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Abstract

The aim of this paper is to study the structures of ordered I'-semigroups
not only with the ideal elements but also with the generalization of ideal ele-
ments. The ideal elements play an important and necessary role in studying
the structure of ordered semigroups. We introduce the notion of (ideal, in-
terior ideal, quasi ideal, bi-ideal, quasi interior ideal and weak interior ideal)
elements of ordered I'-semirings. We study the properties of ideal elements,
relations between them and characterize the ordered I'-semirings, regular
ordered I'-semirings and simple ordered I'-semirings using ideal elements.
We prove that if M be a simple ordered I'-semiring, then every element of
M is an ideal element of M.
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1. INTRODUCTION

The algebraic structures play a prominent role in mathematics with wide range
of applications. Generalization of ideals of algebraic structures and ordered alge-
braic structure plays a very remarkable role and also necessary for further advance
studies and applications of various algebraic structures. Many mathematicians
proved important results and characterization of algebraic structures by using
the concept and the properties of generalization of ideals in algebraic structures.

The author [15]-[?] introduced and studied (weak interior, bi-quasi, quasi-
interior and bi-quasi interior) ideals of I'-semirings, semirings, I'-semigroups,
semigroups as a generalization of (bi, quasi and interior) ideal of algebraic struc-
tures and characterized regular algebraic structures as well as simple algebraic
structures using these ideals. In 1995, M.Murali Krishna Rao [13, ?] introduced
the notion of I'-semiring as a generalization of I'-ring, ternary semiring and semir-
ing. As a generalization of ring, the notion of a I'-ring was introduced by Nobu-
sawa [12] in 1964. In 1981, Sen [23] introduced the notion of a I'-semigroup as
a generalization of semigroup. The notion of a ternary algebraic system was in-
troduced by Lehmer [10] in 1932. In 1971, Lister [11] introduced ternary ring.
The set of all negative integers Z is not a semiring with respect to usual addi-
tion and multiplication but Z forms a ['-semiring where I' = Z. The important
reason for the development of I'-semiring is a generalization of results of rings,
I'-rings, semirings, semigroups and ternary semirings. The notion of a semiring
was introduced by Vandiver [28] in 1934.

We know that the notion of a one sided ideal of any algebraic structure is
a generalization of an ideal. The quasi ideals are generalization of left ideal and
right ideal whereas the bi-ideals are generalization of quasi ideals. In 1952, the
concept of bi-ideals was introduced by Good and Hughes [2] for semigroups. The
notion of bi-ideals in rings and semigroups were introduced by Lajos and Szasz
[8]-[?]. Bi-ideal is a special case of (m —n) ideal. In 1976, the concept of interior
ideals was introduced by Lajos for semigroups. Steinfeld [25] first introduced the
notion of quasi ideals for semigroups and then for rings. Iseki and Izuka [4, 7, 5]
introduced the concept of quasi ideal for a semiring. Quasi-ideals, bi-ideals in
I-semirings was studied by Jagtap and Pawar [6]. Henriksen [3] and Shabir et
al. [24] studied quasi-ideals in semirings.

In this paper, we introduce the notion of (ideal, interior-ideal, quasi-ideal, bi-
ideal, quasi-interior ideal and weak interior ideal) elements of ordered I'-semirings.
We study the properties of ideal elements and relations between them and char-
acterize the ordered I'-semirings, regular ordered I'-semirings and simple ordered
I'-semirings using ideal elements.
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2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1 [1]. A set S together with two associative binary operations
called addition and multiplication (denoted by + and - respectively will be called
a semiring provided

(i) addition is a commutative operation.
(ii) multiplication distributes over addition both from the left and from the right.
(iii) there exists 0 € S such that t + 0=z and z-0=0-2 =0 for all z € S.

Definition 2.2 [13]. Let (M,+) and (I',+) be commutative semigroups. Then
we call M a I'-semiring, if there exists a mapping M x I' x M — M (the image
of (z,a,y) will be denoted by zay,z,y € M,a € T') such that it satisfying the
following axioms for all z,y,z € M and o, € T’

(i) za(y + 2) = zay + zaz,
(ii)) (z +y)az = zaz + yaz,

i) z(a+ By = zay + xfy,
) za(yBz) = (vay)pz.

(iii
(iv

Every semiring R is a I'-semiring with I' = R and ternary operation zvyy
defined as the usual semiring multiplication.

Definition 2.3. A T'-semiring M is said to be commutative I'-semiring if zay =
yax, for all z,y € M and o € T'.

Definition 2.4. A non-empty subset A of a I'-semiring M is called

(i) aT-subsemiring of M if (A, +) is a subsemigroup of (M, +) and AT'A C A.

(ii) a quasi ideal of M if A is a I-subsemiring of M and ATM N MT A C A.

(iii) a bi-ideal of M if A is a I'-subsemiring of M and ATMT A C A.

(iv) an interior ideal of M if A is a I'-subsemiring of M and MTAT'M C A.

(v) a left (right) ideal of M if A is a I'-subsemiring of M and MTA C
A(ATM C A).

(vi) an ideal if A is a I'-subsemiring of M, ATM C A and MT A C A.

(vii) a bi-interior ideal of M if A is a I'-subsemiring of M and MTATM N
ATMTA C A.

(viii) a left bi-quasi ideal (right bi-quasi ideal) of M if A is a I'-subsemiring of
M and MTANATMTAC A (ATM NATMTA C A).
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(ix) a bi-quasi ideal of M if A is a I-subsemiring of M and A is a left bi-quasi
ideal and a right bi-quasi ideal of M.

(x) a left quasi-interior ideal (right quasi-interior ideal) of M if A is a I'-
subsemiring of M and MTAT'MTA C A (ATMTAT'M C A).
(xi) a quasi-interior ideal of M if A is a I'-subsemiring of M and Ais a left
quasi-interior ideal and a right quasi-interior ideal of M.
(xii) a bi-quasi-interior ideal of M if A is a I'-subsemiring of M and
ATMTATMTAC A.
(xiii) a left (right) tri- ideal of M if A is a I'-subsemiring of M and
ATMTATAC A (ATATMTAC A).
(xiv) a tri- ideal of M if A is a I'-subsemiring of M and ATMTAT'A C A and
ATATMTA C A.

(xv) a left (right) weak-interior ideal of M if A is a I'-subsemiring of M and
MTATA C A(ATATM C A).A weak-interior ideal of M if A is a I'-
subsemiring of M and A is a left weak-interior ideal and a right weak-
interior ideal)of M.

(xvi) a k-ideal of M if A is an ideal of M and z € M, z+y € A,y € A then
x e A

(xvii) am—k-ideal of M if Aisanideal of M and x € A, zy € A,1 # y € Mthen
y € A.

Definition 2.5. A I'-semiring M is said to have zero element if there exists
an element 0 € M such that 0+ = 2 = ¢ + 0 and Oax = za0 = 0, for all
re Macel.

Definition 2.6. An element a € I'-semiring M is said to be idempotent if there
exists a € I' such that a = aaa.

Definition 2.7. Let M be a I'-semiring. An element 1 € M is said to be unity
if for each ©x € M there exists a € I such that zal = laz = z.

Definition 2.8. A I'-semiring M is called an ordered I'-semiring if it admits a
compatible relation <, i.e., < is a partial ordering on M satisfying the following
conditions. If a < b and ¢ < d, then

(i) a+c<b+d

(i) aac < bad
(i) caa < dab, for all a,b,c,d € M, € T.
Example 2.9. Let M = [0,1],I' = N, + and ternary operation be defined as

x +y = max{x,y},zyy = min{z,v,y} for all z,y € M, v € . Then M is an
ordered I'-semiring with respect to usual ordering.
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Definition 2.10. Let M be an ordered I'-semiring and A be a non-empty subset
of M. A is called a I'-subsemiring of an ordered I'-semiring M if A is a sub-
semigroup of (M, +) and AT'A C A.

Definition 2.11. Let M be an ordered I'-semiring. A non-empty subset A of
M is called a left (right) ideal of an ordered I'-semiring M if A is closed under
addition and MTA C A (ATM C A) and for any a € M, b € A, a < b then
a € A. A is called an ideal of M if it is both left ideal and right ideal.

Definition 2.12. An ordered I'-semiring M is called regular if for each a € M
there exist x € M, a, 8 € T such that a < aazfa.

3. IDEAL ELEMENTS IN ORDERED I'-SEMIRINGS

In this section, we introduce the notion of (ideal, interior ideal, bi-ideal, quasi
interior ideal and weak interior ideal) elements of ordered I'-semirings. We study
the properties of ideal elements and relations between them and characterize the
ordered I'-semirings using ideal elements.

Definition 3.1. An element a of an ordered I'-semiring M is called a I'-subsemi-
ring element if aca < a, for all a € T'.

Definition 3.2. An element a of an ordered I'-semiring M is called a left (right)
ideal element of M, if zaa < a(acx < a), for all x € M, a € T.

Definition 3.3. An element of an ordered I'-semiring M is called an ideal element
of M, if it is both a left ideal element and a right ideal element of M.

Definition 3.4. Let M be an ordered I'-semiring. An element a of M is said to
be bi-ideal element of M if aca < a, aaxfa < a, for all x € M, o, 5 € T'.

Definition 3.5. An element a of an ordered I'-semiring M is called a quasi ideal
element of M, if aca < a, there exist elements z,y € M, and «a, 8 € I' such that
zaa = aqy < a.

Definition 3.6. Let M be an ordered I'-semiring. An element a of M is said to
be quasi interior ideal element of M if aca < a, acxBayy < a and xaafyya < a,
forall x,y e M o, 8,v€T.

Definition 3.7. A left ideal element b is said to be minimal if for every left ideal
element a of an ordered I'-semiring M, a < b= a =b.

Definition 3.8. Let M be an ordered I'-semiring. An element a of M is said to
be interior ideal element if aca < a, raafy < a, for all x,y € M, a, 5 € T.
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Definition 3.9. An element a of an ordered I'-semiring M is called a left (right)
weak interior ideal of M if aaa < a, zaafa < a(afacx < a), for all x € M,
o, p el

Definition 3.10. An element of an ordered I'-semiring M is called a weak interior
ideal element if aca < a, acafr < a and zaafa < a, for all x € M, o, 5 € T.

Example 3.11. Let M and I be additive abelian semigroups of all 2 x 2 matrices,
ternary operation is defined as M x I' x M — M by (z,a,y) — zay using usual
matrix multiplication for all z,y € M and o € I'. We define A < B & a;; > by,
for all ¢, j. Then M is an ordered I'-semiring.

(a)LetM:{<g b>|abceNU{0}}

r:{(g 2>|a,ﬁ€N}andI:{<g 8>|aeN}.

Then { < (1) 8 > } is an ideal element of an ordered I'-semiring M.

(b) Let M = {

={(
Then{<

> |a,b,c,d€NU{0}}

(¢
Vomsenbas (2 1) osen)

s
)

8 > } is a left ideal element of an ordered I'-semiring M.
a b
{<c )\abcdeNU{O}}
B
)

>\a,ﬁ,'y,5€N} andR—{(S g)\c,dEN}.

} is a right ideal element of an ordered I'-semiring M.

<‘Z b>|abcd€NU{0}}
_ a f _ a 0
I‘-{(7 5>|a,ﬁ,7,5€N}andB—{<0 0>|a€N}.
> } is an interior ideal element of an ordered I'-semiring M.

8 b>|abc€NU{0}}

a 0 a 0
F{(O c>\a,c€N}andthesetQ{<O c>\a,c€N}.
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Then { < (1) (1) > } is a quasi-interior ideal element of an ordered I'-semiring M.

@LaM—{(Si)MmmeNum%

F—{(a 8>\a,beN}andthesetQ—{<g g)\a,ceN}.

0
11 . .. .
Then { < 00 > } is a quasi ideal element of an ordered I'-semiring M.
M

(g) Let gg la,be N

a 0 a 0
I‘-{(O b>|a,b6N}andthesetW—{<0 0>|a6N}.

Then { ( (1) 8 > } is a weak-interior ideal element of an ordered I'-semiring M.

Definition 3.12. Let M be an ordered I'-semiring. A = € M is said to be a
maximal element if y € M and x < y then z = y.

Definition 3.13. Let M be an ordered I'-semiring. M is said to be a simple
ordered I'-semiring if M has no proper ideals.

Theorem 3.14. If a is an ideal element of an ordered I'-semiring M, then a is
an interior ideal element of M.

Proof. Suppose a is an ideal element of the I'-semiring M. Then aax < a and
yBa < a, for all x,y € M and «,8 € I'. That implies zaafy < zaa < a and
hence a is an interior ideal element of M. [ |

Theorem 3.15. If a is a left ideal element of an ordered I'-semiring M, then a
s a quasi ideal element of M.

Proof. Suppose that a is a left ideal element of M. Then zaa < a, for all a € T,
x € M. Let y,z € M, and 3,7 € I" such that zya = afy. Then zya < a. Therefore
zva = afy < a. [

Theorem 3.16. If a is a quasi ideal element of an ordered I'-semiring M, then
a is a bi-ideal element of M.

Proof. Suppose that a is a quasi ideal element of M. Then there exist elements
x,y € M, and «a, 8 € I" such that xaa = afy < a. Then afy < a, and aByaa <
aaa < a. That implies afyaa < a. Hence «a is a bi-ideal element of M. [ |

Theorem 3.17. If a is an ideal element of an ordered I'-semiring M, then a is
a bi-ideal element of M.
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Proof. Suppose that a is an ideal element of M. Then aax < a, and zaa < a,
for all @« € T', x € M. That implies aaxaa < xaa < a. Hence a is a bi-ideal
element of M. [

Theorem 3.18. Let M be an ordered I'-semiring M. If a is a mazximal element
of M then a is an ideal element of M.

Proof. Suppose a is a maximal element of an ordered I'-semiring M. Then acx <
a and zaa < a, for all a € I', © € M. Therefore a is an ideal element of M. [ |

Theorem 3.19. If a is a minimal element of an ordered I'-semiring M, then a
s a not an ideal element of M.

Proof. Suppose a is a minimal element of M. Then a < z, for all x € M.
Therefore a < aax, for all z € M and o € T'. [ |

Theorem 3.20. If a is an interior ideal element of an idempotent ordered I'-
semiring M, then a is an ideal element of M.

Proof. Suppose a is an interior ideal element and a is an a-idempotent of the
ordered I'-semiring M. Then zfBacay < a, for all o, € I' and x,y € M. That
implies xfaaa < a and hence zfBa < a, for all x € M. Similarly we can prove
that afSr < a. Hence a is an ideal element of M. [ |

Theorem 3.21. Ewvery interior ideal element of an ordered I'-semiring M is a
quasi interior ideal element.

Proof. Suppose a is an interior ideal element of M. Then xaafy < a, for x,y €
M, a, 8 € I'. That implies acxfBafy < a and xaafyya < a. Hence every interior
ideal element is a quasi interior ideal element. [ |

Theorem 3.22. Every left ideal element of an ordered I'-semiring M is a left
quasi interior element of M.

Proof. Suppose z is a left ideal element of M. Then xaa < a, for x € M, o € T.
That implies zayByvya < a. Hence a is left quasi ideal element of M. [

Theorem 3.23. If a is a quasi interior ideal element of a reqular ordered I'-
semiring M then a is an ideal element of M.

Proof. Suppose a is a quasi interior ideal element of M. Then aazfBavyy < a,
raafyya < a, for all z,y € M, o, By € I and a < aabfa, for some b € M, o, 3 €
I'. Suppose x € M, v € I'. Then ayz < aabfayr < a and zya < zyaabfa < a.
Hence a is an ideal element of M. [
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Theorem 3.24. Ewvery interior ideal element of an ordered I'-semiring M is a
quasi interior ideal element.

Proof. Suppose a is an interior ideal element of M. Then zaafBy < a, for all
z,y € M, a, 8 € I'. That implies aazxfBayy < a and zaafavya < a. Hence every
interior ideal element is a quasi interior ideal element. [ |

Theorem 3.25. FEvery left ideal element of an ordered I'-semiring M is a left
quasi interior element of M.

Proof. Suppose x is a left ideal element of M. Then zaa < a, for all z € M,
«a € I'. That implies zayfByya < a. Hence a is left quasi ideal element of M. m

Theorem 3.26. If a is a quasi interior ideal element of a reqular ordered I'-
semiring M then a is an ideal element of M.

Proof. Suppose a is a quasi interior ideal element of M. Then aazBayy < a,
zaafyya < a,forallz,y € M, o, 8,7 € I'. and a < aabBa, for some b € M, o, B €
I'. Suppose x € M, v € I'. Then avyx < aabBayxr < a and zva < xyaabfa < a.
Hence a is an ideal element of M. [ |

Theorem 3.27. If a is an ideal element of an ordered I'-semiringM then a is a
weak interior ideal element of M.

Proof. Suppose a is an ideal element of M. Then acx < a and xaa < a, for all
x € M, o € T'. That implies zaafa < afa < a and aBaczx < a, for all o, 5 € T.
Therefore afacx < affa < a. Hence ideal element of M is a weak interior ideal
element of M. [ |

Corollary 3.28. Let a be an interior ideal element of an ordered I'-semiring M.
Then a is a weak interior ideal element of M.

Theorem 3.29. Let M be an ordered I'-semiring. If a is a weak interior and
idempotent element of M then a is an interior ideal element of M.

Proof. Let a be an interior ideal and idempotent element of M. Then there
exists v € I' such that aya = a. Suppose z,y € M and «, 8 € I'. Now zaafSy =
raayayayaBy < aya = a. [

Theorem 3.30. If a and b are minimal left ideal elements of an ordered I'-
semiring M, then afBb is a minimal left ideal element of ordered I'-semiring M.

Proof. Suppose a and b are minimal left ideals of the ordered I'-semiring M.
Then zaa < a and zab < b, a € I', x € M. That implies zaaBb < afb, for all
x € M. Therefore afb is the left ideal element of M. Suppose c is any left ideal
element of M and ¢ < afBb. Then ¢ < aB8b < b. Therefore afb = c. Hence afb is
the minimal left ideal of an ordered I'-semiring M. [
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Theorem 3.31. Let M be an ordered regular I'-semiring. If a is a bi-ideal
element of M and a commutes with every element of M then a is an ideal element.

Proof. Let M be an ordered I'-semiring, a be a bi-ideal element of M and a
commutes with every element of M. Then a < aaxfa, for some x € M, o, B € T'.
That implies ¢ < aazxfa < a. Therefore aaxfBa = a. Suppose y € M, v € T
Then avy = acxBayy = acxByvya < a, for all y € M, v € I'. Hence a is an ideal
element of M. m

Theorem 3.32. Let M be a simple ordered I'-semiring. Then every element of
M is an ideal element of M.

Proof. Let I = {ala € M, aax < a and zaa < a, for all x € M, o € T'} and
a,b € I. Then (a+b)axr = aax+bar < a+b and za(a+b) = zaa+zxab < a+b.
Therefore a+b € I. For v € T', aybax = ay(bax) < ayb and za(aydb) = (zaa)yb <
a7yb. Therefore ayb € I. Hence [ is a I'-subsemiring of M. Suppose a € M, b € I,
a,y € T'. Then (aab)yx = aa(byz) < aab and zvy(aab) = (xya)ab < baa = aab.
Suppose that x € M, a € I, « € I' and z < a. Then yaxr < yaa < a and
zay < aay < a. Hence x € I. Therefore [ is an ideal of the ordered I'-semiring.
Hence I = M. [ |

Corollary 3.33. Let M be a left (right) simple ordered T'-semiring. Then every
element of M is a left (right) ideal element of M.

Theorem 3.34. If a is an ideal element of an ordered I'-semiring M, then a is
an interior-ideal element.

Proof. Suppose a is an ideal element of M. Then aax < a and z8a < a, for all
x € M and 8, € I'. That implies zaafBy < xaa < a and hence a is interior ideal
element of M. [ ]

Theorem 3.35. If a is an interior ideal element and idempotent element of an
ordered I'-semiring M, then a is an ideal element of M.

Proof. Suppose a is an interior ideal element and a is an a-idempotent. Then
zBafy < a, for all § € I' and z,y € M. That implies z8aca < a and hence
zBa < a, for all x € M. Similarly we can prove that afx < a. Hence a is an ideal
element of M. [

Theorem 3.36. Let M be a regular ordered I'-semiring. Then a is an interior
ideal element of M if and only if a is an ideal element of M.

Proof. Assume that a be an interior ideal element of M. Then zaafBy < a, for
all x,y € M, a, 8 € I'. We have that a < aazfa, for some x € M, o, 8 € I'. Then
acx < aazxfacx < a, by the definition of interior ideal element of M. Similarly



A STUDY ON IDEAL ELEMENTS IN ORDERED I'-SEMIRINGS 259

we can prove that xaa < a. Hence « is an ideal element of M. Conversely, assume
that a is an ideal element of M. Suppose y,z € M and «, € I'. Then yaafz <
afz < a. Hence a is an interior ideal element of the ordered I'-semiring M. [ |

4. CONCLUSION

In this paper, we studied the structures of ordered I'-semirings M with the gener-
alization of ideal elements. The ideal elements play an important and necessary
role in studying the structure of ordered semigroups. We introduced the notion
of (ideal, interior-ideal, quasi-ideal, bi-ideal, bi- interior ideal, quasi-interior ideal
and weak interior ideal) elements of ordered I'-semirings. We studied the proper-
ties of ideal elements and relations between them. We characterized the ordered
I'-semirings, regular ordered I'-semirings and simple ordered I'-semirings using
ideal elements.
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