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Abstract21

In quasigroup and loop theory, a pseudo-automorphism (with single com-22

panion) is known to generalize automorphism. In this work, the set of23

crypto-automorphisms (with twin companion) of a quasigroup with right24

and left identity elements were shown to form a group. For a quasigroup25

with right and left identity elements, some results on autotopic characteri-26

zations of crypto-automorphisms were established and used to deduce some27

subgroups of the crypto-automorphism group of a middle Bol loop. The28

crypto-automorphism group and Bryant-Schneider group (this has been used29

in the study of the isotopy-isomorphy of some varieties of loops e.g. Bol30

loops, Moufang loops, Osborn loops) of a loop were found to coincide.31
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1 Introduction36

1.1 Quasigroup and Loop37

Let ‘Q′ be a non -empty set. Defining a binary operation ” · ” on Q. If x · y ∈ Q38

for all x, y ∈ Q, then the pair (Q, ·) is called a groupoid or Magma. If the39

system of equations: a · x = b and y · a = b have a unique solutions in Q ∀x, y40

respectively, then (Q, ·) is called a quasigroup. Let (Q, ·) be a quasigroup and41

there exist a unique element e ∈ Q called the identity element such that for all42

x ∈ Q,x · e = e · x = x, then (Q, ·) is called a loop. We write xy instead of43

x · y and stipulat that · has lower priority than juxtaposition among factors to44

be multiplied. Let (Q, ·) be a groupoid and ”a” be a fixed element in Q, then45

the left La and right Ra translations are respectively defined by xLa = a · x46

and xRa = x · a. Also, the mapping Px : Q → Q defined by y\x = yPx and47

x/y = yP−1
x are called middle translations.48

The symmetric group of SYM(Q) of Q is defined as49

SYM(Q) = {U : Q → Q | U is a permutation or bijection}. For a loop50

(Q, ·), the group generated by its left and right translations is called the multi-51

plication group Mult(Q, ·) ≤ SYM(Q).52

For any non-empty set Q, the set of all permutations on Q forms a group
SYM(Q) called the symmetric group of Q. Let (Q, ·) be a loop and let A,B,C ∈
SYM(Q). If

xA · yB = (x · y)C ∀ x, y ∈ Q

then the triple (A,B,C) is called an autotopism and such triples form a group53

AUT (Q, ·) called the autotopism group of (Q, ·). If A = B = C, then A is called54

an automorphism of (Q, ·) which form a group AUM(Q, ·) called the automor-55

phism group of (Q, ·).56

Definition 1.1. Let (Q, ·) be a loop.57

1. A mapping θ ∈ SYM(Q, ·) is a right special map for Q if there exist f ∈ Q58

so that (θ, θL−1
f , θ) ∈ AUT (Q, ·).59

2. A mapping θ ∈ SYM(Q, ·) is a left special map for Q if there exist g ∈ Q60

so that (θR−1
g , θ, θ) ∈ AUT (Q, ·).61

3. A mapping θ ∈ SYM(Q) such that (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ·) for some62

f, g ∈ Q, then BS(Q, ·) is called the Bryant-Schneider group of the loop63

(Q, ·).64
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From this Definition 1.1, it is clearly seen that

(θR−1
g , θL−1

f , θ) = (θ, θ, θ)(R−1
g , L−1

f , I),

which implies that θ is an isomorphism of (Q, ·) onto some f, g-isotope of it.65

Theorem 1.1 [21]. Let the set BS(Q, ·) = {θ ∈ SYM(Q, ·) : ∃f, g ∈ Q ∋66

(θR−1
g , θL−1

f , θ) ∈ AUT (Q, ·)}, then BS(Q, ·) ≤ SYM(Q, ·)67

Theorem 1.2 (Pflugfelder [37]). Let (G, ·) and (H, ◦) be two isotopic loops. For68

some f, g ∈ G, there exists an f, g-principal isotope (G, ∗) of (G, ·) such that69

(H, ◦) ∼= (G, ∗).70

Jaiyéo. lá [22] and Jaiyéo. lá et al. [26, 27] used the Bryant-Schneider group to71

study Smarandache loop, Osborn loop and its universality. For more on quasi-72

groups and loops, see Jaiyéo. lá [23], Shcherbacov [38] and Pflugfelder [37].73

1.2 Middle Bol Loop74

Middle Bol loop (MBL) was first studied in the work of Belousov [6], where he
gave the second identity in Definition 1.2(2) characterizing loops that satisfy the
universal anti-automorphic inverse property. After this beautiful characterization
by Belousov and the laying of foundations for a classical study of this structure,
Gvaramiya in [17] proved that a loop (Q, ◦) is middle Bol if there exist a right
Bol loop (Q, ·) such that x ◦ y = (y · xy−1)y for all x, y,∈ Q. If (Q, ◦) is a middle
Bol loop and (Q, ·) is the corresponding right Bol loop, then

x ◦ y = y−1\x and x · y = y//x−1 (1)

where for every x, y ∈ Q ’//’ is the left division in (Q, ◦).75

Also, if (Q, ◦) is a middle Bol loop and (Q, ·) is the corresponding left Bol
loop, then

x ◦ y = x/y−1 and x · y = x//y−1 (2)

where ’//’ is the left division in (Q, ◦).76

Grecu [13] showed that right multiplication group of a middle Bol loop co-77

incides with the left multiplication group of the corresponding right Bol loop.78

After then, middle Bol loops resurfaced in literature in 1994 and 1996 when79

Syrbu [39, 40] considered them in-relation to the universality of the elasticity80

law. In 2003, Kuznetsov [30], while studying gyrogroups (a special class of Bol81

loops) established some algebraic properties of middle Bol loop and designed a82

method of constructing a middle Bol loop from a gyrogroup.83

In 2010, Syrbu [41] studied the connections between structure and properties84

of middle Bol loops and of the corresponding left Bol loops. It was noted that two85
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middle Bol loops are isomorphic if and only if the corresponding left (right) Bol86

loops are isomorphic, and a general form of the autotopisms of middle Bol loops87

was deduced. Relations between different sets of elements, such as nucleus, left88

(right,middle) nuclei, the set of Moufang elements, the center, e.t.c. of a middle89

Bol loop and left Bol loops were established. In 2012, Grecu and Syrbu [14] proved90

that two middle Bol loops are isotopic if and only if the corresponding right (left)91

Bol loops are isotopic. In 2012, Drapal and Shcherbacov [11] rediscovered the92

middle Bol identities in a new way. In 2013, Syrbu and Grecu [42] established93

a necessary and sufficient condition for the quotient loop of a middle Bol loop94

and of its corresponding right Bol loop to be isomorphic. In 2014, Grecu and95

Syrbu [15] established that the commutant (centrum) of a middle Bol loop is an96

AIP-subloop and gave a necessary and sufficient condition when the commutant97

is an invariant under the existing isostrophy between middle Bol loop and the98

corresponding right Bol loop. Osoba and Oyebo [32] further investigated the99

multiplication group of middle Bol loop in relation to left Bol loop while Jaiyéo. lá100

[24, 25] studied second Smarandache Bol loops. Smarandache nuclei of second101

Smarandache Bol loops was studied by Osoba [36] while more results on the102

algebraic properties of middle Bol loops was presented by Oyebo and Osoba [35].103

Grecu [13] showed that right multiplication group of a middle Bol loop coin-104

cides with the left multiplication group of the corresponding right Bol loop.105

In (Adeniran et al. [2], 2015) carried out a study of some isotopic charac-106

terisation of generalised Bol loops. In (Jaiyéo. lá et al. [18], 2017) studied the107

holomorphic structure of middle Bol loops and showed that the holomorph of a108

commutative loop is commutative middle Bol loop if and only if the loop is a109

middle Bol loop and its automorphism group is abelian. Adeniran et al. [3, 4],110

Jaiyéo. lá and Popoola [28] studied generalised Bol loops.111

In (Jaiyéo. lá et al. [20], 2018), in furtherance to their exploit obtained new112

algebraic identities of middle Bol loop, where necessary and sufficient conditions113

for a bi-variate mapping of a middle Bol loop to have RIP, LIP, RAP, LAP and114

flexible property were presented. Additional algebraic properties of middle Bol115

were announced in (Jaiyéo. lá et al. [19], 2021)116

Furtherance to earlier studies, authors in [34] unveiled some algebraic char-117

acterizations of right and middle Bol loops relatively from their cores.118

1.3 Preliminaries119

We now state some definitions and some needed results.120

Definition 1.2. A loop (Q, ·) is called a121

1. right Bol loop if (xy · z)y = x(yz · y) for all x, y ∈ Q.122
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2. middle Bol loop if (x/y)(z\x) = (x/(zy))x or (x/y)(z\x) = x((zy)\x) for123

all x, y ∈ Q.124

Definition 1.3. A groupoid (quasigroup) (Q, ·) is said to have125

1. left inverse property (LIP ) if there exists a mapping Iλ : x 7→ xλ such that126

xλ · xy = y for all x, y ∈ Q.127

2. right inverse property (RIP ) if there exists a mapping Iρ : x 7→ xρ such128

that yx · xρ = y for all x, y ∈ Q.129

Definition 1.4. A loop (Q, ·) is said to be130

1. an automorphic inverse property loop (AIPL) if (xy)−1 = x−1y−1 for all131

x, y ∈ Q132

2. an anti- automorphic inverse property loop (AAIPL) if (xy)−1 = y−1x−1
133

for all x, y ∈ Q.134

Definition 1.5. A loop (Q, ·) is called a135

1. right Bol loop if (xy · z)y = x(yz · y) for all x, y, z ∈ Q.136

2. middle Bol loop if (x/y)(z\x) = (x/(zy))x or (x/y)(z\x) = x((zy)\x) for137

all x, y, z ∈ Q.138

Definition 1.6. Let (Q, ·) be a loop.139

1. φ ∈ SYM(Q) is called a left pseudo-automorphism with companion a ∈140

Q if (φLa, φ, φLa) ∈ AUT (Q, ·). The set of left pseudo-automorphisms141

PSλ(Q, ·) forms a group called the left pseudo-automorphism group of142

(Q, ·). See [37].143

2. φ ∈ SYM(Q) is called a right pseudo-automorphism with companion a ∈ Q144

if (φ, φRa, φRa) ∈ AUT (Q, ·). The set of right pseudo-automorphisms145

PSρ(Q, ·) forms a group called the left pseudo-automorphism group of146

(Q, ·). See [37].147

3. φ ∈ SYM(Q) is called a middle pseudo-automorphism with companion a ∈148

Q if (φR−1
a , φL−1

aλ
, φ) ∈ AUT (Q, ·). The set of middle pseudo-automorphisms149

PSµ(Q, ·) forms a group called the middle pseudo-automorphism group of150

(Q, ·). See [42].151

Lemma 1 [37]. 1. Let θ be a right (left) pseudo automorphism of a loop, then152

eθ = e.153
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2. Let θ be a right (left) pseudo automorphism of a LIP (RIP) loop Then154

Iθ = θI.155

Lemma 2 ([37]). Let A = (U, V,W ) ∈ AUT (Q, ·) of a loop (Q, ·).156

1. If (Q, ·) is a left inverse property loop (LIPL), then Aλ = (JUJ,W, V ) ∈157

AUT (Q, ·).158

2. If (Q, ·) is a right inverse property loop (RIPL), then Aρ = (W,JV J,U) ∈159

AUT (Q, ·).160

Definition 1.7 (Capodaglio [9, 10]). In a loop (G, ·), a permutation U is called
a crypto-automorphism if there exists a, b ∈ L called the companions of U such
that for every x, y ∈ L,

(x · a)U · (b · y)U = (x · y)U.

Hence, U is called a crypto-automorphism with companion (a, b).161

It will later be seen that the set CAUM(G, ·) of crypto-automorphisms of a162

loop (G, ·) forms a group.163

Here are some existing results on some isostrophy invariants of Bol loops164

which involve autotopism, automorphism, pseudo-automorphism groups.165

Theorem 1.3 (Grecu and Syrbu [14]). Let (Q, ◦) be a middle Bol loop and let166

(Q, ·) and (Q, ∗) be the corresponding right and left Bol loops respectively.167

1. AUM(Q, ◦) = AUM(Q, ·) = AUM(Q, ∗).168

2. AUT (Q, ◦) ∼= AUT (Q, ·) ∼= AUT (Q, ∗).169

3. PSλ(Q, ◦) ∼= PSρ(Q, ·) ∼= PSλ(Q, ∗).170

Theorem 1.4 (Syrbu and Grecu [42]). Let (Q, ◦) be a middle Bol loop and let171

(Q, ·) and (Q, ∗) be the corresponding right and left Bol loops respectively.172

1. PSρ(Q, ◦) = PSµ(Q, ·).173

2. PSµ(Q, ◦) = PSλ(Q, ·).174

3. PSρ(Q, ◦) = PSρ(Q, ·).175

4. α ∈ PSλ(Q, ◦) ⇔ IαI ∈ PSρ(Q, ◦).176

In Jaiyéo. lá [34], the Bryant-Schneider group of a middle Bol was linked with177

some of the isostrophy-group invariance results in Theorem 1.3 and Theorem 1.4.178

The objective of this paper is to investigate crypto-automorphisms of a quasi-179

group with right and left identity elements. For a quasigroup with right and left180

identity elements, some investigations on autotopic characterization of crypto-181

automorphisms were carried out and these were used to deduce some subgroups182

of the crypto-automorphism group of a middle Bol loop.183
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2 Main Results184

Lemma 3. Let (G, ·) be a quasigroup. A mapping U ∈ SYM(G) is a crypto-185

automorphism of (G, ·) with companion (a, b) iff (RaU,LbU,U) ∈ AUT (G, ·).186

Proof. Use Definition 1.7.187

Lemma 4. Let (Q, ·) be a quasigroup with a right and left identity elements eρ and188

eλ respectively. Then every automorphism C of (Q, ·) is a crypto-automorphism189

with companion (eρ, eλ).190

Proof. C ∈ AUM(Q, ·) ⇔ (x · eρ)C · (eλ · y)C = (xy)C ⇔ C is a crypto-191

automorphism of (Q, ·).192

Lemma 5. Let C with companions (a, b) and D with companions (p, q) be crypto-193

automorphisms of a quasigroup (Q, ·) with right and left identity elements eρ and194

eλ. Then CD−1 is a crypto-automorphism with companion (c, d) = (eρDC−1F−1, eλDC−1E−1),195

where E = RaCD−1R−1
p DC−1 and F = LbCD−1L−1

q DC−1.196

Proof. C and D being crypto-automorphisms of (Q, ·) with respective compan-
ions (a, b) and (p, q) imply that P = (RaC,LbC,C) and Q = (RpD,LqD,D) are
in the autotopism group of (Q, ·). Also the product

PQ−1 = (RaCD−1R−1
p , LbCD−1L−1

q , CD−1) ∈ AUT (Q, ·).

But

PQ−1 = (RaCD−1R−1
p , LbCD−1L−1

q , CD−1) = (ECD−1, FCD−1, CD−1)

where E = RaCD−1R−1
p DC−1 and F = LbCD−1L−1

q DC−1. In fact, QP−1 =
(DC−1E−1,DC−1F−1,DC−1) ∈ AUT (Q, ·). Now for any x, y ∈ Q,

xDC−1E−1 · yDC−1F−1 = (xy)DC−1 (3)

Set x = xCD−1 and y = eρ, y = yCD−1 and y = eλ in (3) to respectively get

E = R[

eρDC−1F−1

] and F = L[
eλDC−1E−1

].

Therefore CD−1 is a crypto-automorphism with companion

(c, d) = (eρDC−1F−1, eλDC−1E−1).

197

Theorem 2.1. The set of crypto-automorphisms CAUM(Q, ·) of a quasigroup198

(Q, ·) with right and left identity elements forms a group.199
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Proof. By Lemma 5.200

Corollary 2.2. Let (Q, ·) be a loop. Then, AUM(Q, ·) ≤ CAUM(Q, ·).201

Proof. This follows from Lemma 4 and Theorem 2.1.202

Theorem 2.3. Let (Q, ·) be a quasigroup with right and left identity elements203

eρ and eλ. If (A,B,C) ∈ AUT (Q, ·)204

1. then, C−1 is a crypto-automorphism with companion (a, b) = (eρB, eλA).205

2. then, C is a crypto-automorphism with companion
(

eλAC−1, eρBC−1
)

.206

3. such that eρB = eρ and eλA = eλ, then C ∈ AUM(Q, ·).207

Proof. 1. Suppose (A,B,C) ∈ AUT (Q, ·) , then xA · yB = (x · y)C. Setting208

x = eλ and y = eρ, we respectively get B = CL−1
b and A = CR−1

a where209

b = eλA and a = eρB. So, C−1 is a crypto-automorphism with companion210

(a, b) = (eρB, eλA).211

2. By 1. and Lemma 5, C is a crypto-automorphism with companion
(

eλAC−1, eρBC−1
)

.212

3. By 1.213

214

Theorem 2.4. Let (Q, ·) be a quasigroup with right and left identity elements215

eρ and eλ such that C is a crypto-automorphism with companion (a, b).216

1. Then the following statements are equivalent:217

(i) eλC = eλ.218

(ii) T = (RaC,LaλC,C) ∈ AUT (Q, ·).219

(iii) Y = (R(b\eλ)C,LbC,C) ∈ AUT (Q, ·).220

2. Then the following statements are equivalent:221

(i) eρC = eρ.222

(ii) T = (RbρC,LbC,C) ∈ AUT (Q, ·).223

(iii) Y = (RaC,L(eρ/a)C,C) ∈ AUT (Q, ·).224

Proof. 1. Given that C is a crypto-automorphism, it implies that α = (RaC,LbC,C) ∈225

AUT (Q, ·), so for any x, y ∈ Q, xRaC · yLbC = (xy)C.226
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(i) ⇒ (ii) Let eλC = eλ. Set y = eρ to get xRaCRbC = xC ⇒ CRbC =227

R−1
a C. Thus for any z ∈ Q, zCRbC = zR−1

a C ⇒ zC · bC = (z/a)C.228

If we set z = eλ, then bC = (eλ/a)C ⇔ b = eλ/a, which gives the229

required autotopism T obtained on substitution into α.230

(ii) ⇒ (iii) Since b = eλ/a in (ii), then a = b\eλ. If this is put in auto-231

topism α, the required autotopism Y is obtained.232

(iii) ⇒ (i) Since Y = (R(b\eλ)C,LbC,C) ∈ AUT (Q, ·), for any y, z ∈ Q,233

we have yR(b\eλ)C · zLbC = (yz)C. Set y = b, then eλC · (bz)C =234

(bz)C ⇔ eλC = eλ.235

2. This is similar to 1.236

237

Corollary 2.5. Let (Q, ·) be a loop with identity e such that C is a crypto-238

automorphism with companion (a, b). Then the following statements are equiva-239

lent:240

(i) eC = e.241

(ii) C is a crypto-automorphism with companion (a, aλ).242

(iii) C is a crypto-automorphism with companion (bρ, b).243

Proof. This follows by Theorem 2.4.244

Corollary 2.6. Let (Q, ·) be a quasigroup with right and left identity elements245

eρ and eλ such that (A,B,C) ∈ AUT (Q, ·).246

1. Then the following statements are equivalent:247

(i) eλC = eλ.248

(ii) T =

(

R(

eλAC−1

)C,L(
eλAC−1

)λC,C

)

∈ AUT (Q, ·).249

(iii) Y =

(

R(

(

eρBC−1

)

\eλ
)C,L(

eρBC−1

)C,C

)

∈ AUT (Q, ·).250

2. Then the following statements are equivalent:251

(i) eρC = eρ.252

(ii) T =

(

R(

eρBC−1

)ρC,L(
eρBC−1

)C,C

)

∈ AUT (Q, ·).253

(iii) Y =

(

R(

eλAC−1

)C,L(
eρ/

(

eλAC−1

)

)C,C

)

∈ AUT (Q, ·).254
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Proof. We apply Theorem 2.3 and Theorem 2.4.255

Corollary 2.7. Let (Q, ·) be a loop such that (A,B,C) ∈ AUT (Q, ·). Then the256

following statements are equivalent:257

(i) eC = e.258

(ii) C is a crypto-automorphism with companion
(

(

eλAC−1
)

,
(

eλAC−1
)λ
)

.259

(iii) C is a crypto-automorphism with companion
(

(

eρBC−1
)ρ
,
(

eρBC−1
)

)

.260

Proof. This follows by Corollary 2.5 and Theorem 2.3.261

Remark 2.1. Greer and Kinyon [16] defined a middle pseudo-automorphism of262

a loop (Q, ·) to be a mapping U ∈ SYM(Q) such that (xy)U = [(xU)/cρ][c\(yU)]263

for some c ∈ Q. This definition is equivalent to that in Definition 1.6. Recall264

that PSµ(Q, ·) ≤ SYM(Q). Hence, by Lemma 5 and Theorem 2.1, PSµ(Q, ·) ≤265

CAUM(Q, ·). It will later on be seen in Theorem 2.13 that a particular subgroup266

of CAUM(Q, ◦) is equal to PSµ(Q, ◦) whenever (Q, ◦) is a middle Bol loop.267

In Greer and Kinyon [16], it was shown that for a loop (Q, ·) with identity
element e, if AUTµ(Q, ·) = {(A,B,C) ∈ AUT (Q, ·) | eC = e}, then

AUTµ(Q, ·) = AUT (Q, ·) ∩ {(UR−1
cρ , UL−1

c , U) | U ∈ SYM(Q), c ∈ Q}

= AUT (Q, ·) ∩ {(RcρU,LcU,U) | U ∈ SYM(Q), c ∈ Q}. (Remark 2.1)

The motivation for introducing the subgroup AUTµ(Q, ·) of AUT (Q, ·) by Greer268

and Kinyon [16] for a loop (Q, ·) can be traced from the result in Corollary 2.7.269

Let (Q, ·) be a quasigroup with right and left identity elements eρ and eλ.270

If C ∈ SYM(Q) such that (RaC,LaλC,C) ∈ AUT (Q, ·) for some a ∈ Q, then271

C will be called a left crypto-automorphism and their set will be represented by272

LCAUM(Q, ·). If C ∈ SYM(Q) such that (RaρC,LaC,C) ∈ AUT (Q, ·) for some273

a ∈ Q, then C will be called a right crypto-automorphism and their set will be274

represented by RCAUM(Q, ·)275

Theorem 2.8. Let (Q, ·) be a quasigroup with right and left identity elements276

eρ and eλ. Then,277

1. LCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eλC = eλ} ≤ CAUM(Q, ·).278

2. PSµ(Q, ·) = RCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eρC = eρ} ≤ CAUM(Q, ·).279

Proof. This follows by Theorem 2.1 and Theorem 2.4.280
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Corollary 2.9. Let (Q, ·) be a loop with identity e such that C is a crypto-281

automorphism with companion (a, b). Then, LCAUM(Q, ·) = PSµ(Q, ·) =282

RCAUM(Q, ·) = {C ∈ CAUM(Q, ·) | eC = e} ≤ CAUM(Q, ·).283

Proof. This follows by Theorem 2.4.284

Remark 2.2. From Theorem 2.8 and Corollary 2.9, it can be concluded that285

left crypto-automorphism and right crypto-automorphism (or middle pseudo-286

automorphism) coincide for a loop but do not necessarily coincide in a quasigroup287

with right and left identity elements.288

Theorem 2.10. Let (Q, ·) be a loop with identity element e and C ∈ CAUM(Q, ·)289

with companion (a, b).290

1. If (Q, ·) is an LIPL, then the following are equivalent:291

(a) eC = e.292

(b) C ∈ LCAUM(Q, ·) with companion (a, a−1).293

(c) C ∈ PSλ(Q, ·) with companion (aC)−1.294

2. If (Q, ·) is an RIPL, then the following are equivalent:295

(a) eC = e.296

(b) C ∈ RCAUM(Q, ·) with companion (b−1, b).297

(c) C ∈ PSρ(Q, ·) with companion (bC)−1.298

Proof. 1. Let (Q, ·) be a LIPL.299

(i)⇒ (ii) If eC = e, then following Theorem 2.4, (RaC,La−1C,C) ∈ AUT (Q, ·).300

Thus, C ∈ LCAUM(Q, ·) with companion (a, a−1).301

(ii)⇒(iii) If C ∈ LCAUM(Q, ·) with companion (a, a−1), then JL−1
a C =302

RaCJ . So, A = (RaC,La−1C,C) ∈ AUT (Q, ·) and by Lemma 2,303

Aλ = (JRaCJ,C,La−1C) = (L−1
a C,C,L−1

a C), which implies that C ∈304

PSλ(Q, ·) with companion a.305

(iii)⇒(i) Let C ∈ PSλ(Q, ·) with companion (aC)−1, then C−1 ∈ PSλ(Q, ·)306

with companion a. So, for any y, z ∈ Q, yC−1La · zC
−1 = (yz)C−1La,307

set z = e to get eC = e.308

2. This is similar to the proof of 1.309

310

Remark 2.3. Theorem 2.10 suggests that for LIP or RIP loops, the concept of311

crypto-automorphism reduces to (left or right) pseudo-automorphism and (left312

or right) crypto-automorphism, whenever C fixes the identity of the loop.313
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Theorem 2.11. A loop (Q, ·) is a G-loop if and only if every pair of elements314

(a, b) ∈ Q2 is a companion of some crypto-automorphism of (Q, ·) if and only if315

every x ∈ Q is the companion of some left pseudo-automorphism and some right316

pseudo-automorphism of (Q, ·).317

Proof. Let (Q, ◦) be an arbitrary b, a-isotope of (Q, ·). Using Theorem 1.2,318

C ∈ CUM(Q, ·) with companion (a, b) if and only if (Q, ·)
(RaC,LbC,C)
−−−−−−−−→
autotopism

(Q, ·) ⇔319

(Q, ·)
(Ra,Lb,I)

−−−−−−−−−−−→
principal isotopism

(Q, ◦)
(C,C,C)

−−−−−−−→
isomorphism

(Q, ·).320

Remark 2.4. The first part of Theorem 2.11 is another characterization of the321

class of G-loops which has no equational characterization.322

Theorem 2.12. Let (Q, ·) be a loop. Then, BS(Q, ·) = CAUM(Q, ·) .323

Proof. Let θ ∈ BS(Q, ·) for some f, g ∈ Q, then (θR−1
g , θL−1

f , θ) ∈ AUT (Q, ·).
For all x, y ∈ Q, we have

xθR−1
g · yθL−1

f = (xy)θ (4)

Let xθR−1
g = a ⇔ ag = xθ ⇔ x = (ag)θ−1. Also, set yθL−1

f = b ⇔ yθ = fb ⇔

y = (fb)θ−1. Put x and y into (4), we have

(ag)R−1
g · (fb)L−1

f =
(

(ag)θ−1 · (fb)θ−1
)

θ

⇔ (a · b)θ−1 = (a · g)θ−1 · (f · b)θ−1 ⇔ (Rgθ
−1, Lfθ

−1, θ−1) ∈ AUT (Q, ·)

Thus, θ−1 ∈ CAUM(Q, ·). So, by Theorem 2.1, θ ∈ CAUM(Q, ·). Conversely,324

we reverse the procedures to obtain θ ∈ BS(Q, ·)325

Lemma 6. Let (α, β, γ) be an autotopism of a middle Bol loop (Q, ◦). Then326

(IβI, IαI, IγI) is also an autotopism of (Q, ◦).327

Proof. Let (Q, ◦) be a middle Bol loop and (α, β, γ) be the autotopism of (Q, ◦),
then for all x, y ∈ Q, we have

xα ◦ yβ = (x ◦ y)γ =⇒ [xα ◦ yβ]I = (x ◦ y)γI =⇒ [(yβ)I ◦ (xα)I] = (x ◦ y)γI.

Doing y 7→ yI and x 7→ xI in the last equation, we get

yIβI ◦ xIαI = [(xI ◦ yI)γ]I =⇒ yIβI ◦ xIαI = [(y ◦ x)Iγ]I.

Thus, (IβI, IαI, IγI) ∈ AUT (Q, ◦).328

Theorem 2.13. Let (Q, ◦) be a middle Bol loop and (Q, ·) be the correspond-329

ing right Bol loop. Then, LCAUM(Q, ◦) = RCAUM(Q, ◦) = PSλ(Q, ·) =330

PSµ(Q, ◦).331
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Proof. We rest on Theorem 2.8. We shall show that U ∈ LCAUM(Q, ◦) if and
only if U ∈ PSλ(Q, ·). U is a crypto-automorphism if and only if (RaU,LbU,U) ∈
AUT (Q, ◦) ⇔ the identity (x ◦ a)U ◦ (b ◦ y)U = (x ◦ y)U holds for all x, y ∈ Q.
Then, we have

xL−1
a−1U ◦ yIPbU = (x ◦ y)U

⇔ (yIPbU)I\xL−1
a−1U = (yI\x)U

⇔ xL−1
a−1U = (yPbU)I · (y\x)U

Set z = y\x ⇔ x = y · z, then (y · z)L−1
a−1U = zU · (yPbU)I. Put z = e,332

then with the hypothesis e = eU , it follows that L−1
a−1U = PbUI. This implies333

that (y · z)L−1
a−1U = zU · yL−1

a−1U ⇔ (L−1
a−1U,U,L

−1
a−1U) ∈ AUT (Q, ·). Thus,334

U−1 ∈ PSλ(Q, ·) which implies that U ∈ PSλ(Q, ·).335

Conversely, suppose that U ∈ PSλ(Q, ·) ⇒ U−1 ∈ PSλ(Q, ·) and then
(L−1

a−1U,U,L
−1
a−1U) ∈ AUT (Q, ·). For all x, y,∈ Q, we have

xL−1
a−1U · yU = (xy)L−1

a−1U

⇔ xRaU · yU = (xy)RaU

yU//(xRaU)I = (y//x−1)RaU

Set z = y//x−1 ⇔ y = z ◦ x−1, then (z ◦ x)U = zRaU ◦ (xIRaU)I. Set z = e to
get

xU = eRaU ◦ (xIRaU)I ⇔ xU = xIRaUILaU

⇔ xUL
−1
aU = xIRaIIUI

⇔ xUL
−1
aU = xLaλIUI ⇔ xUL

−1
aU = xLaλUII

⇔ xUL
−1
aU = xLaλU.

For all x, z ∈ Q, we have xRaU ◦ zLaλU = (x ◦ z)U ⇔ (RaU,LaλU,U) ∈336

AUT (Q, ◦) ⇔ U ∈ CAUM(Q, ◦). Thus, LCAUM(Q, ◦) = RCAUM(Q, ◦) =337

PSλ(Q, ·) = PSµ(Q, ◦) by Corollary 2.9 and Theorem 1.4.338

Theorem 2.14. Let (Q, ·) be a middle Bol loop. Let

φ1(x) = IPxLx, φ2(x) = IP−1
x Rx, φ3(x) = PxLxI, φ4(x) = P−1

x RxI for any x ∈ Q.

1. φi(x) ∈ CAUM(Q, ·) for any x ∈ Q with companion (x−1, x−1) for i = 1, 2339

and companion (x, x) for i = 3, 4.340

2. 〈φi(x)|x ∈ Q〉 = 〈φj(x)|x ∈ Q〉 ≤ CAUM(Q, ·) for any i, j ∈ {1, 2, 3, 4}.341
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Proof. Going by the middle Bol loop identities in Definition 1.2, we have the342

autotopisms MB1 = (IP−1
x , IPx, IPxLx) and MB2 = (IP−1

x , IPx, IPxLx) for343

any x ∈ Q. Applying Lemma 6 to MB1 and MB2, we get the autotopisms344

MB3 = (PxI, P
−1
x I, PxLxI) and MB4 = (PxI, P

−1
x I, P−1

x RxI) for any x ∈ Q.345

for all x, y ∈ Q.346

By using the facts that MB1,MB2,MB3,MB4 are autotopisms of a middle347

Bol loop in Theorem 2.3, we deduce that φi(x) ∈ CAUM(Q, ·) for any x ∈ Q348

with companion (x−1, x−1) for i = 1, 2 and companion (x, x) for i = 3, 4. From349

this and the fact in Theorem 2.1, 〈φi(x)|x ∈ Q〉 = 〈φj(x)|x ∈ Q〉 ≤ CAUM(Q, ·)350

for any i, j ∈ {1, 2, 3, 4}.351
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[4] Adeniran, J. O., Jaiyéo.lá T. G. and Idowu, K. A. (2022), On some characterizations360

of generalized Bol loops. Proyecciones Journal of Mathematics, 41, no. 4, 805–823.361

https://doi.org/10.22199/issn.0717-6279-4581362

[5] Belousov V.D. (1971) Algebraic nets and quasigroups. (Russian), Kishinev, ”Shti-363

intsa”, 166 pp.364

[6] Belousov, V. D. (1967). Foundations of the theory of quasigroups and loops, (Rus-365

sian) Izdat. “Nauka”, Moscow 223pp.366

[7] Belousov, V. D.; Sokolov, E. I. (1988). N -ary inverse quasigroups (I-quasigroups),367

(Russian) Mat. Issled. No. 102, Issled. Oper. i Kvazigrupp, 26–36, 118.368

[8] Burris S. and Sankappanavar, H. P. (1981). A course in universal algebra. Graduate369

Texts in Mathematics, 78. Springer-Verlag, New York-Berlin. xvi+276 .370

[9] Capodaglio Di Cocco R. (1993), On Isotopism and Pseudo-Automorphism of the371

loops, Bollettino U. M. I. 7, 199–205.372

[10] Capodaglio Di Cocco R. (2003), Regular Permutation Sets and Loops, Bollettino U.373

M. I. 8, 617–628.374

[11] Drapal, A. and Shcherbacov, V. (2012), Identities and the group of isostrophisms,375

Comment. Math. Univ. Carolin. 53(3), 347–374.376

[12] Foguel, T; Kinyon, M .K and Phillips, J. D. (2006). On twisted subgroups377

and Bol loops of odd order. Rocky Mountain J. Math. 36, no. 1, 183–212.378

https://www.jstor.org/stable/44239103379



Crypto-automorphism group of some quasigroups 15

[13] Grecu, I. (2014). On multiplication groups of isostrophic quasigroups, Pro-380

ceedings of the Third Conference of Mathematical Society of Moldova381

IMCS-50, August 19-23, 2014, Chisinau, Republic of Moldova, 78-81.382

http://dspace.usm.md:8080/xmlui/handle/123456789/1292383

[14] Grecu, I. and Syrbu, P. (2012), On Some Isostrophy Invariants of Bol Loops, Bul-384

letin of the Transilvania University of Brasov, Series III: Mathematics, Informatics,385

Physics, 5(54), 145–154.386

[15] Grecu, I. and Syrbu, P. (2014), Commutants of middle Bol loops, Quasigroups and387

Related Systems, 22, 81–88.388

[16] Greer, M. and Kinyon, M. (2012), Pseudoautomorphisms of Bruck loops and their389

generalizations, Comment. Math. Univ. Carolin. 53(3), 383-–389.390

[17] Gvaramiya A. (1971). On a class of loops (Russian), Uch. Zapiski MAPL. 375, 25-34.391
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[27] Jaiyéo. lá, T. G., Adéńıran, J. O. and Agboola, A. A. A. (2013); On the Second Bryant416

Schneider Group of Universal Osborn loops, Societatea Română de Matematică417
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