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Abstract

The aim of this paper is defining the concepts of Noetherian and Artinian
hoops by using the filter of hoop in the partial order set of all the filters
of hoops and inclusion relation and find some equivalent definitions for this
notion. We translate some important results from theory of rings to the case
of hoop and their characterizations are established. The relation between
short exact sequence on Noetherian and Artinian hoop studied and by using
short exact sequence we prove that the Cartesian product of two hoops is
Noetherian (Artinian) if and only if each one is a Noetherian (Artinian).
By using the notion of filter in hoops, we define the notion of composition
series and prove any V-hoop is Noetherian and Artinian if and only if it
has composition series. Finally, Chinese Remainder theorem in hoop and
the relation between maximal filter and Noetherian (Artinian) hoop are
investigated.
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composition series.
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2 M. SABET KisH, R.A. BORZOOEI, S. HAJ JABBARI AND M. AALY KOLOGANI

1. INTRODUCTION

Non-classical logic has become a formal and useful tool for computer science
to deal with uncertain information and fuzzy information. The algebraic coun-
terparts of some non-classical logics satisfy residuation and those logics can be
considered in a frame of residuated lattices. Hoops are naturally ordered com-
mutative residuated integral monoids were originally introduced by Bosbach in
[11, 12] under the name of complementary semigroups. Hoops have been studied
by Blok and Ferreirim [5]. The algebraic structures corresponding to Héjek’s
propositional (fuzzy) basic logic, BL-algebras, are particular cases of hoops. In
recent years, many mathematicians have studied various concepts on hoop, for
example filters theory plays an important role in studying logical algebras. From
logical point of view, filters correspond to sets of provable formula. The concept
of filter, quotient algebra and homomorphism are all closely related to each other.
In [4], Alavi and et al. introduced different kinds of filters on pseudo-hoop and
investigate the relation between them and the quotient structure that is made by
them. In [2], Aaly Kologani and et al. introduced the notion of co-annihilators
on hoop and investigated some properties of it and in [8] studied the relation
between hoops and other logical algebras. To read more about hoops, we suggest
to reader the articles [1, 2, 3, 4, 7, 8, 9, 10, 16, 17, 22].

In mathematics, the adjective Noetherian is used to describe objects that sat-
isfy an ascending or descending chain condition on certain kinds of subobjects,
meaning that certain ascending or descending sequences of subobjects must have
finite length. Noetherian objects are named after Emmy Noether, who was the
first to study the ascending and descending chain conditions for rings. The as-
cending chain condition (ACC) and descending chain condition (DCC) are finite-
ness properties satisfied by some algebraic structures, most importantly ideals in
certain commutative rings [11, 12]. These conditions played an important role
in the development of the structure theory of commutative rings in the works
of Hilbert, Noether, and Artin. The conditions themselves can be stated in an
abstract form, so that they make sense for any partially ordered set.

The aim of this paper is defining the concepts of Noetherian and Artinian
hoops by using the filter of hoop in the partial order set of all the filters of hoops
and inclusion relation and find some equivalent definitions for this notion. We
translate some important results from theory of rings to the case of hoop and their
characterizations are established. The relation between short exact sequence on
Noetherian and Artinian hoop studied and by using short exact sequence we prove
that the Cartesian product of two hoops is Noetherian (Artinian) if and only if
each one is a Noetherian (Artinian). By using the notion of filter in hoops, we
define the notion of composition series and prove any V-hoop is Noetherian and
Artinian if and only if it has composition series. Finally, Chinese Remainder the-
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A NOTE ON NOETHERIAN AND ARTINIAN HOOPS 3

orem in hoop and the relation between maximal filter and Noetherian (Artinian)
hoop are investigated.

2. PRELIMINARIES

In this section, we recollect some definitions and results which will be used in this
paper.

By a hoop we mean an algebraic structure (H,—,®,1) of type (2,2,0) in
which (H,®,1) is a commutative monoid and, for any z,y,z € H, the following
assertions are valid.

(H1) z -z =1,
H2) z0 (@ —=y)=y0O(y =),
H3) = (y—2)=(zQy) = 2.

On hoop H we define x < y if and only if x — y = 1. Obviously (H, <) is
a poset. A bounded hoop is a hoop with the least element, it means that there
exists 0 € H such that 0 < z, for any 2 € H. Let 2° = 1, 2" = 2" ' ® z, for
any n € N. If H is a bounded hoop, then we define a negation ” ’ ” on H by,
' =2 — 0, for all x € H. By a sub-hoop of a hoop H we mean a subset S of H
which, for any z,y € S,z >y € Sand z Oy € S (see [8]).

Note. From now on, we let (H,®,—, 1) be a hoop and denote it by H, for short.

Proposition 1 [8]. The following conditions hold for all x,y,z € H.
(i) (H,<) is a N —semilattice with x Ny =z ©® (v — y),
(ii) x Oy < z,yandz <y — z,
(i) v =y < (y = z) = (z — 2),
(iv) e <y impliesz v x<z—y y—z<zr—zadr®z<yoz,
(v) Oy <z if and only ifx <y — z,
(i) z = (N\vi) = N\ = ).

icl icl
Proposition 2 [8]. Define the operation V on H as follows,
eVy=(z—=y) =y Ay —z)—>a).

Then for any x,y € H the following conditions are equivalent:
(i) Vis associative,
(i) x <y implies vV z<yVz forany z € H,
(iii) Vis the join operation on H.
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4 M. SABET KisH, R.A. BORZOOEI, S. HAJ JABBARI AND M. AALY KOLOGANI

Definition [8]. A hoop H is called a V-hoop, if it satisfies in the one of equivalent
conditions of Proposition 2.

Proposition 3 [8]. Let H be a \V-hoop. Then the following conditions hold for
any z,y,z € H and n € N:
(i) (xVy) —z=(zr—2)A(y— 2).
(i) (zVyY)" = z=N{(z1 0220 - O ay,) = z|z; € {x,y}}.
(iii) 2 © (\/ v:) = \/(z 0 %).
i€l iel
Definition [7]. A non-empty subset F' of H is called a filter of H if for any

z,y € F,zOy € F and, for any y € H and x € F, we have z < y implies y € F.
The set of all filters of H is denoted by F(H).

Proposition 4 [7]. Consider ) # F C H. Then F € F(H) if and only if 1 € F
and ifcr € F andx —y € F, theny € F.

Definition [2]. (i) F € F(H) is called proper if F' # H.
(ii) A proper filter P of H is called a prime filter of H if for all z,y € H,
x —y € Pory— x € P. The set of all prime filters of H is denoted by Spec(H).
(iii) A proper filter M of H is called a mazimal filter of H if it is not contained
in any other proper filter. The set of all maximal filters of H is denoted by

Maz(H).

Definition [7]. Let ) # X C H. The intersection of all filters of H containing
X is denoted by (X) and characterized by

(X)={aeH| 210220 ---Oxy, <a for some n €N and z,...,2, € X}.

Let FF € F(H) and x € H\ F. Then the generated filter of F'U{x} is denoted
by F(z) and we define it as follows:

F(z) ={a € H|3n € Nsuch that 2" — a € F}.

(z Vy) = ()N (y).

Lemma 5 [2]. (i) Let (H,—,®,1) be a V-hoop. Then for any x,y € H we have
N
(ii) Let (H,—,®,1) be a V-hoop and F € F(H). Then

(FU{z}) n({FU{y}) = (FU{zVvy})

Proposition 6 [3]. The algebraic structure (F(H),A\,V) is a lattice, where for
any F,Ge F(H), FN\G=FNG and FVG = (FUQG).

Proposition 7 [10]. Let F' € F(H). Then for any x,y € H the relation x ~p y
if and only if x — y,y — x € F is a congruence relation on H. The set of all
congruence relations on H is denoted by Con(H).
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A NOTE ON NOETHERIAN AND ARTINIAN HOOPS 5

Proposition 8 [10]. Let % = {[z]lx € H}, where [z] = {y € H |  ~F y}.
Define the operation ® and ~~ on % as follows:

[z] @ [y] = [z ©y] and [z] ~ [y] = [z — y].
Then (%,@, ~, F, %) is a bounded hoop.

Definition [10]. Let H; and Hy be two hoops. Then a map ¢ : Hy — Hy is
called a hoop homomorphism if, for any z,y € H;

oz = y) = ¢(x) = é(y) and ¢(z ©y) = ¢(z) © #(y).

3. NOETHERIAN (ARTINIAN) HOOPS

In this section, we define the notion of Noetherian and Artinian hoop and give
some equivalent conditions for these notions. Then we define a short exact se-
quence of hoop and by using it we identify Noetherian and Artinian hoops. Fi-
nally, we define composition series in hoop and investigate the relation between
them and Noetherian and Artinian hoops.

Definition. A hoop H is called Noetherian (Artinian) if for every increasing
(decreasing) chain of its filters like Fy C F, C--- C F, C---(FF D F, 2+ D
F, D ---), there exists n € N such that F; = F,,, for all i > n

Example 9. (i) Every finite hoop is Noetherian (Artinian).

(ii) Let H = [0,1] such that for any z,y € H, x ©®y = min{z,y} and
x —y=1ifzx <yand oz -y =y if z > y. Then (H,6,—,0,1) is a
bounded hoop. Let F, = [1,1] with n > 1. Then F, are filters of H and
FRCF C..-CF,C--- does not stop. Then H is not a Noetherian hoop.

(iii) Define the operations ®, — and negation on [0, 1] as follows:

rOy=min{zr,y}, ¥ =1—-2, v —y=min{l,1 -z +y},

then H = ([0,1],®,—,0,1) is a hoop. Now, we prove ([0,1],®,—,0,1) has only
trivial filters. If I C [0,1] is a filter of H and I\ {1} # 0, then we prove
I =10,1]. Let I = [u,1] for some u < 1. Suppose x € [u,1). If z +u > 1, then
u—(r+u—1)=1-u+(z+u—-1) =z €l Thusu+ (x—1) € I and
this is a contradiction. Hence, for any = € [u, 1), x + u<1 and so u = 0. Hence
([0,1],®,—,0,1) is an Artinian and Noetherian hoop.

(iv) Let H = [0, 1]. Define the operations ® and — on H as follows:

1 ifzx<
ey {4 Moz

= o0.wW
T

Then ([0, 1], ®,—,0,1) is an Artinian and Noetherian hoop.
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Theorem 10. Let A be a non-empty set of filters of H. Then H is a Noetherian
(Artinian) hoop if and only if A has a mazimal (minimal) element.

Proof. Let H be a Noetherian hoop and S = {F; : F; € F(H)} be a non-empty
set of filters of H which does not have a maximal element. Since .S is a non-
empty set, there exists F; € S. In addition, from S does not have a maximal
element, there exists F» € S such that F} C F,. Continuing this method, we
have F} C Fy--- C F, C --- is an increasing chain of filters of H that there does
not exist n € N such that F; = F,,, for all ¢ > n, which is a contradiction. Hence,
S has a maximal element.

Conversely, let F; C Fy--- C F,, C --- be an increasing chain of filters of H.
Then define S = {F; : F; € F(H)}. Since S is a non-empty set, by assumption,
S has a maximal element such as F,. Then for all i > n, F; = F,,. Therefore, H
is a Noetherian hoop. The proof of other case is similar. [ |

Theorem 11. Any hoop H is Noetherian if and only if every filter of H is finitely
generated.

Proof. Let H be a Noetherian hoop and F' € F(H) which is not finitely gener-
ated. Suppose

S ={G € F(H)|G is a finitely generated filter of H and G C F'}.

Since (1) = {1} € S, we get S # (. Then by Theorem 10, S has a maximal
element such as Fy. Thus F; C F and Fy = (x4, ...,Z,), for some z1,...,z, € H.
Since F' is not finitely generated, we have Fj ; F, and there exists ¢ € F'\ F}
such that Fy G (21,...,2n,2) C F. Since (x1,..., 2, x) is finitely generated and
Fi ; (X1, ey Tp,x), We get (21, ..., Ty, z) € S, which is a contradiction. Therefore,
F is a finitely generated filter of H.

Conversely, suppose every filter of H is finitely generated and F} C F5--- C
F,, C --- is an increasing chain of filters of H. Let FF = F; U Fy U F3 U ....
Obviously, F' € F(H) and by assumption, F' is a finitely generated filter of
H. Suppose F' = (x1,...,x,), for some z1,...,x, € H. Since FF = |JF; and
x1,...,on € F, we get that there exist i1,...,4, € N such that z; € 13}6][ Now,
by property of chain, there exists m € N,;1 < m < n such that z;,...,x, € F; .
Thus F = (x1,....,xz,) C F;  C F. Hence, F; = F for all t > i,,. Therefore, H

is a Noetherian hoop. [ |

Theorem 12. Suppose every increasing chain of finitely generated filters of H
stops. Then H is a Noetherian hoop.

Proof. Assume H is not a Noetherian hoop. Then by Theorem 11, there exists
F € F(H) which is not finitely generated. Thus F' # (1) = {1} and there exists
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x1 € F'\ {1} such that (z;) G F and since F is not finitely generated F # (z1).
Thus there exists o € F'\ (x1) where (z1,22) C F. By continuing this method,

we have (z1) & (z1,72) & --- which is a proper increasing chain of finitely
generated filters of H that does not stop, which is a contradiction. Therefore, H
is a Noetherian hoop. [ |

Lemma 13. Let F,G € F(H) such that F C G. Then & € % if and only if
z € G. In addition, & € F(4).

Proof. Let % € F Then there exists a € G such that & = & and so x — a,a —
x € FCG. Since a € G and G € F(H), we get x € G By the similar way, the
proof of other side is clear. Since F' C GG, we have % € % Let x,y € H such that
% JF— $ € % Then z,z — y € G. Since G € F(H), we get y € G. Hence,

eq. ]

Theorem 14. Let F € F(H). Then £ is a Noetherian (Artinian) hoop if and
only if H is a Noetherian (Artinian) hoop.

0!

Proof. Let H be a Noetherian (Artinian) hoop and % C 72 C---EC--- be
an increasing chain of filters of % Then FC F;, CF, C..-CF,C-.-.isan
increasing chain of filters of H. Since H is a Noetherian hoop, there exists n € N
such that for all ¢ > n, F; = F,. Then for all ¢ > n, Z = F” Therefore, % is a
Noetherian hoop.

Conversely, let Fy C F2 C ... CF, C--- be an increasing chain of filters

of H. If Fy = {1}, since {11'} F; then the proof is clear. Let F} # {1}. Since

F1QFiforany2§i§n,byLemma13,%Q%Q---Q%--- is an increasing

chain of filters of Fil Since g is a Noetherian hoop, there exists n € N such that
for i > n, % = F’;. Hence for any = € Fj, 4 € F1 = ];” we have x € F” by

Lemma 13, z € F,, so F; C F, by the similar way F,, C F; thus for all ¢ > n,
F; = F,,. Therefore, H is a Noetherian hoop.
The proof of other case is similar. [ |

Proposition 15. Let S be a sub-hoop of H. Then the set of all filters of S is
F(S)={FNS|FeF(H)}.

Proof. Let S be a sub-hoop of H and K be a filter of S. Clearly K C (K)NS.
Let z € (K)N S. Since x € (K), by Definition 2, there exist z1,x2, - ,x, € K
and n € N such that 1 ® 29 ® --- ©® x, < x. Since K is a filter of S, we get
10120 - Ox, € Kandsox € K. Thusx € KNS =K. Hence K = (K)NS.
Therefore, F(S) ={F NS|F € F(H)}. |

Corollary 16. Any sub-hoop of Noetherian (Artinian) hoop H is Noetherian
(Artinian,).
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Definition. Let Hy, H, and Hs be hoops. A sequence 1 — H; i) Hy i)

H; — 1 is called a short exact sequence of hoops if ¢ is one-to-one, 9 is onto
and ker(¢) = Im(o).

Example 17. Let Hy = {0,a,b,¢,d,1} and Hy = {0,1} be two sets such that
0<a<c<1,0<b<d<1land 0<b<c<1. Then the Cayley tables are as
follows:

—m |0 a b c d 1 Om |0 a b ¢ d 1
0 111111 0O |0 0O O OUD
a d 1l d1 d1 a |0 a 0 a 0 a
b a a1l 1 11 b |0 0 b b b b
c 0 a d1l1 d1 c |0 a b ¢c b ¢
d a a c c 1 1 d |0 0b b d d
1 0 a b ¢ d 1 1 0 a b c d1

—m, |0 1 O, |0 1
0 11 0 |0 O
1 01 1 |0 1

Then (H1,—w,,OH,,1H,) and (Ha, —m,, ®H,, 1g,) are hoops. By routine cal-
culations, we get F' = {a,c,1} is a filter of H;. Define a map ¢ : Hy — Hs by
¥(0) = ¢(b) = ¥(d) = 0 and (1) = ¢(c) = ¢(a) = 1. Easily we can check v is a
hoop homomorphism. Thus a sequence 1 — F' i) H; i) Hy — 1 is a short
exact sequence of hoops, where ¢ is an identity map.

~—

Proposition 18. Let ¢ : Hy — Hs be a hoop homomorphism such that F €
F(Hy) and G € F(Hsz). Then the following statements hold:

(i) If ¢ is a surjective hoop homomorphism such that ker(¢) C F, then
6(F) € F(Hy).

(ii) 971 (G) € F(Hy).

(i17) ker(¢) = {x € Hi|p(x) =1} € F(Hy).

Proof. (i) Obviously, 1 = ¢(1) € ¢(F). Let z,y € ¢(F). Then there exist
a,b € F such that ¢(a) = z and ¢(b) = y. Since F € F(Hy), clearly a® b € F,
and so  ©y = ¢(a) © ¢(b) = ¢p(a ®b) € ¢(F). Let x,y € Hy such that x <y
and x € ¢(F). Thus there is a € F such that ¢(a) = x and since ¢ is surjective,
there exists b € H; such that ¢(b) = y. Since z <y, we have ¢(a) < ¢(b) and so
dla = b) = ¢(a) - ¢(b) = 1. Thusa — b € ker¢ C F. From F € F(H;) and
a€F,wegetbe Fandsoy=¢(b) € ¢(F). Therefore, ¢(F) € F(Ha).

(ii) Obviously, 1 € ¢~Y(G). Let z,2 — y € ¢~1(G). Then ¢(x),d(x) —
¢(y) € G. Since G € F(Hz) and ¢(x) € G, we have ¢(y) € G, and so y € ¢~ (G).
Therefore, ¢~1(G) € F(Hy).
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(iii) Clearly ¢(1) = 1, thus 1 € ker(¢). Let z,x — y € ker(¢). Then

¢(z) = 1 and ¢(z — y) = ¢(x) = ¢(y) = 1. Thus ¢(z) < ¢(y) and ¢(x) = 1.
Hence ¢(y) = 1 and y € ker(¢). Therefore, ker(¢) € F(Hy). ]

Theorem 19. Let 1 — H; i) H, i) Hs — 1 be a short exact sequence of
hoops. Then Hy and Hs are Noetherian hoops if and only if Hs is a Noetherian
hoop.

Proof. (=) Let F; C F» C --- C F,, C --- be an increasing chain of filters
of Hy. Since v is a surjective hoop homomorphism and ker ¢ C I'ma, we have
Y(F1) CY(Fy) C -+ Cy(F,) C --- is an increasing chain of filters of H3 and
¢ ) C oY (Fp) C--- C ¢ Y(F,) C - is an increasing chain of filters of Hj.
Since H; and Hjs are Noetherian hoops, there exist m,k € N such that ¢(F;) =
Y(Fy) and ¢~ Y(Fj) = ¢~ 1(F) for all i > m and j > k. Let | = max{m,k}.
Clearly, for all ¢ > [, we have F; C F;. It is enough to prove F; C F; for all i > .
Let x € F; for i > [. Then ¢(z) € ¥(F;) = 1 (F}), thus there exists a € F; such
that ¢ (x) = ¢(a). It follows that ¢¥(a — z) = ¥(a) = ¥(z) =1, that isa — x €
ker(¢) = Im(¢). Hence there exists b € H; such that a — = = ¢(b). Moreover,
since F; is a filter of Ho, x € F; and ¢ < a — z, we get a — x € F;. Then
#(b) € F; implies b € ¢~1(F;) = ¢~ 1(F}) and so ¢(b) € F;. Hence, a — x € F.
Now, since a € F; and Fj is a filter of Hy, we get x € F;. Then F; C Fj, and so
F; = F; for all © > [. Therefore, Hy is Noetherian.

(<) Let Hy be a Noetherian hoop. Then by first isomorphism theorem, we
have %@) = Hj. Thus by Theorem 14, Hs is a Noetherian hoop. Since ¢ is a
hoop homomorphism, H; = ¢(H;) and ¢(H;) is a subalgebra of Hg, by Corollary
16, we get Hi is a Noetherian hoop. [ |

Corollary 20. Let F' € F(H) and S be a sub-hoop of H such that F C S. Then
F and % are Noetherian (Artinian) if and only if S is Noetherian (Artinian)
hoop.

Proof. Since 1 — F SN i) % — 1 is a short exact sequence of sub-hoops

where i is identity and v is a natural homomorphism, by Theorem 19 the proof
is clear. [ |

Proposition 21. Let H be a Noetherian hoop and w : H — H be an onto
homomorphism. Then 7 is one-to-one homomorphism.

Proof. Let x € ker(w). Since ker(mw) € F(H), and the composition of homomor-
phism is a homomorphism we can see that ker(7") is filter. Let x € ker(r) for
any 1 <4 <n. Then 7*(z) = 1 and so 7(7(x)) = 1. Thus z € ker(n*™!). Hence,
ker(n') C ker(w™*1). Suppose ker(r) C ker(n?) C --- C ker(7™)--- be an in-
creasing chain of filters of H. Since H is Noetherian and ker(7*) € F(H), there
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exists n € N such that ker(n?) = ker(n™), for all i > n. Let x € ker(nw). Since
7™ is onto, there exists y € H such that z = 7"(y). Then 7(z) = 7" "!(y) = 1
and so y € ker(r"*!) = ker(7"). Hence x = n"(y) = 1. Therefore, ker(r) = {1}
and 7 is a one-to-one hoop homomorphism. [ |

Proposition 22. Let ¢ : Hi — Hs be a surjective homomorphism. If Hy is
Noetherian (Artinian), then Hy is, too.

Proof. Let G € F(H3). Then by Theorem 11, it is enough to show that G
is a finitely generated filter of H,. By Proposition 18, F = ¢~ 1(G) € F(H,).
Since Hi is a Noetherian hoop, we get F' is finitely generated. Suppose that
there exist xy1,x9, -z, € H; such that F = (x1,29, - ,2,). Now, we prove

G= <¢($1)7 ¢($2), T 7¢('rn)> For this, let
B = {y € Hs| There exist x1,--- ,x, € F such that ¢(x1)0¢(x2), - -Od(x,) <y},

and y € B. Then ¢(z1) ©® ¢(x32), -+ ® ¢(x,) < y. Since x1, 9, - ,z, € F and
F € F(Hy), we get 1 ® x9,- -+ ® x,, € F. Then ¢(x1 ® xg, -+ ® xy,) € G. Since
¢ is a hoop homomorphism, we have

P(x1 QX2 ® - O mp) = P(x1) © Pp(x2) © -+ © Pxy) < y.

Moreover, from G € F(Hj), we get y € G and so B C G.

Conversely, let a € GG. Since preimage of any filter of H» is a filter of Hy, we
have ¢~!(a) € F. Moreover, since I’ € F(H;) and F is finitely generated, there
exist x1, T2, , o, € F such that 1 ® 22, -+ ® z,, < ¢~ !(a). Thus

P(r1 0220 - Oxp) <a , ¢(x1)©P(x2) OO d(wy) < a

Hence a € B, and so

G ={y € Ha|p(x1) © p(22) © -+ © ¢(zn) < y}.

Therefore, G is finitely generated. [ |

Theorem 23. Let F,G € F(Hy) and ¢ : Hi — Hy be a hoop homomorphism
such that ker(¢) C G. If (¢(F)) = (¢(Q)), then F = G.

Proof. Suppose F,G € F(H;) and (¢p(F)) = (¢(G)). If € F, then ¢(z) €
(p(F)) = (¢(@)). By Definition 2, there exist n € N and 1, - -z, € G such that
P(21)©P(22) O - O¢(zn) < ¢(x). Then (¢(21)OP(22) - -©(an)) = d(z) = 1.
Since ¢ is a hoop homomorphism, we have ¢((z1 @ z2 ©® -+ @ x,) — ) = 1, and
S0

(11 Q22 @ - Oxy) = x € ker(o)

Since ker(¢) C G, we get (x1 @22 ® -+ ® zp,) = = € G. In addition, since for
n € N, we have z1,---x, € G and G € F(Hy), then x € G and so F' C G. By
the similar way, we can prove G C F'. Therefore, F' =G [ |
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Definition. If (Hy,®p,, —H,,1) and (H2, ®p,, —,, 1) are hoops, then (H; X
Hy, ®,~+, 1, xm,) is called a Cartesian product of hoops, where;

(m,z) ® (y,UJ) = (m ®H1 y,Z®H2 UJ) and (,I,Z) ~ (y,UJ) = (m —H; Y% —7H, ’(U)
for any (z, 2), (y,w) € Hy x Hs.

Proposition 24. Let Hy and Hy be two hoops. Then K € F(H; x Hs) if and
only if there exist F € F(Hy) and G € F(H3) such that K = F x G.

Proof. Let K € F(H; x Hy) such that K = F x G, where F' = {zx € Hi|(z,2) €
K, for some z € Hy} and G = {w € Hs|(y,w) € K, for some y € H;}. Suppose
x,y € F. Then there exist z,w € Hs such that (z,z),(y,w) € K. Since K €
F(Hy x Hs), we have (x ©y,z0w) = (z,2) ©(z,w) € K, and so x ©y € F. Now
suppose x < y and = € F. Then there exists z € Hs such that (x,z) € K. Since
(x,2) < (y,2) and K € F(H; x Hy), we get (y,2) € K, and so y € F. Hence,
F € F(Hi). By a similar way, we can prove that G € F(Ha). |

Theorem 25. The hoops Hy and Hs are Noetherian (Artinian) if and only if
Hy x Hsy is a Noetherian (Artinian) hoop.

Proof. Let 1 — H; i) H, x Hy i) Hs; — 1 be a short sequence of hoops.
It is clear that ¢ is one-to-one and 1) is surjective. Then this sequence is a short
exact sequence of hoops and by Theorem 19, the proof is clear. [ |

Lemma 26. If H is a \/-hoop such that for any x,y € H, (x = y)V(y = x) =1,
then P € Spec(H) if and only if x € P ory € P.

Proof. Consider P is a prime filter of H and x Vy € P such that x ¢ P and
y ¢ P. Since P is prime, we have + — y € P or y — = € P. Suppose
x — y € P. By Proposition 2, zVy = ((zr = y) — y) A((y = =) — z) and
so((zx wy) YAy > z) >z <(x—>y —y From P e F(H) and
zVy<(r—vy) >y weget (x >y) >y€eP. AsPe F(H)andx — y € P,
we obtain y € P, which is a contradiction.

Conversely, since (z — y) V (y = ) =1 € P for any z,y € H, by (i) the proof
is clear. [

Note. Let H be a V-hoop. Then a subset S C H is a V-closed subset if tVy € S
for any z,y € S.

Proposition 27. Let H be a V-hoop. If F' is a proper filter of H and S is a
V-closed subset of H such that SN F = (0, then F is contained in a prime filter
P of H such that SN P =0, and F C P.
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Proof. Let ' = {G € F(H)|F C G,GNS = 0}. Since F € T, we get I" # 0.
Consider {G;}icr is a family of filters of H such that G; € T for any i € I. By
Zorn’s Lemma (T", C) has a maximal element such as P = U G;. Now, we prove
P is a prime filter of H. Clearly P is a proper filter of Ij.EISuppose xrVyePrP
such that x ¢ P and y ¢ P. Since F C (P U {z}), F C (PU{y}), and P
is a maximal element of I', we get (P U {z}) ¢ I" and (P U {y}) ¢ I'. Thus
(PU{z})NS # 0 and (PU{y}) NS # 0. So there exist a € (P U {z}) NS and
be (PU{y})NS. Since S is V-close, we have aVb € S. Also, by Lemma 5(ii) we
have aVb e (PU{z})N(PU{y}) = (PU{xzVy}) = P. Hence, PN S # (), which
is a contradiction. Thus € P or y € P. If x € P, then since for any y € H, we
have z < y — x, we obtain y — x € P. Hence by Lemma 26, P is a prime filter
of H. [

Corollary 28. Let H be a V-hoop. Then
(i) If F is a filter of a V-hoop H and x € H \ F, then there exists a prime
filter P of H such that F C P and x ¢ P.

(ii) Every proper filter of hoop H can be extend to a mazximal filter of hoop
H.

Proof. (i) Clearly S = {z} is a V-closed subset of H. Thus by Proposition 27,
the proof is completed.

(ii) Let F' be a proper filter of H. Then there exists z € H \ F and by (i), F’
contained in a prime filter P such that = ¢ P. Suppose

X ={G|P C G,G is a proper filter of H}.

By Zorn’s Lemma (I",C) has a maximal element such as M = [J{G|G € X}.
Obviously, by (i), M is a maximal filter of H. ]

Proposition 29. Let H be a V-hoop. Every proper filter F of H is intersection
of all prime filters including F'.

Proof. Let F be a proper filter of H and {P;};c; be the set of all prime filters
of H such that for any ¢ € I, F C P;,. So F C mPi. Suppose = € mPZ- and
el el
x ¢ F. Then by Corollary 28, there exists a prime filter of H such as P; such
that F* C Pj and x ¢ P;. Moreover, since = € ﬂ P; C Pj, we get v € P; which
el
is a contradiction. Hence, every proper filter F' of H is intersection of all prime
filters including F'. [ |

Proposition 30. Let H be a V-hoop. Then Max(H) C Spec(H).
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Proof. Let M € Max(H). Then M is a proper filter of H. By Proposition
29, there exists a prime filter P of H such that M C P. Since M is a maximal
filter and P € Spec(H), we get M = P. Hence M € Spec(H). Therefore,
Maz(H) C Spec(H). ]

Lemma 31. Let H be a V-hoop and I,J € F(H) such that I NJ C P, where
P € Spec(H). Then I C P orJ C J.

Proof. Let P € Spec(H) such that for I, J € F(H), we have INJ C P. If I £ P
and J ¢ P, then there exist x € I\ P and y € J\ P. Since I, J € F(H), we have
xVyelInJCP. In addition, P € Spec(H), and so x € P or y € P, which is a
contradiction. Hence, I C P or J C J. [ |

Theorem 32. Let H be an Artinian V-hoop. Then Maz(H) is a finite set.
Proof. Let

S ={F € F(H) | F is an intersection of finitely many maximal filters of H}.

If Max(H) is an empty set, then Max(H) is finite and the proof is clear. If
Mazx(H) is a non-empty set, then there exists a maximal filter of H such as M
such that M € S, and so S is a non-empty set. Thus, by Theorem 10, we get
S has a minimal element. Suppose G is a minimal element of S. Then there
exist My, My --- M, € Max(H) such that G = M; N Ms N --- N M,. Now, let
M e Max(H). Then MNG C Gandso MNG=MnNM, NMN---NM, €S.
Since G is a minimal element of S and M NG C G, we get M NG = G. Thus
G=MnNnMyN---NM, C M. Since M € Mazx(H), by Proposition 30, we get
M € Spec(H) and by Lemma 31, there exists ¢« € N, such that M; C M. Since
M, M; € Max(H), we obtain M = M;. Hence Max(H) = {M;y,Ms--- M,} and

it is a finite set. [
In the following example, we show that every filter of Noetherian hoop H is
not an intersection of finitely number of prime filters of H.

Example 33. Let H = {0,a,b,c,1} be a set. Define the operations — and ® on
H as follow:

=10 a b ¢ 1 ®l0 a b ¢ 1
o1 1111 0/0 0 0 0 O
alb 1 0 0 1 al0 a 0 0 a
blc 01 01 b0 0O b 0 b
cle 0 0 1 1 c|0 0 0 ¢ c
1{0 a b ¢ 1 10 a b ¢ 1

Then (H,®,—,1) is a hoop. By a routine calculate the set of all filters and
primes filters of H are:

F(H) ={{1},{a,1},{b,1},{0,a,b,¢,1}} and Spec(H) = 0.
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Theorem 34. Let H be a Noetherian V-hoop such that for any x,y € H, (x —
y)V (y — x) = 1. Then every filter of H is an intersection of finitely number of
prime filters of H.

Proof. Let
S ={G € F(H) | Gis not an intersection of finitely number of prime filters of H }.

If S is a non-empty set, since H is a Noetherian V-hoop, then by Theorem 10,
S has a maximal element GG. According to definition of set S, clearly G is not
a prime filter of H. Thus there exist z,y € H such that + — y ¢ G and
y -2 ¢ G SoGS (GU{zr = y})and G G (GU{y — z}). Since G is a
maximal element of S, (GU{x — y}) ¢ S and (GU{y — x}) ¢ S. Now, there
exist Py, Po,-+ , Py, P{,P},--- | P € Spec(H) such that

(GU{z =y} =P NPN---NP, , (GU{y—a})=P NPN---NP,
By Remark 5,
G=(GU{z—=>yHhnNn({GU{y—=z}) =P NPN---NP,NPNPyN---NP,

which is a contradiction. Hence S is an empty set. Therefore, every filter of H
is an intersection of finitely number of prime filters of H. [

Definition. Let (A, <) be an order set and B,C € P(A) where P(A) is the
power set of A. Then B is covered by C if B C C and there is no D C A such
that BC D CC.

Similarly we can define covered elements if sets are singletone.

Example 35. Let H = {0,a,b,1} be a set such that 0 < a,b < 1 with the
following Hasse diagram.

1 —>‘0abc @‘Oabc
0|11 1 1 1 0[{0 0 0 O

a b alb 1 b 1 al0 a 0 a
bla a 1 1 b0 0 b b

0 c|0 a b 1 cl0 a b 1

According to Definition 3 clearly, 0 covered by a and b.

Definition. Let F € F(H). Then an increasing sequence of filters {F;|i =
1,2,--- ,n} of H such that {1} = F; C F, C ---F,_1 C F, = F is called an
F-chain of H.
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Example 36. Let H be the hoop as in Example 35. Consider F; = {1} and
Fy ={a,1}. Then it is clear that the sequence {F;|i = 1,2} is an F'-chain of H.

Theorem 37. Let F,G € F(H) such that F C G. Then the followings state-
ments are equivalent:

(i) F is covered by G,

(i) (FU{z}) =G forall z € G\ F,

(iii) (L) = ¢ for all z € G\ F.

Proof. (i) = (ii) Let x € G\ F and F covered by G. Since F C (FU{z}) C G
by Definition 3, we get (F U {z}) =

(ii) = (iii) Let & € %. Then by Lemma 13, we have a € G. Since by
(ii), (F U{z}) = G, by Definition 2, there exist u € F and n € N such that
(u®2™) — a€ F. Since u € F, we get 2" — a € F, andsoQC< ). By the
similar way, () C G Hence, (%) = Q

(tit) = (i ) Let F C K CQ@G, for K € F(H). If F # K, then there exists
x € K\ F. Since K C G and x € K\F we get x 6 G\ F. Then by assumption
() = & Let a € G. By Definition 2, 2+ — = F, for some n € N. It follows
that 2™ — a € F C K. Thus from x € K we conclude a € K. Therefore, K = G

and so F'is covered by G. [

Definition. An F-chain {F;|i = 1,2,--- ,n} is called a composition series for F
if for any 0 < i < n — 1, F; is covered by F;;; in ordered set (F(H),C). The
smallest length of a composition series for F' is denoted by le(F). We denoted
le(F') = oo if F has no composition series.

Example 38. Let H be the hoop as in Example 35. Suppose an F-chain F' =
{F;|1 <i <3} such that F} = {1}, F5 = {a,1} and F3 ={0,a,b,1}. Clearly F is
a composition series for F3.

Theorem 39. Let F,G € F(H) such that FF C G and G has a composition
series. Then le(F) < le(G).

Proof. Let le(G) = n. Then there is a composition series {1} = Gy C G; C

- CGp,=Gfor G. Thus {1} = GoNF C GiNF C--- CG,NF = F. Consider
z € (GiuiNE)\(G;NF) for 0 <i<n. If x €G, then since x € Gj11 N F,
we have x € G; N F, which is a contradiction. Hence, x ¢ G;. Then by Theorem
37, (G;U{x}) = Gi11. Let z € G;NF. Then z € (G; U{x}) and by Definition
2, there exist n € N such that 2™ — z € G;. Since z € F, by Proposition 1(vi),
" — z € FNG;. Hence, z € ((G;NF)U{z}) and ((G;NF)U{z}) =Gix1 NF.
Now, by Theorem 37, G; N F is covered by G,4+1 N F. By repeating this method,
the sequence {1} = GoNF C GyNF C --- C G, NF = F, is a composition
series for F. Hence le(F) < le(G). Now, suppose le(F) = le(G). A chain
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{1} =GoNnFC G NFC---CG,NF = F is a composition series by length n
for F. By assumption, F' C GG, and so

{1}:G0ﬂFgG1ﬂFg"'anﬂF:FCG
is a composition series for G, where le(G) = n + 1, which is a contradiction. m

Theorem 40. Let F' € F(H) such that le(F) = n, for some n € N. Then the
length of any composition series for F is n.

Proof. Let {1} = Fy C F; C --- C F,_1 C F,,, = F be a composition series
for F. Since le(F') = n, by Definition 3, we get n < m. Thus by Theorem 39,
0 =le(Fy) <le(Fy) < --- <le(Fpp—1) < le(F) = n. By adding only one unit to
each le(F;), 1 <i < n, we get le(F') at least is m. Hence m < n and the length
of every composition series for F' is n. [ |

Theorem 41. Let H be a V-hoop. Then H is a Noetherian and Artinian V-hoop
if and only if le(H) is finite.

Proof. Let H be a V-hoop. If H is a finite hoop, then the proof is clear. Suppose
H is an infinite Noetherian and Artinian V-hoop. If {1} is a maximal filter of
H, then {1} C H is a composition series for H and le(H) is finite. Suppose
{1} is not a maximal filter of H. By Theorem 25, Max(H) is a finite set. Let
Maz(H) = {My, Ma,--- ,M,}. Assume M; € Max(H) has a composition series.
Let {1} = Fy C F}y C --- C F; = M, be a composition series for M;. Since M; is a
maximal filter of H, we get {1} = Fy C Fy C --- C Fj = M; C H is a composition
series for H. Thus le(H) is finite. In the other case, suppose for any 1 <i < n,
le(M;) = oo. Consider the set V = {F € F(H)|le(F) = oo}. Clearly, since
M; € V, we get V is a non-empty set. Since H is an Artinean hoop, by Theorem
10, every non-empty set of filter of H has minimal element, thus V has a minimal
element K. LetU = {F € F(H)|F C K}. Since {1} € U, we get U is a non-empty
set and since H is a Noetherian hoop, by Theorem 10, ¢/ has a maximal element
such as K’. Since K’ C K and K is a minimal element in V, we have K’ ¢ V.
Suppose le(K') = m for some m € Nand {1} = K, C K| C --- C K, = K’
is a composition series for K’. Hence, {1} = Kj C K{ C --- C K], C K is a
composition series for K, which is a contradiction. Therefore, le(H) is finite.
Conversely, by Theorem 39, the length of every chain of filters of H is finite
and H is a Noetherian and Artinian hoop. [ |

Theorem 42. Let F' € F(H). If le(H) is finite, then le() is finite. Moreover
le(H) = le(F) + le(£).

Proof. Suppose le(H) is finite. Then by Theorems 14 and 41, we have le(%)
is finite. Moreover, by Theorem 39, we get le(F') is finite. Let m,n € N such
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that le(F) = n and le(%) = m. Consider {1} = Ry C F C >, C - CF, =F
as a composition series for F. By Lemma 13, for any 1 < i < m, there exists

K; € F(H) such that F' C K; and 5 € F(£). Suppose

1 K K K K, H
{—}:—OC—ICJC"'C—m:F

is a composition series for % Now, we get
{1}:FOCF1CFQC"'CFnCKlCKQC"'CKm:H
is a composition series for H. Hence, by Theorem 40, le(H) = le(F') + le(%). ]

Definition. The intersection of all maximal filters of hoop H is called a radical
of H and is denoted by Rad(H). It means that

Rad(H)= [\ M.

MeMaz(H)

Example 43. Let H be a hoop as in Example 35. Clearly Maxz = {{a, 1}, {b, 1}}
and so Rad(H) = {1}.

Lemma 44. Let H be bounded and F,G € F(H) such that (F UG) = H. Then
there exists x € H such that x ~p 1 and x ~g 0, where ~ is a congruence relation
on H by F and G, respectively.

Proof. Since 0 € H = (FUG) there exist = € F and y € G such that x ©®y = 0.
Since © € F, clearly, x ~p 1. By Proposition 1(viii), since z ©®y < 0, we
get y < 2/. Moreover, y € G, G € F(H) and y < 2/, then 2’ € G. Hence,
0—=2)0(x—0)=12"€G, and so z ~¢ 0. ]

Example 45. Let H be a hoop as in Example 35. Obviously, H = ({a,1} U
{b,1}). So there exist F,G € F(H) such that (FUG) = H.

Theorem 46. Let H be bounded and Mazx(H) = {My,Ms,--- ,M,}. Then a
n
H
mapping CR : H — H A define by CR(x) = (Mil, i ,Min) is a surjective
hoop homomorphism.

Proof. Since CR is a product of the natural homomorphisms CR; : H — A 1 such
that CR;(z) = 5 where 1 < i < n, clearly we have CR is a hoop homomorphism.
Now, we prove CRis a surjective homomorphism. Let

(L I TH
y*(M17M27 I IJM
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such that m’_ € ﬁ for all 1 < i < n. Clearly, z; € H\ M;. If z; € M;, then
]‘ff = ML in other word z; ~p7, 1, 1 < ¢ < n. Now, we try to find an element
z € H such that CR(z) = y. Slnce for every 1 < ¢ < mn, M, are maximal filters
of H, we get (M; UM;) = H for any 1 < i # j < n. By Lemma 44, for any
1 <1 # j < n, there is an element a; ; € H such that a;; ~y; 1 and a; ; ~ar;, 0.
Thus a; ; € M; and a;j € M;. Consider

L =0a1200a130 a1y,

ro =ag1 ®az3© azn,

Tn = Gn,1 © Qn, 2 ® Apn—1-

Then for any 1 < i # j < n, since M; is a maximal filter of H and a;; € M;,
we get r; € M;. By Proposition 1(iii), n < a;; and so i < ;. Moreover,
from Mj; is a maximal filter of H and a” € M;, we have r;- € M;. Since
M; € F(H) and r; € M;j we obtain r; ~, 1 and r; ~z; 0. Let 2z = ((x1 ©71)' ©
(xg Ory) @ - ® (x, ®ry)). According to Lemma 44, it is enough to prove

(x; = 2) ® (z = x;) € M; for any 1 <i < n. By using (H3), we have

(i Or) O O(xz1Or) @ O (z, O m)]) =
& 2,01 <(@o[(r1or) e 0 (z,0rm)])
s 2or<z—= ((z10r) 06 (z;0r)]—0)
S ;0 <z — 2.

Since z;,r; € M; and M; € F(H), we have z; — z € M;. Moreover, by Proposi-
tion 1(vi), x; < z — x;. Since M; € F(H) and z; € M;, we obtain z — x; € M.

Hence, by Definition 4, (z; — 2) ® (z — xl) € M;, and so 57 = 77. Therefore,

CR(z)= (755 »30) = ({36 1), and so CRis a surjectlve hoop

homomorphism. [ |
n

Coroll 47. If H is bounded, th il here Max(H) =

orollary 47. If H is bounded, then a— Hﬁ’ where Mazx(H) =

{M17M27 o 7Mn}
Proof. Let x € H and for every 1 < i < n, M; € Maz(H) such that CR(z) =

(MLNMLQ’”'?ML”):l" e By definition of CR we have (MiniQ"”’Min):
g
=1

(Mil’MLQ""’MLn)’ and so x ~jy, 1 for any 1 < i <n. Thus for any 1 <i < n, we

n
get x € M; and so x € ﬂ M; = Rad(H). By Theorem 46 and Proposition 21,
i=1
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since CR is surjective, we get C'R is one-to-one and ker(CR) = Rad(H). Hence,

n

H o~

by using the first isomorphism theorem, we obtain Tad() [ |

H
i=1 M;

Definition. A hoop H is called a simple hoop if F(H) = {H, {1}}.
Example 48. Let Hs be a hoop as in Example 17. Clearly H is a simple hoop.

Note. Let F,G € F(H). An interval of [F,G] is denoted by K € F(H) where
FCKCG.

Theorem 49. Let M € F(H). Then % is a simple hoops if and only if M €
Maz(H).

Proof. Suppose % is not simple. Then there exists % e F (%) such that % =+

% # %, and so 1 C K C H. Hence, M ¢ Max(H), which is a contradiction.
The proof of converse is similar. [ |

Theorem 50. Let H be bounded such that Rad(H) = {1}. Then the following
statements hold:

(i) H is up to isomorphism a finite product of some simple hoop if and only
if H is an Artinian hoop.

(i1) If Max(H) is finite, then H is an Artinian hoop.

(i1i) If H is an Artinian hoop, then H is Noetherian.

Proof. (i) Let H be an Artinian hoop and Rad(H) = {1}. By Theorem 32, we
T H
get Maxz(H) is finite. Moreover, by Corollary 47, we have H = H I Since

i=1""
M; is a maximal filter of H, for every 1 < i < n, we have % is a simple hoop.
Hence, H is a finite direct product of simple hoops.

n
Conversely, suppose H =2 H H; such that for every 1 < ¢ < n, H; is a simple
i=1
hoop. Then for every 1 < i <n, F(H;) = {{1}, H;} and by Proposition 24, we

n
get F (H H;) is finite. Hence, H is an Artinian hoop.
i=1
(ii) By (i) the proof is clear.
(iii) Let H be an Artinian hoop. By (i), H is a finite direct product of simple
hoops and by Proposition 24, we get F(H) is finite. Therefore, H is a Noetherian
hoop. [ |

Theorem 51. Let H be a V-hoop. Then Max(H) is finite if and only if every
properly increasing chain of filters of RadL(H) 1s finite.
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Proof. Suppose Maz(H) if finite. Assume Max(H) = {My, Ms,--- , M,}, then

by Theorem 14, every properly increasing chain of filters of %(H) is finite. For
the converse by Theorem 32 and Proposition 24, the proof is clear. [ |

4. CONCLUSIONS AND FUTURE WORKS

In this paper, the notion of Noetherian and Artinian hoops are defined and char-
acterized by using the filters of hoops. Then the relation between Noetherian
and Artinian hoops are investigated. Also, the notion of a short exact sequence
is introduced and the relation between a short exact sequence and Noetherian
and Artinian hoops are investigated. The concept of composition series is de-
fined and proved every V-hoop is Noetherian and Artinian hoop if it has a finite
composition series. Finally, we investigate the condition that proved H is up to
isomorphism a finite product of some simple hoop if and only if H is an Artinian
hoop.
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