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Abstract

The aim of this paper is to study the structures of ordered Γ-semigroups
not only with the ideal elements but also with the generalization of ideal ele-
ments. The ideal elements play an important and necessary role in studying
the structure of ordered semigroups. We introduce the notion of (ideal, in-
terior ideal, quasi ideal, bi-ideal, quasi interior ideal and weak interior ideal)
elements of ordered Γ-semirings. We study the properties of ideal elements,
relations between them and characterize the ordered Γ-semirings, regular
ordered Γ-semirings and simple ordered Γ-semirings using ideal elements.
We prove that if M be a simple ordered Γ-semiring, then every element of
M is an ideal element of M.
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1. Introduction

The algebraic structures play a prominent role in mathematics with wide range
of applications. Generalization of ideals of algebraic structures and ordered alge-
braic structure plays a very remarkable role and also necessary for further advance
studies and applications of various algebraic structures. Many mathematicians
proved important results and characterization of algebraic structures by using
the concept and the properties of generalization of ideals in algebraic structures.

The author [15]–[?] introduced and studied (weak interior, bi-quasi, quasi-
interior and bi-quasi interior) ideals of Γ-semirings, semirings, Γ-semigroups,
semigroups as a generalization of (bi, quasi and interior) ideal of algebraic struc-
tures and characterized regular algebraic structures as well as simple algebraic
structures using these ideals. In 1995, M.Murali Krishna Rao [13, ?] introduced
the notion of Γ-semiring as a generalization of Γ-ring, ternary semiring and semir-
ing. As a generalization of ring, the notion of a Γ-ring was introduced by Nobu-
sawa [12] in 1964. In 1981, Sen [23] introduced the notion of a Γ-semigroup as
a generalization of semigroup. The notion of a ternary algebraic system was in-
troduced by Lehmer [10] in 1932. In 1971, Lister [11] introduced ternary ring.
The set of all negative integers Z is not a semiring with respect to usual addi-
tion and multiplication but Z forms a Γ-semiring where Γ = Z. The important
reason for the development of Γ-semiring is a generalization of results of rings,
Γ-rings, semirings, semigroups and ternary semirings. The notion of a semiring
was introduced by Vandiver [28] in 1934.

We know that the notion of a one sided ideal of any algebraic structure is
a generalization of an ideal. The quasi ideals are generalization of left ideal and
right ideal whereas the bi-ideals are generalization of quasi ideals. In 1952, the
concept of bi-ideals was introduced by Good and Hughes [2] for semigroups. The
notion of bi-ideals in rings and semigroups were introduced by Lajos and Szasz
[8]–[?]. Bi-ideal is a special case of (m−n) ideal. In 1976, the concept of interior
ideals was introduced by Lajos for semigroups. Steinfeld [25] first introduced the
notion of quasi ideals for semigroups and then for rings. Iseki and Izuka [4, ?, 5]
introduced the concept of quasi ideal for a semiring. Quasi-ideals, bi-ideals in
Γ-semirings was studied by Jagtap and Pawar [6]. Henriksen [3] and Shabir et
al. [24] studied quasi-ideals in semirings.

In this paper, we introduce the notion of (ideal, interior-ideal, quasi-ideal, bi-
ideal, quasi-interior ideal and weak interior ideal) elements of ordered Γ-semirings.
We study the properties of ideal elements and relations between them and char-
acterize the ordered Γ-semirings, regular ordered Γ-semirings and simple ordered
Γ-semirings using ideal elements.
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2. Preliminaries

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1 [1]. A set S together with two associative binary operations
called addition and multiplication (denoted by + and · respectively will be called
a semiring provided

(i) addition is a commutative operation.

(ii) multiplication distributes over addition both from the left and from the right.

(iii) there exists 0 ∈ S such that x+ 0 = x and x · 0 = 0 · x = 0 for all x ∈ S.

Definition 2.2 [13]. Let (M,+) and (Γ,+) be commutative semigroups. Then
we call M a Γ-semiring, if there exists a mapping M × Γ×M → M (the image
of (x, α, y) will be denoted by xαy, x, y ∈ M,α ∈ Γ) such that it satisfying the
following axioms for all x, y, z ∈ M and α, β ∈ Γ

(i) xα(y + z) = xαy + xαz,

(ii) (x+ y)αz = xαz + yαz,

(iii) x(α+ β)y = xαy + xβy,

(iv) xα(yβz) = (xαy)βz.

Every semiring R is a Γ-semiring with Γ = R and ternary operation xγy

defined as the usual semiring multiplication.

Definition 2.3. A Γ-semiring M is said to be commutative Γ-semiring if xαy =
yαx, for all x, y ∈ M and α ∈ Γ.

Definition 2.4. A non-empty subset A of a Γ-semiring M is called

(i) a Γ-subsemiring of M if (A,+) is a subsemigroup of (M,+) and AΓA ⊆ A.

(ii) a quasi ideal of M if A is a Γ-subsemiring of M and AΓM ∩MΓA ⊆ A.

(iii) a bi-ideal of M if A is a Γ-subsemiring of M and AΓMΓA ⊆ A.

(iv) an interior ideal of M if A is a Γ-subsemiring of M and MΓAΓM ⊆ A.

(v) a left (right) ideal of M if A is a Γ-subsemiring of M and MΓA ⊆
A(AΓM ⊆ A).

(vi) an ideal if A is a Γ-subsemiring of M,AΓM ⊆ A and MΓA ⊆ A.

(vii) a bi-interior ideal of M if A is a Γ-subsemiring of M and MΓAΓM ∩
AΓMΓA ⊆ A.

(viii) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a Γ-subsemiring of
M and MΓA ∩AΓMΓA ⊆ A (AΓM ∩AΓMΓA ⊆ A).
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(ix) a bi-quasi ideal of M if A is a Γ-subsemiring of M and A is a left bi-quasi
ideal and a right bi-quasi ideal of M .

(x) a left quasi-interior ideal (right quasi-interior ideal) of M if A is a Γ-
subsemiring of M and MΓAΓMΓA ⊆ A (AΓMΓAΓM ⊆ A).

(xi) a quasi-interior ideal of M if A is a Γ-subsemiring of M and Ais a left
quasi-interior ideal and a right quasi-interior ideal of M .

(xii) a bi-quasi-interior ideal of M if A is a Γ-subsemiring of M and
AΓMΓAΓMΓA ⊆ A.

(xiii) a left (right) tri- ideal of M if A is a Γ-subsemiring of M and
AΓMΓAΓA ⊆ A (AΓAΓMΓA ⊆ A).

(xiv) a tri- ideal of M if A is a Γ-subsemiring of M and AΓMΓAΓA ⊆ A and
AΓAΓMΓA ⊆ A.

(xv) a left (right) weak-interior ideal of M if A is a Γ-subsemiring of M and
MΓAΓA ⊆ A(AΓAΓM ⊆ A).A weak-interior ideal of M if A is a Γ-
subsemiring of M and A is a left weak-interior ideal and a right weak-
interior ideal)of M .

(xvi) a k-ideal of M if A is an ideal of M and x ∈ M, x + y ∈ A, y ∈ A then
x ∈ A.

(xvii) am−k-ideal of M if A is an ideal of M and x ∈ A, xy ∈ A, 1 6= y ∈ Mthen
y ∈ A.

Definition 2.5. A Γ-semiring M is said to have zero element if there exists
an element 0 ∈ M such that 0 + x = x = x + 0 and 0αx = xα0 = 0, for all
x ∈ M,α ∈ Γ.

Definition 2.6. An element a ∈ Γ-semiring M is said to be idempotent if there
exists α ∈ Γ such that a = aαa.

Definition 2.7. Let M be a Γ-semiring. An element 1 ∈ M is said to be unity
if for each x ∈ M there exists α ∈ Γ such that xα1 = 1αx = x.

Definition 2.8. A Γ-semiring M is called an ordered Γ-semiring if it admits a
compatible relation ≤, i.e., ≤ is a partial ordering on M satisfying the following
conditions. If a ≤ b and c ≤ d, then

(i) a+ c ≤ b+ d

(ii) aαc ≤ bαd

(iii) cαa ≤ dαb, for all a, b, c, d ∈ M,α ∈ Γ.

Example 2.9. Let M = [0, 1],Γ = N, + and ternary operation be defined as
x + y = max{x, y}, xγy = min{x, γ, y} for all x, y ∈ M, γ ∈ Γ. Then M is an
ordered Γ-semiring with respect to usual ordering.
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Definition 2.10. Let M be an ordered Γ-semiring and A be a non-empty subset
of M. A is called a Γ-subsemiring of an ordered Γ-semiring M if A is a sub-
semigroup of (M,+) and AΓA ⊆ A.

Definition 2.11. Let M be an ordered Γ-semiring. A non-empty subset A of
M is called a left (right) ideal of an ordered Γ-semiring M if A is closed under
addition and MΓA ⊆ A (AΓM ⊆ A) and for any a ∈ M, b ∈ A, a ≤ b then
a ∈ A. A is called an ideal of M if it is both left ideal and right ideal.

Definition 2.12. An ordered Γ-semiring M is called regular if for each a ∈ M

there exist x ∈ M,α, β ∈ Γ such that a ≤ aαxβa.

3. Ideal elements in ordered Γ-semirings

In this section, we introduce the notion of (ideal, interior ideal, bi-ideal, quasi
interior ideal and weak interior ideal) elements of ordered Γ-semirings. We study
the properties of ideal elements and relations between them and characterize the
ordered Γ-semirings using ideal elements.

Definition 3.1. An element a of an ordered Γ-semiring M is called a Γ-subsemi-
ring element if aαa ≤ a, for all α ∈ Γ.

Definition 3.2. An element a of an ordered Γ-semiring M is called a left (right)
ideal element of M, if xαa ≤ a(aαx ≤ a), for all x ∈ M, α ∈ Γ.

Definition 3.3. An element of an ordered Γ-semiringM is called an ideal element
of M, if it is both a left ideal element and a right ideal element of M.

Definition 3.4. Let M be an ordered Γ-semiring. An element a of M is said to
be bi-ideal element of M if aαa ≤ a, aαxβa ≤ a, for all x ∈ M, α, β ∈ Γ.

Definition 3.5. An element a of an ordered Γ-semiring M is called a quasi ideal
element of M, if aαa ≤ a, there exist elements x, y ∈ M, and α, β ∈ Γ such that
xαa = aαy ≤ a.

Definition 3.6. Let M be an ordered Γ-semiring. An element a of M is said to
be quasi interior ideal element of M if aαa ≤ a, aαxβaγy ≤ a and xαaβyγa ≤ a,

for all x, y ∈ M α,β, γ ∈ Γ.

Definition 3.7. A left ideal element b is said to be minimal if for every left ideal
element a of an ordered Γ-semiring M, a ≤ b ⇒ a = b.

Definition 3.8. Let M be an ordered Γ-semiring. An element a of M is said to
be interior ideal element if aαa ≤ a, xαaβy ≤ a, for all x, y ∈ M, α, β ∈ Γ.



254 M.M.K. Rao, N. Rafi and R.K. Kona

Definition 3.9. An element a of an ordered Γ-semiring M is called a left (right)
weak interior ideal of M if aαa ≤ a, xαaβa ≤ a(aβaαx ≤ a), for all x ∈ M,

α, β ∈ Γ.

Definition 3.10. An element of an ordered Γ-semiringM is called a weak interior
ideal element if aαa ≤ a, aαaβx ≤ a and xαaβa ≤ a, for all x ∈ M, α, β ∈ Γ.

Example 3.11. LetM and Γ be additive abelian semigroups of all 2×2 matrices,
ternary operation is defined as M × Γ×M → M by (x, α, y) → xαy using usual
matrix multiplication for all x, y ∈ M and α ∈ Γ. We define A ≤ B ⇔ aij ≥ bij,

for all i, j. Then M is an ordered Γ-semiring.

(a) Let M =

{(

a b

0 c

)

| a, b, c ∈ N ∪ {0}

}

Γ =

{(

α 0
0 β

)

| α, β ∈ N

}

and I =

{(

a 0
0 0

)

| a ∈ N

}

.

Then

{(

1 0
0 0

)}

is an ideal element of an ordered Γ-semiring M .

(b) Let M =

{(

a b

c d

)

| a, b, c, d ∈ N ∪ {0}

}

Γ =

{(

α β

γ δ

)

| α, β, γ, δ ∈ N

}

and L =

{(

a 0
b 0

)

| a, b ∈ N

}

.

Then

{(

1 0
1 0

)}

is a left ideal element of an ordered Γ-semiring M .

(c) Let M =

{(

a b

c d

)

| a, b, c, d ∈ N ∪ {0}

}

Γ =

{(

α β

γ δ

)

| α, β, γ, δ ∈ N

}

and R =

{(

c d

0 0

)

| c, d ∈ N

}

.

Then

{(

1 1
0 0

)}

is a right ideal element of an ordered Γ-semiring M .

(d) Let M =

{(

a b

c d

)

| a, b, c, d ∈ N ∪ {0}

}

Γ =

{(

α β

γ δ

)

| α, β, γ, δ ∈ N

}

and B =

{(

a 0
0 0

)

| a ∈ N

}

.

Then

{(

1 0
0 0

)}

is an interior ideal element of an ordered Γ-semiring M .

(e) Let M =

{(

a b

0 c

)

| a, b, c ∈ N ∪ {0}

}

Γ =

{(

a 0
0 c

)

| a, c ∈ N

}

and the set Q =

{(

a 0
0 c

)

| a, c ∈ N

}

.
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Then

{(

1 0
0 1

)}

is a quasi-interior ideal element of an ordered Γ-semiring M .

(f) Let M =

{(

a b

0 c

)

| a, b, c ∈ N ∪ {0}

}

Γ =

{(

a b

0 0

)

| a, b ∈ N

}

and the set Q =

{(

a 0
0 c

)

| a, c ∈ N

}

.

Then

{(

1 1
0 0

)}

is a quasi ideal element of an ordered Γ-semiring M .

(g) Let M =

{(

a b

0 0

)

| a, b ∈ N

}

Γ =

{(

a 0
0 b

)

| a, b ∈ N

}

and the set W =

{(

a 0
0 0

)

| a ∈ N

}

.

Then

{(

1 0
0 0

)}

is a weak-interior ideal element of an ordered Γ-semiring M .

Definition 3.12. Let M be an ordered Γ-semiring. A x ∈ M is said to be a
maximal element if y ∈ M and x ≤ y then x = y.

Definition 3.13. Let M be an ordered Γ-semiring. M is said to be a simple
ordered Γ-semiring if M has no proper ideals.

Theorem 3.14. If a is an ideal element of an ordered Γ-semiring M , then a is
an interior ideal element of M.

Proof. Suppose a is an ideal element of the Γ-semiring M. Then aαx ≤ a and
yβa ≤ a, for all x, y ∈ M and α, β ∈ Γ. That implies xαaβy ≤ xαa ≤ a and
hence a is an interior ideal element of M.

Theorem 3.15. If a is a left ideal element of an ordered Γ-semiring M, then a

is a quasi ideal element of M.

Proof. Suppose that a is a left ideal element of M. Then xαa ≤ a, for all α ∈ Γ,
x ∈ M. Let y, z ∈ M, and β, γ ∈ Γ such that zγa = aβy. Then zγa ≤ a. Therefore
zγa = aβy ≤ a.

Theorem 3.16. If a is a quasi ideal element of an ordered Γ-semiring M, then
a is a bi-ideal element of M.

Proof. Suppose that a is a quasi ideal element of M. Then there exist elements
x, y ∈ M, and α, β ∈ Γ such that xαa = aβy ≤ a. Then aβy ≤ a, and aβyαa ≤
aαa ≤ a. That implies aβyαa ≤ a. Hence a is a bi-ideal element of M.

Theorem 3.17. If a is an ideal element of an ordered Γ-semiring M, then a is
a bi-ideal element of M.
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Proof. Suppose that a is an ideal element of M. Then aαx ≤ a, and xαa ≤ a,

for all α ∈ Γ, x ∈ M. That implies aαxαa ≤ xαa ≤ a. Hence a is a bi-ideal
element of M.

Theorem 3.18. Let M be an ordered Γ-semiring M. If a is a maximal element
of M then a is an ideal element of M.

Proof. Suppose a is a maximal element of an ordered Γ-semiringM. Then aαx ≤
a and xαa ≤ a, for all α ∈ Γ, x ∈ M. Therefore a is an ideal element of M.

Theorem 3.19. If a is a minimal element of an ordered Γ-semiring M, then a

is a not an ideal element of M.

Proof. Suppose a is a minimal element of M. Then a ≤ x, for all x ∈ M.

Therefore a ≤ aαx, for all x ∈ M and α ∈ Γ.

Theorem 3.20. If a is an interior ideal element of an idempotent ordered Γ-
semiring M, then a is an ideal element of M.

Proof. Suppose a is an interior ideal element and a is an α-idempotent of the
ordered Γ-semiring M . Then xβaαy ≤ a, for all α, β ∈ Γ and x, y ∈ M. That
implies xβaαa ≤ a and hence xβa ≤ a, for all x ∈ M. Similarly we can prove
that aβx ≤ a. Hence a is an ideal element of M.

Theorem 3.21. Every interior ideal element of an ordered Γ-semiring M is a
quasi interior ideal element.

Proof. Suppose a is an interior ideal element of M. Then xαaβy ≤ a, for x, y ∈
M, α, β ∈ Γ. That implies aαxβaβy ≤ a and xαaβyγa ≤ a. Hence every interior
ideal element is a quasi interior ideal element.

Theorem 3.22. Every left ideal element of an ordered Γ-semiring M is a left
quasi interior element of M.

Proof. Suppose x is a left ideal element of M. Then xαa ≤ a, for x ∈ M, α ∈ Γ.
That implies xαyβyγa ≤ a. Hence a is left quasi ideal element of M.

Theorem 3.23. If a is a quasi interior ideal element of a regular ordered Γ-
semiring M then a is an ideal element of M.

Proof. Suppose a is a quasi interior ideal element of M. Then aαxβaγy ≤ a,

xαaβyγa ≤ a, for all x, y ∈ M, α, βγ ∈ Γ and a ≤ aαbβa, for some b ∈ M, α, β ∈
Γ. Suppose x ∈ M, γ ∈ Γ. Then aγx ≤ aαbβaγx ≤ a and xγa ≤ xγaαbβa ≤ a.

Hence a is an ideal element of M.
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Theorem 3.24. Every interior ideal element of an ordered Γ-semiring M is a
quasi interior ideal element.

Proof. Suppose a is an interior ideal element of M. Then xαaβy ≤ a, for all
x, y ∈ M, α, β ∈ Γ. That implies aαxβaγy ≤ a and xαaβaγa ≤ a. Hence every
interior ideal element is a quasi interior ideal element.

Theorem 3.25. Every left ideal element of an ordered Γ-semiring M is a left
quasi interior element of M.

Proof. Suppose x is a left ideal element of M. Then xαa ≤ a, for all x ∈ M,

α ∈ Γ. That implies xαyβyγa ≤ a. Hence a is left quasi ideal element of M.

Theorem 3.26. If a is a quasi interior ideal element of a regular ordered Γ-
semiring M then a is an ideal element of M.

Proof. Suppose a is a quasi interior ideal element of M. Then aαxβaγy ≤ a,

xαaβyγa ≤ a, for all x, y ∈ M, α, β, γ ∈ Γ. and a ≤ aαbβa, for some b ∈ M, α, β ∈
Γ. Suppose x ∈ M, γ ∈ Γ. Then aγx ≤ aαbβaγx ≤ a and xγa ≤ xγaαbβa ≤ a.

Hence a is an ideal element of M.

Theorem 3.27. If a is an ideal element of an ordered Γ-semiringM then a is a
weak interior ideal element of M.

Proof. Suppose a is an ideal element of M. Then aαx ≤ a and xαa ≤ a, for all
x ∈ M, α ∈ Γ. That implies xαaβa ≤ aβa ≤ a and aβaαx ≤ a, for all α, β ∈ Γ.
Therefore aβaαx ≤ aβa ≤ a. Hence ideal element of M is a weak interior ideal
element of M.

Corollary 3.28. Let a be an interior ideal element of an ordered Γ-semiring M.

Then a is a weak interior ideal element of M.

Theorem 3.29. Let M be an ordered Γ-semiring. If a is a weak interior and
idempotent element of M then a is an interior ideal element of M.

Proof. Let a be an interior ideal and idempotent element of M. Then there
exists γ ∈ Γ such that aγa = a. Suppose x, y ∈ M and α, β ∈ Γ. Now xαaβy =
xαaγaγaγaβy ≤ aγa = a.

Theorem 3.30. If a and b are minimal left ideal elements of an ordered Γ-
semiring M, then aβb is a minimal left ideal element of ordered Γ-semiring M.

Proof. Suppose a and b are minimal left ideals of the ordered Γ-semiring M.

Then xαa ≤ a and xαb ≤ b, α ∈ Γ, x ∈ M. That implies xαaβb ≤ aβb, for all
x ∈ M. Therefore aβb is the left ideal element of M. Suppose c is any left ideal
element of M and c ≤ aβb. Then c ≤ aβb ≤ b. Therefore aβb = c. Hence aβb is
the minimal left ideal of an ordered Γ-semiring M.
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Theorem 3.31. Let M be an ordered regular Γ-semiring. If a is a bi-ideal
element of M and a commutes with every element of M then a is an ideal element.

Proof. Let M be an ordered Γ-semiring, a be a bi-ideal element of M and a

commutes with every element of M. Then a ≤ aαxβa, for some x ∈ M, α, β ∈ Γ.
That implies a ≤ aαxβa ≤ a. Therefore aαxβa = a. Suppose y ∈ M, γ ∈ Γ.
Then aγy = aαxβaγy = aαxβyγa ≤ a, for all y ∈ M, γ ∈ Γ. Hence a is an ideal
element of M.

Theorem 3.32. Let M be a simple ordered Γ-semiring. Then every element of
M is an ideal element of M.

Proof. Let I = {a | a ∈ M, aαx ≤ a and xαa ≤ a, for all x ∈ M, α ∈ Γ} and
a, b ∈ I. Then (a+ b)αx = aαx+ bαx ≤ a+ b and xα(a+ b) = xαa+xαb ≤ a+ b.

Therefore a+b ∈ I. For γ ∈ Γ, aγbαx = aγ(bαx) ≤ aγb and xα(aγb) = (xαa)γb ≤
aγb. Therefore aγb ∈ I. Hence I is a Γ-subsemiring of M. Suppose a ∈ M, b ∈ I,

α, γ ∈ Γ. Then (aαb)γx = aα(bγx) ≤ aαb and xγ(aαb) = (xγa)αb ≤ bαa = aαb.

Suppose that x ∈ M, a ∈ I, α ∈ Γ and x ≤ a. Then yαx ≤ yαa ≤ a and
xαy ≤ aαy ≤ a. Hence x ∈ I. Therefore I is an ideal of the ordered Γ-semiring.
Hence I = M.

Corollary 3.33. Let M be a left (right) simple ordered Γ-semiring. Then every
element of M is a left (right) ideal element of M.

Theorem 3.34. If a is an ideal element of an ordered Γ-semiring M , then a is
an interior-ideal element.

Proof. Suppose a is an ideal element of M. Then aαx ≤ a and xβa ≤ a, for all
x ∈ M and β, α ∈ Γ. That implies xαaβy ≤ xαa ≤ a and hence a is interior ideal
element of M.

Theorem 3.35. If a is an interior ideal element and idempotent element of an
ordered Γ-semiring M, then a is an ideal element of M.

Proof. Suppose a is an interior ideal element and a is an α-idempotent. Then
xβaβy ≤ a, for all β ∈ Γ and x, y ∈ M. That implies xβaαa ≤ a and hence
xβa ≤ a, for all x ∈ M. Similarly we can prove that aβx ≤ a. Hence a is an ideal
element of M.

Theorem 3.36. Let M be a regular ordered Γ-semiring. Then a is an interior
ideal element of M if and only if a is an ideal element of M.

Proof. Assume that a be an interior ideal element of M. Then xαaβy ≤ a, for
all x, y ∈ M, α, β ∈ Γ. We have that a ≤ aαxβa, for some x ∈ M, α, β ∈ Γ. Then
aαx ≤ aαxβaαx ≤ a, by the definition of interior ideal element of M. Similarly
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we can prove that xαa ≤ a. Hence a is an ideal element of M. Conversely, assume
that a is an ideal element of M. Suppose y, z ∈ M and α, β ∈ Γ. Then yαaβz ≤
aβz ≤ a. Hence a is an interior ideal element of the ordered Γ-semiring M.

4. Conclusion

In this paper, we studied the structures of ordered Γ-semirings M with the gener-
alization of ideal elements. The ideal elements play an important and necessary
role in studying the structure of ordered semigroups. We introduced the notion
of (ideal, interior-ideal, quasi-ideal, bi-ideal, bi- interior ideal, quasi-interior ideal
and weak interior ideal) elements of ordered Γ-semirings. We studied the proper-
ties of ideal elements and relations between them. We characterized the ordered
Γ-semirings, regular ordered Γ-semirings and simple ordered Γ-semirings using
ideal elements.

References

[1] P.J. Allen, A fundamental theorem of homomorphism for semirings, Proc. Amer.
Math. Sco. 21 (1969) 412–416.

[2] R.A. Good and D.R. Hughes, Associated groups for a semigroup, Bull. Amer. Math.
Soc. 58 (1952) 624–625.

[3] M. Henriksen, Ideals in semirings with commutative addition, Amer. Math. Soc.
Noti 5 (1958) 321.

[4] K. Iseki, Quasi-ideals in semirings without zero, Proc. Japan Acad. 34 (1958) 79–84.

[5] K. Iseki, Ideal in semirings, Proc. Japan Acad. 34 (1958) 29–31.

[6] R.D. Jagatap and Y.S. Pawar,Quasi-ideals and minimal quasi-ideals in Γ-semirings,
Novi Sad J. Math. 39 (2) (2009) 79–87.

[7] N. Kehayopulu, Interior ideals and interior ideal elements in ordered semigroups,
Pure Math. Appl. 2 (3) (1999) 407–409.

[8] S. Lajos and F.A. Szasz, On the bi-ideals in associative ring, Proc. Japan Acad. 46
(1970) 505–507.

[9] S. Lajos, On the bi-ideals in semigroups, Proc. Japan Acad. 45 (1969) 710–712.

[10] H. Lehmer, A ternary analogue of abelian groups, Amer. J. Math. 59 (1932) 329–
338.

[11] G. Lister, Ternary rings, Trans. Amer. Math. Soc. 154 (1971) 37–55.
https://doi.org/10.2307/1995425

[12] N. Nobusawa, On a generalization of the ring theory, Osaka. J. Math. 1 (1964)
81–89.
ir.library.osaka-u.ac.jp/dspace/bitstream/11094/12354/1/ojm01-01-08.pdf.

https://doi.org/10.2307/1995425


260 M.M.K. Rao, N. Rafi and R.K. Kona

[13] M.M.K. Rao, Γ-semiring with identity, Discuss. Math. General Alg. and Appl. 37
(2017) 189–207.
https://doi.org/10.7151/dmgaa.1276

[14] M.M.K. Rao and B. Venkateswarlu, Regular Γ-incline and field Γ-semiring, Novi
Sad J. Math. 19 (2015) 155–171.
emis.ams.org/journals/NSJOM/Papers/45-2 /NSJOM-45-2-155-171.pdf.

[15] M.M.K. Rao, bi-interior ideals in semigroups, Discuss. Math. General Alg. and Appl.
38 (2018) 69–78.
https://doi.org/10.7151/dmgaa.1283

[16] M.M.K. Rao, bi-interior ideals in Γ-semirings, Discuss. Math. General Alg. and
Appl. 38 (2) (2018) 239–254.
https://doi.org/10.7151/dmgaa.1283

[17] M.M.K. Rao, Ideals in ordered Γ-semirings, Discuss. Math. General Alg. and Appl.
38 (2018) 47–68.
https://doi.org/10.7151/dmgaa.1284

[18] M.M.K. Rao, A study of generalization of bi- ideal, quasi- ideal and interior ideal
of semigroup, Math. Morovica 22 (2) (2018) 103–115.
https://doi.org/10.5937/MatMor1802103M

[19] M.M.K. Rao, A study of bi-quasi-interior ideal as a new generalization of ideal of
generalization of semiring, Bull. Int. Math. Virtual Inst. 8 (2018) 519–535.
https://doi.org/10.7251/JIMVI1801019R

[20] M.M.K. Rao, A study of quasi-interior ideal of semiring, Bull. Int. Math. Virtual
Inst. 2 (2019) 287–300.
https://doi.org/10.7251/BIMVI1902287M

[21] M.M.K. Rao, Bi-quasi-ideals and fuzzy bi-quasi ideals of Γ- semigroups, Bull. Int.
Math. Virtual Inst. 7 (2) (2017) 231–242.
imvibl.org /JOURNALS / BULLETIN.

[22] M.M.K. Rao, Γ-semirings-I, South. Asian Bull. Math. 19 (1) (1995) 49–54.

[23] M.K. Sen, On Γ-semigroup, in: Proc. of International Conference of algebra and its
application (Decker Publicaiton, New York, 1981) 301–308.

[24] A.M. Shabir and A. Batod, A note on quasi ideal in semirings, South. Asian Bull.
Math. 7 (2004) 923–928.

[25] O. Steinfeld, Uher die quasi ideals, Von halbgruppend, Publ. Math. Debrecen 4

(1956) 262–275.

[26] G. Szasz, Interior ideals in semigroups, in: Notes on semigroups IV, KarlMarx Univ.
Econ. Dept. Math. Budapest 5 (1977) 1–7.

[27] G. Szasz, Remark on interior ideals of semigroups, Studia Scient. Math. Hung. 16
(1981) 61–63.

https://doi.org/10.7151/dmgaa.1276
https://doi.org/10.7151/dmgaa.1283
https://doi.org/10.7151/dmgaa.1283
https://doi.org/10.7151/dmgaa.1284
https://doi.org/10.5937/MatMor1802103M
https://doi.org/10.7251/JIMVI1801019R
https://doi.org/10.7251/BIMVI1902287M


A Study on ideal elements in ordered Γ-semirings 261

[28] H.S. Vandiver, Note on a simple type of algebra in which cancellation law of addition
does not hold, Bull. Amer. Math. Soc. (N.S.) 40 (1934) 914–920.
https://doi.org/10.1090/S0002-9904-1934-06003-8

Received 31 December 2019
Revised 7 April 2022

Accepted 7 April 2022

Powered by TCPDF (www.tcpdf.org)

https://doi.org/10.1090/S0002-9904-1934-06003-8
http://www.tcpdf.org

