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1. Introduction27

All properties of a near-ring remain verified in a ring. It might generally be28

described as near-ring where (N ,+) is a group (not necessarily abelian) while29

(N , ·) is a semigroup and a · (b+c) = a ·b+a ·c for all a, b, c ∈ N (left distributive30

law). This near-ring will be termed a left near-ring. The near-ring N is referred31

to as a right near-ring if (a+ b) · c = a · c+ b · c.32
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In this text, we will only refer to a ”near-ring” as a left near-ring with the33

multiplicative center Z(N ). This convention will be strictly followed unless oth-34

erwise stated explicitly. Further, we will write ab for just a.b for simplicity of35

notation. Recall that N is called 2-torsion free if 2x = 0 implies x = 0 for all36

x ∈ N and usually N will be 3-prime, if for x, y ∈ N , xN y = {0} implies x = 037

or y = 0. A near-ring N is called zero-symmetric if 0x = 0, for all x ∈ N (left38

distributivity yields x0 = 0 ). For any pair of elements x, y ∈ N , x ◦ y = xy+ yx39

and [x, y] = xy− yx will denote the well-known Jordan product and Lie product40

respectively. An additive subgroup U of N is said to be a Lie ideal if [u, n] ∈ U ,41

for all u ∈ U,n ∈ N .42

Near-rings, in which the nonzero elements form a multiplicative group, are43

called near-fields. They were introduced at the beginning of this century and44

soon proved useful in coordinating certain important classes of geometric planes.45

Later on, they also turned out to be an essential tool in studying doubly transitive46

groups and incidence structures.47

The study of ”proper” near-rings, on the other hand, culminated in theo-48

rems that considerably generalize Wedderburn-Artin’s Theorem and Jabobson’s49

Density Theorem in ring theory. For near-rings, density is equivalent to an in-50

teresting interpolation property since one is dealing with non-linear functions (in51

contrast to the ”linear situation” in ring theory). Also, when every function on52

an omega group is (or can be) interpolated by a polynomial function, these struc-53

ture theorems provide answers. Polynomial near-rings turn out to be very useful54

in determining generalized ideals in omega groups. Finally, a class of near-rings,55

the ”planar” ones, give rise to balanced incomplete block designs, structures that56

are needed for experimental designs. From planar near-rings, block designs with57

extraordinarily high efficiencies can be constructed.58

In dealing with literature, many authors have studied commutativity theo-59

rems for prime or semiprime rings and near-rings admitting derivations, semideriva-60

tions, generalized derivations, generalized semiderivations, multipliers, homod-61

erivations, and generalized homoderivations satisfying certain conditions. For62

more details, see the references [1],...,[9], and [10]. In [10] El Sofy (2000) defined63

a new concept which is called ”homoderivation” on a ring R to be an additive64

mapping h from R into itself such that h(xy) = h(x)h(y) + h(x)y + xh(y) for all65

x, y ∈ R. Thus, he combines two important concepts: derivation and homomor-66

phism on rings; he also proves the commutativity of prime rings by admitting a67

homoderivation that satisfies some algebraic conditions. Later, several authors68

studied homoderivations acting on appropriate subsets of the prime ring and ∗-69

prime rings (see [1] and [8]). Following this line of investigation, in [6], [7] and70

[9], Boua et al studied the structure of near-rings and also Jordan right ideals71

equipped with homoderivations and generalized homoderivations, which satisfy72

some algebraic identities.73
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Similar to the approach taken by El Sofi and Boua regarding homoderiva-74

tions, in this article we thought of combining both homomorphism and multiplier75

into one concept we called ”homomultiplier” on rings and near-rings, which is de-76

fined as follows:77

78

An additive mapping L from N into itself is said to be homoright multiplier79

(or, homoleft multiplier) if L(xy) = L(x)L(y) + xL(y)(or, L(xy) = L(x)L(y) +80

L(x)y) for all x, y ∈ N . If L is both homoright multiplier as well as homoleft81

multiplier, then L will be called homomultiplier.82

83

The example below demonstrates the existence of such ring mappings.84

Example 1. Let S be a ring such that Char S 6= 2. Define

R =











0 x y

0 0 z

0 0 0



 , x, y, z, 0 ∈ S







,

and L1, L2, L3 : R −→ R such that:

L1





0 x y

0 0 z

0 0 0



 =





0 −x 0
0 0 −z
0 0 0





L2





0 x y

0 0 z

0 0 0



 =





0 x 0
0 0 −z
0 0 0





L3





0 x y

0 0 z

0 0 0



 =





0 −x 0
0 0 z
0 0 0





Then, R is a ring, we can easily see that L1 is a homo multiplier (is both a85

homoleft multiplier and a homoright multiplier) which is not a homomorphism,86

nor a multiplier, L2 is a homoleft multiplier which is not a homoright multiplier,87

nor a homomorphism, nor a left multiplier and L3 is a homoright multiplier,88

which is neither a homoleft multiplier, nor homomorphism or right multiplier.89

We begin to study this type of mapping on rings, especially semiprime rings,90

and arrive at a very important result that was proven in Lemma 3, we found that91

the only homoleft multiplier or homoright multiplier on a semiprime ring is the92

zero mapping. It is considered a semiprime condition that is very necessary to93

obtain this result, and example 1 confirms this.94

This result made us think about studying these mappings on the near-rings,95

and we found some important preliminary results there. Furthermore, we proved96
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the most important following result: when N be a semiprime near-ring and L is a97

homoleft multiplier (or, homoright multiplier) on such that L(N ) ⊆ Z(N ), then98

L = 0. Refer to Theorem 1. That suggests a link between the commutativity of99

the multiplication in near-rings and homoright multipliers being zero maps.100

From all of this, we made an important point that is to change the course101

of the study and work on studying the commutative of addition. Hence the102

importance of Lie ideals emerged as we studied this type of mapping on near-103

rings with Lie ideals, which enriched the article with many distinctive results.104

2. Some preliminaries105

We begin with several lemmas that are useful throughout the paper, most of106

which are known for zero-symmetric 3-prime left near-rings and can be found in107

[2] and [5].108

Lemma 1. Let N be a 3-prime near-ring.109

(a) If there is an element z 6= 0 of Z(N ) such that z + z ∈ Z(N ), then (N ,+)110

is abelian.111

(b) If z ∈ Z(N ) and x is an element of N such that xz or zx ∈ Z(N ), then112

x ∈ Z(N ).113

(c) If Z(N ) contains a nonzero semigroup left ideal or semigroup right ideal,114

then N is a commutative ring.115

Lemma 2. Let N be a 3-prime near-ring and U be a nonzero Lie ideal of N . If116

U ⊆ Z(N ), then (N ,+) is abelian.117

The following lemma proves an extremely important result in ring theory:118

if R is a semiprime ring, then the only additive mapping, which is a homoleft119

multiplier or a homoright multiplier on R is the zero mapping.120

Lemma 3. Let R be a semiprime ring. If R admits a homoleft multiplier or121

homoright multiplier L, then L = 0.122

Proof. For all x, y, z ∈ R, we have123

L(x(yz)) = L(x)L(yz) + L(x)yz

= L(x)L(y)L(z) + L(x)L(y)z + L(x)yz(1)

and124

L((xy)z) = L(xy)L(z) + L(xy)z(2)

= L(x)L(y)L(z) + L(x)yL(z) + L(x)L(y)z + L(x)yz



Notes on rings and near-rings with homo multipliers 5

From (1) and (2), we obtain L(x)yL(z) = 0 for all x, y, z ∈ R. Therefore, L = 0125

by the semiprimeness of R. By the same way we can prove that there is no126

nonzero homoright multipliers on R.127

In the rest of this paper, we will study the homomultipliers on near-rings and128

the Lie ideals of near-rings.129

Lemma 4. Let N be a near-ring.130

(i) If L is a homoleft multiplier on N , then L(xy) = L(x)y + L(x)L(y) for all131

x, y ∈ N .132

(ii) If L is a homoright multiplier on N , then L(xy) = xL(y)+L(x)L(y) for all133

x, y ∈ N .134

Proof. (i) Let L be a homoleft multiplier on N . Then, for all x, y ∈ N we have135

L(x(y + y)) = L(x)L(y + y) + L(x)(y + y)

= L(x)L(y) + L(x)L(y) + L(x)y + L(x)y.(3)

Also, for all x, y ∈ N we get136

L(x(y + y)) = L(xy + xy)

= L(xy) + L(xy)

= L(x)L(y) + L(x)y + L(x)L(y) + L(x)y(4)

Comparing (3) and (4), we conclude that

L(x)L(y) + L(x)y = L(x)y + L(x)L(y) for all x, y ∈ N .

(ii) By the same way as used in (i), we can prove that L(xy) = xL(y)+L(x)L(y)137

for all x, y ∈ N , when L is a homoright multiplier.138

Lemma 5. Let N be a near-ring.139

(i) If N admits a homoright multiplier L, then

L(xy)L(z) = L(x)L(yz) + xL(y)L(z) for all x, y, z ∈ N .

(ii) If N admits a homoleft multiplier L, then

L(xy)(L(z) + z) = L(x)L(y)L(z) +L(x)L(y)z +L(x)yz for all x, y, z ∈ N .

and

L(xy)(z +L(z)) = L(x)yz +L(x)L(y)z +L(x)L(y)L(z) for all x, y, z ∈ N .
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Proof. (i) Let L be a homoright multiplier of N , then, for all x, y, z ∈ N we140

have141

L(x(yz)) = L(x)L(yz) + xL(yz)

= L(x)L(yz) + xL(y)L(z) + xyL(z)(5)

and also we have142

L((xy)z) = L(xy)L(z) + xyL(z) for all x, y, z ∈ N .(6)

Using (5) and (6), we can easily arrive at L(xy)L(z) = L(x)L(yz) + xL(y)L(z)143

for all x, y, z ∈ N .144

(ii) Let L be a homoleft multiplier of N . Then, for all x, y ∈ N we get145

L(x(yz)) = L(x)L(yz) + L(x)yz

= L(x)L(y)L(z) + L(x)L(y)z + L(x)yz(7)

and146

L((xy)z) = L(xy)L(z) + L(xy)z

= L(xy)(L(z) + z)(8)

According to (7) and (8), we get

L(xy)(L(z) + z) = L(x)L(y)L(z) + L(x)L(y)z + L(x)yz for all x, y, z ∈ N .

Although for all x, y, z ∈ N , we have147

L(x(yz)) = L(x)yz + L(x)L(yz)

= L(x)yz + L(x)L(y)z + L(x)L(y)L(z)(9)

and148

L((xy)z) = L(xy)z + L(xy)L(z)

= L(xy)(z + L(z))(10)

From (9) and (10), we obtain

L(xy)(z + L(z)) = L(x)yz + L(x)L(y)z + L(x)L(y)L(z) for all x, y, z ∈ N .

149

Lemma 6. Let N be a semiprime near-ring. Then there is no nonzero homo-150

multipliers on N .151
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Proof. Let L be a homomultiplier of N , then

L(xy) = L(x)L(y) + L(x)y for all x, y ∈ N

and

L(xy) = L(x)L(y) + xL(y) for all x, y ∈ N .

From the above expressions, we obtain, L(x)y = xL(y) for all x, y ∈ N , putting152

y = yz in the last relation and use it to obtain xL(y)L(z) = 0 for all x, y, z ∈ N ,153

in view of semiprimeness of N , we get L(y)L(z) = 0 for all y, z ∈ N . Therefore,154

0 = L(y)L(zx) = L(y)L(z)L(x) + L(y)zL(x) = L(y)zL(x) for all x, y, z ∈ N .155

Thus, L = 0 as N is semiprime.156

Lemma 7. Let N be a 3-prime near-ring and U be a nonzero Lie ideal of N . If157

L is a homoleft multiplier (or, homoright multiplier) on N such that L(U) = {0},158

then L = 0.159

Proof. Let L be a homoleft multiplier of N . Thus 0 = L([u, n]) = L(n)u for160

all u ∈ U, n ∈ N , replace u by [u, x] to get 0 = L(n)[u, x] = L(n)xu for all161

u ∈ U, n, x ∈ N . Since N is 3-prime and U 6= {0}, we conclude that L = 0.162

If L is a homoright multiplier of N and L(U) = {0}, then 0 = L([u, n]) =163

uL(n) for all u ∈ U, n ∈ N , replacing n by nx, we obtain 0 = unL(x) for all164

u ∈ U, n, x ∈ N . Using the fact that N is 3-prime and U 6= {0}, we find that165

L = 0.166

3. Main Results167

Theorem 1. Let N be a semiprime near-ring. If L is a homoleft multiplier (or,168

homoright multiplier) on N such that L(N ) ⊆ Z(N ), then L = 0.169

Proof. Let L be a homoleft multiplier of N . We have

L(xy)(L(z) + z) = (L(z) + z)L(xy) for all x, y, z ∈ N .

Therefore, by Lemma 5 (ii), we get170

L(x)L(y)L(z) + L(x)L(y)z + L(x)yz = L(xy)(L(z) + z)

= (L(z) + z)L(x)L(y) + (L(z) + z)L(x)y

= L(x)L(y)(L(z) + z) + L(x)(L(z) + z)y

= L(x)L(y)L(z) + L(x)L(y)z + (L(x)L(z)

+L(x)z)y

= L(x)L(y)L(z) + L(x)L(y)z + L(xz)y
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= L(x)L(y)L(z) + L(x)L(y)z + yL(xz)

= L(x)L(y)L(z) + L(x)L(y)z + yL(x)L(z)

+yL(x)z

it follows that yL(x)L(z) = L(x)yL(z) = 0 for all x, y, z ∈ N . Since N is a
semiprime, we conclude that L = 0.
Now, if L is a homoright multiplier of N , then

L(xy)L(z) = L(z)L(xy) for all x, y, z ∈ N ,

by Lemma 5 (i), we get

L(x)L(y)L(z) + L(x)yL(z) + xL(y)L(z) = L(z)L(x)L(y) + L(z)xL(y)

and that easily implies L(x)yL(z) = 0 for all x, y, z ∈ N , which assures that171

L = 0 by semiprimeness of N .172

Theorem 2. Let N be a 3-prime near-ring and U be a Lie ideal of N . If L is173

a homoleft multiplier (or, homoright multiplier) on N such that L(U) ⊆ Z(N ),174

then (N ,+) is abelian or L = 0.175

Proof. Let L be a homoleft multiplier of N , and Z(N ) ⊇ L(U) 6= {0}, then there176

exists u ∈ U such that 0 6= L(u) ∈ Z(N ), but L(u) + L(u) = L(u+ u) ∈ Z(N ).177

Thus (N ,+) is abelian by Lemma 1 (a).178

Now suppose that L(U) = {0}, by using Lemma 7, we arrive at L = 0. The179

second part of theorem can be proved by the same way.180

Theorem 3. Let N be a 2-torsion free 3-prime near-ring, U a nonzero Lie ideal181

of N . If L is a homoleft multiplier of N which verifies one of the following182

assertions:183

(i) L(u ◦ n) = 0 for all u ∈ U, n ∈ N ,184

(ii) L([u, n]) = 0 for all u ∈ U, n ∈ N ,185

then (N ,+) is abelian.186

Proof. (i) Suppose that187

L(u ◦ n) = 0 for all u ∈ U, n ∈ N .(11)

It follows that188

0 = L(u ◦ un)

= L(u(u ◦ n))

= L(u)L(u ◦ n) + L(u)(u ◦ n)

= L(u)(u ◦ n) for all u ∈ U, n ∈ N ,
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which implies L(u)un = −L(u)nu for all u ∈ U, n ∈ N , replace n by nt in the189

previous equation and use it to get L(u)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , and190

the 3-primeness of N gives191

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(12)

Now, if there exists u0 ∈ U ∩ Z(N ), then replace n by u0n in (11) and invoking192

it, we obtain193

0 = L (u0(u ◦ n))

= L (u0)L(u ◦ n) + L (u0) (u ◦ n)

= L (u0) (u ◦ n)

= L (u0) (u ◦ n) for all u ∈ U, n ∈ N .

Thus, L (u0)un = −L (u0)nu for all u ∈ U, n ∈ N . Taking nt in place of n in the194

above equation and use it to get L (u0)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , so195

either L (u0) = 0 or u ∈ Z(N ) for all u ∈ U by applying the 3-primeness of N .196

Returning to (12), we obtain either L(U) = {0} or U ⊆ Z(N ), it follows that197

(N ,+) is abelian by Lemma 7 and Lemma 2.198

(ii) Suppose that199

L([u, n]) = 0 for all u ∈ U, n ∈ N .(13)

It follows that200

0 = L([u, un])

= L(u[u, n])

= L(u)L([u, n]) + L(u)[u, n]

= L(u)[u, n] for all u ∈ U, n ∈ N ,

which implies L(u)un = L(u)nu for all u ∈ U, n ∈ N , by choosing nt in place of n201

in the previous equation and use it to get L(u)n[u, t] = 0 for all u ∈ U, n, t ∈ N ,202

and the 3-primeness of N gives203

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(14)

If there is u0 ∈ U ∩ Z(N ), replace n by u0n in (13) and using it, we find that204

0 = L (u0[u, n])

= L (u0)L([u, n]) + L (u0) [u, n]

= L (u0) [u, n] for all u ∈ U, n ∈ N .
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Thus, L (u0)un = L (u0)nu for all u ∈ U, n ∈ N . For n = nt, the last relation205

gives easily L(u0)n[u, t] = 0 for all u ∈ U, n, t ∈ N , so either L (u0) = 0 or206

u ∈ Z(N ) for all u ∈ U by the 3-primeness of N .207

Returning to (14), we obtain either L(U) = {0} or U ⊆ Z(N ) which forces208

that (N ,+) is abelian by Lemma 7 and Lemma 2.209

Theorem 4. Let N be a 3-prime near-ring, U a nonzero Lie ideal of N and L210

be a homoright multiplier of N such that211

(i) L(u ◦ n) = (u ◦ n) for all u ∈ U, n ∈ N , or212

(ii) L([u, n]) = [u, n] for all u ∈ U, n ∈ N ,213

then (N ,+) is abelian.214

Proof. (i) By assumption, we have215

L(u ◦ n) = (u ◦ n) for all u ∈ U, n ∈ N(15)

Replacing n by un in (15) and using it again, we get216

u(u ◦ n) = L(u(u ◦ n))

= L(u)L(u ◦ n) + uL(u ◦ n)

= L(u)(u ◦ n) + u(u ◦ n) for all u ∈ U, n ∈ N .

Thus, L(u)un = −L(u)nu for all u ∈ U, n ∈ N , replace n by nt in the last217

equation and use it to get L(u)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , so either218

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(16)

If there is u0 ∈ U ∩ Z(N ), replace n by u0n in (15) and invoking it to get219

u0(u ◦ n) = L (u0[u, n])

= L (u0)L(u ◦ n) + u0L(u ◦ n)

= L (u0) (u ◦ n) + u0(u ◦ n) for all u ∈ U, n ∈ N .

Thus, L (u0) (u ◦ n) = 0 for all u ∈ U, n ∈ N , equivalently L(u0)un = −L(u0)nu220

for all u ∈ U, n ∈ N . Replace n by nt in the latter equation, we can easily arrive221

at L(u0)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , so either L(u0) = 0 or u ∈ Z(N ) for222

all u ∈ U by the 3-primeness of N .223

Returning to (16), we obtain either L(U) = {0} or U ⊆ Z(N ), it follows that224

(N ,+) is abelian by Lemma 7 and Lemma 2.225

(ii) Assuming that226

L([u, n]) = [u, n] for all u ∈ U, n ∈ N .(17)
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Replacing n by un in (17) and using it again, we get227

u([u, n]) = L(u[u, n])

= L(u)L([u, n]) + uL([u, n])

= L(u)([u, n]) + u[u, n] for all u ∈ U, n ∈ N .

Thus, L(u)un = L(u)nu for all u ∈ U, n ∈ N , replace n by nt in the last equation,228

we easily find that L(u)n[u, t] = 0 for all u ∈ U, n, t ∈ N , by the 3-primeness of229

N , we obviously have230

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(18)

If there is u0 ∈ U ∩ Z(N ), replace n by u0n in (17) and use it to get231

u0[u, n] = L (u0[u, n])

= L (u0)L([u, n]) + u0L([u, n])

= L (u0) [u, n] + u0[u, n] for all u ∈ U, n ∈ N ,

which implies that L (u0) un = L (u0)nu for all u ∈ U, n ∈ N , replace n by nt232

in the previous equation, we find that L (u0)n[u, t] = 0 for all u ∈ U, n, t ∈ N ,233

so, by the 3-primeness of N , we arrive at L (u0) = 0 or u ∈ Z(N ) for all u ∈ U .234

Return to (17), we obtain either L(U) = {0} or U ⊆ Z(N ), it follows that (N ,+)235

is abelian by Lemma 7 and Lemma 2.236

237

Theorem 5. Let N be a 3-prime near-ring and U a nonzero Lie ideal of N and238

L is a homoright multiplier of N . If N has one of the following properties:239

(i) L([u, n]) = u ◦ n for all u ∈ U, n ∈ N ,240

(ii) L(u ◦ n) = [u, n] for all u ∈ U, n ∈ N ,241

then (N ,+) is abelian.242

Proof. (i) Suppose that243

L([u, n]) = u ◦ n for all u ∈ U, n ∈ N .(19)

Replace n by un in (19) and use it to get244

u(u ◦ n) = L(u[u, n])

= L(u)L([u, n]) + uL([u, n])

= L(u)(u ◦ n) + u(u ◦ n) for all u ∈ U, n ∈ N .
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Therefore, L(u)un = −L(u)nu for all u ∈ U, n ∈ N , replace n by nt in the last245

equation and use it to get L(u)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , so either246

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(20)

If there is u0 ∈ U ∩ Z(N ), replace n by u0n in (19), we find that247

u0(u ◦ n) = L(u0[u, n])

= L(u0)L([u, n]) + u0L([u, n])

= L(u0)(u ◦ n) + u0(u ◦ n) for all u ∈ U, n ∈ N .

It follows that L(u0)un = −L(u0)nu for all u ∈ U , n ∈ N , replace n by nt in the248

last equation, we easily obtain L(u0)n[−u, t] = 0 for all u ∈ U, n, t ∈ N , so either249

L(u0) = 0 or u ∈ Z(N ) for all u ∈ U . Return to (20), we find that L(U) = {0}250

or U ⊆ Z(N ) so, (N ,+) is abelian by Lemma 7 and Lemma 2.251

(ii) Let L be a homoright multiplier of N and252

L(u ◦ n) = [u, n] for all u ∈ U, n ∈ N .(21)

Replace n by un in (21) and using it again, we have253

u[u, n] = L(u(u ◦ n))

= L(u)L(u ◦ n) + uL(u ◦ n)

= L(u)[u, n] + u[u, n] for all u ∈ U, n ∈ N ,

which implies that L(u)un = L(u)nu for all u ∈ U, n ∈ N . For n = nt, the254

preceding relation gives L(u)n[u, t] = 0 for all u ∈ U, n, t ∈ N , so by the 3-255

primeness of N , we obtain256

L(u) = 0 or u ∈ Z(N ) for all u ∈ U.(22)

If there is u0 ∈ U ∩ Z(N ), replace n by u0n in (21) and invoking it, we get257

u0[u, n] = L(u0(u ◦ n))

= L(u0)L(u ◦ n) + u0L(u ◦ n)

= L(u0)[u, n] + u0[u, n] for all u ∈ U, n ∈ N .

Thus, L(u0)un = L(u0)nu for all u ∈ U, n ∈ N , replace n by nt in the last258

equation and use it to get L(u0)n[u, t] = 0 for all u ∈ U, n, t ∈ N , so either259

L (u0) = 0 or u ∈ Z(N ) for all u ∈ U . Return to (22), we obtain L(U) = {0} or260

U ⊆ Z(N ), it follows that (N ,+) is abelian by Lemma 7 and Lemma 2.261

Theorem 6. Let N be a 2-torsion free 3-prime near-ring, U a nonzero Lie ideal262

of N and L is a homoleft multiplier (or, homoright multiplier) of N . If L([u, n])±263

u ◦ n ∈ Z(N ) for all u ∈ U, n ∈ N , then L = 0.264
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Proof. Suppose that265

L([u, n]) + u ◦ n ∈ Z(N ) for all u ∈ U, n ∈ N .(23)

For n = u, we get 2u2 ∈ Z(N ) for all u ∈ U . Also, for n = u2, we obtain266

u
(

2u2
)

= u ◦ u2 ∈ Z(N ) for all u ∈ U . By Lemma 1 (b), we get 2u2 = 0 or267

u ∈ Z(N ) for all u ∈ U , using the 2-torsion freeness of N , we arrive at268

u2 = 0 or u ∈ Z(N ) for all u ∈ U(24)

Suppose there exists u0 ∈ U such that u0 ∈ Z(N ), putting u0 instead of u in our
hypothesis to get u0 ◦ n = 2u0n ∈ Z(N ) for all n ∈ N . By Lemma 1 (b), we
obtain either u0 = 0 or 2n ∈ Z(N ) for all n ∈ N , then (24) becomes

u2 = 0 for all u ∈ U or 2n ∈ Z(N ) for all n ∈ N .

If u2 = 0 for all u ∈ U , then 0 = u(u+ v)2 = uvu for all u, v ∈ U , it follows that269

0 = vu[−v, n]u = vunvu for all u, v ∈ U, n ∈ N and the 3-primeness of N implies270

vu = 0 for all u, v ∈ U . Thus 0 = v[u, n] = −vnu = vn(−u) for all u, v ∈ U, n ∈ N271

and by the 3-primeness of N , we find that U = {0}; a contradiction.272

If 2n ∈ Z(N ) for all n ∈ N , then 2n2 = n(2n) ∈ Z(N ) for all n ∈ N , by273

Lemma 1(b), we obtain 2n = 0 or n ∈ Z(N ) for all n ∈ N . By the 2-torsion274

freeness of N , we arrive at n = 0 or n ∈ Z(N ) for all n ∈ N , that is n ∈ Z(N )275

for all n ∈ N , therefore, N is a commutative ring by Lemma 1 (c), and Lemma276

3 forces that L = 0.277

By the same way we can prove the second part of our theorem.278

Theorem 7. Let N be a 3-prime near-ring and U be a Lie ideal of N .279

(i) If L is a homoright multiplier (or, homoleft multiplier) on N such that280

L([u, n]) ∈ Z(N ) for all u ∈ U, n ∈ N , then (N ,+) is abelian or L = 0.281

(ii) If L is a homoright multiplier (or, homoleft multiplier) on N such that282

L(u ◦ n) ∈ Z(N ) for all u ∈ U, n ∈ N , then (N ,+) is abelian or L = 0.283

Proof. (i) If L is a homoright multiplier and L([u, n]) ∈ Z(N ), by our assump-284

tion we have L(u[u, n]) = L([u, un]) ∈ Z(N ) for all u ∈ U, n ∈ N , so we obtain285

L(u[u, n])L(z) = L(z)L(u[u, n]) for all u ∈ U, n, z ∈ N , using Lemma 5 (i) lastly286

forces287

L(u)L[u, n]L(z)+L(u)[u, n]L(z)+uL[u, n]L(z) = L(z)L(u)L([u, n])+L(z)uL([u, n])
(25)
Let z = [v,m], where v ∈ U,m ∈ N , in (25) to get L(u)[u, n]L([v,m]) = 0 which288

can be written as L(u)[u, n]NL([v,m]) = {0} for all u, v ∈ U,m, n ∈ N , using289

the 3-primeness of N , we conclude that290

L(u)[u, n] = 0 or L([v,m]) = 0 for all u, v ∈ U,m, n ∈ N .(26)
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If L(u)[u, n] = 0 for all u ∈ U, n ∈ N , put n = nt in the last equation and using291

it again we can easily find that L(u)N [u, t] = {0} for all u ∈ U, t ∈ N , so292

L(u) = 0 or [u, t] = 0 for all u ∈ U, t ∈ N .(27)

If there exists u0 ∈ U such that L(u0) = 0, then from our hypothesis, we obtain293

L([u0,m]) = u0L(m) ∈ Z(N ) for all m ∈ N , thus u0L([v,m]) ∈ Z(N ) for all294

v ∈ U,m ∈ N , and using Lemma 1(b), we get u0 ∈ Z(N ) or L([v,m]) = 0 for295

all v ∈ U,m ∈ N , the both cases of (27) implies U ⊆ Z(N ) or L([v,m]) = 0296

for all v ∈ U,m ∈ N and by Lemma 2, we conclude that (N ,+) is abelian or297

L([v,m]) = 0 for all v ∈ U,m ∈ N .298

Now, if L([v,m]) = 0 for all v ∈ U , m ∈ N , then L(vm) = L(mv) for all v ∈ U ,299

m ∈ N . Taking [w, x] in place of v, where w ∈ U , x ∈ N , in the last equation300

and use the fact that L([w, x]) = 0 for all w ∈ U , x ∈ N , we can arrive at301

[w, x]L(m) = 0, where w ∈ U , x,m ∈ N , it follows that 0 = [w, x]L(mn) =302

[w, x]mL(n) which gives the desired result by using Lemma 2.303

Now, suppose that L is a homoleft multiplier of N , and L([u, n]) ∈ Z(N ) for304

all u ∈ U, n ∈ N . If Z(N ) = {0}, then305

0 = L([u, un])

= L(u[u, n])

= L(u)[u, n] for all u ∈ U, n ∈ N .

L(u)un = L(u)nu for all u ∈ U, n ∈ N , put n = mt, we easily find L(u)N [u, t] =306

{0} for all u ∈ U , t ∈ N , by the 3-primeness of N , we arrive at L(u) = 0 or307

u ∈ Z(N ) for all u ∈ U , n ∈ N , in all cases, we conclude that L(u) = 0 for all308

u ∈ U , therefore, L = 0 by Lemma 7.309

Now, assume that Z(N ) 6= {0}, replacing n by zn, where z ∈ Z(N )−{0} in310

our assumption, we find that L([u, zn]) = L([u, n]z) = L([u, n])(L(z)+z) ∈ Z(N )311

for all u ∈ U, n ∈ N , using Lemma 1 (b) lastly gives312

L([u, n]) = 0 or L(z) + z ∈ Z(N ) for all u ∈ U, n ∈ N .(28)

If L([u, n]) = 0 for all u ∈ U, n ∈ N , using the same proof as used above in the313

first case we arrive at314

L(u) = 0 or u ∈ Z(N ) for all u ∈ U(29)

If there is u0 ∈ U such that u0 ∈ Z(N ), then the fact that L([u, n]) = 0 for315

all u ∈ U, n ∈ N implies 0 = L([u, u0n]) = L(u0[u, n]) = L(u0)[u, n] for all316

u ∈ U, n ∈ N , so L(u0)un = L(u0)nu for all u ∈ U, n ∈ N , put n = n
′

t in the317

last equation and use it to get L(u0)N [u, t] = {0} for all u ∈ U, t ∈ N , by the318

3-primeness we arrive at L(u0) = 0 or u ∈ Z(N ) for all u ∈ U , then (29) becomes319
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L(U) = {0} or u ⊆ Z(N ) for all u ∈ U , it follows that either L = 0 or (N ,+) is320

abelian by Lemma 7 and Lemma 2.321

Supposing that L(z) + z ∈ Z(N ), then L(xy)(L(z) + z) = (L(z) + z)L(xy)322

for all x, y ∈ N . By Lemma 5(ii) we get323

L(xy)(L(z) + z) = L(x)L(y)L(z) + L(x)L(y)z + L(x)yz for all x, y ∈ N ,(30)

also, for all x, y ∈ N , we have324

(L(z) + z)L(xy) = (L(z) + z)L(x)L(y) + (L(z) + z)L(x)y

= L(x)L(y)L(z) + L(x)L(y)z + L(x)yL(z) + L(x)yz(31)

From (30) and (31) we obtain L(x)yL(z) = 0 for all x, y ∈ N , using the325

3-primeness of N we obtain either L = 0 or L(z) = 0. Suppose that L(z) = 0,326

since L(zx) = L(xz) for all x ∈ N , we get L(x)z = 0 for all x ∈ N , and the327

3-primeness of N with z 6= 0 forces that L = 0.328

(ii) If L is a homoright multiplier of N and L(u◦n) ∈ Z(N ) for all u ∈ U, n ∈329

N , by assumption we have L(u(u◦n)) = L((u◦un)) ∈ Z(N ) for all u ∈ U, n ∈ N ,330

so we can get L(u(u ◦ n))L(z) = L(z)L(u(u ◦ n) ) for all u ∈ U, n, z ∈ N , using331

Lemma 5(i) lastly, we obtain332

L(u)L(u◦n)L(z)+L(u)(u◦n)L(z)+uL(u◦n)L(z) = L(z)L(u)L(u◦n)+L(z)uL(u◦n)
(32)
Let z = (v ◦ m) where v ∈ U , m ∈ N , in (32) to get L(u)(u ◦ n)L(v ◦ m) = 0333

for all u, v ∈ N , which can be written as L(u)(u ◦ n)NL(v ◦ m) = {0} for all334

u, v ∈ U,m, n ∈ N , using the 3-primeness of N we conclude that335

L(u)(u ◦ n) = 0 or L(v ◦m) = 0 for all u, v ∈ U,m, n ∈ N .(33)

If L(u)(u◦n) = 0 for all u ∈ U, n ∈ N , then L(u)un = −L(u)nu for all u ∈ U, n ∈336

N , putting n = nt in the last equation and use it to implies L(u)N [−u, t] = {0}337

for all u ∈ U, t ∈ N , by the 3-primeness of N , we arrive at L(u) = 0 or [−u, n] =338

0 for all u ∈ U, n ∈ N . If there is u0 ∈ U such that L(u0) = 0, then from339

our hypothesis we obtain L (u0 ◦m) = u0L(m) ∈ Z(N ) for all m ∈ N , thus340

u0L(v ◦m) ∈ Z(N ) for all v ∈ U,m ∈ N , and using Lemma 1(b) lastly implies341

that342

u0 ∈ Z(N ) or L(v ◦m) = 0 for all v ∈ U,m ∈ N ,(34)

in all cases, we can conclude

U ⊆ Z(N ) or L(v ◦m) = 0 for all v ∈ U,m ∈ N

If L(v ◦m) = 0 for all v ∈ U,m ∈ N , then343

L(vm) = −L(mv) for all v ∈ U,m ∈ N .(35)
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Now, if we replace m by (w ◦ x), where w ∈ U , x ∈ N , in (35) and use the fact344

L(w ◦ x) = 0 for all w ∈ U, x ∈ N , we can arrive at345

(w ◦ x)L(v) = 0 for all v ∈ U, x,m ∈ N .(36)

It follows that (w ◦ x)L([v, n]) = 0 for all w, v ∈ U , x, n ∈ N , so (w ◦ x)L(vn) =346

(w◦x)L(nv) for all w, v ∈ U , x, n ∈ N . Using (35) in the latter expression implies347

2(w ◦ x)L(vn) = 0 for all w, v ∈ U, x, n ∈ N , by the 2-torsion freeness of N , and348

(36) lastly implies (w ◦ x)vL(n) = 0 for all w, v ∈ U, x, n ∈ N and this result349

leads to 0 = (w ◦ x)vL(mn) = (w ◦ x)vmL(n) for all w, v ∈ U, x, n,m ∈ N , by350

the 3-primeness of N , we conclude that either L = 0 or (w ◦ x)v = 0 for all351

w, v ∈ U, x ∈ N , so we can easily verify (w ◦ x) = 0 for all w ∈ U, x ∈ N . i.e.352

wx = −xw for all w ∈ U, x ∈ N , if we replace x by nx in the last expression353

and use it, we obtain x[−w,n] = 0 for all w ∈ U, x, n ∈ N , we conclude that354

U ⊆ Z(N ) which gives the desired result by Lemma 2.355

Now, Suppose that L is a homoleft multiplier of N and L(u ◦ n) ∈ Z(N ) for all356

u ∈ U , n ∈ N . If Z(N ) = {0}, then357

0 = L(u ◦ un)

= L(u(u ◦ n))

= L(u)(u ◦ n) for all u ∈ U, n ∈ N .

That is, L(u)un = −L(u)nu for all u ∈ U , n ∈ N . Putting n = mt in the above
equation, we can easily arrive at L(u)N [−u, t] = {0} for all u ∈ U , t ∈ N , then
by the 3-primeness of N we arrive at L(u) = 0 or −u ∈ Z(N ) for all u ∈ U. Since
Z(N ) = {0}, the both cases force that L(u) = 0 for all u ∈ U , therefore, L = 0
by Lemma 7. Now, we suppose that Z(N ) 6= {0}, then there exists a nonzero
element z ∈ Z(N ), from our assumption we find that L(u ◦ zn) = L((u ◦ n)z) =
L(u ◦ n)(L(z) + z) ∈ Z(N ) for all u ∈ U , n ∈ N , using Lemma 1(b) lastly gives

L(u ◦ n) = 0 or L(z) + z ∈ Z(N ) for all u ∈ U, n ∈ N .

If L(u ◦ n) = 0 for all u ∈ U , n ∈ N , using the same proof as used above in the
first case we arrive at

L(u) = 0 or − u ∈ Z(N ) for all u ∈ U.

If there is u0 ∈ U ∩ Z(N ), then using the fact L(u ◦ n) = 0 for all u ∈ U , n ∈ N358

implies that359

0 = L(u ◦ (−u0)n)

= L((−u0)(u ◦ n))

= L(−u0)(u ◦ n) for all u ∈ U, n ∈ N ,
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which implies that L(−u0)un = L(−u0)un for all u ∈ U , n ∈ N , put n = mt in360

the last equation and use it to get L(−u)0N [−u, t] = {0} for all u ∈ U , t ∈ N ,361

then by the 3-primeness of N we arrive at L(u0) = 0 or −u ∈ Z(N ) for all u ∈ U ,362

then L(U) = {0} or −u ⊆ Z(N ), it follows that either L = 0 or (N ,+) is abelian363

by Lemma 7 and Lemma 2.364

When L(z) + z ∈ Z(N ), using the same proof as above in (ii) after equation365

(29), we get the required result.366

367
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