 or 4.

(il) If rk(Q) > 3 then [Q] must satisfy the following criteria: Every quiver Q) €
[Q] of weight 4 satisfies the following:

A. Edges of weight 4 in Q' appear in a cyclic subquiver which is symmetric to
one of the following quivers

(1,2)
((I) Qa,x : WS —— Wi

(x71)J//2.\2)
‘k

(1,2)
T

o] o

—~~
=
SN—

E <

(3.1) (€) Qep -

(2,2) (2,2)
J A ‘J
1&? \T oy
) ‘1

where x = 1,2,3 or4 andt =1 or 2, such that edges of weight 4 are not connected
z

?v*)c’

outside their cycles. And any subquiver of the form -—— . -,z=2o0r3
appears in a quiver that is mutationally equivalent to one of the forms in (3.1).

B. Q" will have more than one edge of weight 4 if it is symmetric to one of the
following cases:

o Q' is formed from two or three copies of Qq,1 by coherently connecting them
at v such as in X¢ and X7. Or Q is formed from Qq2 and/or Q, in the
following form

(3.2) P BN T
14 N

Q' is formed from Qq1, Qa2 and/or Qq in one of the following forms
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(3.3) »

where the subquiver connecting v and v’ is of A-type. Or Q is the quiver
(b)

(3.4) »

Any additional subquiver of Q' attached to a vertex in the quivers Qg z, Qa, Qb
or Qe will be referred to as a “tail” and we will refer to Qu .z, Qa, Qv 01 Qct as
a “head”.

C. Tails of a weight-4 quiver Q' € [Q)] satisfy the following.
o If Q' is one of the quivers Qqq,x = 1,2,3, Qq or Qc1 in (3.3) then Q' could

have one simply-laced tail attached at the vertex v.

o If Q' is one of the quivers in (3.2), (3.3) or (3.4) then it does not have any
tails.

Remark 3.14. If ¢ : M(Q) — M(Q') is a group isomorphism, then v induces
an isomorphism ¢ : M(Q) — M(Q') that is restricted on [Q]. That is if there
is a permutation o such that u(Q) = o(¢/(Q’)) then ¢(u(Q)) = o(d(1'(Q"))).

Theorem 3.15. Two cluster finite type algebras A(X, Q) and A(X', Q') are iso-
morphic as cluster algebras if and only if there is a group isomorphism ¢ : M —
M’ such that the restriction of 1 satisfies the following conditions

e the rooted mutations groups M(Q) and M(Q') are isomorphic;
e the two sets M/M(Q) and M’/ M(Q') are in one-to-one correspondence.

Proof. “ = 7. Assume that A(X,Q) and A(X’,Q’) are isomorphic cluster al-
gebras. Then, there is a seed in the cluster class [(X’,Q’)] that is symmet-
ric to (X, Q), thanks to Theorem 3.14 in [14]. Without loss of generality, as-

sume that this seed is (X', Q') itself. Then there is a permutation o such that
(X',Q") = +0(X,Q). Define ¢ : M — M given by p; = pio(;),i € [1,7].

e First, we will show that M(Q) and M(Q’) are isomorphic. Again thanks to
Theorem 3.13 in [14], guarantees that if p is a rooted mutation loop for (X, Q)
then () is a rooted mutation loop for (Y, Q’).
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Now, we will show that 1) is an isomorphism of groups. Let u!) = Wiy =" iy s
and p® = pa,, -+ fiy, where k, k' < n, and assume that M = 1@ in M(Q).
Then xM(X,Q) = (2)(X Q) and u(l) = u(2). Since Q’ = +0(Q), hence,

o(pM(X,Q)) = o(u?(X,Q)) which means ug)(X Q) = ;Lo (X @), thanks to
Lemma 3. 12 in [14]. Now, let y € o (™). = (1 ((,1))6. Then there is ¢t € [1, k]
such that y = py(,)  ** Ho(i)(To(s)) for some j € [1,n]. Let x = pg, -~ i, (75) €
p =yl where y = o(z) = Ho(ie) *** Ho(i)(To(s) € .

2
z =, -y (T5) € )

Hence, there is

, where z = . Therefore

y = o (i, - - - iy ()
= olimy )
= ot Ho() (0(2)) € ().

Hence (ugl))c - (,ug))c and the other direction is similar. Therefore, (,ugl))c =

(ug))c, and this finishes the proof of ugl) = ug).

e Secondly, we show that M/M(Q) and M'/M(Q') are in one-to-one corre-
spondence. Let p be a mutation sequence that is not a rooted mutation loop,

w((X,Q)) # (X,Q). Then, we have ou((X,Q)) # o((X,Q)). Hence
oo ((X,Q)) # o((X,Q)). Therefore ¢(u)(Y,Q") # (¥,Q"), and ¢(p) is not a

rooted mutation loop of (Y, Q). Define the one-to-one correspondence between
M/M(Q) and M’/ M(Q') by sending p — 9(p). Since both X@Q and XQ’ have
the same number of cluster variables, Lemma 3.12 in [14] guarantees that p and
¥ (u) have the same cluster order, and the sets u. and ¥(u). contain the same
number of cluster variables. Therefore, 1 defines a one-to-one correspondence
between M/M(Q) and M’/ M(Q’), thanks to the fact that 1) is a one-to-one

map.

“ & 7. Assume that ¢ : M — M’ is a group isomorphism such that v :
M(Q) — M(Q') is an isomorphism of rooted mutation groups. Additionally,
there is a one-to-one correspondence between M/M(Q) and M’/ M(Q'). For
simplicity, we will also use v to denote this one-to-one correspondence. In the
following steps we will show that @ and Q" must be symmetric quivers.

Case 1. If [Q] contains a quiver of weight one, this case encompasses the
following scenarios: when [Q] = 1, and if the mutation class [@Q] contains any of
the quivers Q = Xg, X7,Q = X(1 1) Xél’l), Xél’l) or the quiver in (3.4). Without
loss of generality, we will assume that the initial seed is a quiver () of weight one.
In the following, we will show that 1) sends @ to a quiver @’ that is symmetric
to @, i.e., Q" = o(Q) for some permutation o.

Step 1. We will show that 1) sends each single mutation in M to either a
single mutation or a sequence of mutation formed of mutual non-adjacent single
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. <
mutations in M. Let i € [1,n]. We have (¥(y;))? = 1. Then ¥(u;) = (). If
¥ (u;) is one single mutation then nothing to prove. If ¢(u;) contains two adjacent
single mutations, then (1(y;))? # 1 which contradicts with the fact that u? = 1.

Step 2. For every vertex ¢ € QQp, we will show that ¢ maps every vertex in Nhb.i
to a vertex in ¢ (INhb.i), meaning v defines a permutation between the vertices
of Nhb.i and 1»(Nhb.i).

We start by showing that, if 4; and p; are two adjacent single mutations
in @, then {¢(1s)} N {e(1;)} contains at least two adjacent vertices in Q. Let
pt = ¥(p;) and @/ = (p;) and suppose that {¥(u;)} N {1(y;)} contains no
adjacent vertices in /. Then, we have ¥(jug)) = ¥(113)t (1) (115 b (1) (1) =
(). But {¢(ps) } N {e(p;)} contains no adjacent vertices in @', hence, we have
lugg) = () (1)) 20 = ((0)?) ()2’ = pi and, similarly we have
Y(pgag) = ¥(ky) = p!, where p* # p? in M(Q'). However, py;) = ppjy) in M(Q).
Therefore, for each vertex ¢ € Qg, the subquiver Nhb.; will be transferred to a
connected subquiver in Q' plus, possibly, some discrete (disconnected) vertices.
But since Q and @’ have the same rank, then in deed v creates an isomorphism of
graphs from the underlying graph of Q) to the underlying graph of @’. Therefore,
1 sends each vertex in Nhb.; to exactly one vertex in o(Nhb.;), i.e., there is a
permutation o such that v sends each vertex in Nhb.; to a vertex in o(Nhb.;).

Step 3. We will show that 1) preserve the directions in @', i.e., if i — j in Q
then we have o (i) — o(j) in @'. Which is equivalent to showing that Nhb.; and
Nhb.,(;) are symmetric for every i € Q9. Now, if the subquivers of Nhb.; and
Nhb.,(;) are not symmetric, then there is at least one edge in Nhb.; with opposite
direction of its corresponding edge in Nhb.,(;y. Without loss of generality, assume
that this edge to be -, «— - — +j--+ In Q where ,(x) $— w() < o) "
in Q. One can see that ¥(uiprit;) 7 V(le() ok Ha(j))s SINCE Wik Preserve
Nhb.; in Q but i) e(j) does not preserve Nhb.,q;y in Q. Therefore, @ and Q'
are symmetric which means A(Q) and A(Q’) are isomorphic. Which finishes the
proof for any mutation class [Q] that contains a simply-laced quiver.

Case 2. Assume w([Q]) = 2. If w([Q]) = 2, then we can assume that @ is a
quiver with one single edge of weight 2 and the rest of the quiver is a simply-laced
subquiver, thanks to Lemma 3.13. Without loss of generality assume that the
edge of weight 2 is a leaf ,_; — ;. Then the cluster class [(X’,Q")] is also
finite, thanks to Theorem 3.12. Hence, w([Q’']) must be less than or equals to
three. But, since 7k(Q’) > 2, therefore w([Q']) can not be three as if w([Q']) = 3
then rk(Q’) = 2 otherwise [Q'] will not be finite. Now, suppose that w([Q’]) = 1.
Since all relations in M(Q) will transfer to M(Q') and vise versa, then the
relation pp,—1n) = Hpn—1], in M(Q'), transfers to M(Q) which is impossible as
permutation (nn — 1) does not belong to M(Q). Therefore w([Q’]) must be two,
which means @’ can be obtained from @ by applying some sequence of mutations,
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ie., Q € [Q], again thanks to Lemma 3.13. Which finishes the proof of this case.

Case 3. Assuming that w([Q]) = 3, this case is straightforward because in
such a scenario, [@] contains only one seed of rank 2 and weight 3. Since A(Q’)
is of finite type and has the same rank as @ (which is 2) and the same weight
of 3, then (X, Q) and (X', Q') must be identical seeds. Therefore, A(X, Q) and
A(X', Q") are indeed identical cluster algebras.

Case 4. Let w([Q]) = 4 and A(X, Q) be a finite cluster algebra. One can
see both of [Q] and [Q’] are of the same weights. The proof of this case will be
divided into several steps based on the rank of Q).

(a) 7k(Q) = 3. We have several cases as follows:

(i) Let @ = Qé(l). Since M(Q) contains pu; and i then M(Q') must contain
them. Hence Q" must have two edges of weight 1. Which means @ and @’
are symmetric. Therefore A(X,Q) and A(X’,Q’) are isomorphic cluster
algebras.

(ii) Let @ = Q§(1)' Since M(Q’) can not be M(Qé(l)) or M(Q3(2)) because each
one of them contains relations that are not in M(Qé(l)). Therefore there
are only two possibilities for M(Q’) which are M(Q33)) or M(Q?,’(l)). But

in deed Q3(3y and Q§(1) are symmetric and hence A(Q3(3)) and A(Qé(l)) are
isomorphic cluster algebras.

(iii) Let @ = Q3(2)- This is an obvious case as M(Q) has no relations so non
of the other quivers can associate to a mutation group that are isomorphic
to it. Recall that @’ is of the same rank and weight of @), hence @’ must
be symmetric or equal to Q). Therefore A(Q) and A(Q’) are isomorphic as
cluster algebras.

(b) If rank(Q) > 3.

(i) The arguments of the cases when () contains any of Qg . or ), are pretty
similar to the cases Qﬂg(l) and (J3(3). Because in such case Q would be formed
of either Qg(l) or Q3(3) attached to a simply-laced subquiver.

(i) If @ contains Q.¢,t = 1 or 2 as a subquiver. Let t = 1. Since @’ has the
same rank and weight as @), and also it must carry the same number and
similar positions of simply-laced edges of (). Then @’ must be symmetric to
Qc1 or Qq. But A(Qq) is actually isomorphic as cluster algebras to A(Qc,1)
which finishes the proof of this case and the case of if ) = Qg as well. If
t = 2, then in such case the mutation class [@] is so small and the proof is
very similar to the case of t = 1. Which means Q" € [Q] and hence A(Q)
and A(Q’) are isomorphic.
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(iii) If @ contains two edges of weight 4. Then @’ must be of the same category,
i.e., has also two edges of weight 4. So, the both of @ and Q' must be
symmetric to either (3.2) or (3.3). The case of @ is the quiver in (3.2). We
have M has the global loops ju, 115, pti, ptjr and gy which means M’ must
have the same global loops. But using Table 1.4 in [16], the only quiver
with these global loops is Q. Therefore, ' € [Q] which finishes the proof
of this case. Finally, let @ be symmetric to the quiver in (3.3). Recall that,
the group relations of M(Q) and M(Q') are the same, then both of ) and
@’ must contain same exact simply-laced subquivers and same weight two
edges. Since Q' has the same rank as @, then the only possible option for
Q' is to be identical or symmetric to ), which finishes the proof. [ |

The following is a corollary of the proof of Theorem 3.15.

Corollary 3.16. Let Q and Q' be two quivers of finite mutation type. Then,
there is a map ¢ : [Q] — [Q'] which preserves the rooted/global relations if and
only if Q and Q' are symmetric quivers.

Question 3.17. Do Theorem 3.15 and/or Corollary 3.16 apply to infinite type
cluster algebras?
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