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Abstract24

Let R be a commutative ring and S a multiplicatively closed subset of25

R. Hamed and Malek[7] defined an ideal P of R disjoint with S to be an26

S-prime ideal of R if there exists an s ∈ S such that for all a, b ∈ R if27

ab ∈ P , then sa ∈ P or sb ∈ P . In this paper, we introduce the notions28

of S-k-prime and S-k-semiprime ideals of semirings, S-k-m-system, and S-29

k-p-system. We study some properties and characterizations for S-k-prime30

and S-k-semiprime ideals of semirings in terms of S-k-m-system and S-k-31

p-system respectively. We also introduce the concepts of S-prime semiring32

and S-semiprime semiring and study the characterizations for S-k-prime and33

S-k-semiprime ideals in these two semirings.34
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1. Introduction38

Semiring theory has emerged as an intriguing research topic in recent years.39

Semiring theory has numerous applications in computer science, automata the-40

ory, control theory, quantum mechanics, and a variety of other fields. In a similar41

manner as ring theory, semiring theory relies heavily on ideals, which aids in the42

study of structure theory and other topics.43

Golan [6] was the first to develop the terminologies prime ideals and semiprime44

ideals of semirings and he has contributed a significant number of results in these45

aspects. After Golan, the studies on prime ideals and semiprime ideals of semir-46

ings has been continued by Dubey [4], Leskot [10], Atani et. al. [2], and many47

others. The k-ideal is one of the basic ideals in semiring theory. Sen and Adhikari48

[12, 13] studied k-ideal of semiring and its properties. The k-prime(k-semiprime)49

ideal is a class of ideals in semiring that are equivalent to prime (semiprime) ide-50

als in a ring. A prime (semiprime) ideal becomes a k-prime (k-semiprime) ideal51

if it coincides with its k-closure. Kar et. al. [11] have done extensive work on the52

k-prime ideal and k-semiprime ideal in a semiring.53

The concept of the S-prime ideal of a commutative ring has been introduced54

by Hamed and Malek in [7] and established many remarkable results. For a55

commutative ring R and a multiplicatively closed set S ⊆ R, an ideal P of R is56

said to be S-prime ideal if there exists an s ∈ S such that for all a, b ∈ R with57

ab ∈ P , then sa ∈ P or sb ∈ P . Later on, Almahdi et. al. [1] and Visweswaran58

[14] studied weakly S-prime ideals and S-primary ideals of a commutative ring59

respectively.60

In this paper, we define S-prime ideal and S-semiprime ideal in a semiring. We61

introduce the concepts of S-m-system and S-p-system, as well as some analogous62

results. Furthermore, we introduce the notions of S-k-prime and S-k-semiprime63

ideals of semirings and study their properties and characterizations in terms of64

S-k-m-system and S-k-p-system respectively. Finally, we also introduce the con-65

cepts of S-prime semiring and S-semiprime semiring and study the characteriza-66

tions for S-k-prime and S-k-semiprime ideals in these two semirings.67
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2. PRELIMINARIES68

In this section, we recall some basic terminology and preliminary results of69

semiring theory that will be useful in later sections of the paper.70

A non-empty set R with two binary operations ‘+’ and ‘·’ is said to be a71

semiring [8] if (i) (R,+) be a commutative semigroup; (ii) (R, ·) be a semigroup72

and (iii) x · (y + z) = x · y + x · z and (y + z) · x = y · x+ z · x for all x, y, z ∈ R.73

Throughout this paper we consider semiring (R,+, ·) with zero element 0 and74

nonzero identity 1.75

Let J be an ideal of a semiring R. Then the k-closure [13] of ideal J is denoted76

by J and is given by J = {x ∈ R|x+ y = z for some y, z ∈ J}.77

We say a left ideal (respectively right ideal, ideal) J of a semiring R to be a left78

k-ideal (respectively right k-ideal, k-ideal) if for any a ∈ R and b ∈ J , a+ b ∈ J79

implies that a ∈ J . For any k-ideal J , we have J = J .80

A non-empty subset S of a semiring R is said to be a multiplicatively closed81

set if (i) 1 ∈ S and (ii) for a, b ∈ S implies ab ∈ S.82

A non-zero element a of semiring R is said to be a zero divisor if there exists83

a non-zero element b ∈ R such that ab = 0.84

A proper ideal I of a commutative semiring R is said to be a 2-absorbing85

ideal[3] if a, b, c ∈ R and abc ∈ I implies that ab ∈ I or bc ∈ I or ac ∈ I.86

The following lemma will be useful in the next section.87

Lemma 2.1:[8] Let R be a semiring. Then for any two ideals A,B of R, we have88

the following results: (i) A ⊆ A; (ii) A ⊆ B ⇒ A ⊆ B; (iii) A = A; (iv) AB =89

A B and (v) A is a k-ideal of R.90

For any other undefined terminologies of semiring theory, we refer to [5, 6, 8].91

3. S-k-prime ideals of Semirings92

In this section, we introduce the notion of S-prime and S-k-prime ideal of a93

semiring and study their basic properties. We begin with the following definitions.94

Definition 3.1. Let R be a semiring, S a multiplicatively closed subset of R and95

P be an ideal of R disjoint with S. We say P is an S-prime ideal of R if there96

exists an s ∈ S such that for all A,B two ideals of R, if AB ⊆ P , then sA ⊆ P97

or sB ⊆ P .98

Definition 3.2. An S-prime ideal P of a semiring R is said to be an S-k-prime99

ideal of R if P = P .100

Proposition 3.3. Let R be a semiring, S ⊆ R a multiplicatively closed set and101

P a k-ideal of R disjoint with S. Then P is an S-k-prime ideal of R if and only102



4 S. BHOWMICK, J. GOSWAMI and S. KAR

if there exists an s ∈ S for all k-ideals I, J of R, if IJ ⊆ P , then sI ⊆ P or103

sJ ⊆ P .104

Proof. Let P be an S-k-prime ideal of R. Then there exists an s ∈ S such that105

for all I, J two k-ideals of R with IJ ⊆ P then sI ⊆ P or sJ ⊆ P .106

To prove the converse, let I, J be any two k-ideals of R with IJ ⊆ P such107

that sI ⊆ P or sJ ⊆ P for some s ∈ S. We have I J ⊆ I J = IJ ⊆ P = P .108

Then sI ⊆ P or sJ ⊆ P which implies that sI ⊆ P or sJ ⊆ P . Hence P is an109

S-k-prime ideal of R.110

Corollary 3.4. Let R be a semiring, S ⊆ R a multiplicatively closed set and P111

a k-ideal of R disjoint with S. Then P is an S-k-prime ideal of R if and only if112

there exists an s ∈ S such that for all k-ideals Ji of R with J1J2 · · · Jn ⊆ P , then113

sJi ⊆ P for some i ∈ {1, 2, . . . , n}.114

A characterization theorem for an S-k-prime ideal of a semiring will be intro-115

duced here. Golan[6] first established the characterization theorem for a prime116

ideal, and subsequently Kar et. al.[11] proved it for the k-prime ideal of a semir-117

ing.118

Theorem 3.5 [6]. The following statements are equivalent for an ideal P of a119

semiring R:120

1. P is a prime ideal of a semiring R.121

2. For any a, b ∈ R, aRb ⊆ P if and only if a ∈ P or b ∈ P .122

Theorem 3.6 [11]. The following statements are equivalent for an ideal P of a123

semiring R:124

1. P is a k-prime ideal of a semiring R.125

2. For any a, b ∈ R, aRb ⊆ P if and only if a ∈ P or b ∈ P .126

Theorem 3.7. Let R be a semiring, S ⊆ R be a multiplicatively closed set and127

P an ideal of R disjoint with S. Then the following statements are equivalent:128

1. P is an S-prime ideal of a semiring R.129

2. there exists an s ∈ S such that for all a, b ∈ R, if aRb ⊆ P , then sa ∈ P or130

sb ∈ P .131

Proof. (1) ⇒ (2): Let P be an S-prime ideal of R. Consider a, b ∈ R and132

A =< a > and B =< b >. Then A and B are ideals of R with aRb ⊆ AB. Also,133

AB is contained in any ideal which contains aRb. Thus aRb ⊆ P implies that134

AB ⊆ P and hence sA ⊆ P or sB ⊆ P for some s ∈ S. Thus sa ∈ P or sb ∈ P .135
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136

(2) ⇒ (1): Let A and B be ideals of R such that AB ⊆ P . Let us assume137

that sA * P and let a ∈ A − P . Then for each b ∈ B we have aRb ⊆ AB ⊆ P138

which implies that sb ∈ P and hence sB ⊆ P . So P is an S-prime ideal of R.139

Theorem 3.8. Let R be a semiring, S ⊆ R be a multiplicatively closed set and140

P an ideal of R disjoint with S. Then the following statements are equivalent:141

1. P is an S-k-prime ideal of a semiring R.142

2. There exists an s ∈ S such that for all a, b ∈ R, if aRb ⊆ P , then sa ∈ P143

or sb ∈ P .144

Proof. (1) ⇒ (2): Let P be an S-k-prime ideal of R so P = P . Consider a, b ∈ R145

such that aRb ⊆ P . We take A =< a > and B =< b >. Then A and B are ideals146

of R with aRb ⊆ AB. Also, AB is contained in any ideal which contains aRb.147

Thus aRb ⊆ P implies that AB ⊆ P = P and hence sA ⊆ P or sB ⊆ P for some148

s ∈ S. Thus sa ∈ P or sb ∈ P .149

150

(2) ⇒ (1): Let A and B be ideals of R such that AB ⊆ P . Let us assume that151

sA * P and let a ∈ A − P . Then for each b ∈ B we have aRb ⊆ AB ⊆ P ⊆ P152

which implies that sb ∈ P and hence sB ⊆ P . So P is an S-prime ideal of R.153

We have P ⊆ P . Consider x ∈ P . Then x + b = c for some b, c ∈ P . Let154

y ∈ xRx. So y = xrx for some r ∈ R. This implies that y + xrb = xrx + xrb =155

xr(x + b). It follows that y + xrb = xrc. As P is an ideal of R so xrb, xrc ∈ P ,156

and thus y ∈ P . So xRx ⊆ P and x ∈ P which implies that P ⊆ P and hence157

P = P .158

Therefore, P is an S-k-prime ideal of R.159

Corollary 3.9. Let R be a commutative semiring, S ⊆ R a multiplicatively closed160

set and P an ideal of R disjoint with S. Then P is an S-k-prime ideal of R if161

and only if there exists an s ∈ S such that for all a, b ∈ R, if ab ∈ P , then sa ∈ P162

or sb ∈ P .163

Proof. In a commutative semiring R, we have ab ∈ P if and only if arb ∈ P for164

all r ∈ R. The result follows from Theorem 3.8.165

Remark 3.10. It is obvious that every prime ideal of a semiring is also an S-166

prime ideal of that semiring and every k-prime ideal of a semiring is also an167

S-k-prime ideal of that semiring. But the converse of the above may not hold168

which can be observed in the following example.169

Example 3.11. Let us consider the commutative semiring R = Z+
0 and the170

multiplicatively closed set S = {3n|n ∈ Z+} of R. We define, P = < 6 >. Then171
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P is a k-ideal of R[13]. Then, P ∩ S = ∅. Now, ab ∈ P =< 6 >⇒ ab = 6m, for172

some m. Then either a or b must be even. So, there exists s = 3 ∈ S such that173

3a ∈ P or 3b ∈ P . Hence, P is an S-k-prime ideal. Moreover, 2.3 ∈< 6 > but174

2 /∈< 6 > and 3 /∈< 6 > which implies that P is not a k-prime ideal of R = Z+
0 .175

In the next example, we can observe that an S-prime ideal of a semiring176

may not be an S-k-prime ideal of that semiring.177

Example 3.12. Let us consider the commutative semiring R = Z+
0 and the178

multiplicatively closed set S = {3n|n ∈ Z+} of R. We define, P = 2Z+
0 \{2}.179

Then P is an S-prime ideal of R but not an S-k-prime ideal of R.180

Now let I be an ideal of a commutative semiring R and s ∈ R.181

We define, I : s = { x ∈ R : sx ∈ I}. Then for all s ∈ R, I : s is an ideal of R.182

Proposition 3.13. Let R be a commutative semiring, S ⊆ R a multiplicatively183

closed set consisting of nonzero divisors and P a k-ideal of R disjoint with S.184

Then P is an S-k-prime ideal of R if and only if P : s is a k-prime ideal of R185

for some s ∈ S.186

Proof. As P is an S-k-prime, there exists an s ∈ S such that for all a, b ∈ R187

with ab ∈ P then either sa ∈ P or sb ∈ P . We show P : s is k-prime ideal of188

R. Let a, b ∈ R and ab ∈ P : s which implies that sab ∈ P so we get s2a ∈ P or189

sb ∈ P . Thus sa ∈ P or sb ∈ P and hence a ∈ P : s or b ∈ P : s. Thus P : s is a190

prime ideal of R.191

Then, P : s ⊆ P : s. Now let x ∈ P : s which implies that x ∈ R and192

x + y ∈ P : s for some y ∈ P : s. Thus x ∈ R and s(x + y) ∈ P for some193

sy ∈ P . So x ∈ R and sx+ sy ∈ P for some sy ∈ P . Therefore sx ∈ P and hence194

x ∈ P : s. So, P : s = P : s. Thus, P : s is a k-ideal of R and hence P : s is a195

k-prime ideal of R.196

197

Conversely, let ab ∈ P then sab ∈ P and so ab ∈ P : s. Since P : s is a198

k-prime ideal of R so a ∈ P : s or b ∈ P : s and hence sa ∈ P or sb ∈ P . Thus, P199

is a S-prime ideal which implies P is a S-k-prime ideal of R since P is a k-ideal200

of R.201

Example 3.14. Let us consider the commutative semiring R = Z+
0 and the202

multiplicatively closed set S = {3n|n ∈ Z+} of R. We define, P = < 6 >. Then203

P is an S-k-prime ideal of R. Now P : 3 = {x ∈ R|3x ∈ P}. We see that P : 3204

is the set of all positive even integers. Then P : 3 is a k-ideal. If xy ∈ P : 3 then205

either x or y must be a positive even integer. Hence x ∈ P : 3 or y ∈ P : 3. Thus206

P : 3 is a k-prime ideal.207
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Proposition 3.15. Let R be a commutative semiring and S a multiplicatively208

closed subset of R disjoint with a k-ideal P of R. If R ⊆ T be an extension of209

commutative semirings, P an S-k-prime ideal of T then P ∩ R is an S-k-prime210

ideal of R.211

Proof. Let P be an S-k-prime ideal of T . For every a, b ∈ T with ab ∈ P implies212

that sa ∈ P or sb ∈ P . Now let xy ∈ P ∩ R; x, y ∈ R ⊆ T . Then xy ∈ P which213

implies that sx ∈ P or sy ∈ P . So sx ∈ P ∩ R or sy ∈ P ∩ R which implies214

that P ∩R is S-prime ideal of R. We have P ∩R ⊆ P ∩R. Let x ∈ P ∩R then215

x ∈ R, x + y ∈ P ∩ R, y ∈ P ∩ R. This implies that x ∈ T, x + y ∈ P, y ∈ P .216

Since P is k-ideal of R so x ∈ P and hence x ∈ P ∩R. Therefore P ∩R = P ∩R.217

Hence P ∩R is S-k-prime ideal of R.218

Let R be a commutative semiring, S a multiplicatively closed subset of R219

and I be an ideal of R disjoint with S. Let s ∈ S, we denote by ŝ the equivalent220

class of s in R/I. Let Ŝ = {ŝ|s ∈ S}, then Ŝ is a multiplicatively closed subset221

of R/I.222

Proposition 3.16. Let R be a commutative semiring, S ⊆ R a multiplicatively223

closed set and I a k-ideal of R disjoint with S. Let P be a proper k-ideal of R224

containing I such that P/I ∩ Ŝ = ∅. Then P is an S-k-prime ideal of R if and225

only if P/I is an Ŝ-k-prime ideal of R/I.226

Proof. Let P is an S-k-prime ideal of R. There exists an s ∈ S such that for227

all a, b ∈ R, if ab ∈ P then sa ∈ P or sb ∈ P and P = P . Let â, b̂ ∈ R/I228

such that âb̂ ∈ P/I, then âb ∈ P/I. Since P is a k-ideal so ab ∈ P and thus229

sa ∈ P or sb ∈ P and therefore ŝa ∈ P/I or ŝb ∈ P/I. Since P/I ⊆ P/I so230

consider that x̂ ∈ P/I which implies that x̂ ∈ R/I, x̂ + ŷ ∈ P/I, ŷ ∈ P/I. Then231

x ∈ R, x + y ∈ P, y ∈ P and so x ∈ P . Thus we get x̂ ∈ P/I. Therefore P/I is232

an Ŝ − k-prime ideal of R/I.233

Conversely, if P/I ∩ Ŝ = ∅ then P must be disjoint with S. Let P/I be an Ŝ-234

k-prime ideal of R/I. There exists ŝ ∈ Ŝ such that for all â, b̂ ∈ R/I, if âb ∈ P/I,235

then ŝa ∈ P/I or ŝb ∈ P/I. Let a, b ∈ P with ab ∈ P then âb ∈ P/I. Thus236

ŝâ ∈ P/I or ŝb̂ ∈ P/I and hence sa ∈ P or sb ∈ P . Since P ⊆ P , it is enough to237

show the other inclusion. Let x ∈ P which implies that x ∈ R and x+ y ∈ P for238

some y ∈ P . Then x̂ ∈ R/I and x̂+ y ∈ P/I for some ŷ ∈ P/I and so x̂ ∈ P/I.239

Thus we get x ∈ P . Therefore P is an S-k-prime ideal of R.240

Now we define S-m-system and S-k-m-system as well as discuss the charac-241

terization theorem for the S-prime ideal and S-k-prime ideal of a semiring.242

Definition 3.17. Let R be a semiring. A nonempty subset M of R containing243

a multiplicative closed set S is called an S-m-system if for any x, y ∈ R, there244

exists an s ∈ S and r ∈ R such that sx, sy ∈ M implies that xry ∈ M .245
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Theorem 3.18. Let R be a semiring and S a multiplicatively closed subset of R.246

A proper ideal P of a semiring R is an S-prime ideal of R if and only if P c is247

an S-m-system.248

Proof. Let P be an S-prime ideal of R if and only if there exists an s ∈ S such249

that for all x, y ∈ R if xRy ⊆ P then sx ∈ P or sy ∈ P if and only if sx, sy ∈ P c
250

then there exists r ∈ R such that xry /∈ P and so xry ∈ P c if and only if P c is251

an S-m-system.252

Definition 3.19. Let R be a semiring. A nonempty subset M of R containing a253

multiplicative closed set S is called an S-k-m-system if (i) for any x, y ∈ R, there254

exists an s ∈ S and r ∈ R such that sx, sy ∈ M implies that xry ∈ M and (ii)255

x ∈ M implies that x /∈ M c.256

Example 3.20. Let us consider the commutative semiring R = Z+
0 and the257

multiplicatively closed set S = {3n|n ∈ Z+} of R. We define P = < 6 >. Then258

P c is an S-k-m-system.259

Theorem 3.21. Let R be a semiring and S a multiplicatively closed subset of R.260

A proper ideal P of a semiring R is an S-k-prime ideal of R if and only if P c is261

an S-k-m-system.262

Proof. Let P be a proper ideal of R. Suppose P c is an S-k-m-system. Let263

x, y ∈ R such that xRy ⊆ P . If possible let sx /∈ P and sy /∈ P for any s ∈ S264

which implies that sx, sy ∈ P c for some s ∈ S. But P c is an S-k-m-system265

so there exists r ∈ R such that xry ∈ P c and xry /∈ (P c)c = P . Which is a266

contradiction. Hence sx ∈ P or sy ∈ P and so P is an S-k-prime ideal of R.267

Conversely, suppose P is an S-k-prime ideal of R. So P c is an S-m-system.268

Let x ∈ P c which implies that x /∈ P = P and thus x /∈ (P c)c. Hence P c is an269

S-k-m-system.270

Definition 3.22. Let R be a semiring, S a multiplicatively closed subset of R271

not containing 0. The semiring R is said to be an S-prime semiring if and only272

if < 0 > is an S-prime ideal of R.273

Remark 3.23. The notions of S-prime semiring and S-k-prime semiring are the274

same, since < 0 > is an S-k-prime ideal if and only if it is an S-prime ideal.275

Theorem 3.24. Let R be a semiring, S a multiplicatively closed subset of R not276

containing 0. The semiring R is an S-prime semiring if and only if there exists277

s ∈ S for all a, b ∈ R with aRb = 0 implies that sa = 0 or sb = 0.278

Proof. Let R be an S-prime semiring. Then < 0 > is an S-prime ideal of R.279

Let a, b ∈ R with aRb = 0 ∈< 0 >. This implies that sa ∈< 0 > or sb ∈< 0 >280
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and it follows that sa = 0 or sb = 0.281

Conversely, let for any a, b ∈ R with aRb = 0 implies that sa = 0 or sb = 0.282

Let for any a, b ∈ R we have aRb ∈< 0 >. It implies that aRb = 0 and thus283

sa = 0 or sb = 0. Hence we get that sa ∈< 0 > or sb ∈< 0 >. Therefore < 0 >284

is an S-prime ideal and so R is an S-prime semiring.285

Definition 3.25. Let R be a commutative semiring and S be any multiplicatively286

closed subset of R. There exists an s ∈ S such that for all a, b ∈ R with ab = 0287

implies that sa = 0 or sb = 0 then R is called S-semidomain.288

Lemma 3.26. Center of an S-prime semiring is an S-semidomain.289

Proof. Let R be an S-prime semiring. Consider C to be the center of R. For any290

a, b ∈ C with aRb = 0. Then aRb ∈< 0 > which implies ab ∈< 0 >. Therefore,291

we have ab = 0. Since R is an S-prime semiring, so by Theorem 3.18, there exists292

an s ∈ S such that sa = 0 or sb = 0. Hence C is an S-semidomain.293

Remark 3.27. It is easier to see that S-semidomain is an S-prime semiring.294

For commutative semiring, the notions of S-prime semiring and S-semidomain295

coincide.296

Proposition 3.28. Let R be a commutative semiring, S ⊆ R be a multiplicatively297

closed set of R and P be a k-ideal of R disjoint with S. Then P is an S-k-prime298

ideal of R if and only if R/P is an Ŝ-semidomain.299

Proof. Let P is an S-k-prime ideal of R. Consider â, b̂ ∈ R/P such that âb̂ = 0̂300

which implies that âb = 0̂ = P . Since P is a k-ideal so we get ab ∈ P . There301

exists s ∈ S such that sa ∈ P or sb ∈ P . Therefore ŝa = P or ŝb = P and thus302

ŝâ = 0̂ or ŝb̂ = 0̂. Hence R/P is an Ŝ-semidomain.303

Conversely, let R/P be an Ŝ-semidomain. Consider ab ∈ P which gives304

âb = âb̂ = 0̂ = P . There exists ŝ ∈ Ŝ such that ŝâ = P or ŝb̂ = P which implies305

ŝa = P or ŝb = P . Consequently sa ∈ P or sb ∈ P . Since P is a k-ideal therefore306

P is an S-k-prime ideal of R.307

Let R be a commutative semiring and S ⊆ R be a multiplicatively closed set.308

Now we consider Mn(R) to be the set of all n × n matrices with entries over R309

and Md
n(S) to be the set of all n× n diagonal matrices with entries over S.310

Lemma 3.29. Let R be a commutative semiring. A nonempty subset S of R is a311

multiplicatively closed set if and only if Md
n(S) is a multiplicatively closed subset312

of Mn(R).313

Proof. Let S be a multiplicatively closed subset of R. Then 1 ∈ S and for314

x, y ∈ S implies that xy ∈ S. It follows that I ∈ Md
n(S) and let A,B ∈ Md

n(S).315

Then A = diag(a1, a2, . . . , an) and B = diag(b1, b2, . . . , bn) where ai, bi ∈ S. So,316
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AB = diag(a1b1, a2b2, . . . , anbn). Which shows that AB ∈ Md
n(S). Thus Md

n(S)317

is a multiplicatively closed set.318

Conversely, let Md
n(S) is a multiplicatively closed subset of Mn(R). Then319

for any A,B ∈ Md
n(S) we have AB ∈ Md

n(S). We have to show that for any320

x, y ∈ S implies that xy ∈ S. We construct A = diag(x, x, . . . , x) and B =321

diag(y, y, . . . , y). This implies that diag(xy, xy, . . . , xy) ∈ Md
n(S) and thus xy ∈322

S. Hence S is a multiplicatively closed subset of R.323

In the following, we establish a relationship between the S-k-prime ideal of324

a semiring and S-k-prime ideal of its corresponding matrix semiring.325

For that, we mention the following Lemma proved in [11].326

Lemma 3.30 [11]. If A and B are two ideals of a semiring R then (i) Mn(AB) =327

Mn(A)Mn(B) and (ii) A ⊆ B if and only if Mn(A) ⊆ Mn(B).328

Proposition 3.31. Let R be a semiring with identity and S a multiplicatively329

closed subset of R. A proper k-ideal J of R is an S-k-prime ideal of R if and330

only if Mn(J) is an Md
n(S)-k-prime ideal of Mn(R).331

Proof. Let J be an S-k-prime ideal of R. We know that the ideals of Mn(R) are332

of the form M(J) for every ideal I of R. Suppose Mn(A),Mn(B) be two ideals333

of Mn(R) such that Mn(A)Mn(B) ⊆ Mn(J). By the above Lemma 3.30 we have334

Mn(A)Mn(B) = Mn(AB) ⊆ Mn(J). This implies that AB ⊆ J . Since J is an335

S-prime ideal of R so there exists an s ∈ S such that sA ⊆ J or sB ⊆ J . It336

follows that Mn(sA) ⊆ Mn(J) or Mn(sB) ⊆ Mn(J). Thus there exists a scalar337

matrix sI ∈ Md
n(S) such that sIMn(A) ⊆ Mn(J) or sIMn(B) ⊆ Mn(J). Hence338

Mn(J) is an Md
n(S)-prime ideal of Mn(R). Now Mn(J) ⊆ Mn(J). Consider that339

A = [aij ], B = [bij ] ∈ Mn(R) such that A ∈ Mn(J) which implies that A ∈ Mn(R)340

and A + B ∈ Mn(J) for some B ∈ Mn(J). So aij ∈ R, aij + bij ∈ J for some341

bij ∈ J . Since J is a k-ideal so aij ∈ J and hence A ∈ Mn(J). Thus Mn(J) is an342

Md
n(S)-k-prime ideal of M(R).343

344

Conversely, let Mn(J) is be Md
n(S)-prime ideal of Mn(R). Suppose A,B are345

two ideals of R such that AB ⊆ J . This implies that Mn(A),Mn(B) are ide-346

als of Mn(R) and by above Lemma 3.30 we have Mn(AB) ⊆ Mn(J). It fol-347

lows that Mn(A)Mn(B) ⊆ Mn(J). Since Mn(J) is an Md
n(S)-prime ideal of348

Mn(R) so there exists sI ∈ Md
n(S) such that sIMn(A) = Mn(sA) ⊆ Mn(J) or349

sIMn(B) = Mn(sB) ⊆ Mn(J) and hence sA ⊆ J or sB ⊆ J . Thus J is an350

S-prime ideal of R. As J is a k-ideal so J is an S-k-prime ideal.351
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4. S-k-semiprime ideals of Semiring352

In this section, we introduce the notion of S-semiprime and S-k-semiprime353

ideal of a semiring and discuss their basic properties. We begin with the following354

definitions.355

Definition 4.1. Let R be a semiring, S a multiplicatively closed set of R and I356

be an ideal of R disjoint with S. We say I is an S-semiprime ideal of R if there357

exists an s ∈ S such that for any ideal A of R with A2 ⊆ I implies that sA ⊆ I.358

Definition 4.2. An S-semiprime ideal I of a semiring R is said to be an S-k-359

semiprime ideal of R if I = I.360

Proposition 4.3. Let R be a semiring and S ⊆ R be a multiplicatively closed361

set. A proper k-ideal I of a semiring R is an S-k-semiprime ideal of R if and362

only if for any k-ideal J of R with J2 ⊆ I implies that sJ ⊆ I.363

Proof. Let I be an S-k-semiprime ideal of R. Let J be any k-ideal of R such364

that J2 ⊆ I which implies that sJ ⊆ I.365

To prove the converse, let J be a k-ideal such that J2 ⊆ I with sJ ⊆ I.366

We have J
2
⊆ J J = J2 ⊆ I ⊆ I. Then sJ ⊆ I which implies that sJ ⊆ I.367

Hence I is S-k-semiprime ideal of R.368

We are going to introduce a characterization theorem for an S-k-semiprime369

ideal of a semiring. Initially, the characterization theorem for a semiprime ideal370

was given by Golan[6] and later by S. Kar et. al. [11] in case of k-semiprime ideal371

of a semiring. The proofs are similar to Theorem 3.7 and Theorem 3.8.372

Theorem 4.4. Let R be a semiring and S a multiplicatively closed subset of R.373

Then the following statements are equivalent for an ideal I of a semiring R:374

1. I is an S-semiprime ideal of a semiring R.375

2. There exists an s ∈ S for all a ∈ R, if aRa ⊆ I, then sa ∈ I.376

Theorem 4.5. Let R be a semiring and S a multiplicatively closed subset of R.377

Then the following statements are equivalent for an ideal I of a semiring R:378

1. I is an S-k-semiprime ideal of a semiring R.379

2. There exists an s ∈ S for any a ∈ R, if aRa ⊆ I, then sa ∈ I.380

Corollary 4.6. Let R be a commutative semiring, S ⊆ R a multiplicatively closed381

set and I be an ideal of R disjoint with S. Then I is an S-k-semiprime ideal of R382

if there exists an s ∈ S such that for any a ∈ R with a2 ∈ I implies that sa ∈ I.383



12 S. BHOWMICK, J. GOSWAMI and S. KAR

Example 4.7. Let us consider the commutative semiring R = {

(
a 0
0 0

)
|a ∈ Z+

12}384

and385

S = {

(
1 0
0 0

)
,

(
4 0
0 0

)
} be the multiplicative subset of R. We consider the ideal386

I = {

(
0 0
0 0

)
,

(
9 0
0 0

)
}. Then I ∩ S = ∅ and I is a k-ideal.387

Now

(
3 0
0 0

)(
3 0
0 0

)
∈ I but

(
3 0
0 0

)
/∈ I. So I is not a k-semiprime ideal.388

But there exists s =

(
4 0
0 0

)
∈ S such that s

(
3 0
0 0

)
∈ I. Hence I is an S-k-389

semiprime ideal of R.390

Proposition 4.8. Let R be a commutative semiring, S ⊆ R a multiplicatively391

closed set and I a 2-absorbing k-ideal of R disjoint with S. Then I is an S-392

k-semiprime ideal of R if and only if I : s is k-semiprime ideal of R for some393

s ∈ S.394

Proof. Let I be an S-k-semiprime ideal of R there exists an s ∈ S such that for395

any a ∈ R with a2 ∈ I implies that sa ∈ I. We show, I : s is a k-semiprime ideal396

of R.397

Let a ∈ R and a2 ∈ I : s which implies that saa ∈ I. Since I is a 2-absorbing398

so it follows that sa ∈ I or a2 ∈ I and thus sa ∈ I. So a ∈ I : s. Thus, I : s is399

a semiprime ideal of R. Then I : s ⊆ I : s. Now, let x ∈ I : s imply that x ∈ R400

and x+ y ∈ I : s for some y ∈ I : s. This implies that x ∈ R and s(x+ y) ∈ I for401

some sy ∈ I. It follows that sx ∈ I and thus x ∈ I : s. So, I : s = I : s. Thus,402

I : s is a k-ideal of R and hence I : s is a k-semiprime ideal of R.403

Conversely, let I : s be a k-semiprime ideal. We show, I is an S-k-semiprime404

ideal. Let a2 ∈ I which implies that sa2 ∈ I and it follows that a2 ∈ I : s. We405

get a ∈ I : s and hence sa ∈ I. Thus, I is an S-semiprime ideal which implies I406

is an S-k-semiprime ideal of R since I is a k-ideal of R.407

Proposition 4.9. Let R be a commutative semiring and S a multiplicatively408

closed subset of R disjoint with a k-ideal I of R. If R ⊆ T be an extension409

of commutative semirings, I be an S-k-semiprime ideal of T then I ∩ R is an410

S-k-semiprime ideal of R.411

Proof. Let I be an S-k-semiprime ideal of T . For every a ∈ T with a2 ∈ I412

implies that sa ∈ I. Now let x2 ∈ I ∩ R for x ∈ R ⊆ T . Then x2 ∈ I which413

implies that sx ∈ I.414

So sx ∈ I ∩R which implies that I ∩R is an S-semiprime ideal of R.415

We have I ∩ R ⊆ I ∩R. Let x ∈ I ∩R then x ∈ R and x + y ∈ I ∩ R for416

some y ∈ I ∩ R. This implies that x ∈ T and x + y ∈ I for some y ∈ I. Since I417
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is a k-ideal of R so x ∈ I and hence x ∈ I ∩R.418

Therefore I ∩R = I ∩R. Hence I ∩R is an S-k-semiprime ideal of R.419

Proposition 4.10. Let R be a commutative semiring, S ⊆ R a multiplicatively420

closed set and J a k-ideal of R disjoint with S. Let I be a proper k-ideal of R421

containing J such that I/J ∩ Ŝ = ∅. Then I is an S-k-semiprime ideal of R if422

and only if I/J is an Ŝ-k-semiprime ideal of R/J .423

Proof. Let I be an S-k-semiprime ideal of R, then there exists an s ∈ S such424

that for all a ∈ R with a2 ∈ I implies sa ∈ I and I = I. Let â ∈ R/J such that425

â2 ∈ I/J , then â2 ∈ I/J . Since I is a k-ideal so a2 ∈ I and thus sa ∈ I and426

therefore ŝa ∈ I/J . Since I/J ⊆ I/J so consider that x̂ ∈ I/J which implies that427

x̂ ∈ R/J and x̂+ ŷ ∈ I/J for some ŷ ∈ I/J . Then x ∈ R and x+ y ∈ I for some428

y ∈ I and so x ∈ I. Thus we get x̂ ∈ I/J . Therefore I/J is an Ŝ-k-semiprime429

ideal of R/J .430

Conversely, if I/J ∩ Ŝ = ∅ then I must be disjoint with S. Let I/J be an431

Ŝ − k-semiprime ideal of R/J , then there exists ŝ ∈ Ŝ such that for all â ∈ R/J432

with â2 ∈ I/J implies ŝa ∈ I/J . Let a ∈ I with a2 ∈ I then we have â2 ∈ I/J .433

Thus ŝâ ∈ I/J and hence sa ∈ I. Since I ⊆ I so consider that x ∈ I which434

implies that x ∈ R and x+y ∈ I for some y ∈ I. Then x̂ ∈ R/J and ˆx+ y ∈ I/J435

for some ŷ ∈ I/J and so x̂ ∈ I/J . Thus we get x ∈ I. Therefore I is an436

S-k-semiprime ideal of R.437

Now similar to definitions of S-m-system and S-k-m-system we can define S-438

p-system and S-k-p-system respectively and further discuss the characterization439

theorem for S-semiprime ideal and S-k-semiprime ideal of a semiring.440

Definition 4.11. Let R be a semiring. A nonempty subset N of R containing a441

multiplicative closed set S is called an S-p-system if for any x ∈ R, there exists442

an s ∈ S and r ∈ R such that sx ∈ N implies that xrx ∈ N .443

Theorem 4.12. Let R be a semiring and S a multiplicatively closed subset of R.444

A proper ideal I of a semiring R is an S-semiprime ideal of R if and only if Ic445

is an S-p-system.446

Proof. Let I be an S-semiprime ideal of R if and only if for any x ∈ R if xRx ⊆ I447

then there exists an s ∈ S such that sx ∈ I if and only if sx ∈ Ic then there exists448

r ∈ R such that xrx /∈ I and so xrx ∈ Ic if and only if Ic is an S-p-system.449

Definition 4.13. Let R be a semiring. A nonempty subset N of R containing450

a multiplicative closed set S is called an S-k-p-system if (i )for any x ∈ R, there451

exists an s ∈ S and r ∈ R such that sx ∈ N implies that xrx ∈ N and (ii) x ∈ N452

implies that x /∈ N c.453
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Example 4.14. Let us consider the commutative semiring R = {

(
a 0
0 0

)
|a ∈454

Z+
12} and455

S = {

(
1 0
0 0

)
,

(
4 0
0 0

)
} be the multiplicatively closed subset of R. We consider456

the ideal457

I = {

(
0 0
0 0

)
,

(
9 0
0 0

)
}. Then Ic is an S-k-p-system.458

Theorem 4.15. Let R be a semiring and S a multiplicatively closed subset of R.459

A proper ideal I of a semiring R is an S-k-semiprime ideal of R if and only if Ic460

is an S-k-p-system.461

Proof. Let I be a proper ideal of R. Suppose Ic is an S-k-p-system. Let x ∈ R462

such that xRx ⊆ I. If possible let sx /∈ I for any s ∈ S which implies that463

sx ∈ Ic for some s ∈ S. But Ic is S-k-p-system so there exists r ∈ R such that464

xrx ∈ Ic and xrx /∈ (Ic)c = I. Which is a contradiction. Hence sx ∈ I and so I465

is S-k-semiprime ideal of R.466

Conversely, suppose I is an S-k-semiprime ideal of R. So Ic is S-p-system.467

Let x ∈ Ic which implies that x /∈ I = I and thus x /∈ (Ic)c. Hence Ic is468

S-k-p-system.469

Definition 4.16. Let R be a semiring, S a multiplicatively closed subset of R470

not containing 0. The semiring R is said to be an S-semiprime semiring if and471

only if < 0 > is an S-semiprime ideal of R.472

Theorem 4.17. Let R be a semiring, S a multiplicatively closed subset of R not473

containing 0. The semiring R is an S-semiprime semiring if and only if there474

exists s ∈ S such that for all a ∈ R, if aRa = 0 then that sa = 0.475

Proof. Suppose R be as S-semiprime semiring. Then < 0 > is an S-semiprime476

ideal of R. Let a ∈ R with aRa = 0 ∈< 0 >. This implies that sa ∈< 0 > and it477

follows that sa = 0.478

Conversely, let there exists s ∈ S for all a ∈ R with aRb = 0 implies that479

sa = 0. Let x ∈ R, we have xRx ∈< 0 >. It implies that xRx = 0 and thus480

sx = 0. Hence we get that sx ∈< 0 >. Therefore < 0 > is S-semiprime ideal and481

so R is an S-semiprime semiring.482

Now we give an analogous result to Proposition 3.31. The proof is similar.483

Proposition 4.18. Let R be a semiring with identity and S a multiplicatively484

closed subset of R. A proper k-ideal J of R is an S-k-semiprime ideal of R if485

and only if Mn(J) is an Md
n(S)-k-semiprime ideal of Mn(R).486
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We now present an analogous result to one of the most exciting ring theory487

results. An ideal of a ring is a semiprime ideal if and only if it is the intersection488

of some prime ideals of that ring. T.Y.Lam showed this in [9, Theorem 10.11489

] in the case of a noncommutative ring. S.Kar et. al. [11] has given a similar490

result for the case of k-semiprime ideal. Here we attempt to discuss the case of491

the S-semiprime ideal and S-k-semiprime ideal of a semiring.492

Proposition 4.19. Let R be a semiring and S a multiplicatively closed subset of493

R. Let M be an S-m-system of a semiring R and P be a maximal ideal, maximal494

with respect to the condition that M is disjoint with P . Then P is an S-prime495

ideal of R.496

Proof. Suppose sx, sy /∈ P for all s ∈ S but < x >< y >⊆ P . Since P is497

maximal with respect to M ∩P = ∅ so we can write there exists m,m′ ∈ M ⊆ R498

such that m ∈ P+ < x >,m′ ∈ P+ < y >. There exists s′ ∈ S and r ∈ R such499

that s′m, s′m′ ∈ M implies that mrm′ ∈ M because M is an S-m-system.500

Moreover, mrm′ ∈ (P+ < x >)R(P+ < y >) ⊆ P+ < x >< y >⊆ P . Which501

is a contradiction. Hence P is an S-prime ideal.502

Definition 4.20. Let R be a semiring and S be any multiplicatively closed503

subset of R. For any ideal I of R, we define Γ(I) = {r ∈ R | M ∩ I 6= ∅ for any504

S-m-system M containing r}.505

Theorem 4.21. Let R be a semiring and S be a multiplicatively closed subset of506

R. For any ideal I of R, Γ(I) =
⋂

I ⊆ P, P is an S-prime idealP.507

Proof. Let x ∈ Γ(I). Let P be an S-prime ideal of R such that I ⊆ P . Let us508

consider that x /∈ P then x ∈ P c. By Theorem 3.18 we have P c is an S-m-system.509

So P c ∩ I 6= ∅. This is a contradiction as I ⊆ P . Hence x ∈ P for all S-prime510

ideals P such that I ⊆ P . Hence x ∈
⋂

I ⊆ P, P is an S-prime idealP.511

Conversely, let x ∈
⋂

I ⊆ P, P is an S-prime idealP. Let us assume that x /∈ Γ(I).512

So by definition, there exists an S-m-system M such that x ∈ M and M ∩ I = ∅.513

By Zorn’s lemma there exists a maximal ideal J of R such that M ∩ J = ∅. By514

Proposition 4.19, J is an S-prime ideal. Since x ∈ M so x /∈ J and thus x /∈ I.515

Therefore x /∈
⋂

I ⊆ P, P is an S-prime idealP. Which is a contradiction. Therefore516

x ∈ Γ(I).517

Now we propose the equivalent result of Proposition 4.21 in the S-k-prime518

ideal version with the following definition.519

Definition 4.22. Let R be a semiring and S be any multiplicatively closed520

subset of R. For any ideal I of R, we define Γ(I) = {r ∈ R | M ∩ I 6= ∅ for any521

S-k-m-system containing r}.522
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Proposition 4.23. Let R be a semiring and S be a multiplicatively closed subset523

of R. For any ideal I of R, Γ(I) =
⋂

I ⊆ P, P is an S-k-prime idealP.524

Proof. Let x ∈ Γ(I). Let P be an S-k-prime ideal of R such that I ⊆ P . Let525

us consider that x /∈ P then x ∈ P c. By Theorem 3.21 we have P c is an S-k-m-526

system. So P c ∩ I 6= ∅. This is a contradiction as I ⊆ P . Hence x ∈ P for all527

S-k-prime ideals P such that I ⊆ P . Hence x ∈
⋂

I ⊆ P, P is an S-k-prime idealP.528

Conversely, let x ∈
⋂

I ⊆ P, P is an S-k-prime idealP. Let us assume that x /∈ Γ(I).529

So by definition, there exists an S-k-m-systemM such that x ∈ M andM∩I = ∅.530

By Zorn’s lemma there exists a maximal ideal J of R such that M ∩ J = ∅. By531

Proposition 4.19, J is an S-k-prime ideal. Since x ∈ M so x /∈ J and thus x /∈ I.532

Therefore x /∈
⋂

I ⊆ P, P is an S-k-prime idealP. Which is a contradiction. Therefore533

x ∈ Γ(I).534

Proposition 4.24. Let R be a semiring and S a multiplicatively closed subset535

of R. If I and J be two ideals of R such that I ⊆ J then Γ(I) ⊆ Γ(J) and536

Γ(I) ⊆ Γ(J).537

Proof. Let r ∈ Γ(I) then for any S-m-system M containing r we have M∩I 6= ∅.538

This implies that for any S-m-system M containing r we have M ∩ J 6= ∅. Thus539

r ∈ Γ(J) and hence Γ(I) ⊆ Γ(J).540

Also, Let r ∈ Γ(I) then for any S-k-m-system M containing r we have541

M ∩ I 6= ∅. This implies that for any S-k-m-system M containing r we have542

M ∩ J 6= ∅. Thus r ∈ Γ(J) and hence Γ(I) ⊆ Γ(J).543
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