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Abstract

In this paper, we explicitly determine the LC'D minimal and maximal
cyclic codes of length 2p over finite fields IF; with p and ¢ are distinct odd
primes and ¢(p) = p—1 is the multiplicative order of ¢ modulo 2p. We show
that, every LC'D maximal cyclic code is a direct sum of LC' D minimal cyclic
codes.
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1. INTRODUCTION

Let F, be a finite field with ¢ elements, where ¢ is a prime power. An [n, k] linear
code C over [, is a linear subspace of ) with dimension k. Let C be an [n, k]
linear code over F,. Then the dual code of C' is defined as

Ct={beF}:bc" =0 VceC},

where bc! denotes the standard inner product of the two vectors b and c (see [6]).
A linear code with a complementary dual (an LC'D code) was defined to be
a linear code C whose dual code C satisfies (see [8])

cnct ={0}.

The linear code C of length n over the finite field [, is said to be cyclic if
(co,c1,¢2,...,¢n—1) € C implies (¢,—1,c0,¢2,...,cn—2) € C. We can also regard
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C as an ideal in the principal quotient ring R,, := F4[z]/ (2™ — 1). By identifying
any vector (co,c1,¢2,...,cn—1) € Fy with

co+cix+-+ep12"tER,.

A code C in R, is a cyclic code over F, if and only if C' is an ideal in the
principal ring R,,. Let C' be a cyclic code of length n over F,. Then there exists
an unique polynomial g(z) € F,[z] such that C = (g (z)) and the dual code of C
is O+ = (h* (z)) where

and

is called the reciprocal polynomial of h(x).
For any polynomials f(z), g(z) € Fy[z] we have

(fg)" = fg"

LCD cyclic codes over finite fields called also reversible cyclic codes were first
introduced and studied by Massey [7] in 1964. Yang and Massey gave a necessary
and sufficient condition for a cyclic code to have a complementary dual [11].

In this paper, we are intersted to construct two classes of LC' D cyclic codes
of length 2p over F,, with p and ¢ are distinct odd primes and ¢(p) =p — 1 is
the multiplicative order of ¢ modulo 2p. (¢ denotes Euler’s phi-function). In the
same conditions as above, we show that every LC'D maximal cyclic code can be
represented as an unique direct sum of three LC' D minimal cyclic codes.

The objective of this paper is to determine two classes of LC'D cyclic codes
of length 2p over [F, and the relationship between them with p and ¢ are distinct
odd primes and ¢(p) = p — 1 is the multiplicative order of ¢ modulo 2p.

2. PRELIMINARIES

Let IF, be the finite field with ¢ elements and let n be a positive integer co-prime to
q. A cyclic code C of length n over F is a linear subspace of Fy, it is known that
any ideal C'in R, = F,[z]/ (2™ — 1) is generated by an unique monic polynomial
g(x) of the least degree in C. The polynomial g(z) is a divisor of (2™ — 1), and
is called the generating polynomial of the code C. The integer k = n — deg g(x)
is called the dimension of the subspace C' and |C| = ¢*. A minimal ideal in R,,,
is called minimal (or an irreducible) cyclic code of length n over F,. Again, a
maximal ideal in R, is called a maximal cyclic code of length n over F,.
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Let Z, = {0,1,2,...,n — 1} denote the ring of integers modulo n. For
a,b € Zy,, we say that a ~ b if a = bg" (mod n) for some integer i > 0. The
relation ~ is an equivalence relation on the set Z, and partitions the set Z,, into
disjoint equivalence classes called the g-cyclotomic cosets.

For s € Zj,, the class of s denoted by Cj is given by

Cs = {s,sq, sq, ... ,sq”rl} (mod n),

where n; is the smallest positive integer such that s¢™ = s (mod n) (see [2]).
The smallest nonnegative integer in Cj is called the coset leader of Cs.
Let I'(, q) be the set of all the coset leaders.Then we have

U Cys = 7.

5€(n,q)

m_1

Let a be a generator of Fym, where m = ord,(q), then the element g = a’
is a primitive n-th root of unity in F,m, then for each integer s, the polynomial
(see for example Ling and Xing [5])

ms (z) = H (x—ﬁj)
JjeCs

is the minimal polynomial of 3° over I, which is irreducible over F,.
It then follows that
" —1= H ms ()

$€L(n,q)
gives the decomposition of ™ — 1 into irreducible factors over [F,.
The cyclic code my in R,, generated by (in(;l)) is called a minimal cyclic code

of length n over F, or irreducible cyclic codes and the cyclic code My in R,
generated by mg (), is called a maximal cyclic code of length n over F,.

For more information see, for example, [3, 4] and [6].

We recall some definitions as below:

e A linear code C over F, is said to be linear complimentary dual (LCD) if
CnCot ={o}.

e A polynomial f(z) is said to be self-reciprocal if f(x) = f*(z), where f*(x)
is the reciprocal polynomial of f(x).

e A linear code C of length n is said to be reversible if (¢;,—1, ¢y—2,...,¢1,¢0) €
C whenever (cg,c1,...,¢p—1) € C.

e A cyclic code C = (f (x)) of length n over Fy is reversible if f(z) is a self-

reciprocal polynomial.

Remark 1. LCD cyclic codes were referred to as reversible cyclic codes in the
literature.
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3. FACTORIZATION OF 2% — 1 OVER F, AND AUXILIARIES

In the paper [10], the authors determined the g-cyclotomic cosets modulo 2p™
with n > 1 is an integer, and p is an odd prime over the finite fields F, where ¢ is
a power of an odd prime number, with (p,q) = 1 and ¢(p") is the multiplicative
order of ¢ modulo 2p™. In this paper, we are intersted in the special case n = 1
(see [1, 2, 4]).

Proposition 2. Let Zy, = {0,1,2,...,2p — 1} denote the ring of integers mod-
ulo 2p and ¢(p) is the multiplicative order of ¢ modulo 2p. Then Zsy,, can be
partitioned into 4 g-cyclotomic cosets.
Proof. For s € Zy,, the class of s denoted by Cs is given by

Cy:= {s,sq,sq2, . .,sq"sfl} (mod 2p).

Since ¢ has order ¢(p) (mod 2p), so ¢ also has order

¢ (P*") (mod2p* ), 1< i<2.

Then
P =1 (mod 2p*~%)
or
P = pit (mod 2p)
and
2 1g?@* ") = 951 (mod 2p).
Hence
Cpim1 = {pi’l,pi’lq, . ,pi’lqd’(ph)’l}

and

o o
Copi-1 = {21)2 Loplg,... 2p" gt 1}-

Since |Cp| = |Cp| =1 and |C4| = |C2| = p — 1, we have

C()UCPUClUCQ:ng. .

In this section, we consider the complete factorization of 2% — 1 over Fy, with
p and ¢ are distinct odd primes and ¢(p) = p — 1 is the multiplicative order of ¢
modulo 2p.
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Proposition 3. Let F, be a finite field with q elements and p be an odd prime
coprime to q. Let 2p|¢™ — 1, where m = orday(q), then

2 — 1= H ms (x) ,

s€l2p,q)

where
mO(w) =T — 17

mp(z) =+ 1,
my(z) =aP ™t —aP 2 4,
mo(x) =aP 14 2P 4. f 41

Since the classes Cy, Cp,, C1, C5 are all the distinct g-cyclotomic cosets modulo
2p, we have

Mo = (mo(x)), My = (mp(2)), My = (m1(z)), Mz = (ma(z)),

are precisely all the distinct maximal cyclic codes of length 2p over F,.
And we have

o= () o= () i = () = ()

are precisely all the distinct minimal cyclic codes of length 2p over F,,.

In this paragraph we are intersted to determine two classes of LC'D cyclic
codes of length 2p over [F, with p and ¢ are distinct odd primes and ¢(p) =p—1
is the multiplicative order of ¢ modulo 2p.

The following tables, gives the generating polynomial and the corresponding
reciprocal polynomial of the above maximal and minimal codes.

Table 1. The reciprocal polynomial of the generating polynomial of the maximal cyclic
codes of length 2p over F,.

Codes | Generating polynomial g (z) | The reciprocal polynomial
g*(x) of g(x)

My | mo(x) (x)
M, mp(z) mp ()
my () (x)
ma(x) (x)

My
My
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Table 2. The reciprocal polynomial of the generating polynomial of the minimal cyclic
codes of length 2p over F,.

Codes Generating polynomial g (x) | The reciprocal polynomial
g* (x) of g (x)

o = (o) | mp(e) xma@) xma(e) | mp(@) x ma(@) x ma(a)

my = <(f::(;§)> mo(x) x my(x) X ma(z) mo(x) x my(x) X ma(z)

i = <<§f(;§>> mo(z) x my(z) X ma(z) mo(z) x my(z) X ma(z)

iz = (S0 [ mo(@) x my(e) xma(@) | mo(@) x myla) x ma(a)

In [11], a necessary and sufficient condition for the existence of LC'D cyclic
codes of length n over F, is given.

Theorem 4 [6]. Let C be a cyclic code of length n over F, with generator poly-
nomial g(x) and ged(n,q) = 1. Then the following statements are equivalent.

1. C is an LCD cyclic code.
2. g(x) is self-reciprocal, i.e., g* (x) = g(x).

Proposition 5. Every maximal cyclic code of length 2p over F, is an LCD
mazximal cyclic code of length 2p over F,, where p and q are distinct odd primes
and ¢(p) = p — 1 is the multiplicative order of ¢ modulo 2p.

Proof. Let C = (g(x)) be a maximal cyclic code of length 2p over F,. Then,
from Table 1, g(x) is a self-reciprocal. By Theorem 4, the code C is an LCD
cyclic code. [ |

Proposition 6. Every minimal cyclic code of length 2p over F, is an LCD
minimal cyclic code of length 2p over Fq, p and q are distinct odd primes and
o(p) = p — 1 is the multiplicative order of ¢ modulo 2p.

Proof. Let C = (g(x)) be a minimal cyclic code of length 2p over F,. Then,
from Table 2, g(z) is a self-reciprocal. By Theorem 4, the code Cis an LCD
cyclic code. [ |

4. RESULTS CONCERNING SOME LC'D CYCLIC CODES OF LENGTH 2p

In this section we determine the relationship between the LC'D maximal cyclic
codes and the LC'D minimal cyclic codes of length 2p over F,, with p and ¢ are
distinct odd primes and ¢(p) = p — 1 is the multiplicative order of ¢ modulo 2p,
we show that every LC'D maximal cyclic code of length 2p can be represented as
a direct sum of three LC' D minimal cyclic codes.
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Table 3. The generating polynomial of the dual of maximal cyclic codes of length 2p

over IFy.
Code C | Generating polynomial of C' | Generating polynomial of
C«J_
My mo(z) mp(z) x my(x) x ma(x)
M, my(x) mo(z) X mi(x) X ma(x)
M, mq(z) mo(z) X mp(x) x ma(x)
My ma(z) mo(z) x mp(x) x my(x)

Table 4. The generating polynomial of the dual of minimal cyclic codes of length 2p

over F,.
Codes C Generating polynomial C' Ginerating polynomial of
C
o = (L2) [ my (@) x ma(2) x mo(z) | mo(a)
iy = (2 | mg(w) x ma(2) x ma(w) | my(w)
i = (S22 | mg(w) x mp(2) x ma(w) | ma(w)
iy = (L2) [ mo() x mp(2) x mi(z) | ma(a)

Proposition 7. Let C; be a cyclic code of length n over Fy fori =1 and 2. Then
the sum C1 + Cy is direct, if and only if C1 N Cy = {0}.

Proposition 8. Let C; be a cyclic code of length n over Fy fori € {1,2,3}. Then
C1 4+ Cs + Cs is a direct sum if and only if

dim (Cl +Cy + 03) = dim (Cl) + dim (Cg) + dim (Cg) .

Theorem 9 [9]. Let C; be a cyclic code of length n over F, with generator
polynomial g;(x) for i = 1 and 2. Then the cyclic code Cy + Cy has generator

polynomial ged(g1(x), g2()).
Now, we prove our main results.

Proposition 10. If C is an LC'D mazimal cyclic code of length 2p over F,, with
p and q are distinct odd primes and ¢(p) = p — 1 is the multiplicative order of q
modulo 2p, then C' can be represented as a direct sum of three LC' D minimal cyclic
codes of length 2p over Fy, C = C1 & Cy @& C3, Moreover, |C| = |Cy||Ca]|Cs] .

Proof. Using the proposition [8], theorem [9] and properties of ged of polynomi-
als, we find: if
01:%7 C2:n/7‘\p7 C3:T7L\17
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then
dim(C) = dim (Cy + Cy + Cs) = dim ((Cy + Cs) + Cs)
= dim ((ged (my () x ma(x), mo(x) x my(z) x ma(a)))),
since g + 7y = (ma(z) x ma(z))
= dim ((ma(x) x ged (my(x),  mo(a) x my(2)))
= dim ((ma(2))) = dim (My)
Hence
dim(C) = dim(Ms) = p+ 1 = dim(C}) + dim(Cy) + dim(Cs).

We find
C=CoCydChs.

On the other hand
|C1||Cal |C3| =q-q-¢" ' =¢"T! =|C].

Hence
|Cl = [C1]]Ca||C3] .

In a similar way, we find: if
Oy =g, Cy =iy, Cs=ims,
then
dim(C) = dim (Cy + Cy + C3) = dim ((Cy + Cy) + Cs)
= dim((ged (ma(z) x ma(z), mo(x) x mp(x) x m1(x)))),
since i + iy = (my (x) X ma())
— dim ({my () x ged (ma(x),  mo(x) x my(x))))
= dim((my(2))) = dim(M,) = p + 1 = dim(Cy) + dim(Cs) + dim(Cs).

Hence

C=CioCydCh.
On the other hand

|C1]|Ca|Cs| =q-q-¢"" = g"TF =|C].
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Hence

Cl = |C1[|Ca |Cs] .-
In & similar way, we find: if
Cy =iy, Cy=im1, C3=iny,
then
dim(C) = dim (C1 + Ca + C3) = dim ((C1 + Ca) + Cs)
= dim((ged (mp(x) x ma(x),  mo(x) x mp(x) x m1(x)))),
since Mo + M1 = (my(z) X ma(x))
= dim ((ged (mp(z) x ma(x), mo(x) x mp(x) x m1(x))))
= dim ((mp(x) x ged (m2(x), mo(x) x mi(x)))) = dim ((my(z)))
— dim(M,) = 2p — 1 = dim(C}) + dim(Cs) + dim(Cs).

Hence

C=C1®Cs & Cs.
On the other hand

|C1||Cal|Cs| = q-q" - Pt =g = |C].

Hence

|Cl = [C1]|Cal |Cs]-

In a similar way, we find: if
Cy=mp, Cy=mi, C3=my,
then
dim(C) = dim (Cy + Cy + C3) = dim ((Cy + Cs) + C3)
= dim((ged (mo(z) x ma(x), mo(z) X my(x) x mi(x)))),
since My, +m1 = (mo(z) X ma(x))
= dim ((mo(z) x ged (ma(z), mo(x) x mp(x)))) = dim ((mo(z)))

= dim(My) = 2p — 1 = dim(C4) + dim(C3) + dim(Cs).
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Hence

C=CioCydCh.

On the other hand

|C1||Cal|Cs| = q-q" - Pt = = |C].

Hence

|Cl = [C1]|Cal |Cs]- m

Example 11. Take ¢ = 7, p = 11. Then I'(3, ) = {0,1,2,11}, hence the LC'D
maximal cyclic codes My, M1, My, M5 of length 22 over F7 and the LC' D minimal
cyclic codes myg, m11, m1, my of length 22 over Fr; are given below:

(a)

There are the following minimal polynomials

mo(z) =2 —1, my1(z) =2+ 1,

mi(z) =t =210+ 2% — a8 + 2" -2 +2° — 2t 423 — 2% 42— 1,

mo(z) =2l + 20+ 2% + a8 2"+ + 2P+t 23 22 24+ 1

If g(x) is the generating polynomial of my then we have

g0 (z) = (fjj(;%) 21 4 20 4 19 4 18 4 01T L 016 4 015 4 14y 18 4 12
e 0 f S T S h S bt S 2 a1,

g, (z) = (ﬁile)) 21 220 4 19 18 4 AT 06 4 015 04y 013 02 4
AR LS SRS G S S SR S SUUPS R

g9,(z) = @2-1) _ 12 4 11 1,

e
g2(z) = —(im(;;) =z -zl 42— 1.
Table 5. The generating polynomial and dimension of the LC'D maximal

cyclic codes of length 22 are given by

LCD Maximal cyclic code
of length 22 over Fy
Generating polynomial mo(z) | mii(z) | mi(x) | ma(x)

Dimension 21 21 12 12

My My My My

Table 6. The generating polynomial and dimension of the LCD minimal
cyclic codes of length 22 are given by

LCD Minimal cyclic code
of length 22 over Fr
Generating polynomial 9 (@) | gu(x) | g,(x) | g.(x)

Dimension 1 1 10 10

mo mii mi ma
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