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Abstract

Double Boolean algebras (dBas) are algebras D = (D;M,U, =, 4, L, T) of
type (2,2,1,1,0,0), introduced by Rudolf Wille to capture the equational
theory of the algebra of protoconcepts. Boolean algebras form a subclass
of dBas. Our goal is an algebraic investigation of dBas, based on similar
results on Boolean algebras. In this paper, we describe filters, ideals, homo-
morphisms and powers of dBas. We show that principal filters as well as
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principal ideals of dBas form (non necessary isomorphic) Boolean algebras.
We also show that, a primary ideal (resp. primary filter) is exactly maximal
ideal (resp. ultrafilter) in dBas and primary ideal (resp. filter) needs not be
a prime ideal (resp. filter). For a finite dBa, a primary filters (resp. ideals)
are principal filter (resp. ideals) generated by atom (resp. co-atom). Some
properties of homomorphisms of dBas are investigated and the relationship
between the homomorphism of dBas D, M and the lattices of filters (resp.
ideals) of these two dBas. Giving a dBa D and a non-emptyset X, we study
some relationship between D and L = DX by showing that D is contextual,
fully contextual (resp. trivial) if and only if L is contextual, fully contex-
tual (resp. trivial). In addition, we show that D embeds into L and the
lattice of filters F(D) (resp. of ideals Z(D)) is algebraic and embeds in the
lattice F(L) (resp. Z(L)). We finish this paper by showing that some sets
of polynomial functions of D form a Boolean algebra isomorphic to the set
of principal filters (resp. principal ideals) of D.

Keywords: double Boolean algebra, protoconcepts algebra, concept alge-
bra, formal concept.
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1. INTRODUCTION

In order to extend Formal Concept Analysis (FCA) to Contextual Logic, a nega-
tion has to be formalized [10]. There are many options: We can require the
negation of a concept to be concept [6, 10] or we want to preserve the corre-
spondence between negation and set complementation. In the second option the
notion of concept has to be generalized, and leads to the algebra of semi-concepts,
protoconcepts and preconcepts [10]. To capture their equational theory, double
Boolean algebras have been introduced by Rudolf Wille and coworkers. Wille
proved that each double Boolean algebra ”quasi-embeds” into an algebra of pro-
toconcepts. Thus the equations defining a double Boolean algebra generate the
equational theory of the algebra of protoconcepts [10] (Corollary 1).

To the best of our knowledge, the investigation of dBas has been so far
concentrated on representation problem such as equational theory [10], contextual
representation [9], and most recently topological representation [1, 5]. Of course
the prime ideal theorem [7] plays a central role in such representation. For a
better understanding of the structure of dBas, our goal is to start with purely
algebraic notions such as filters, ideals, homomorphisms, powers,... of dBas.
In particular, the study of the powers of dBas will help us better understand
these algebras. They are the cornerstone in structure theory, representation,
decomposition, construction as well as classification of algebraic structures.
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In Boolean algebras, distributive lattices, and weakly dicomplemented lat-
tices [2, 6] there are notions of ultrafilters, prime filters and primary filters which
are closely related to the concepts of atoms, irreducible, prime and primary el-
ements. We study some of these concepts on dBas. It is known (see [2]) that
in a Boolean algebra, each prime filter is an ultrafilter and each prime ideal is a
maximal ideal.

This work is an extended version of [8], and is organized as follows. In
Section 2 we recall some basic notions and introduce protoconcept algebra which
is a rich source of examples for dBas. Section 3 summarizes some results on filters
and ideals of dBas: we describe filters (resp. ideals) generated by an arbitrary
subset of dBas, and show that the set of principal filters (resp. principal ideals)
of a dBa forms a bounded sublattice of the lattice of its filters (resp. ideals), and
are (non necessary isomorphic) Boolean algebras. We show that primary filters
(resp. primary ideals) are exactly ultrafilters (resp. maximal ideals) and primary
filters (resp. primary ideals) need not be prime filters (resp. prime ideals) in
dBa.

In Section 4, some properties of homomorphisms of dBas are investigated
and the correspondence between the set of homomorphism of dBas D, M and
the lattices of filters (resp. ideals) of these two dBas.

We end this work with the study of the power of a dBa in Section 5. For a set
X and a dBa D, L := DX is a dBa as product of dBas. We give some properties
of L following those of D, we show that D is contextual, fully contextual (resp.
trivial) if and only if L is contextual, fully contextual (resp. trivial) and if D is
complete, then L is complete. In particular, we show that the lattice F(D) of
filters (resp. Z(D) of ideals) is algebraic and embeds in the lattice F(L) (resp.
Z(L)). We end this section by showing that some sets of polynomial functions of
D form a Boolean algebras isomorphic to D (resp. Dy).

2. CONCEPTS, PROTOCONCEPTS AND DOUBLE BOOLEAN ALGEBRAS

In this section, we provide the reader with some basic notions and notations. For
more details we refer to [3, 10]. A formal context is a triple K := (G, M, I)
where G is a set of objects, M a set of attributes and I C G x M, a binary
relation to describe if an object of G has an attribute in M. We write gIm for
(g,m) € I. To extract clusters, the following derivation operators are defined on

subsets A C G and B C M by
A':={me M |gImforall ge A} and B :={ge G| gIm for all m € B}.

The maps A — A’ and B — B’ form a Galois connection between the power set
of G and that of M. The composition ” is a closure operator.
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A formal concept is a pair (A4, B) with A’ = B and B’ = A. We call A the
extent and B the intent of the formal concept (A, B). They are closed subsets
with respect to ” (i.e., X” = X). The set B(K) of all formal concepts of the
formal context K can be ordered by

(A1,B1) < (A2,Bs) : <= A; C Ay (or equivalently, By C By).

The poset B(K) := (B(K), <) is a complete lattice, called the concept
lattice of the context K. Conversely each complete lattice is isomorphic to a
concept lattice. This basic theorem on concept lattice ([3], Theorem 3) is a
template for contextual representation problems. The lattice operations A (meet)
and V (join) can be interpreted as a logical conjunction and a logical disjunction
for concepts, and are given by

meet: (A1, B1) A (A2, Bg) = (A1 N Az, (A1 N Ap)'),
join: (Al, Bl) V (AQ, Bg) = ((Bl N Bg)/ ,Bi1nN Bg) .

To extend FCA to contextual logic, we need to define the negation of a concept.
Unfortunately, the complement of a closed subset is not always closed. To pre-
serve the correspondence between set complementation and negation, the notion
of concept is extended to that of protoconcept.

The pair (A, B) is called a semi-concept if A = B or B’ = A, and a
protoconcept if A” = B’.

The set of all semi-concepts of K is denoted by h(K), and that of all pro-
toconcepts by P(K). Note that h(K) C P(K). Meet and join of protoconcepts
are then defined, similar as above for concepts. A negation (resp. opposition) is
defined by taking the complement on objects (resp. attributes). More precisely,
for protoconcepts (A1, By), (A2, Bs), (A, B) of K we define the operations:

meet: (A1, B1) M (Ag, Bs) := (A1 N Ag, (A1 N Ap)")
join: (A1, B1) U (Ay, By) := ((B1 N By)', By N By)
negation: -(A4,B) := (G\ A, (G \ A))
opposition: 4(A,B) = ((M\ B),M\ B)
nothing: 1= (0, M)
all: T:=(G,0).

The algebra P(K) := (P(K); M, U, -, 5, L, T) is called the algebra of pro-
toconcepts of K. Note that applying any operation above on protoconcepts
gives a semi-concept as result. Therefore H(K) is a sub-algebra of (K). For
the structural analysis of B(K), we split $(K) in MN-semi concepts and Ll-semi
concepts, P(K)q := {(4,4") | AC G} and P(K), := {(B',B) | BC M}, and
set zVy :=-(-zM-y) and z Ay =1(uzUay) for z,y € P(K).
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PEK)n = (BEK)m;M,V, =, L,=L) (resp. PK)y := (PEK)u; AU, 1, 0T, T)))

is a Boolean algebra isomorphic (resp. anti-isomorphic) to the powerset algebra

of G (resp. M) (see [10]).

Theorem 2.1 [10]. The following equations hold in the algebra of protoconcepts
B(K):

(la) (zMz)MNy=2My (1b) (zUz)Uy=zUy
(2a) zMy=yNa (2b) zUy=yUx

(3a) zM(yMNz)=(xMNy)Nz (3b) zU (yUz)=(zUy) Uz
(4a) ~(zMw) =~z (4b) L(zUz) =

(a) zM(zUy) =zMa (5b) zU (zMy) =z Uz
(6a) zM(yVz) = (zMy)V (zM2) (6b) zU (yA2)=(zUy)A(zUz)
(Ta) zM(zVy) =zNx (Th) zU (z Ay) =z L.
(8a) == (zMNy)=zNy (8b) Lu(zlUy)=zUy

(9a) xM—-x =1 (9b) zUx =T

(10a) =L =TnNT (10b) _T=1uL

(11a) =T = L (11b) 4L =T

(12) (zMNz)U (xMNzx) = (zUx) N (zUx).

A double Boolean algebra (dBa) is an algebra D := (D;M,U,—, 4, L, T)
of type (2,2,1,1,0,0) that satisfies the equations in Theorem 2.1. Rudolf Wille
showed that these identities generate the equational theory of protoconcept al-
gebras [10]. In each dBa D, a quasi-order C is defined by z C y : <= z My =
xMNxand xUy = yUy. It satisfies z C y iff a Mz C yMy and zUx C y Uy, for all
z,y € D [10]. Weset Dn:={x € D|zNz=x}and D ,:={r €D |zUz =z}
The algebra Dp := (Dn;M,V,—, L,—L) (resp. Dy = (Dy; AU, 0, 0T, T)) is a
Boolean algebras.

Definition 2.1 [7, 9, 10]. Let D be a double Boolean algebra. Then D is

e contextual if the quasi-order C is an order relation on D.

e fully contextual if it is contextual and for all x € D and y € Dy, such that
xUx =yMy, there is a unique z € D such that zMz=xz and z Uz =y.

e complete if its Boolean algebras D, and D, are complete.
e trivialif TMT =_1LUL1.
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e pureifforallz € D, zMr =z or xUx = x.
The next proposition collects some properties of dBas, that we will need later.

Proposition 2.2 [4, 5, 7, 10]. Let D be a double Boolean algebra and x,y,a € D.
Then

(1) LCzandzC T.

(2) 2Ny Ca,yCazUy. (8) —x,xVy € Dn and sz, x Ay € D,,.
(3)x[:y:>{xl_lagyl_la (9) zCy < —-yLC —xand oy C_z.

- zUaCylUa.

=Y (10) o(z Ay) = salisy.
4) =(zVy)=—-xl—y.
()~ ) (11) s(zUy) = sxAy.
5) ~(xMNy)=—-zV .
(5) ~=My) Y (12) 2 Cy < -yLCux
(6) x Coy < yLC.x.
(13) zNyCaxAy,zVyCazUy.

(7) =—z =2z Nz and oz =z Ux.

(I4) zCyand yCxifandonly if eMez=yMyand z Uz =yUy.
We close this section with some distributivity-like properties of dBas.
Proposition 2.3. Let D be a dBa and a,b,c,d € D, we have
(i) av(dbNec)=(aVvd)N(aVe). (i) an(dUc)=(aAb)U(aAc).
(ii) aV (aMb) =aMa. (ii)) aA(aUb) =ala.
(i) (aMa)V (bMb) =aVb. (iii)” (aUa)A(bUb) =aAb.
Proof. (i)', (ii)’ and (iii)’ are dual of (i), (ii) and (iii). Let a,b,c,d € D.
(i) av(bNe) & ~(man—(bMe) = ~(=aM(=bV =c)) (by (5) of Proposition 2.2)
~((ma M=b) V (=a M —=¢)) (by axiom (6a))
(=(a Vb) V ~(aV ¢)) (by (5) of proposition 2.2)

=[=[(a VvV b) M (aV )] (by (5) of Proposition 2.2)
—=[(aVvbd)MN(aVe)]=(aVb)M(aVec) (by axiom (8a))

—

(il) aV (amb)=—=(-aM—=(aMb)) =—(—-all(-aV -b)) (by (5) of Proposition 2.2)
= =(—aM-a) (by axiom (7a))
=aMa (by (8) and (7) of Proposition 2.2)

(iii) (aMa)V (bMb) = =(=(aMa)M=(bMb)) = =(—aM-b) (by axiom (4a)) = a\/l:
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3. FILTERS AND IDEALS OF A DOUBLE BOOLEAN ALGEBRA

The goal is to extent some results from Boolean algebras to dBas. Let D be a
dBa. A nonempty subset F' of D is called filter if for all z,y € D, it holds:

r,y€e F — zNyeFand (r€F,z2Cy) — yeF.

Ideal in dBa is defined dually. We denote by F'(D) (resp. I(D)) the set of filters
(resp. ideals) of the dBa D. Both sets are each closed under intersection [7]. Note
that F(D)NI(D) ={D}. For X C D, the smallest filter (resp. ideal) containing
X, denoted by Filter(X) (resp. Ideal(X)), is the intersection of all filters (resp.
ideals) containing X, and is called the filter (resp. ideal) generated by X. A
principal filter (resp. ideal) is a filter (resp. ideal) generated by a singleton.
In that case we omit the curly brackets and set F'(x) := Filter({z}), and I(x) :=
Ideal({z}). Let F be a dBa filter. We call F' proper filter if F' # D, and
ultrafilter if F' is proper and is not contained in any other proper filter. We call
F' a prime filter if for all a,b € D, we have alLlb € F implies a € F or b € F,
dually prime ideal is defined. A set Fy is a base of a filter F' if Fy C F' and
F={yeD]|xLCyfor some xz € Fy}. Base of ideals are defined dually.

Observation (Reviewer remark on base of filter). If Fy is a base of a filter F,
then F' = Filter(Fy) and Fy = F, if Fy is a filter. Therefore a base of a filter F
in general is supposed to be a proper subset of F' that is not a filter.

Lemma 3.1 [10]. Let F' be a filter and I be an ideal of a dBa D.

(1) FNDn (resp. F'NDy) is a filter of the Boolean algebra D (resp. Dyy).
(2) INDy (resp. I N Dn) is an ideal of Dy (resp. Dp).

(3) Each filter of Dr is a base of some filter of D.

(4) Each ideal of Dy is a base of some ideal of D.

To prove the prime ideal theorem for dBas, a description of filter (resp. ideal)
generated by an element w and a filter F' (resp. ideal J) was given in [7] as follows:

Filter(FU{w}) ={z € D |wnbLC z for some b € F},

Ideal(J U{w})) ={x € D| 2z Cwlb for some b € J}.
To extend this description to arbitrary subsets, the following lemma is formulated.
Lemma 3.2. Let D be a dBa and a € D. Then

(1) The operations M and U are compatible with the quasi-order C, i.e., for
a,be,de D, ifaCbandcC d, thenalcCbMNd and allcC blUd.
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(2) The binary operations V and N\ are compatible with T, that is, if a T b and
cCd, thenaVeCbVd (21) andaNcCbAd (2.2) .

(3) I(a) ={zreD|xCala} and F(a) ={zx € D |aNaC z}.

(4) Ideal(0) = I(L) ={x € D |2 C LU L} and Filter(0) = F(T) ={z € D |
TATCx}.

Proof. (1) It is a direct consequence of Proposition 2.2 (item 4).

(2) Since — and _ reverse the quasi-order C (Proposition 2.2, item 9) it follows
from (1) that vV and A are also compatibe with C.

(3) It is easy to show that the set J := {x € D | x C a U a} is an ideal
containing a by using (1) and Theorem 2.1(1b). If G is an ideal and a € G, then
alUa € G. Each x € J satisfies z C a U a, and is also in G. Thus J = I(a). The
description of F'(a) is obtained dually.

(4) From L C z for all x € D (Proposition 2.2(1)) and the fact that each
ideal is non empty, it follows that L is in each ideal. Thus Ideal()) = I(L) =
{r € D] a2 C LUL}. The last equality follows from (3). The equality Filter((}) =
F(T)={xe€ D|TNTELC z} is proved similarly. ]

I

For F € F(D), I € I(D) and a € D, we have a € F iff afa € F and a €
iff ala € I. Therefore F(a) = F(aMa) and I(a) = I(aUa).

The following proposition describes filters and ideals generated by arbitrary
non-empty subsets.

Proposition 3.1. Let D beadBa, ) # X C D, Fy,F» € F(D) and I, I, € I(D).
Then
(a) Ideal(X) ={x € D |z C by U---Ub, for some by,...,b, € X,n > 1}.

(b) Filter(X) ={x € D |z 3b;M---Mb, for some by,...,b, € X,n > 1}.
(c) Ideal(I; Uls) = {xz € D | x C i; Uiy for some iy € I) and iz € I}.
(d) Filter(Fy U Fy) ={x € D| fi M fo C x for some fi; € F} and f, € Fy}.

Proof. Let D be a dBa and ) # X C D.

(a) We show that J := {x € D | « C by U--- U b, for some by,...,b, €
X, n > 1} is the smallest ideal that contains X. For z € X, we have x C = U z,
andx e J Ifye D xeJandyCx, theny Tz C b U---Ub, forn >1
and by,...,b, € X. By transitivity of C, we get y € J. Now, let a,b € J,
then a C a; U---Uay, and b C by U ---Ub, for some n,m > 1 and a;,b; € X,
1<i<mn,1<j<m. Therefore allbT a;U---Ua, b LU---Uby (by (1) of
Lemma 3.2). Thus aUb € J. It is easy to see that any ideal containing X also
contains J.

(c) follows from (a), with the facts that LI is commutative, associative, and
ideals are closed under L. (b) and (d) are dual to (a) and (c). |
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Note that F(L) =D and I(T) = D.

Remark 3.2. F(D) and I(D) are closure systems, and form two complete lattices
F(D) = (F(D); A, v, F(T), D) and T(D) := (I(D); A, v, I(1), D).
For {F\ : A € A}, on D, we have )\/E\AF)\ = AQAF)‘ and )\\E/AF)\ = leter()\LeJAFQ.

Let F, :={F(a) |a € D} ={F(aNa) |a € D} ={F(a) | a € Dn} be the
set of principal filters and I, := {I(a) | a € D} = {I(a) | a € Dy} be the set of
principal ideals of D.

It is known that, if L is a lattice, then the set I(L) (resp. F(L)) of ideals
(resp. filters) of L is a lattice and the set of principal ideals (resp. filters) of L
forms a sublattice of Z(L) (resp. F(L)) isomorphic to L. It is therefore natural
to ask what happens in the case of double Boolean algebras.

Lemma 3.3. Let D be a dBa and a,b in D. Then

(i) aCb = F(a) 2 F(b). The converse holds if a,b € Dn.

(iii
(i

Proof. (ii) and (iv) are dual of (i) and (iii), respectively. Let a,b € D.

(i) We assume that a £ b. Then aMa T bMbC b. If 2 € F(b) then bMb C z.
Since C is transitive, we get aMa C z, and = € F(a). Thus F(b) C F(a).
Conversely, if F'(b) C F(a) then b € F(a) and a Ma C b, which is equivalent to
aCbifa€ Dn.

(iv)aMbCa,bCallb = F(aUb) C F(a)NF(b) C F(a),F(b) C F(aMb),
by (i). |

The next result shows that the principal filters form a bounded sublattice of
the lattice of all filters, that is a Boolean algebra.

)
(i) aC b = I(a) C I(b). The converse holds if a,b € D,.
i) FlaUb) C F(a)NF(b) C F(a),F(b) C F(aT1b).

v)

I(amb) C I(a) N I(b) C I(a), I(b) C I(aUb).

Proposition 3.3. Let D be a dBa. For any a,b,c € D, the following hold.

1) F(a)V F(b) = F(anb) = Filter({a,b}).

(1)
(2) I(a)V I(b) =1I(alUb) = Ideal({a,b}).
(3) If b € F(—a), then —=b € I(a).
(4) If b € I(ua), then b € F(a).
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Proof. The even numbered items are dual of the odd ones. Let a,b,c,x € D.

(1) From aMb C a,b we get F(a),F(b) C F(aMb) and F(a)V F(b) C F(alb)
(Lemma 3.3(1)). If x € F(aMb), then aMb C z. But a € F(a) and b € F(b) imply
afbe F(a)V F(b), and yields x € F(a) V F(b). Thus F(aMb) = F(a)V F(b).
(B)be F(-a) <= —-alM-aCb <= -aLb(by (8) of Proposition 2.2)

<= -bLCa (by (12) of Proposition 2.2) = -b € I(a).

(Yz € FlaVvb) < (aVb)M(aVb)Cxr <= aVbLzx (duetoaVbe Dn)
< (aMa)V (bMb) Cx (by (iii) of Proposition 2.3)
< aMNaCzand bMbC z (since aMa,bMbC aVb)
<= z € F(a) and x € F(b) <= x € F(a) N F(b).
(5) F(a) vV (F(b) AF(c)) = F(a) vV (F(bVe)) (by (7)) = F(aT1(bVc)) (by (1))
=F((anb)V(aMe)) ( axiom (6a))
=F(anb)AF(ale) (by (7))
= (F(a) vV F(b)) A (F(a) vV F(c)) (by (1)).
(9) F(a) AN F(—a) = F(aV —a) = F(~(-aM—-—a) = F(-L)=F(TNT)=F(T).
(11) F(a) V F(-a) = F(aM-a) = F(L). ]
Using (9) and (11) (resp. (10) and (12)) of Proposition 3.3 we observe that
any principal filter F'(a) (resp. principal ideal I(a)) of D has a complement,

namely the principal filter F'(a)¢ =: F(-a) (resp. ideal I(a)¢ := I(ua)). From (5)
and (6) we get the distributivity. Thus; the algebras

V3

p(D) := (Fp(D); A, v, F(T), F(L)) and Z,(D) := (Ip(D); A, V., I(L), I(T))),

are Boolean algebras. The following holds.
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Theorem 3.4. Let D be a double Boolean algebra. The set of principal filters
(resp. ideals) of D forms a Boolean algebra dual-isomorphic (resp. isomorphic)
to D (resp. Dy).

Proof. Let D be a dBa define ¢ : D — F,(D),a — F(a).

e For a,b € Dp, we have
e(amb)=F(amnb) = F(a) Vv F(b)
p(aVb)=F(aVb)=F(a)AF()=¢(a)A @(b) and

¢(ma) = F(-a) = F(a)* = ¢(a)".
We deduce that ¢ is a dual homomorphism of Boolean algebras.

e ¢ is onto, since any principal filter F'(a) is equal to F(aMa), with aMa € Dn.

e It remains to show that ¢ is one-to-one. Let a,b € Dn with p(a) = ¢(b).
Then F(a) = F(b) = F(a)VF(b) = F(alb). Henceforth, alfb € F(a) = F(b),
thatisaMNaCaMbCaand bMNbC alMbLC b. Since a,b € D, we deduce
that @ = aMb = b. Thus F,(D) is anti-isomorphic to Dp.

The proof for the set of principal ideals is similar to that principal of filters,
using the mapping ¢ : D\, — I,(D),a — I(a). [

Corollary 3.4. If D is a complete dBa, then the lattices F(D) of filters and
Z(D) of ideals of D are Boolean algebras.

Proof. For ) # X C D, set MX : I_I a, UX : I_IXa We assume that D is

complete, then for all X C D, NX 6 Dm and UX € Dy, and all filters (resp.
ideals) of D are principal. Thus F(D) = F,(D), which is a Boolean algebra, by
Theorem 3.4. u

Let L be a lattice. An element a € L is said compact if whenever \/ A
exists and a < \/ A for A C L, then a < \/ B for some finite B C A. L is said
compactly generated if every element in L is a supremum of compact elements.
L is said algebraic if L is complete and compactly generated [2].

Remark 3.5. Let D be a dBa. Let J be~an arbitrary nonempty set, {Fj : j €
J}y CF(D)and {I;:j € J} CZ(D). Set J :={(i1,...,in) € J" | n>1,n € N}
The following hold.

(*)ngFj: U @&vvE), =) vIL= |J €V V)

(ily---yin)EJ (il,...,in)EJ

Lemma 3.5. Let D be a dBa. A filter or an ideal of D is compact if and only if
it is principal.
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Proof. (1) Let a € D, to show that F'(a) is compact, we take {Fj : j € J} C
F(D) with J an arbitrary nonempty set such that F'(a) C ~\/JFJ" Since a € F(a),
jE

by (%) of Remark 3.5 there aren > 1 and iy,...,4, € J such that a € F;,V---VFj .

Therefore F'(a) C F;, V ---V F;, . Hence it follows that F'(a) is a compact filter.

Conversely, let F' be a compact filter. Since F' C \/FF (a) and F' compact, there
ac

are aj,...,a, € F such that F C F(a1)V---V F(a,) C F, by (1) of Proposition
3.3 we get F(ay) V- -V (F,,)=F(aiM---May,) and F is a principal filter. A
similar argument shows the result for ideals. [ |

Theorem 3.6. Let D be a dBa. F(D) and Z(D) are algebraic lattices.

Proof. By Remark 3.2, we know that (D) and Z(D) are complete lattices. By

Lemma 3.5 all principal filters F'(a) and principal ideals I(a) are compact. Since

F = \/FF(a) for any filter F' of D, and I = \/II(a) for any ideal I of D, we see
ac ac

that F(D) and Z(D) are compactly generated. Therefore F(D) and Z(D) are
algebraic lattices. ]

In Boolean algebras there are several equivalent definitions of prime filters.
These definitions can be carried over to dBas. To solve the equational theory
problem for protoconcepts algebra, Rudolf Wille introduced in [10] the set Fp(D)
of filters I of D such that F'NDp are prime filters of the Boolean algebra D, and
the set Jp(D) of ideals I of D such that I N Dy, are prime ideals of the Boolean
algebra D_,. To prove the prime ideal theorem for double Boolean algebras,
Léonard Kwuida introduced in [7] primary filters as proper filters F' for which
x € For—x € F, for each x € D. Dually, a primary ideal is a proper ideal I for
which z € I or sz € I, for each € D. We denote by §,,(D) the set of primary
filters of D, and by J,,(D) its set of primary ideals. In [4] Prosenjit Howlader
and Mohua Banerjee showed that §p(D) = §pr(D) and Tp(D) = I, (D). Recall
that the set of principal filters of D is F,(D) = {F(a) | a € Dn} and that of
principals ideals I,(D) = {I(a) | a € Dy}, and that Dn and Dy, are Boolean
algebras whose order relation is the restriction of C on D and D, respectively.
Thus, by Theorem 3.4, the lattice of principal filters of a dBa D is isomorphic to
the lattice of principal filters of the Boolean algebra Dq. Similarly, the lattice of
principal ideals of a dBa D is isomorphic to the lattice of principal ideals,of the
Boolean algebra D,.

On the basis of these results, an interesting question is how filters and ideals
of D and those of D or Dy are related.

Theorem 3.7. Let D be a double Boolean algebra. Then
(1) F(Dn) and F(D) are isomorphic lattices.
(2) Z(Dy) and Z(D) are isomorphic lattices.
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Proof. To prove (1), let D be a double Boolean algebra and E be a filter of Dp.
We set ®(E) ={z e D|3Jue E,ul z}.

e O(FE) is a filter of D containing E. In fact, for any x € E, x C z, and thus
x € ®(E). For x,y € ®(FE), there are x(, yo € F such that zo C x and yo C y.
By (1) of Lemma 3.2 we deduce that xo Myo C 2 My € ®(F). For x,y € D
with € ®(F) and = C y; there is then xg € E such that zy C z C y; thus
y € ®(F). Actually, E is a base of the filter ®(E), and ® defines a map from
F(Dn) to F(D).

o ®(FE) is the only filter F of D such that FNDn = E. In fact, E C ®(E)NDn,
and for any x € ®(E) N Dn there is u € E such that u C x, implying = € E,
since E is a filter of Dn. Thus E = ®(E) N Dn. If 1, F; are in F(D) such
that F1 N D = F> N DR, then Fy = F; since for any x € D, we have

reFFiexNee iNDhsane FhyNDys x e Fy.

e ® is bijective. In fact, if if E1; Fy € F(Dn) such that ®(E;) = ®(E>), then
Ey = ®(E1) N Dn = ®(E3) N Dy = E,, and ® is injective. Furthermore,
for any filter F' of D, F'N Dy is a filter of D by (1) of Lemma 3.1 and
®(FNDn)=F.

e O preserves and reflects the order relation. In fact, let £y, Ey € F(Dn). If
Ey C Es, then for any x € ®(FE;), then there exists u € F; C Fy such that
u C 2. Thus u € Ey and u C z; that is ¢ € ®(Ey). Thus ®(E;) C $(E9).
Conversely, ®(E,) C ®(E2) = ®(E)) N Dy C ®(Ey) N D = E; C Es.
Therefore, ® is a lattice isomorphism, and F(Dp) and F (D) are isomorphic.

For (2), we can check using a similar arguments as above, that the mapping
U :I(D,) - ID), I - V() ={x € D | 3Jxg € I,xr C xp} is a lattice

isomorphism. [ |

An atom in a dBa is an element x such that z # | and if y C x,x # y
then y = 1. co-atom are defined dually. In Boolean algebras, distributive
lattices [2] and weakly dicomplemented lattices [6] there are notions of ultrafilters,
prime filters and primary filters which are closely related to the concept of atom,
irreducible, prime and primary elements. These concepts can be transfered to

dBas.

Definition 3.6. Let D be a dBa and F be a filter of D. F' is a maximal filter
or an ultrafilter if F' is a maximal element of (F(D) \ {D},Q); ie., F is a
proper filter not contained in any other proper filter. F' is a prime filter if for
all a,b € D, alUb € F implies a € F or b € F. Maximal and prime ideals are
defined dually.
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It is known (see [2]) that in Boolean algebras, each prime filter is an ultrafilter
and vice versa. Dually each prime ideal is a maximal ideal and vice versa. The
following theorem presents the corresponding results for dBas.

Theorem 3.8. Let D be a dBa, a € D, F a filter and I an ideal of D.
(1) The principal filter F(aMa) is an ultrafilter if and only if aMa is an atom.

(2) The principal ideal I(a U a) is mazimal if and only if aUa is a co-atom.
(3) F is an ultrafilter if and only if F is a primary filter.

(4) I is a mazimal ideal if and only if I is a primary ideal.

Proof. The even numbered items are dual of the odd ones. Let a € D. Note
that F(a) =D < aMa= L. Let F be a filter of D.

(1) Assume that alMa is an atom of D and F(aMa) C F. Let b € F\ F(aMa).
Since a Ma is an atom of D, (aMa)Mb= L or (aMa)Mb=aMa# L, because
(aMa)MbCaNa. If (aMa)Mb=aMa, then aMa C b, and b € F(a), which is a
contradiction. Thus L = (aMa)Mb=aNbe F,since a,b € F and F = D. This
prove that F'(a) is an ultrafilter.

Conversely, assume that F'(a M a) is an ultrafilter. Let b € Dpn such that
bC aMa. Then F(a) = F(aMa) C F(b). Since F(aMa) is an ultrafilter, we get
F(b) = F(aMa) or F(b) =D. If F(a) = F(b) or F(b) = D, then b € F(a) and
aMa C b, which is a contradiction to b # a Ma. It follows that F'(b) = D, and
1L =bMb. Therefore aMa is an atom of D.

(3) We assume that F' is an ultrafilter of D. To show that F' is primary, we
start by proving that F'N Dp is an ultrafilter of Dn. By (1) of Lemma 3.1, FN D
is a filter of Dn. Let Gg be a proper filter of D such that F'N Dn C Go. Gy is
a base of a dBa filter G containing F'. In fact, for any y € D we have

yeF=yNye FNDR CGy=yedq.

Since F'is afilter, F=GorG=D. But L €G,s0 F=G and Go =GN D =
FNDr. Thus F'N Dr is an ultrafilter of the Boolean algebra Dn. Now let z € D.
Then z Mz € FFNDpor ~(xMz) =—-x € FN Dn, which is equivalent to x € F
or =z € F, since =(z Mz) = —z. Thus, F is primary.

Conversely, we assume that F' is primary. Then F'N Dpn is a prime filter of
the Boolean algebra Dp, and therefore a maximal filter of Dp.

Let G be a filter of D such that FF C G, then F N Dn C GN DR, as F N Dn
is maximal, we have F N Dn =GN Dr or GNDr = Dnr. If GN Dy = D, then
Dn CG. Forany x € D, x Mz € D C G, since G is a filter. We deduce that
xr€G,and G=D. If FNDn =GN Dn, then F' = G by the proof of Theorem
3.7. Thus F' is a ultrafilter of D. [ ]

Remark 3.7. Let D5 be the trivial dBa with Dg = {L,a, T}, LUl =a=TNT
([7]). Then F' = {a, T} is a primary filter, L U1l =a € F, but L & F, so Fis
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not a prime filter. I(a) = {L,a} is a primary ideal. But TN T =a € I(a) and
T & I(a). Therefore primary filters and primary ideals need not be prime.

4. HOMOMORPHISMS OF DBAS

Let D and M be two dBas and h be a map from D to M.

Definition 4.1 [4, 10]. h is a homomorphism from D to M, if h preserves
dBa operations, i.e., Va,b € D, h(aTb) = h(a) M h(b),h(a Ub) = h(a) U h(b),
h(—-a) = =h(a), h(usa) =sh(a), and h(T) =T, h(L) = L. An embedding is a

one-to-one homomorphism. An isomorphism is a bijective homomorphism.

If h is an embedding, then we say that D embeds into M. If h is an isomor-
phism, we say that the dBas D and M are isomorphic.

Definition 4.2 [10]. h is quasi-injective, if its preserves and reflect the quasi-
order, i.e., Ya,b € D, a C b iff h(a) C h(b). If h is quasi-injective and surjective,
then h is called quasi-isomorphism.

If A is quasi-injective, then we say that D quasi-embeds into M. If h is an
quasi-isomorphism, we say that the dBas D and M are quasi-isomorphic. Note
that composition of two dBa homomorphisms is also a dBas homomorphism. For
a dBa D we denote by Dp the set DU Dy,.

Let L = (L, <) be a quasi-ordered set and F' C L. F is quasi-order filter
on Lifforallz € Fly e L, if x <y then y € F. A quasi-order ideal is defined
dually. If the quasi-order < is an order relation, then we get the well-known
notions of order filter and order ideal.

Definition 4.3 [10]. Let A : D — M be a homomorphism of dBas. The kernel
of h is defined by

ker(h) := {(a,b) € D* | h(a) = h(b)}.

It is known that if the map h : D — M is a homomorphism of Boolean
algebras then, ker(h) is a congruence on D and the class [L]yer(n) (tesp. [T lker(n))
is an ideal (resp. a filter) of D. In the sequel we will see that for a homomorphism
h of dBas the class [L]uer(n) (resp. [Tlier(n)) is not always an ideal (resp. a
filter) of D. It was shown in [5] that if h : D — M is a homomorphism of
dBas, then for all a,b € D, if a C b, then h(a) C h(b). We say that h is
isotone. We give some properties of the sets A = [Llieyn), B = [L U Lier(n)s
C = [T M Tlker(hy and E = [TJxer(n) in the following remark. One can see that
B={zeD|h(z)=LULllandC={x e D|h(x)=TNT}

Remark 4.4. Let h : D — M be a homomorphism of dBas, from Theorem 2.1
we obtain the following statements.
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(1) Ais an ideal (resp. E is a filter) iff L U1 € A (resp. TN T € E).

(2) A is a quasi-order (resp. order) ideal if C is a quasi-order (resp. order)
relation on D.

(3) E is a quasi-order (resp. order) filter if C is a quasi-order (resp. order)
relation on D.

(4) A is preserved by M,U and h(uz) = T for any = € A.
(5) C is preserved by Ul and M and h(—z) = L for any = € C.

(6) If h is injective, then h is quasi-injective.
Now we investigate how filters of D and M are related.

Remark 4.5. Let h: D — M be a homomorphism of dBas and F' be a filter of
D. Then the filter generated by h(F) is equal to {y € M | 3= € F,h(z) C y},
and h(F) is a base of Filter(h(F')). Dually, if I is an ideal of D, then h(I) is a
base of Ideal(h(I)) ={y € M |3z € I,h(z) C y}.

We consider the maps:
7:F(D)— F(M), Fw 7(F):= Filter(h(F))

and
v:I(D)— I(M), I~ v(I):=Ideal{h(I)).

Clearly the maps 7 and v are well defined.

Lemma 4.1. Let h: D — M be a homomorphism, 11,15 € I1(D), Fy, F; € F(D)
and a € D. The following hold.

(1) 7(F(a)) = F(h(a)) and v(I(a)) = I(h(a)).

(2) 7 and v preserve the order, and also reflect the order if h is quasi-injective.

(3) (ii) T(F1 N Fg) = T(Fl) N T(Fg) and T(F1 V FQ) = T(Fl) vV T(Fg). Similarly
I/(Il N IQ) = l/(Il) N V(IQ) and l/(Il V IQ) = l/(Il) V V(IQ).

(4) If h is quasi-injective, then h(F) is a filter and h(I) an ideal of h(D), and
h(Fl V Fg) = h(Fl) vh h(Fg), h(F1 N Fg) = h(Fl) N h(Fg), h(Il V _[2) =
h(Iy) VP h(I3) and h(I; N I3) = h(I1) N h(I2), where V" is the join in the
lattice of filters/ideals of h(D).

Proof. Let y € M.

(1) If y € F(h(a)), then h(aMa) = h(a) Mh(a) C y, and y € 7(F(a)). If
y € 7(F(a)), then there exists x € F(a) such that h(z) C y. Since x € F(a);
we get aMa C z and h(aMa) = h(a) Mh(a) C h(z) Ey, soy € F(h(a)). Thus
F(h(a)) = 7(F(a)). The rest is proved similarly.
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(2) If F; C F5, then obviously 7(F;) C 7(Fz). Conversely, if h is quasi-
injective and 7(Fy) C 7(F3), then for any 1 € Fi,h(z1) € 7(F1) C h(Fz), and
there exists xo € Fb such that h(xg) C h(xp). Therefore zo T xy, since h is
quasi-injective. Since F3 is a filter and zo € F5, we deduce that x; € F» and
Fy C F;. The proof for v is obtained similarly.

(3) T(F1 N Fy) C 7(Fy) N7(Fy) and 7(F1) V 7(Fy) C 7(F1 V Fy) follow from
(2). If y € 7(F1) N7(Fy), then there are x1 € F} and x9 € F5 such that h(z1) Cy
and h(zxz) C y. We get h(zx; V x2) = h(z1) Vh(ze) CyVy =yMNy C y and
x1Vxe € F1NFy, since F(x1Vay) = F(z1)NF(x2) C FiNFy (by (7) of Proposition
3.3). Thus 7(F1 N Fy) = 7(F1) N 7(F3).

If y € 7(Fy V Fy), then there is x € F} V Fy such that h(z) C y. Thus there
are 1 € F; and z9 € F5 such that x1 Mzy C z. Since h is a homomorphism
we get h(z1) Mh(ze) = h(xy Mag) C h(z) E y and y € 7(F1) V 7(Fy). Thus
T(Fl) V T(Fg) = T(F1 V FQ)

The proof for v is obtained similarly.

(4) We assume that h is quasi-injective. Note that h(D) is a dBa.

If ai,as € h(F), then there are x1,z9 € F such that a; = h(x;) and az =
h(zz). We get ay Mag = h(zy) M h(zz) = h(zy M) € W(F). If b € h(D)
and a; € h(F) such that a; C b, then there are z € D and z; € F such that
a; = h(z1) £ b = h(z). Since h is quasi-injective, we get 1 C = and € F.
Thus b = h(x) € h(F'), and h(F) is a filter of A(D). Similarly, h(I) is an ideal of
h(Q) Fi, F» C Fy VvV F, implies h(Fl) Vvh h(FQ) - h(F1 vV Fg). Ity e h(F1 vV Fg),
then b = h(x) for some = € Fy V Fy. Thus, there are z; € F} and z9 € F; such
that z1 Mae C x. It follows that h(z1) M h(ze) = h(zy Mxze) C h(x) = b, and
be h(Fl) vh h(FQ)

h(F1 N Fy) C h(F1) Nh(Fy). If b € h(Fy) N h(Fy), then there are x; € Fy
and zy € Fy such that h(x1) = b = h(xz). We have bMb = h(z1) V h(z2) =
h(acl \/.’L'Q) € h(Fl ﬂFg), and bMb € h(Fl ﬂFg), sobe h(Fl ﬂFg); since h(Fl ﬂFg)
is a filter. The proof for ideals is obtained similarly. [ |

Proposition 4.6. Let h: D — M be a dBa homomorphism. The following hold.

(1) 7 and v are homomorphisms of bounded lattices.

(2) If h is quasi-injective, then T and v are injective. If h is onto, then T and v
are onto. T (resp. v) is an isomorphism iff h is a quasi-isomorphism.

(3) If D and M are complete dBas and h a homomorphism of complete dBas,
then T and v are complete lattices homomorphisms.

Proof. Let h: D — M be a dBa homomorphism. Let F}, F» € F (D).
(1) By (3) of Lemma 4.1 7 and v are lattices homomorphisms.

(2) If h is quasi-injective and 7(Fy) = 7(F2), then by (2) of Lemma 4.1
F =F,.
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If h is onto and G € F(M), then h=*(G) is in F(D) and 7(h"Y(G)) = G,
since G = h(h~}(Q)).

If A is a quasi-isomorphism, then h is quasi-injective and onto. Thus 7 and
v are injective and onto, and therefore isomorphisms.

If 7 is an isomorphism, then for aq,as € D,

a1 Cas & Flay) C F(ag) < 7(F(a1) C 7(F(ag))

< F(h(a1)) C F(h(a2)) < h(a1) C h(az).
Thus h is a quasi-isomorphism.
(3) Assume that D and M are complete dBas.
Let {F; : j € J} C F(D). Since 7 is isotone, we get i;/JT(Fj) - T(j\e/JFj) and
T(jQJFj) - jQJT(Fj). Let y e M. If y € T(jg]ﬁ}'), then there is x € j\G/JFj such
that h(z) C y. Thus there are iy,...,i, € Jn>1land x;, € F;,,l =1,...,nsuch

that z;, M---Mx;, C 2. Furthermore, A is compatible with M and C is transitive,
so h(x; )M+ -Mh(z;,) E h(x) C y. Thereforey € 7(F;,)V---V7(F;,) C '\/JT(FJ').
j€
Ify e -mJT(Fj)’ then for all j € J, there is x; € Fj such that h(z;) C y.
j€
Since h is a homomorphism of complete dBas we get .\/Jh(acj) = h( .\/Jacj) Cy
j€ j€
d Ve NFj er( N Fy). [ ]
an T S SO ¥ T(jeJ )

jedJ

5. POWER OF DOUBLE BOOLEAN ALGEBRAS

It is known that if L := (L, <) is a (complete) lattice, and X a non-empty set,
then the set LX of all maps from X to L forms a (complete) lattice when ordered
pointwise, i.e., for all f,g € LX,

f<g:© f(x) <g(z) for all z € X.

For U C L we set L(x,U) = {f € L* | f(z) € U}. If Uis a filter (resp. an
ideal) then L(z,U) is a filter (resp. an ideal). We will now consider the set DX of
all maps from X to D, where D is a double Boolean algebra and X a non-empty
set. The dBa operations are extended to DX, pointwise. For f,g € DX and

e X.
o (fM9)(x) = f(x)Mg(x), o (uf)(x) =af(2),
o (fUg)(x) = f(x)Ug(x), o (fVylx)=flx)Vg(zr),
o (=N)@)=~f(x), o (fAg)(x) = flx) Aglx).
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We denote by ¢, the constant map X — D,x — a. For any a,b € D, we have

Gare = Ga 11 b, Paiy = Pa U Op, _‘(¢a) = ¢-q and J(¢a) = ¢ 4. The algebra
DX = (D¥X,M,U,~, 5,¢6.,¢7) is a dBa called a power of the dBa D. The
corresponding quasi-order is given by

fEg:& f(x) Cg(x)for all z € X.

For any a € D, it holds a C b < ¢, C ¢p.

To keep the notation simple, we set L := DX. Our aims is to investigate the
relationship between D and L. We show that if D is complete, then L is complete
and D is contextual, fully contextual (resp. trivial) if and only if L is contextual,
fully contextual (resp. trivial). We will also show that the lattice F(D) (resp.
Z(D)) embeds in F(L) (resp. Z(L)).

Proposition 5.1. Let U C D and x € X. The following hold.

(1) (8) Ln={f € L[ f(X)<S Dn}, (b) Lu={f€L|f(X)C<Du}.
(2) D is contextual if and only if L is conteztual.

(3) D is fully contextual if and only if L is fully contextual.
(4
(

5

)
)
) If D is complete, then L is also complete.

) U is a (proper) filter (resp. an ideal) of D if and only if L(x,U) is a (proper)
filter (resp. an ideal) ideal of L.

(6) U is a prime/mazimal filter (resp. ideal) if and only if L(x,U) is a prime/
mazimal filter (resp. ideal).

(7) D is trivial if and only if L is trivial.

Proof. (1) (a) Let Y = {f € L | Vx € X, f(z) € Dn}, by definition we have
Y C LA Let f € Lo, then fNf = fand (fNf)(x) = f(x) Vo € X, that is
f(z)N f(x) = f(x) Ve € X and f € Y, therefore Ln C Y. Thus Y = Ln. Dually
we can show that (b) holds.

(2) Assume that D is contextual. Let’s show that L is contextual. Let
f,9 € L such that f C g and g C f, we show that f = g. Let x € X, then
f(z) C g(x) and g(z) C f(x). Since D is contextual, we get f(z) = g(x), so
f(z) = g(x) for all x € X and therefore f = g. Thus L is contextual. Conversely,
assume that L is contextual. We show that D is contextual. If a,b € D such
that a C b and b C a, then ¢4, ¢, € L (1) and ¢, T ¢ and ¢ C ¢, (2). Since
L is contextual, (1) and (2) yield ¢, = ¢, that is a = b (due to ¢, and ¢y, are
constant maps), therefore D is contextual. Thus (2) holds.

(3) Assume that D is fully contextual. Then D is contextual and by (2) L
is also contextual. Let f € Ln,g € L, such that fU f =gMg (x). We search
a unique h € L such that hMh = f and hUh = g. Since () holds, for all
z € X, f(x)U f(z) = g(x) Ng(z), furthermore f(x) € D and g(x) € Dy, (due to
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f € Ln and g € L)). By the fact that D is fully contextual, it follows that for
all y € X, there is a unique z, € D such that z, Mz, = f(y) and z, Uz, = g(y).
Setting h : X — D,y — h(y) = zy, h is well defined (due to z, unique), and for
all y € X, h(y) Mh(y) = f(y) and h(y) U h(y) = g(y). It follows that AN h = f
and h U h = g. Thus L is fully contextual.

Conversely, we suppose that L is fully contextual. Let’s show that D is fully
contextual. Since L is fully contextual, it is contextual and by (2) L is contextual.
It remains to show that for any a € Dn,b € D, such that a U a = b b, there
is a unique ¢ € D such that cMec¢ = a and cUc =b. If a € Dn,b € Dy
such that aUa = bMb, then ¢, € Ln,¢p € Ly with ¢pp = ¢ M ¢y, since
G U dp = Gy and ¢g M @y = Parip. Thefrefore ¢, U ¢pg = ¢ M ¢p and L fully
contextual, we deduce that there is a unique f € L such that fU f = ¢ (%1)
and f M f = ¢, (*2). Let’s show that f is a constant map. Let xj,z0 € X
such that x1 # x9, we get f(z1) U f(z1) = b = f(x2) U f(z2) (x3) (using (*1)
and f(z1) 1 f(21) = a = f(x2) N f(22) (x4) (using (+2)). (x3) and (+4) together
with (14) of Proposition 2.2 yield f(z1) C f(z2) and f(z2) C f(x1), therefore
f(z1) = f(x2) (due to D contextual); therefore f is a constant map and there is
aunique ¢ € D such that for any = € X, f(z) = ¢, so f = ¢., and from (x;) and
(%2) we get clUc = b and clMec = a. It follows that D is fully contextual.

(4) Assume that D is complete. Let Y C L. If Y C Ln, set MY = fgyf
and (fle_lyf)(w) = fle_lyf(x); if Y C Ly, set LY = flglyf and (flglyf)(x) = flélyf(ac).
Since D is complete, fgyf € Ln for any Y C L, and fle_lYf € L, forany Y C L.
Thus L is complete.

(5) We show the case of ideals and that of filters is obtained similarly. Assume
that U is an ideal of D, then ¢, € L(z,U) and L(z,U) # (. If f,g € L(x,U), then
(fug)z)=f(z)Ug(x) eU;so fUge L(z,U). If fC gand g € L(z,U) then
f(z) C g(x) and g(z) € U; so f € L(z,U). Thus L(x,U) is an ideal. Conversely,
assume that L(z,U) is an ideal of L, then ¢ € L(z,U) and L € U; so U is a
non-emptyset. Let a,b € U, then ¢, ¢y € L(z,U) and ¢q U ¢y = dgp € L(z,U);
therefore a LUb € U. Let b € U,a € D such that a C b, then ¢, C ¢ and
¢a € L(z,U) (due to L(x,U) is an ideal); so a € U. Therefore U is an ideal of D.

Now assume that U is a proper ideal of D, then T ¢ U and L(z,U) is an
ideal. Since T ¢ U, we get ¢ & L(z,U). Thus L(z,U) is a proper ideal of L.
Conversely, assume that L(x,U) is a proper ideal of L, then ¢t ¢ L(z,U), that
is T € U, therefore U is a proper ideal of D.

(6) (a) Assume that U is a prime ideal of D. L(z,U) is an ideal of L by (5).
Let f,g € L such that fMg € L(x,U), then (fMg)(z) = f(x)Ng(x) € U; since U
is prime we get f(x) € U or g(z) € U; it follows that f € L(z,U) or g € L(z,U).
Therefore L(z,U) is a prime ideal of L. Conversely, assume that L(z,U) is a



FILTERS, IDEALS AND POWER OF DOUBLE BOOLEAN ALGEBRAS 471

prime ideal of L. Let a,b € D such that alb € I, then ¢urp = ¢ M dp € L(z,U);
since L(x,U) is a prime ideal, we get ¢, € L(x,U) or ¢, € L(z,U) and a € U or
b € U; therefore U is a prime ideal.

(b) Assume that U is a maximal ideal of D. We will show that L(z,U) is
also a maximal ideal of L. Since U is a proper ideal, L(z,U) is also a proper
ideal. Let f € L\ L(x,U), then f(z) ¢ U. Let’s show that (L(z,U)U{f}) =L,
that is for g € L there exists h € L(x,U) such that ¢ C hU f.

Let g € L. Since U is maximal, (I U{f(z)}) = D, and there exists i, € U
such that g(z) C iy U f(x). Let h : X — D, defined by h(z) =i, and h(y) = g(y)
ify#x. Thenhe€ Land gC hU f. Thus L = (L(z,U)U{f}) and L(z,U) is a
maximal ideal.

Conversely, assume that L(z,U) is a maximal ideal of L. Then U is a proper
ideal of D. Let a € D\ U, then ¢, ¢ L(z,U) and (L(z,U) U{ds}) = L (x)
(because L(z,U) is a maximal ideal). Let b € D, from (x) there is f € L(z,U)
such that ¢, C f U ¢g; so f(xz) € U and b T f(x) U a; therefore D C (I U {a}).
Thus U is a maximal ideal of D.

(7) Assume that D is trivial, then L U 1 =T M T. Thus for all z € X,

(LU )(z)=LUL=TNT=(¢7rMNoT)(2).

Therefore ¢ | LI ¢ = ¢7 M o1 and L is trivial. Conversely, if L is trivial, then
¢pTNoT =3¢ Up and TMNT = LU L. Therefore D is trivial. Thus (7) holds. m

Recall that for any a € D, ¢, is the constant function of value a. For any
F € F(D), I € I(D) we set I* = {¢, | y € I}, F* = {¢, | y € F} and
I(D) ={I" |1 € I(D)}, F(D)* ={F" | F € F(D)}.

We define also @ : D — L by ®(a) = ¢,. It is easy to see that his function is
a quasi-embedding. The following lemma gives some properties of the operator *.

Lemma 5.1. Let F, F;,i = 1,2 be filters and I,1;, i = 1,2 ideals on D. The
following hold.

(1) (i) F* is a filter of ¢(D) and F* C L(z, F) for every x € X. (ii) I* is an
ideal of ¢(D) and I* C L(x,I).

(2) * is an increasing map on the lattice of filters (resp. ideals).
3) (i) (NF))*= nF¥ (i) VFf=(V Fj)*.
) B (0F) = 0, () V= (V)

4) 1) (N )= nI7, (1) v Ii=(VI;)*.
@ O (0L = 05 60) VI = (V1)

Proof. 1t is an easy check. [ |

The following proposition is useful for the proof of Theorem 5.2.
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Proposition 5.2. Let {F;,j € J} C F(D) and {[;,j € J} C I(D). The
following hold.

(1) I, C 1, if and only if L(z, I,) C L(x,I;), for any p,q € J.
(2) F, C Fy if and only if L(z, F),) C L(x, Fy), for any p,q € J.
(3) (a)L(fUaé/JF) V L(z, Fj), (b) L(z, (N F) = () L(=, F}),

JjeJ e Jj€J
(4) (a) L(z, V I;) = \V L(z,1;), (b) L(z, N I;) = () L(x, ;).
jed jed jeJ jed

Proof. An easy check using the constant functions give the proof of (1), (2), (3)
(b) and (4) (b).
Claim. For every fiters F} and Fy, we have L(x, Fy V Fy) = L(x, F1) V L(x, F»).
Since Fy, Fo C Fy V Fy, using (2) we get L(x, F1) V L(x, Fo) C L(z, Fy V F).

It remains to show that L(x, F1V Fy) C L(z, F1)V L(x, F»). Let f € L(z, F1 V
F), then f(x) € Fy V Fj; so there are y; € F;, i = 1,2 such that y; Mys C f(z).
Let f; : X — D,t— fi(t), i = 1,2 be defined by

v ift =z,
filt) = { ft) ift# .
Therefore f; € L(z, F;), i = 1,2 and it is easy to see that f; M fo C f. Thus
L($, Fi v Fg) - L(m,Fl) V L(m,FQ)

Second, the above claim can be generalize to a finite number of filters by
induction (xx).

Thirth, an easy check give a generalization of (3) (a) as follow. If J is a
non-empty set and {4; C D : j € J} a family of non-empty subsets of D, then

L(UJA> - ULt (o

Fourth, we finalize our proof. From (x) of Remark 3.5 we get

L<x,\/Fj>:L<x, U (Filv---szn)>

JjeJ (il,...,in)Ej
= U L@Rv-vE) (by)
(i1,00nyin ) ET*
= U [L(z, Fy) V-V L(z, F;,)] (by ()
(’i17 7An)€j
= \/L /) (aplying(x) of Remark 3.5).
jeJ

Thus (3) (a) holds. |
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We consider the following two algebras:

F(D)" = (F(L)5 AV, F(L)* F(T)"}), ZD)* = (I(D)"5 AV, I(L)" I(T)™}).
From Lemma 5.1, we can see that they are lattices of filters (resp. ideals) of
¢(D).

Theorem 5.2. Let x € X.

(1) ¥, : F(D) — F(L),F — L(x,F) (resp. ny : I(D) — I(L),I — L(x,1I)) is

an embedding of complete lattices.

(2) *: F(D) - F(D)*,F — F* (resp. * : I(D) — I(D)*,I — I*) is an

isomorphism of complete lattices.

Proof. It is a direct consequence of Proposition 5.2 and Lemma 5.1 [ |

Recall that for any F € F(D), F® ={f € L |3y € F,¢, C f} € F(L) and
forany I € I(D), I ={f € L:3ye I, fC ¢,} € I(L).

Remark 5.3. If X is finite, then for any F' € F(D), I € I(D), the following
hold.

F? is the least filter of L containing F* and F¢ = N L(z, F).
X
4SS

I? is the least ideal of L containing I* and I® = N L(z, ).
X
Te

) Each filter F* of ¢(D) is a base of 7(F) in L.

(1
(2
(3) ¢(D) is a subalgebra of L isomorphic to D.
(4
(5) Each ideal I* of ¢(D) is a base of v(I) in L.

Theorem 5.3. Let L and ¢ as above, the following hold.

(1) 7: F(D) = F(L),F ~ 7(F) = F? is an embedding of lattices. Furthermore,
if D is a complete dBa, then T is an embedding of complete lattices.

(2) v:I(D) — I(L), I+ v(I)=1I? is an embedding of lattices. Furthermore, if
D is complete dBa, then v is an embedding of complete lattices.

Proof. It is an easy consequence of Proposition 4.6. [ |

In the sequel, X = D and L = DP. For any a € D, we denote by ®,, U,,,
Na, ha the elements of L defined by: ®,(x) =aMx, ¥u(z) =alz,ne(z) =a Az,
ho(z) =aV x and P,Q, M and N the sets:

P:{Tla‘aEDU}7Q:{h¢1’a€Dm}7
M ={®,|a€ Dn}and N ={¥, | a € D}

The following two lemmas give some properties of the above maps.
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Lemma 5.4. Let D be a dBa, a € D and ®,,9,, h, and n, as above. The
following hold.

(1) na,ha, g and ¥, are isotone maps.

(2) (i) nq (resp. V,) is compatible with L and A, (ii) hqe (resp. @q) is compatible
with M and V.

(3) (1) o Eme C Vg, (i) o C he T ¥y
(4) If a T b, then (i) ®q C Py, (i) Vo T Wy, (iii) he T hp, (iv) 17 E np-
Proof. (1) It is an easy check using the compatibility of C and the operations
of D.

(2) () If 2,y € D, then ne(z) Una(y) = (aAz)U(aAy) = aA(zUy) (by (i)
of Proposition 2.3 = n4(x U y); so 7, is compatible with L. For A we have

1a(2) A 1a(y)

=aANzANaANy=(aNa)A(xAy) (by commutativity and associativity ofA)
=(aUa)AN(xAy)=[(xAy)Aa]U[((x Ay)Aa] (by (i) of Proposition 2.3)
=aA(zAy) (duetoa Az Ay € D) =nq(xAy).

Hence n, is conmpatible with A. From the properties of a dba ¥ is compatible
with U and A.

(3) follows from (14) of Proposition 2.2.

(4) follows also from the compatibility of the relation C with operations. m

Lemma 5.5. Let D be a dBa, let a,b € D, and L := (DP;N,U,—, 13,01, ¢7).

The following hold.

(1) () 1a U = Naw, (i) 7 AN = Nanb = Ma © M, (iii) e A Na = N UNa = a-
(2) (i) hgMhy = hgrp, (i1) ke V hy = hayp = hg o hy, (iii) hq V hg = hg = ha M hg.
(3) (i) PPy = Pyrp = ProPy, (ii) PV Py = Pyvs, (iil) PP, = P = P, VD,.
(4) (1) U, Uy =Ty =T, 0T, (11) U, AUy = Uynp, (111) v, uv, =9, =

Ya N g
(5) (i) heM(hpVhe) = (haMhy)V (heMhe) and hyV (heMhg) = (he\Vhp)M
(ii) UaU(Ub/\Uc) = (naunb)/\(nal—mc) and na/\(nal—ma) = (Ta /\nb)l—l

haVhe).

77a/\77c)-
(iii) Uuo A (TpU W) = (Vg AUy) U (Ty AT,) and Yo U (U AW,) = (P, U
Uy) A (T U,
(iv) @q V (Pp M Pe) = (Pg ADPp) M (¥ V D) and O M (D V D) = (P M
D) V (P, U D).
(6) (1) Tla © v, = gbaua) (11) U,o0d, = gbaua) (111) D0V, = gbaﬂa) (IV) ha od, =
¢aﬂa-

—
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Proof. Recall that for every f,g € L = DP and a,z € D, (fNg)(z) = f(z) N

9(@), (fug)(x) = f(z)Ug(x), (=f)(x) = =(f(@)), (1f)(x) =2f(2), ¢a(z) = a and
¢ (resp. ¢7) is the least (resp. greatest) element of L. Let a,b,x € D.

(1) For (1) (i) we have

(1o U ) () = 70() U () = () i () = mu(@ U B) by (2) of Lemma 5.4
= Tlaub(x)-

So (1) (i) holds. For (1) (ii), we have

(Ma A1) (2) = nalz) Amp(x) = nz(a) A ne(b)
= nz(a Ab) (by (2) of Lemma 5.4 and 1, compatible with A)
= Narb(T) = Ng o My(x) (using associativity of A);

therefore (1) (ii) holds.

For (1) (iii) we have nyuq(z) = z A (aUa) = (x Aa)U (x Aa) (by (ii) of
Proposition 2.3) = (a A z) (due to a Az € D)) = ng(z).

(2), (3) and (4) are obtained similarly to (1).

(5) is obtained from (1), (2) and (3).

(6) Let x € D. (i) we have 1,0 ¥u(x) = a A (aUz) = aUa (using (ii) of
Proposition 2.3) = ¢ 1e(z) and U, o0n,(z) =al(aAz) = ala = ¢ge(x) (using
axiom (7b). Hence 1, 0 ¥, = ¥, 01y = daria-

(i) 0P, (x) = all(aMz) = ala (by axiom (5b)) = ¢giq(x) and P,0V¥,(x) =
af(aUx)=aMNa (by axiom (5a)) = ¢gna(x). ]

Furthermore, for any a € Dn (resp. D) we set &S := ®_,, hS := h-, (resp.
Ve =W ,, 05 =1.,). Lemma 5.5 allows us to consider the folowing algebras:

B = (P7 /\7 |—|70777J_L|J_7T,T)7 Q = (Qv |_|7 \/’C ) hJ_7 hTﬂT)a

M= (M;AUS P, 1) and N := (N; AU, U 1, UT).
We consider also the following maps:
¢ *: Dn—- M,a—®,; V*:Dy— N,a— Uy, n*:Dy— Pa—ng,
e h':Dnh— Q,a— hgand U : D,y — D,z — ¥, (x),
e nt:Dy—Dy,xr—alzx, h: Dqn— Dn,z— zxNaand @) : Dn — Dn,x —

allx.

The following Theorem shows that the algebras P and M (resp. Q and N)
are Boolean algebras isomorphic to D, (resp. D).
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Theorem 5.6. Let D be a dBa, a € D, L = QD, P, Q,M and N as above. Then
the following hold.

(1) P and N are Boolean algebras isomorphic to D,.
(2) M and P are Boolean algebras isomorphic to Dp.

(3) The maps @}, h’, W n% are homomorphisms of distributive lattices.

Proof. (1) From Lemma 5.5, P, @, M and N are distributive and complemented
lattices. So they are Boolean algebras. Hence (1) and (2) hold.

Now we show that P is isomorphic to D. Le n* : Dy — P,x +— n4. n* is
well defined. For any a € D, n*(ua) = 1,6 = (12)¢ = (n*(a)); further, by (1)
(i) and (1) (ii) of Lemma 5.5 we deduce that n* is a homomorphism of Boolean
algebras. By definition, n* is onto. Let a,b € Dy, such that n*(a) = n*(b), then
Na(a) = mp(a), and 174 (b) = ny(b); therefore aNa=bAb;soaNa=ala,bANb=
bUb=b. It follows that a = b and n* is one-to-one. Thus n* is an isomorphism.
A similar argument shows that the rest are also isomorphisms.

(3) follows from (1) and (2) of Lemma 5.4. ]

Corollary 5.4. Let D be a dBa, M, P,Q, N be the Boolean algebras of Theorem
5.6. The following hold.

(1) The map ® : D — L,ya — ®, and h : D — L,a — h, are compatible with

C,V and 1.

(2) The maps ¥ : D — L,a+— ¥, andn: D — L,a > n, are compatible with
U, A and C.

Proof. It follows from Lemma 5.5. [

6. CONCLUSION

In this work, we have described filter (ideal) generated by an arbitrary subset of a
double Boolean algebra and we have shown that its principal filters (resp. ideals)
form a bounded sublattice of the lattice of filters (resp. ideals) and are (non
necessary isomorphic) Boolean algebras. We have also shown that F(D) (resp.
Z(D)) and F(Dn) (resp. Z(Dy)) are isomorphic algebraic lattices. We have
also shown for dBas that are not Boolean algebras, primary filters (resp. ideals)
are exactly ultrafilters (resp. maximal ideals) and primary filters (resp. ideals)
need not be a prime filter (resp. ideal). We have investigated some properties
of homomorphisms of dBas. For a double Boolean algebra D and an arbitrary
non-empty set X, we have that D embeds in the power L := DX of D, and D
is contextual, fully contextual (resp. trivial) if and only if L is contextual, fully
contextual (resp. trivial); and if D is complete, then L is complete. We have
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also seen that the lattice F(D) (resp. Z(D) embeds in F(L) (resp. Z(L)). The
purpose of our future work is to investigate the variety of dBas and some useful
properties of protoconcepts algebras with possible applications in formal concepts
analysis.
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