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Let H be a finite abelian group and Dih(H) = ⟨H, b | b2 = 1 & bhb−1 =20

h−1; ∀h ∈ H⟩ be the generalized dihedral group of H. The aim of this paper21
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of these results generalized an earlier work by J. W. Johnson published in24
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1. Introduction30

Throughout this paper we will make this assumption that all groups are assumed31

to be finite. If G and H are such groups then we interest the number of homo-32

morphisms from G into H, denoted by γ(H,G) = |Hom(H,G)|. In the case that33

H = G, we will use the notation γ(G) as γ(G,G). The problem of computing the34

number of homomorphisms between two groups is so difficult in general, and so35

some mathematicians presented methods to compute γ(H,G) for certain groups.36

With the best of our knowledge, the first published paper in which the number37

of homomorphisms between two finite groups is considered into account was the38

joint paper of Gallian and Van Buskirk [3]. In the mentioned paper, the authors39

obtained closed formulas for the number of group homomorphisms, and also ring40

homomorphisms, from Zn into Zm. If (m,n) denotes the greatest common divisor41

of two positive integers m and n, then they proved that:42

Theorem 1. γ(Zm,Zn) = (m,n).43

Johnson [4], found the number of group homomorphisms from the dihedral44

group D2m into the dihedral group D2n. He proved that45

Theorem 2.

γ(D2m, D2n) =


n(m,n) + 1 2 ∤ mn
n(m,n) + 2 2 ∤ m & 2 | n
n(m,n) + 4n+ 4 2 | m & 2 | n
n(m,n) + 2n+ 1 2 | m & 2 ∤ n

.

The most important works on the problem of counting group homomorphisms46

were given by Takegahara and his co-authors. Chigira and Takegahara [2], stud-47

ied the number of homomorphisms from a finite group to a general linear group48

over a finite field, and the authors of [5, 9, 10] investigated the number of ho-49

momorphisms from a finite abelian group to a symmetric or alternating groups.50

Liebeck and Shalev [6] have been estimated the number of homomorphisms from51

a finite group A to the general linear group GL(n, q), where q is a prime power52

coprime to |A|.53

Bate [1] provided upper and lower bounds for the number of completely54

reducible homomorphisms from a finite group to general linear and unitary groups55

over arbitrary finite fields, and to orthogonal and symplectic groups over finite56

fields of odd characteristic. Matei and Suciu [7] presented a method for computing57

the number of epimorphisms from a finitely presented group to a finite solvable58

group, which generalizes a formula of Gaschütz.59

An elementary abelian group of order pn, p is prime, is denoted by E(pn).60

Suppose G is an abelian group with decomposition G ∼= Zn1 × . . . × Znd
in61

which ni+1|ni, 1 ≤ i ≤ d − 1, and for all j, nj ≥ 2. Then we define S(G) =62
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{n1, . . . , nd}. Note that this decomposition is unique for each abelian group and63

so our definition for S(G) is well-defined. The number of factors of even orders in64

this decomposition of H into cyclic groups is denoted by ε(H). If n is a positive65

integer, then ϕ(n) denotes the Euler totient function evaluated at n.66

Throughout this paper our notations are standard and we refer to the famous67

book of Robinson [8] for concepts and notations not presented here. Our results68

are checked by the computer algebra package Gap [11].69

2. Preliminaries70

Suppose H is an abelian group. The generalized dihedral group Dih(H) can be71

presented by Dih(H) = ⟨H, bH | b2H = 1 & bHhb−1
H = h−1; ∀h ∈ H⟩. It is well-72

known that this group is the semidirect product of H by the cyclic group of order73

2. In an exact phrase, Dih(H) = H ⋊α Z2 in which α(0) is the identity element74

of Aut(H) and α(1) = f in which f(x) = x−1, for arbitrary element x ∈ H.75

Note that for each subgroup M of H, M = {(m, 0) | m ∈ M} is a subgroup of76

Dih(H) isomorphic to M . On the other hand, the set of all elements in the form77

of (h, 0), h ∈ H, constitutes a subgroup of index 2 in Dih(H) isomorphic to H.78

The first main result of this paper is as follows:79

Theorem 3. Let H and G be two finite abelian groups. The number of homo-80

morphisms from Dih(H) into Dih(G) can be computed by the following formula:81

γ(Dih(H), Dih(G)) = |G|γ(H,G) +
|G|
2ε(G)

(
2(1+ε(H))(1+ε(G)) − 2(1+ε(H))ε(G)

)
− |G|2ε(H)ε(G) + 2(1+ε(H))ε(G).

In particular, γ(Dih(H)) = |H||End(H)| + |H|
2εH

(
2(ε(H))2 − 2(ε(H)+1)ε(H)

)
−82

|H|2ε(H)2 + 2(1+ε(H))ε(H).83

We now apply this theorem to present a simple proof for Theorem 2 which84

is the main result of [4].85

New Proof for Theorem 2. Since for each natural number r, Dih(Zr) is86

a dihedral group of order 2r, it is enough to apply Theorem 3. By Theorem 1,87

γ(Zm,Zn) = (m,n) and it is easy to see that for each cyclic group A, ε(A) ∈ {0, 1}88

and ε(A) = 0 if and only if A has odd order. Therefore,89

γ(D2m, D2n) =


n(m,n) + (2− 1)n− n+ 1 2 ∤ mn
n(m,n) + (22 − 21)n2 − n+ 21 2 ∤ m & 2 | n
n(m,n) + (24 − 22)n2 − 2n+ 22 2 | m & 2 | n
n(m,n) + (22 − 1)n− n+ 1 2 | m & 2 ∤ n



4 A. R. Ashrafi, B. Jahangiri and M. M. Yousefian-Arani

=


n(m,n) + 1 2 ∤ mn
n(m,n) + 2 2 ∤ m & 2 | n
n(m,n) + 4n+ 4 2 | m & 2 | n
n(m,n) + 2n+ 1 2 | m & 2 ∤ n

.

We are now ready to state our second main result which can be proved in a90

similar way as the proof of Theorem 3.91

Theorem 4. Let H and G be finite abelian groups. Then the following hold:92

1. γ(Dih(H), G) = 2(ε(H)+1)ε(G);93

2. γ(H,Dih(G)) = γ(H,G) + |G|
2ε(G) (2

ε(H)(1+ε(G)) + 2ε(H)ε(G)).94

3. Main Results95

Suppose S is a minimal generating set for H, then Dih(H) = ⟨S, bH⟩. If G is96

an abelian group of even order, then we use the notation E(G) to denote the set97

of all involutions together with the identity element of G. It is easy to see that98

E(G) is the largest elementary abelian 2-subgroup of G.99

Suppose G,H and K are three finite groups. It is well-known that γ(G,H ×100

K) = γ(G,H)γ(G,K), see [7, p. 168]. Also, if A and B are abelian groups then101

it is well-known that γ(A,B) = γ(B,A). The following lemma is an immediate102

consequence of these known results.103

Lemma 5. Let G1, . . . , Gn and H1, . . . ,Hm be abelian groups. Then

γ(G1 × . . .×Gn, H1 × . . .×Hm) =
n∏

i=1

m∏
j=1

γ(Gi, Hj).

Corollary 6. Let G and H be finite abelian groups. Then

γ(H,G) =
∏

i∈S(G)

∏
j∈S(H)

(i, j).

Suppose Un denotes the unit group of the ring Zn of integers modulo n. If104

n = 2αp1
n1 . . . pr

nr , where pi’s are different odd primes, then by the Chinese105

remainder theorem Un
∼= U2α × Up

n1
1

× . . . Upnr
r
. Moreover, U2 is trivial group,106

U4
∼= Z2, U2n

∼= Z2 × Z2n−2 , n > 2 is an integer, and for each odd prime p and107

positive integer m, Upm
∼= Zpm−pm−1 .108
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Corollary 7. Let n > 2 and m > 2 be two positive integers with prime factor-109

izations n = 2αp1
n1 . . . pr

nr and m = 2βq1
l1 . . . qs

ls, where pi, 1 ≤ i ≤ r, as well110

as qj, 1 ≤ j ≤ s are different odd primes. Moreover, α, β, r, s, ni, 1 ≤ i ≤ r,111

and mj, 1 ≤ j ≤ s are non-negative integers. Without loss of generality we can112

assume that β ≤ α. Then the following hold:113

1. if α, β ∈ {0, 1}, then γ(Un, Um) =
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj));114

2. if α = 2 and β ∈ {0, 1}, then γ(Un, Um) = 2s
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj));115

3. if α = β = 2 then γ(Un, Um) = 2r+s+1
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj));116

4. if α > 2 and β ∈ {0, 1}, then

γ(Un, Um) = 2s
r∏

i=1

s∏
j=1

(ϕ(pi), ϕ(qj))

s∏
j=1

(2α−2, ϕ(qj)).

In particular, if α = 3, then γ(Un, Um) = 22s
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj));117

5. if α > 2 and β = 2, then

γ(Un, Um) = 2r+s+2
r∏

i=1

s∏
j=1

(ϕ(pi), ϕ(qj))

s∏
j=1

(2α−2, ϕ(qj)).

In particular, if α = 3, then γ(Un, Um) = 2r+2s+2
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj));118

6. if α > 2 and β > 2, then γ(Un, Um) = 2r+s+β+1
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj))119 ∏s

j=1(2
α−2, ϕ(qj)) ×

∏r
i=1(2

β−2, ϕ(pi)). In the special case that α = β = 3 we120

will have γ(Un, Um) = 22r+2s+4
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj)) and if α > 3 and121

β = 3 then γ(Un, Um) = 22r+s+4
∏r

i=1

∏s
j=1(ϕ(pi), ϕ(qj))

∏s
j=1(2

α−2, ϕ(qi)).122

Corollary 8. Let G and H be abelian groups. Then

γ(G,H) =
∏

i∈S(G)

∏
i∈S(H)

(i, j).

In particular, γ(H,Z2) = 2ε(H).123

Proof. By our definition S(Z2) = {2} and so γ(H,Z2) =
∏

i∈S(H)(i, 2) = 2ε(H),124

proving the result.125

Suppose G is a finite group. It is clear that there is a one to one corre-126

spondence between the set of all subgroups of index 2 in G and non-zero homo-127

morphisms from G into the cyclic group Z2. This proves that there is exactly128

γ(G,Z2) − 1 subgroups of index 2 in G. We now apply this simple result to prove129

the following lemma:130
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Lemma 9. Let H be an abelian group. Then γ(Dih(H),Z2) = 2ε(H)+1.131

Proof. To prove the lemma, it is enough to count the number of subgroup of132

index 2 in Dih(H). By definition of the generalized dihedral group, H is a133

subgroup of index 2 in Dih(H). Choose a subgroup H ′ of index 2 in H, x ∈134

Dih(H) \ H and y ∈ Dih(H) \ (Dih(H ′) ∪ H). It can be easily seen that H,135

⟨H ′, x⟩ and ⟨H ′, y⟩ are the only proper subgroups of Dih(H) containing H ′ and136

the last two subgroups are isomorphic to Dih(H ′). Therefore, γ(Dih(H),Z2) =137

2|{K ≤ H | |H : K| = 2}|+ 2 = 2(γ(H,Z2)− 1) + 2 = 2γ(H,Z2). By Corollary138

8, γ(H,Z2) = 2ε(H) and so γ(Dih(H),Z2) = 2ε(H)+1, proving the lemma.139

Corollary 10. γ(Dih(H),Zn
2 ) = 2n(ε(H)+1).140

Proof. By Lemma 9, γ(Dih(H),Z2) = 2ε(H)+1 and by Lemma 5, γ(Dih(H),Zn
2 ) =141

2n(ε(H)+1).142

We are now ready to present the proof of our first main result.143

Proof of Theorem 3. To calculate the number of homomorphisms h : Dih(H)144

−→ Dih(G), we consider four cases that in which the order of G or H are odd145

or even.146

i. Both of G and H have odd orders. Note that if we have the image of147

h under bH and each element of S, then the homomorphism h will be148

completely determined. It is clear that all elements bGg ∈ Dih(G) are149

involutions. Since G has odd order, these are all elements of even order in150

Dih(G) which shows that h(bH) = eG or h(bH) = bGg, for some g ∈ G.151

If h(bH) = eG, then h is the zero homomorphism, and so we can assume152

that there exists g ∈ G such that h(bH) = bGg. Furthermore, h(H) ⊆ G153

and so h induces a homomorphism from H into G. On the other hand, we154

assume that h1 : H −→ G is a group homomorphism. We extend h1 to the155

homomorphism h1 : Dih(H) −→ Dih(G) by h1(bHx) = bGyh1(x), where156

y ∈ H is arbitrary. Therefore, we will have |G| different choices for defining157

h(bH) and γ(H,G) different choices for the group homomorphism h1. This158

proves that there are |G|γ(H,G) + 1 homomorphisms from Dih(H) into159

Dih(G).160

ii. |G| is even and |H| is odd. Since |H| is odd, all elements h(s), s ∈ S, has odd161

orders. It is clear that h(bH) ∈ E(G) ∪ (Dih(G) \G). If h(bH) ∈ Dih(G) \162

G, then a similar argument as (i) shows that we have exactly |G|γ(H,G)163

homomorphisms. We now assume that h(bH) ∈ E(G). Suppose there exists164

s ∈ S such that h(s) /∈ E(G). Since h(bHs) = h(bH)h(s) ∈ G and O(bHs) =165

2, bHs ∈ E(G) which leads to a contradiction. Therefore, elements of S166

map to elements of E(G). Note that O(h(s))|O(s) and O(s) is odd which167
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shows that O(s) ̸= 2. This proves that h(S) = {eG}. This creates |E(G)|168

new homomorphisms and so γ(Dih(H), Dih(G)) = |G|γ(H,G) + |2ε(G)|.169

iii. |G| is odd and |H| is even. In this case, G does not have an element of170

even order. Since O(h(bH)) = 1, 2, bH can be mapped to eG or an element171

in the form of bGg, g ∈ G. Suppose there are two elements s1, s2 ∈ S such172

that h(s1) = bGg1 and h(s2) = g2, where g1, g2 ∈ G and g2 ̸= eG. Since173

H is abelian, bGg1g2 = h(s1)h(s2) = h(s2)h(s1) = g2bGg1 = bGg
−1
2 g1 which174

implies that g22 = eG. But G has odd order and so g2 = eG. This proves175

that if for an element s1 ∈ S, h(s1) = bGg1 then the image of all elements of176

S under the homomorphism h will be identity element of G or an element177

in the form of bGg, where g ∈ G. Hence, we have one of the following cases:178

(a) h(S) ⊆ G. In this subcase, if h(bH) = eG, then h will be the zero179

homomorphism. Moreover, all mappings for which every element of180

S mapped to an element of G and bH mapped to an element in the181

form of bGg, g ∈ G, can be extended to a unique homomorphism from182

Dih(H) into Dih(G) and similar to (i) there are |G|γ(H,G) of such183

homomorphisms.184

(b) There exists s1 ∈ S such that h(s1) = bGg1, for some g1 ∈ G. For each185

s ∈ S, O(h(s)) = 1, 2 and also O(h(bH)) = 1, 2. This shows that h(H)186

is an elementary abelian 2-subgroup of Dih(G) and since 4 ∤ |Dih(G)|,187

h(H) is a subgroup of order 2 in Dih(G). There are γ(Dih(H),Z2)−1188

non-trivial homomorphisms from Dih(H) into Z2 and since we have189

|G| involutions in Dih(G), we will have |G|[γ(Dih(H),Z2)− 1] homo-190

morphisms. But there are |G| homomorphisms for which h(S) = {eG}191

and bH mapped to an element in the form of bGg, g ∈ G. There-192

fore, the total number of homomorphisms from Dih(H) into Dih(G)193

is |G|γ(H,G) + |G|[γ(Dih(H),Z2)− 1] − |G| + 1.194

We now apply Lemma 9 to complete the proof of iii.195

iv. Both of G and H have even orders. Since |H| and |G| are both even and196

O(h(bH))|2, there exists g ∈ G such that bH = bGg or h(bH) ∈ E(G). Our197

proof will consider two cases that h(S) ⊆ G or there exists s1 ∈ S such that198

h(s1) = bGg1.199

(a) h(S) ⊆ G. We first assume that h(bH) = bGg. By an argument similar200

to Part (i) of the proof of Theorem 3, we will have |G|γ(H,G) homo-201

morphisms. Suppose that h(bH) ∈ E(G). Similar to Part (ii) of the202

proof of Theorem 3, we assume that there exists s ∈ S such that x =203

h(s) ∈ G \ E(G) and so O(h(s)) = O(x) ̸= 1, 2. Since h(bH) ∈ E(G)204

and x = h(s) ∈ G, h(bHs) = h(bH)h(s) ∈ G, and since O(h(bHs))|2,205
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h(bHs) ∈ E(G). On the other hand, h(bHs) = h(bH)h(s) = h(bH)x206

and x /∈ E(G) which is impossible. This contradiction shows that207

h(S) ⊆ E(G) which show that h(Dih(H)) ⊆ E(G). Therefore, we208

have to counted the number of homomorphisms from Dih(H) into209

E(G).210

(b) There exists s1 ∈ S such that h(s1) = bGg1. Similar to what we have211

done in (iii), we assume that for another element s2 ∈ S, h(s2) = g2212

in which g2 ∈ G. Since H is abelian, g22 = eG. This proves that the213

image of each element of S has the form of bGg or is an element of214

E(G). In each case, it can be easily seen that O(h(s))|2, s ∈ S. Also,215

O(h(bH))|2 and hence h(Dih(H)) is a trivial subgroup or an elemen-216

tary abelian 2-group. Thus, h(Dih(H)) is isomorphic to a subgroup of217

Dih(E(G)) ∼= Z2 ×E(G) and we have |G|
|E(G)| subgroups isomorphic to218

Dih(E(G)). In the last case, we have to reduce this case by the number219

of homomorphisms with this condition that h(S) ⊆ G. Therefore,220

γ(Dih(H), Dih(G)) = |G|γ(H,G) +
|G|

|E(G)|
(γ(Dih(H), E(G)× Z2)

− γ(Dih(H), E(G)))− |G|γ(H,E(G)) + γ(Dih(H), E(G)).

We now apply Lemmas 5, 9 and Corollary 10 to get the result.221

This completes the proof of iv.222

Proof of Theorem 4. Suppose G and H are abelian groups. Our proof will223

consider two separate cases as follows:224

1. A similar argument as Part (iv)(b) of the proof of Theorem 3 shows that225

h(S) ⊆ E(G) and so γ(Dih(H), G) = γ(Dih(H), E(G)). Now by Corollary226

10, γ(Dih(H), G) = 2(ε(H)+1)ε(G), as desired.227

2. If h(S) ⊆ E(G), then there are γ(H,G) homomorphisms. Thus, we can228

assume that there exists s1 ∈ S such that h(s1) = bGg1, for some g1 ∈ G.229

Now a similar argument as Part (ii) of the proof of Theorem 3 shows that230

h(s) ∈ (Dih(G) \G) ∪ E(G). Hence the image of Dih(H) is isomorphic to231

a subgroup of Dih(E(G)) ∼= E(G)×Z2 and we have |G|
|E(G)| such subgroups.232

Since h(s1) = bGg1, Dih(H) ̸⊆ G. Therefore, γ(H,Dih(G)) = γ(H,G) +233

|G|
|E(G)|(2

(ε(H)+1)ε(G) − 2ε(H)ε(G)).234

4. Concluding Remarks235

In this paper, the number of homomorphisms between two generalized dihedral236

groups were calculated. This gives a generalization of a result by Johnson [4].237
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We also compute the number of homomorphisms between an abelian group and238

a generalized dihedral groups, and the number of homomorphisms between the239

unite rings of integers modulo n and m, respectively. The next step in this240

program is to calculate the number of homomorphisms between two generalized241

dicyclic groups, an abelian group and a generalized dicyclic group, and a gen-242

eralized dihedral group and a generalized dicyclic group. We checked all results243

of this paper by gap programs. These programs are accessible from the authors244

upon request.245
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References248

[1] M. Bate, The number of homomorphisms from finite249

groups to classical groups, J. Algebra 308 (2007) 612–628.250

https://doi.org/10.1016/j.jalgebra.2006.09.003251

[2] N. Chigira and Y. Takegahara, On the number of homomorphisms from252

a finite group to a general linear group, J. Algebra 232 (2000) 236–254.253

https://doi.org/10.1006/jabr.1999.8398254

[3] J. A. Gallian and J. Van Buskirk, The number of homomor-255

phisms from Zm into Zn, Amer. Math. Monthly 91 (1984) 196–197.256

http://dx.doi.org/10.2307/2322360257

[4] J. W. Johnson, The number of group homomorphisms258

from Dm into Dn, College Math. J. 44 (2013) 190–192.259

https://doi.org/10.4169/college.math.j.44.3.190260

[5] H. Katsurada, Y. Takegahara and T. Yoshida, The number of homomor-261

phisms from a finite abelian group to a symmetric group, Comm. in Algebra262

28 (2000) 2271–2290. http://dx.doi.org/10.1080/00927870008826958263

[6] M. Liebeck and A. Shalev, The number of homomorphisms from a finite264

group to a general linear group, Comm. in Algebra 32 (2004) 657–661.265

http://dx.doi.org/10.1081/AGB-120027921266

[7] D. Matei and A. Suciu, Counting homomorphisms onto fi-267

nite solvable groups, J. Algebra 286 (2005) 161–186.268

http://dx.doi.org/10.1016/j.jalgebra.2005.01.009269

[8] D. J. Robinson, A Course in the Theory of Groups (Springer-Verlag, New270

York, 1996). https://doi.org/10.1007/978-1-4419-8594-1271



10 A. R. Ashrafi, B. Jahangiri and M. M. Yousefian-Arani

[9] Y. Takegahara, The number of homomorphisms from a finite abelian group272

to a symmetric group (II), Comm. in Algebra 44 (2016) 2402–2442.273

http://dx.doi.org/10.1080/00927872.2015.1053896274

[10] Y. Takegahara, A generating function for the number of homomorphisms275

from a finitely generated Abelian group to an alternating group, J. Algebra276

248 (2002) 554–574. https://doi.org/10.1006/jabr.2000.8666277

[11] The GAP Team, Group, GAP - Groups, Algorithms, and Programming278

(Version 4.5.5, 2012). http://www.gap-system.org279

[12] J.A. Bondy, U.S.R. Murty, Graph Theory with Applications (North-Holland,280

NewYork-Amsterdam-Oxford, 1982).281

[13] G. Chartrand, F. Harary and P. Zhang, On the geodetic number of a graph,282

Networks 39 (2002) 1–6.283

Powered by TCPDF (www.tcpdf.org)

http://www.tcpdf.org

