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Abstract

Let p be an h-ary central relation (h > 2) and o a binary relation on
a finite set A such that o # p. It is known from Rosenberg’s classification
theorem (1965) that the clone Polp which consists of all operations on A
that preserve p is a maximal clone on A. In this paper, we find all binary
relations o such that the clone Pol{p,c} is a maximal subclone of Polp,
where p is a fixed central relation.
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1. INTRODUCTION

In 1941, Post presented the complete description of the countably many clones on
2 elements. It turned out that, all such clones are finitely generated and the lattice
of these clones is countable. The structure of the lattice of clones on finitely many
(but more than 2) elements is more complex and is of the cardinality 2%0. For
k > 3, not much is known about the structure of the lattice of clones in spite of
the efforts made by many researchers in this area. Therefore, every new piece of
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information is considered valuable. Indeed, it would be very interesting to know
the clone lattice on the next level (below the maximal clones) and even a partial
description will shed more light onto its structure. The complete description of
all submaximal clones is known only for the 2-elements case and the 3-elements
case (see [3, 4, 5]), however the result in [3] and many results in the literature on
clones including those discussed in [4, 8, 10, 11], require intensive knowledge of
submaximal clones (that sit below certain maximal clones) on arbitrary finite sets.
Clone theory is considered to be very important because of its use to understand
universal algebras.

In [4, Chapter 17], D. Lau presented all submaximal clones of the clone Pol p
where p is a unary central relation on an arbitrary finite set. Recently in [12]
we have characterized the five types of central relation o such that the clone
Pol{p, o} is covered by Pol p, where p is a fixed h-ary central relation (h > 2) on
an arbitrary finite set. In this paper, we characterize the binary relations ¢ such
that the clones Pol{o, p} are covered by Polp, where p is a fixed h-ary central
relation (h > 2) on a finite set. Moreover, we give a result which will help anyone
to decide whether Pol{p, o} is a submaximal clone where p and o are as above.

This paper consists of five sections. After this introduction, in which we mo-
tivated this research and we announced the types of relations to be characterized
in the paper, the second section provides the reader with necessary notions and
notations. It is followed by the section dedicated to the description of the types of
binary relations o such that the clones Pol{o, p} are covered by Pol p. In Section
4, we show that the clones described in Section 3 are maximal and in Section
5, we show that the binary relations o listed in Section 3 are the only binary
relations such that the clones Pol{p,c} are maximal below Pol p.

2. PRELIMINARIES

In this section, we provide the reader with some basic notions and notations; for
more details the reader can see [4, 10, 11, 13].

Let A be a fixed finite set with k£ elements, n and h be two integers such
that 1 < n, h. An n-ary operation on A is a function f : A™ — A. We will use
the notation 01(4") for the set of all n-ary operations on A, and O4 for the set

of all finitary operations on A. For C C Oy4, C™ denoted the set C N O%). For
1 < i < n, the i-th projection is the operation M An A, (ay,...,an) — a;.

i
For arbitrary positive integers m and n, there is a one-to-one correspondence
between the functions f : A" — A™ and the m-tuples f = (f1,..., fm) of
functions f; : A" — A (for i = 1,...,m) via f — f = (f1,..., fm) with f; =
(m) §

0 f forall i =1,...,m. In particular, 7(® = (W%n), ...,m") corresponds to

the identity function f : A™ — A™. From now on, we will identify each function
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f A" — A™ with the corresponding m-tuples f = (fi,...,fm) € (O%))m
of n-ary operations. Using this convention, the composition of two functions
f=0U1 fm): A" = A" and g = (g1,...,9p) : A™ — AP can be described
as follows go f = (giof,...,gp0 f) = (1 (f1, -, fm)s- -, 9p(f1,- -, fm)) where
9i(f1,. oy fm)(@) = gi(fi(a),..., fim(a)) for all a € A" and 1 < i < p.

A clone on A is a subset C of O4 that contains the projections and is closed
under composition; that is 71'2(") €Cforalln>1land1<i<n,and go f €
C™ whenever g € C™ and f € (C™)™ (for m,n > 1). The clones on A
form a complete lattice £4 under inclusion. Therefore, for each set F' C O4 of
operations, there exists a smallest clone that contains F', which will be denoted
by (F') and will be called clone generated by F'.

For two clones C' and D on A, we say that C is mazimal in D if D covers C
in £4. We also say that C' is submazimal if C' is maximal in a clone D and D
is a maximal clone on A. For a maximal clone D, there are two types of clones
C being maximal in D: C' is meet-reducible if C = D N F for a maximal clone F
distinct from D (but not necessarily unique) and C' is meet-irreducible if it is not
meet-reducible.

Clones can be described via invariant relations. An h-ary relation on A is a
subset of A". The set of finitary relations on A is denoted by R4. For an n-ary
operation f € OXL) and an h-ary relation p on A, we say that f preserves p (or p
is invariant under f, or f is a polymorphism of p) if for all (ay,...,an;) € p,i =
L...,n, (flar,1,---,a1,0), flaz1,... a2m) ..., f(@n1,...,any)) € p. For any set
R C Ry, Pol(R) is the set of operations on A preserving every relation on R,
and for F C O4 Inv(F) is the set of relations preserved by every operation on
F. If R = {p}, we write Pol p for Pol{p}. If A is finite, it is well known that Pol
and Inv determine a Galois connection between the subsets of O4 and R4, with
closure operator F' — PolInv F on O4 and R — [R] = InvPol(R) on R4. The
closed sets of operations are exactly the clones and the closed set of relations are
called relational algebras or relational clone [9]. The set of relational algebras,
ordered by inclusion is a lattice, which is dually isomorphic to the lattice L4 of
clones on A. The relational algebras [R] can be described in various ways ([4, 9]).

Let p C A" for an integer m > 1 and a; = (@14, am;i) € A™ 1 <1 <h,
we will write (a1,...,ap) € pif for all j € {1,...,m},(aj1,...,a;,) € p. If A
is finite, every clone on A other than O4 is contained in a maximal clone. An
operation g : A% — A is called a majority operation if g(a,a,b) = g(a,b,a) =
g(b,a,a) = a for a,b € A. We recall the following Baker-Pixley Theorem and the
Rosenberg’s list of maximal clones which will be used to prove some results.

Theorem 2.1 [1]. For a finite algebra A = (A, F') with a majority term operation,
an operation f : A" — A, is a term operation of A iff f preserves all subuniverses

of A2,
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Theorem 2.2 [7]. For each finite set A with Card(A) > 3, the mazimal clones
on A are the clones of the form Pol p where p is a relation of one of the following
s1T types:

1) a bounded partial order on A;
2
3

) a prime permutation on A;
)

4) a nontrivial equivalence relation on A;
)
)

a prime affine relation on A;

5
6

a central relation on A;

(
(
(
(
(
(6) an h-regular relation on A.

Here a partial order on A is called bounded if it has both a least and a
greatest element. A prime permutation on A is (the graph of) a fixed point
free permutation on A in which all cycles are of the same prime length, and a
prime affine relation on A is the graph of the ternary operation x — y + z for
some elementary abelian p-group (4;+,—,0) on A (for p prime). An equivalence
relation on A is nontrivial if it is neither the equality relation A4 on A nor the
full relation A% on A.

To describe central relations and h-regular relations, we call an h-ary relation
p on A totally reflexive (reflexive for h = 2) if p contains all h-tuples of A"
whose coordinates are not pairwise distinct, and totally symmetric (symmetric
for h = 2) if p is invariant under any permutation of its coordinates. If p is
totally reflexive and totally symmetric, we define the center of p, denoted by C,,
as follows

C,={a€cA:(a,az,...,ap) € pforallay,...,ap € A}.

We say that p is a central relation if p is totally reflexive, totally symmetric
and has a nonvoid center which is a proper subset of A. For an integer h > 3, a
family T'= {61,...,60,} (r > 1) of equivalence relations on A is called h-regular
if each 6; (for 1 < ¢ < r) has exactly h classes, and for arbitrary classes B; of
0; (1 < i < r), the intersection By N By N ... N B, is nonempty. To each h-
regular family 7' = {6y,...,6,} of equivalence relations on A, we associate an
h-ary relation Ap on A as follows

Ar ={(a1,...,ap) € Al (Vi)(3p,q)p # q and (ap, aq) € 0;}.

The relations of the form Ap are called h-regular (or h-generated) relations.
It is clear from the definition that h-regular relations are totally reflexive and
totally symmetric. We recall the folowing classical construction. If o and 3 are
two binary relation on A, the relational product of o and (3, denoted by « o 3,
is the set {(z,y) € A? : (z,u) € a,(u,y) € B for some u € A}. The relational
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2)

product is an associative binary operation on the set R of binary relations on
A. For n > 1, we denote by a™ the n-th power ao--- o« (n times) of o and by
tr(a) the transitive closure of a. It is easy to see that tr(a) = J,,~; @”. We will
denote by h the set {1,...,h}. -

Definition 2.3 ([4], Page 126). Let h € N\ {0}. An h-ary relation o € R(:)
is called diagonal relation if there exists an equivalence relation € on {1,...,h}
such that o := {(a1,...,ap) € A": (i,j) € e = a; = a;}.

The set of all diagonal relations on A is denoted by D4 and Dy = {0} U
U h>1 DXL), where DXL) is the set of all h-ary diagonal relation on A. In particular,

A" and 6" = {(x,x,...,2) € A" : x € A} are diagonal relations. For more
information on diagonal relations, see [4], Page 126.

Remark 2.4 ([4], Theorem 2.6.2, 2.6.3 Page 132). Let R C Ry .
1. If f € Pol R, then f € Pol([R]).
2. If o0 and ¢’ are relations such that o’ € [{o}], then Polo C Polo’.

From now on, we assume that we are working on the set Fy = {0,1,...,k —
1}, where k is an integer such that k& > 1. We will denote by S, the set of
permutations on h, where h > 1 is an integer and for 1 < i1 < --- < 4p, < Kk,
we denote by Sy, ;3 the set of permutations on {i1,...,in}; 7, i, the set
{(r(ix),- -, 7)) = 7 € Spy,.iny )y and W the set {(a1,...,a) € EP : Ji #
j,ai = a;}. It is well known (see [4]) that the Stupecki clone Pol:¥ is a maximal
clone. If o is an equivalence relation, we denote by [a], the o-class of a.

3. THE TYPES OF 0 SUCH THAT THE CLONE Pol{p, o} 1S MAXIMAL IN Polp

In this section, we give the definition of the types of binary relations ¢ such that
Pol{p,c} is maximal in Pol p and the main result of this paper. Let k and h be
two integers such that k > 3 and h > 2. For a prime permutation 7 of order p on
Ey, we denote by o, the equivalence relation consisting of pairs (a,b) € E,? with
a = 7'(b) for some 0 <i < p.

Definition 3.1. Let ¢ be a binary relation and p an h-ary central relation on
Ex(h > 2).
(i) A nonempty subset B C Ej, is called a p-chain if B* C p. A p-chain B is
called mazimal p-chain if it is not contained in another p-chain.
(ii) We say that p is o-closed if (a1,...,ap) € p whenever (uy,...,up) € p for
some uq,...,up with (a;,u;) € 0,1 <i < h.
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(ili) We suppose that p has ¢t maximal p-chains Ag,...,A;—1 (t > 2). We say
that o is a central relation relative to maximal p-chains if ¢ is reflexive,
symmetric, and for each ¢ € FEy, there exists a central element ¢; of p such
that for every a € A;, (¢;,a) € o.

(iv) If h = 2, then we say that p is the symmetric part of o if p = o No~ !,
Forh=2ando € p, weset A = aNp. For h > 2 we denote by oy, ( respectively

o}) the h-ary relation o), = {(a1,...,ap) € E¥ : Ju € Ey, (a1,u),...,(ap,u) €
o}, o) = {(a1,...,ap) € E} : 3u € Ey,(u,a1),...,(u,a,) € o} and for every
permutation 7 on h, (p)r = {(arq),---;axn)) : (a1,...,an) € p}.

Here we state the main result of this paper.

Theorem 3.2. Let k, h be two integers such that k > 3, h > 2; let p be an h-ary
central relation with t maximal p-chains Ay, ..., A1 and o a binary relation on
Ey. The clone Pol{p,c} is mazimal below Pol p if and only if o fulfills one of the
following eleven conditions:

(I) o is a nontrivial equivalence relation and p is o-closed;

(IT) o is a nontrivial equivalence relation and every o-class contains a central
element of p;

(IT1) o is a bounded partial order with least element L, greatest element T,
h=2 {1, T}C Cp and tr(c N p) = o;

(IV) o is a bounded partial order with least element L, greatest element T,
h>3and {L, T} CC,;

(V) o is a central relation, h = 2 and p and o are comparable (i.e., p C o or
oG p);

(VI) o is a central relation, h >3 and C, N Cy # 0;

(VII) o is the graph of a prime permutation © and p is or-closed;
(VIII) oy, = p and o is a central relation relative to mazimal p-chains;
(1)

)

(X

p # o and p is the symmetric part of o i.e., p=0cNo';

o is a partial order with a least element L which is also a central element

of p, oo = p and for every iy, ... iy €{0,..., t—1}, 1<O<1Aij has a greatest
<<

element;

(XI) o is a partial order with a greatest element T which is also a central
element of p, 05 = p and for every i1,..., iy € {0,...,t — 1}, < Aij
has a least element.

Definition 3.3. Let [ € {I,..., XI}. We say that o is of type [ if o verifies the
condition (1) of Theorem 3.2.
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The proof of Theorem 3.2 is divided into two parts. The sufficiency of condi-
tions in Propositions 4.1, 4.3, 4.8 and Corollary 4.5 and the necessity of conditions
in Propositions 5.1, 5.9, 5.19 and Corollary 5.17. Since p has at least two maximal
p-chains, the relation of type VIII exists only for |C,| > 2. We need the following
proposition for many proof in the sequel.

Proposition 3.4. Let Ep be a finite set, p be an h-ary central relation, B a
mazimal p-chain and o a diagonal relation on Ej, then (1) C, C B and (2)
Polo = OEk

Proof. (1) Let B be a maximal p-chain and ¢ € C,. As ¢ € C,, for any
ai,...,ap—1 € B,(c,a1,...,ap_1) € p. Hence B U {c} is a p-chain and B C
B U {c}. The maximality of B yields ¢ € B. Thus C, C B. It is easy to check
that (2) holds. |

4. PROOF OF SUFFICIENCY CRITERION IN THEOREM 3.2
In this section we show that the clones listed in Theorem 3.2 are maximal below
Pol p. We distinguish four cases.
Case 1. o isof type l € {I, 11,111, IV, VIII, X, XI};
Case 2. o is of type V or VI;
Case 3. o is of type VII;
Case 4. o is of type IX. We begin with Case 1.

Proposition 4.1. Let k, h be two integers such that k >3, h > 2,1 € {I,I11,111,
IV,VIII, X, XI}, p be an h-ary central relation and o a binary relation on Ey.
If o is of type 1, then the clone Pol{p,o} is mazximal in Pol p.

Before the proof of Proposition 4.1, we give some useful properties of o. Let

g € Polp\ Pol o be an n-ary operation. Then there exist (ai,b1),..., (an,by) € 0
such that (g(a), g(b)) € o, where a = (ay,...,a,) and b = (b1,...,by,).
In the case when [ = I'II, we may furthermore assume that (ai,b1),. .., (an,

b,) € o N p. This can be seen as follows. Write A := o N p. Since tr(\) = o
and A is reflexive, there exists ¢ > 1 such that tr(A\) = A\ = 0. Moreover, for
i > 1, Pol \* C Pol \i*!; in particular, Pol A C Polo. Since g € Polp \ Polo, it
follows that g ¢ Pol\. Therefore there exist (a1,b1),..., (an,b,) € X such that
(9(a),g(a)) € A, where a := (ay,...,ay),b:= (b1,...,b,). Since g € Polp, we
have (g(a), g(b)) € p, so we most have (g(a), g(b)) € o.

Note that if [ € {[,II,VIII, X, XI} and h = 2, then we get 0 C p (by
definition of oy and ¢4 and the reflexivity of o). Note also that relation of type
IV not occur with h = 2.
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Lemma 4.2. Let n,k be two integers such that n > 1 and k > 3, p be an h-
ary central relation (h > 2) and o be a binary relation on E). Furthermore let
g € Polp\ Polo be an n-ary operation and ! € {I,I11,I11,IV,VIII, X XI}. If
o is of type l, then for all c¢,d € Ey such that (c,d) € o and ¢ # d, there ezists a

unary operation f.q € ((Pol{c,p}) U{g}) such that (f.i(c), fea(d)) & o.

Proof. Let ¢,d € Ej such that ¢ # d and (¢,d) € o; choose (a;,b;) as specified
in the paragraph following Proposition 4.1. We will construct a unary operation
fea € ((Pol{o, p})U{g}) such that (f.i(c), fea(d)) € o. If o is of type I, IT or VIII,
then we consider the unary operations f;, 1 < i < n defined on Ej by f;(z) = a;
if z = cand f'y(z) = b; otherwise. If o is of type III, IV, X or XI, then for all
1 <i < n, we consider the unary operations f!, defined on Ej, by f!,(z) = a; if
(z,c) € o and f!,(x) = b; otherwise. Using the observation below Proposition 4.1,
and the (total) reflexivity of p, (total) symmetry of p, reflexivity and symmetry
of o ( for type I,II,VIII) and reflexivity and transitivity of partial order (for
types II1,1V, X, XI) and the fact that (a;,b;) € o Np for h = 2, we see that

ci’d € Pol{o, p}. Setting fea(z) = g(fLy(x), ..., f4(x)), we have (fea(c), fea(d)) =
(9(a1,...,an),9(b1,...,by)) & o and feq € (Pol{p,c})U{g}). ]

Now, we give the proof of Proposition 4.1.

Proof. Let g € Pol p\Pol{o, p} be an n-ary operation. We show that ((Pol{a, p})
U {g}) = Polp. We have ((Pol{c,p}) U{g}) C Polp. It remains to show that
Polp C ((Pol{o, p}) U{g}). Let f € Polp be an m-ary operation on Ej. From
Lemma 4.2, we can see that for e,d € E}" such that (e,d) € o and e # d, there
exists 1 < ¢ < m such that ¢; # d;; the operation fe,d = fe;.d; 0" where f, 4.
is the unary operation provided by Lemma 4.2, is an m-ary operation belonging
to ((Pol{c, p}) U{g}) such that (foq(e), feq(d)) = (9(a1,...,an),g(b1,...,bn))
go.

We set S = {feq : €,d € E]',e # d,(e,d) € o}; for reason of simple
notation we set S = {f; : 1 < i < [}(l = CardS) and we consider the map
ext : B — E,TH defined by ext(x) = (, fi(x),..., fi(x)). Let x,y € EJ* such
that x # y. If (x,y) € o, then (fry(x), fxy)(y)) € o, if (z,y) € o, then by
definition of ext we have (ext(x),ext(y)) & o. Thus for  # y, (ext(x),ext(y)) &
o. Furthermore we define an operation H on the range {ext(x) : € € EJ'} of ext
by H(ext(x)) = f(2).

Now, taking into account the different values of [, we construct an extension
H of H on EIZ”H belonging to Pol{p,c}.

(i) If o is of type I, we choose and fix T" = {ey, ..., e;} (where g is the number
of o-classes) such that (e;,e;) & o for 1 <i < j < ¢, and we define a from Ej, to
{1,...,q} by a(a) =i if (a,e;) € 0. Hence we construct an extension H of H on
E;”H as follows. Let y = (y1,...,Ym+1) € E;”'H, set
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f(2) if dz € By = ext(z);
H(y) = f(u) if Vz € B}, ext(z) # y A Ju € EJ",
(ext(u), y) € o;
flea@) - Ca(ym)) elsewhere.

The function H is well defined. We will show that H € Pol{o, p}. First
we show that H € Polo. Using reflexivity, symmetry and transitivity of o
it is easy to see that H € Polo. Second we show that H € Polp. We can
see that for any y € EJ"*!, there exists v € EJ* such that H(y) = f(v) and
((y1,---,Ym),v) € o (%). Let &; = (z51,...,xip) € p, 1 < i < m+1. For

j=1,....h, weset dj = (z1,j,...,Tmp1;) and d; = (x1,...,Tpm;). It is clear
that (dy,...,dy), (dy,...,d},) € p. From (x), there exist v; = (vij,. .-, Um;),
such that H(d;) = f(v ) and ((z1,...,Zm,;),vj) = (dj,v;) € o for 1 < j <
h. Hence w1 = (Vi1,---,V1h),--rUm = (Umis---,Ump) € p (due to p o-

closed, (dj, v;) € 0,1 § j < h and (d},...,d}) € p). Since f € Polp, we
have f(ui,...,up) = (f(v1),..., f(vn)) € p. Therefore (H(dy),...,H(dp)) =
(f(v1),..., f(vp)) = f(ur,...,uy) € p. Thus H € Pol p. Hence H € Pol{p,o}.

(ii) If o is of type II, for every a € Ej, we set ¢y, = min(C, N [al,) (where
Ej, is ordered by the natural order of N). Set

f(uw) if Ju € B, y = ext(u);
. c ifVz € B ext(z AJdu e B,
Hy) =4 V@b i ext( ‘) 7Y k
(ext(u),y) € o;

ClE(Clyy)orClym)s o CISCWhETE.

The function H is well defined. Using the reflexivity and the transitivity of partial
order we can show that H € Polo. It remains to show that H € Pol p. Using the
fact that f € Polp, (ext(u),ext(v)) € o iff u = v, and ¢[y(q)), a central element

of p for u € E}*, we obtain H € Polp. Thus H € Pol{p,c}.
(iii) If o is of type IIT or IV, then we set

f(uw) if Ju € B,y = ext(u);
Hy)={ T if Vz € B’ ext(z) # y A Ju € EJ, (ext(u),y) € o;

1 elsewhere.

The function H is well defined. Using the reflexivity and transitivity of partial
order one can show that H € Polo. Since {L, T} € C,and f € Polp, it is easy
to show that H € Polp. Thus H € Pol{p,o}.
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(iv) If o is of type VIII, then for y € E,Z”'H \ ext(E}") set Dy = {f(x) :
(ext(x),y) € o}. If by,...,by € Dy, then there exist x1,...,x, € £} such that
b; = f(x;) and (ext(x;),y) € o for all i € h. Consequently, (x1,...,xs) € o = p.
Since f € Polp, it follows that (by,...,by) = (f(x1),..., f(zr)) € p. Therefore
D% C p; so Dy is a p-chain. Hence we set 7(y) = min{j : Dy C A;} for
RS E,T""l \ext(E}") and we fix ¢; € A;NC, such that for every a € A; (a,¢;) € 0.
We set

f(u) if Ju e B,y = ext(u);
H(y) = cry) if Vz € B ext(z) #y AJu e B, (ext(u),y) € o;

co elsewhere.

The function H is well defined. We show that H € Polo. Let Yy = (g, ..oy Umar),
Yo = (V1,...,Umt1) € B such that (yy,y,) € 0. We show that (H(y;), H(ys))
€ 0. If y; = y, we are done, because o is reflexive. Assume that y; # y,. We
distinguish two cases.

~ Case 1. y; = ext(uy) and for all z € £, ext(z) # y,, then the definition of
H yields that H(y,) = Cr(y,)} SO (H(yy), H(yy)) = (f(ul),cT(yz)) €o.

Case2. (H(y,), H(y3)) € {(co; ), (cr(y,): ¢ry,))s (Cr(y,) o) (co, ery,))}t €
o because C, C A;,0 <i <t —1. Thus H € Polo.

(v) If o is of type X, then for y € E,Z”'H \ ext(E}") set also Dy = {f(x) :
(ext(x),y) € o}. If by, by € Dy, then there exist x; € Ej',i = 1,2 such that
b, = ext(x;) and (ext(x;),y) € o for i = 1,2. Consequently, (x1,x2) € 09 = p.
Since f € Pol p, it follows that (by1,b2) = (f(x1), f(x2)) € p. Therefore D:%/ C p,
so Dy is a p — chain. Furthermore, we set A(y) = N {A; : Dy C A;} for
y € EPT\ ext(E}") and we denote by T A(y) the greatest element of A(y). We
extend H on E,T""l by setting for all y not in the range of ext,

H(y) = Taw) if 3z € B, (ext(z),y) € o,
v = 1 elsewhere.

Since o is reflexive and transitive, then one can easily show that H € Polo. Due
to L € C, it is easy to see that H € Polp.

(vi) If o is of type XI, then o~ lis of type X. The same argument above show
that the extension H of H defined by

i Law) if Jz € B, (ext(z),y) € o;
T elsewhere
belongs to Pol{p,c}. We have shown that H belongs to Pol{p,o} for I €

t
(I,II,II1,IV,VIII, X, XI}. Therefore f(z) = H(z, fi(x),..., fi(z)) and f €
(Pol{p,c} U{g}) as desired. |



BINARY RELATIONS AND SUBMAXIMAL CLONES DETERMINED BY ... 273

Now, we look at Case 2 (I € {V,VI}). In this case, the maximality of
Pol{p, o} below Pol p is given by the following known result.

Proposition 4.3 ([12], Theorem 3.2). Let k > 3, p be an h-ary central relation
on By with h > 2 and o be a binary central relation on E}, such that o # p. The
clone Pol{p, o} is maximal below Pol p if and only if o fulfills one of the following
two conditions:

(V) p and o are comparable (i.e., p C o or o C p).
(VI) h>3 and C,N Cy # 0.

We continue with Case 3 (I = VII). Here we use the following result due to
Rosenberg and Szendrei. Recall that Ap, = {(z,z) : = € Ej}.

Proposition 4.4 ([8], Proposition 4.3). Let k > 3, m be a fized point free permu-
tation on Ey with 7P = id (p prime) and p be an h-ary or-closed central relation
(h > 2). The relational subalgebras of [{m°, p}] form a 4-element boolean lattice

consisting of [{7°, p}], {7}, [{p}] and [{Ag,}].
The next Corollary gives the maximality of Pol{n°, p} in Pol p.

Corollary 4.5. Let k > 3, 7 be a fized point free permutation on Ey with 7P = id
(p prime) and p be an h-ary or-closed central relation (h > 2). Then the clone
Pol{p,7°} is mazimal below Pol p.

Proof. It follows from Proposition 4.4. [ |

We finish our investigation with Case 4 (I = I.X).

Lemma 4.6. Let k > 3, p be a binary central relation and o a binary relation
such that p = o No~'. A binary relation T on Ej, is preserved by all operations
in Polo if and only if T € {0, Ag, 0,071, p, EZ}.

Proof. 1t is clear that if 7 € {0, Ag,,p, 0,071, E2}, then Polo C Pol 7. Now, let
7 be a binary relation such that Polo C Pol 7. If 7 = (), we are done. Otherwise
) € 7. Since o is reflexive, Pol o contains constant unary operations; therefore
Ag, C 7. If 7 = Ap,, we are done. Otherwise Ag, C 7 and there exists (u,v) € T
such that u # v. If (u,v) € p, then for (a,b) € p, the unary operation f defined
by f(xz) =a if x = u and f(z) = b otherwise, preserves o (due to Im(f) = {a,b}
and {a,b}? C p C 0); so f preserves 7 and (a,b) = (f(u), f(v)) € 7. Hence p C 7.
If p = 7, we are done. Otherwise, p C 7 and there exists (u,v) € 7\ p. We have
the following three cases: (i) (u,v) € o, (i) (v,u) € o, (iii) (u,v) €U L. We
fix c € C,. If (u,v) € cUc ™1, then for (a,b) € EZ, the unary operation g defined
a if r=u,
by g(z) =< b ifx=v, preserves o (dueto p C o and (u,v) € o Ua™1)).
¢ elsewhere
Therefore (a,b) = (g9(u), g(v)) € 7. Hence 7 = E%.
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If (u,v) € o, then for (a,b) € o, the unary operation g above preserves o (due
to (v,u) & o). Thus (a,b) = (9(u),g(v)) € T and ¢ C 7. If 0 = 7, we are done;
otherwise o C 7 and there exists (u,v) € 7\ 0. We choose (m,n) € o\ p. For

a i (2,y) = (u,m),
(a,b) € EZ, the binary operation h defined by h(z,y) = b if (z,y) = (v,n),

¢ elsewhere
preserves o; hence (a,b) = (h(u,m),h(v,n)) € 7. Therefore 7 = E?. If (v,u) € o,
then using the same argument as above, we can show that 7 € {o7!, Eg} [ |

Lemma 4.7. If o is of type IX, then Polo contains a majority operation.

Proof. Let c € C, and m be the ternary operation defined on Ej, by

x; it x; = x; for some 1 <1 < j <3,
¢ elsewhere.

m(x1,x2,x3) = {

From the definition m is a majority operation. It is easy to see that m €
Polo. [ |

Proposition 4.8. If o is of type IX, then Polo is meet-irreducible and mazimal
below Pol p.

Proof. Let F' be a clone such that Polo C F' and F' # Og,. We will prove
that F' = Pol p. From Lemma 4.7, Pol ¢ contains a majority operation m; hence
m € F and by Baker-Pixley Theorem 2.1 we get F' = [ _.pPol7 for a set R
of binary relations on Ej. Since Polo C F, we get from Lemma 4.6 that R C
{0,Ag,,p, o0, J*I,Ez}. By assumptions, there exists an operation f such that
f € Fand f € Polo = Polo~!; therefore 0,0~ ¢ R. Thus R C {0, Ag,,p, E,%},
which implies that F' = Pol p. |

Remark 4.9. In fact, one can prove that if o is of type VIII, X or XI, then Polo
is meet-irreducible below Pol p.

The more difficult part of this work is the proof of necessity in Theorem 3.2
discussed in the next section.

5. PROOF OF NECESSITY IN THEOREM 3.2

In this section, we show that the relations of type I-XI are the only binary
relations o such that the clones Pol{p, o} are maximal in Pol p. For an arbitrary
h-ary central relation p (h > 2) the submaximal clones of Pol p are divided into
two types, the meet-reducible submaximal clones of the form Pol pnPol ¢ where o
is one of the six types listed in Theorem 2.2 and the meet-irreducible submaximal
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clones Pol o where ¢ is not in the list of Theorem 2.2. Following this observation,
our investigation is about binary relation ¢ of Theorem 2.2 and binary relation o
such that Pol o is only covered by Pol p. Since the case of binary central relation
is fully described by Proposition 4.3, we share our investigation into four cases:
(i) o is a nontrivial equivalence relation, (ii) o is a bounded partial order, (iii)
o is the graph of a prime permutation and (iv) Polo is meet-irreducible below
Pol p.

5.1. Case (i): o is a nontrivial equivalence relation

Proposition 5.1. Let k > 3, p be an h-ary central relation (h > 2) and o be a
nontrivial equivalence relation on Ejy with t classes. If Pol{p,c} is a mazimal
subclone of Pol p, then o is of type I or IL

The proof of Proposition 5.1 is divided into Lemmas 5.3-5.8. We set
o; = {(al,...,ah) € E,? :3u € [a]os ..., 3uj € [aj]y,
(uly"' y Ugs Qg1 .- 7ah) € p}

and 6; = (yeg, (05)s, J € h. For j € h we have p C 0; and Pol{c, p} C Pol{p, 0}
(due to o, € [{p,0}]). If h = 2, then p € o (due to p is a central relation); we
choose (a,b) € p\ o. If h > 3, then we choose (a,b) € EZ\ 0. Let (e,d) € o
such that e # d. Consider the unary operation f; defined on Ej by fi(x) = a if
x = e and fi(x) = b otherwise. Since (e,d) € o and (fi(e), f1(d)) = (a,b) & o,
then fi ¢ Polo; but, fi € Pol{p,0;} (due to Im f; = {a,b}, {a,b}*> C p C o
for h = 2; and p and o; are totally reflexive for h > 3). Therefore, for all
J € h, Pol{p,c} C Pol{p,0;} (*1). From definition, oy, is totally reflexive, totally
symmetric and p C o}, C E,};; so we have the following three cases: (1) p = op,
(2) p C on C Bl and (3) op = B

Lemma 5.2. If the assumptions of Proposition 5.1 are satisfied, then the case
p<SonC E,? s impossible.

Proof. Suppose that p C o, C E,? Since oy, is totally reflexive (reflexive if
h = 2), totally symmetric (symmetric if b = 2) and p C o), C E, then oy, is an
h-ary central relation. From (1) we have Pol{p,c} C Pol{p,o,}. Furthermore,
Pol p and Pol oy, are two distinct maximal clones, so Pol{p,o,} C Polp. Thus
Pol{p,c} € Pol{p,on} € Polp, contradicting the maximality of Pol{p,o} in
Pol p. [

Lemma 5.3. If the assumptions of Proposition 5.1 are satisfied and p = oy, then
o is of type L

Proof. Assume that p = op. It is easy to check that op is o-closed. Hence
p = oy and o is of type L. [
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We continue our investigation with the Case (3) op = E,}; We recall that o
has t classes (t > 2). For i > 2 we denote by &; the i-ary relation

& = {(al,...,ai) € El :3d, € [a1]g,...,d, € ais, {a'l,...,a;}h gp}.

We have o5, =&, = E,}; and & satisfies one of the following two conditions:

(3.1) & = E}, (3.2) & # E!. In the case & # El, we denote by n the least
integer N such that &y # Eév We have n > h (due to &, = Elfj)

Lemma 5.4. If the assumptions of Proposition 5.1 are satisfied and o, = Eg,
then & = E}.

Proof. Assume that & # Ef. The minimality of n yields that &,—1 = Ezfl. It
is easy to check that &, is totally symmetric and totally reflexive. Let ¢ € C,
and (a1,...,an_1) € ngl = {,-1, we have, (a1,...,ap_1,¢) € &, (due to o
is reflexive). So &, is an n-ary central relation (n > h), and &, and p are two
distinct central relations; therefore Pol{p,&,} C Polp. Since p, &, € [{o, p}], we
have Pol{p,c} C Pol{p,&,} and the previous unary operation f; preserves p and
&, and does not preserve o. Thus Pol{p,o} C Pol{p,&,} € Polp; contradicting
the maximality of Pol{p, o} in Pol p. Hence & = E}. [

Now we assume that & = E,i Therefore there exist u1,...,u; € Ej such that
(uij uj) €ofor 1 <i<j<tand {ug,...,u}" C p. Weset T = {ur,ug ..., u},
T is called a transversal of ¢ and p. Furthermore, we assume that there is
a transversal T of o and p such that T" C p. Recall that for all j € h,
6j = Nses, (05)s s totally reflexive (or reflexive if h = 2) and totally symmetric
(symmetric if h = 2). We have ), = E,? Forall1<j<h—-1,pCd; C E,? and
we have the following three subcases: (4.1) p = d;, (4.2) p € 6; C EP or (4.3)
5, — Bl

First, we study the subcase p C 0; C E,? for some 1 < j < h—1.

Lemma 5.5. If the assumptions of Proposition 5.1 are satisfied and there is a
transversal T of the o-classes such that T" C p, then there is no 1 < j < h—1
such that p C d; C Eli‘

Proof. Let 1 < j < h —1such that p C §; C E,g; it is clear that d; is an h-ary

=

central relation distinct from p and a similar argument as in the proof of Lemma
5.2 shows that Pol({p,c}) C Pol({p,d;}) C Pol(p). |

Lemma 5.6. If the assumptions of Proposition 5.1 are satified and there exists a
transversal T such that T" C p, then there is no 1 < j < h —1 such that p = ;.
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Proof. Let 1 < j < h—1suchthat p=9;. Sinced; C ¢ forall1 <i<I<h—-1,
we can suppose that j is the greatest integer IV such that p = dy. Thus p =¢; C
§j41. Therefore §;11 = El'. So §; = §; = p. Recall that ¢, = Nses, (01)s and

o1:={(a1,...,ap) € B : 3u € By, (a1,u) € 0 A (u,az,...,a3) € p}.
Thus o1 # Eli‘ We have the following possibilities
(i) p=o1 or (i) p S o1 & Ef.

Assume that (i) p = oy holds. Let (a1,...,ap) € E}\ p; since o), = E}, there
exist uq,...,up € Ey such that (uy,...,up) € p and (a1,u1) € 0,...,(ap,up) € o
(%3). Since (u,us,...,up) € p = o1, there exists v; € Ej such that (u1,v1) € o
and (vy,us,...,up) € p. Thus (a1,u1) € o and (uy,v1) € 0. So (a1,v1) € o and
(a1,u,...,up) € o1 = p (due to (vi,ug,...,up) € p). By total symmetry of p
we have (ug,...,up,a1) € p = o1; so there exists vo € Ej such that (ug,v2) € o
and (vg,us,...,up,a1) € p. By transitivity of o and (x3) we obtain (ag,vs) €
o, (ve,us,...,up,a1) € p and we deduce that (ag,us, ..., up,a1) € o1 = p. There-
fore by induction we can show that (a1, as,...,ap) € p; contradicting the choice
of (a1,...,ap). Therefore p C oy C Bl

Since p = (N4¢g, (01)s, and we have Poloy C Pol p; in addition o7 € [{o, p}],
so Pol{p,o} C Poloy. It follows that Pol{p,c} C Polo; C Polp. The unary
operation f; defined above preserves p and o1 and does not preserves o, therefore
Pol{p,0} C Poloj. We will show that Polo; C Polp. From p C oy C EI we
choose (by,...,by) € ER\ o1 and (us,...,up) € 01 \ p and ¢ € C,. Consider the
unary operation f defined on Ejy by f(z) = b; if x = u; for some 1 < i < h and
f(z) = c otherwise. The function f is well defined (because |{u1,...,us}| = h
and p totally reflexive). We have (uy,...,up) € o1 and (f(u1),..., f(up)) =
(b1,...,by) & o1, so f & Poloy. It is easy to check that f € Polp. Hence
Pol{p,c} C Polo; C Pol p; contradicting the maximality of Pol{p,o} in Polp. m

From Lemmas 5.5-5.6, we conclude that for all 1 < 57 < h -1, §; = Eli‘
Therefore 6, = E! = Nses, (01)s. Hence El =0y = (01)s for all s € S),. We set
F={{z1,...,2p-1} C By : Card{z1,...,2p-1}) =h—1,{z1,..., 21} NC, =
0}. Let m = Card(F), then m > 2 (because k > 3 and h > 2) and set

m(h—1)+1 |
Ym(h—1)+1 = {(ahal,lw-wal,hflw--7am,17---7am,h71) € E, :

Juy € [ar]o : {(u1,ai1,. .-, ain-1), 1 <i<m} Cp}.

We have two subcases:

(i) Ymgnony1 # B "7V and (i) vpngioayn = BTV
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Lemma 5.7. If the assumptions of Proposition 5.1 are satisfies and o1 = E,};,
m(h—1)+1
then Ymh—1)+1 = £y, .

Proof. Assume o1 = E,}; and Y, (h—1)41 F E,T(h_l)H. We will show that
Pol({p,c}) © Pol({p,Ym(n-1)+1}) & Pol(p). Since vp-1)11 € [{o,p}], we
have Pol({p,c}) € Pol({p; Vmn-1)+1}) € Pol(p). The above unary operation
f1 preserves p and v,,(,—1)+1 and does not preserve o; therefore Pol({p,o}) C
Pol({p; Ym(h—1)+1})- It remains to show that Pol({p, Vmn—1)+1}) & Pol(p). Let
c € C,and (a1,...,a,) € EM\ p, we set W = {(i1,...,ip) : 1 < iy < -+ <
in, < m(h —1)+ 1}, denoted simply by W = {(1]1,,2%) : 1 < j < q} where
q=|W|. Forl < j<gq, weset y; = (Tj1,--Tjm(h-1)41) such that for
all p,1 < p <mh-1)+1, z;, = q if p = zg for some 1 < [ < h and
xjp, = c otherwise. For 1 < i < m(h —1)+1, we set &; = (z14,...,2q;). Let
v = (V1. Upyh)41) € E,T<h71)+1 \ Ym(h—1)4+1 and f be the g-ary operation
defined on Ej by

flx) =

v;, if & =x; for some 1 <i<m(h—1)+1,
¢ otherwise.
The operation f is well defined, because [{z; : 1 < i < m(h —1) + 1}| =
m(h — 1) 4+ 1. From construction, for all 1 <i; < --- <ip <m(h—1)+1, (x;,,
s xy,) & p(xa). We have f € Polp because ¢ € C, and (*4) holds. Using
(01)s = E,}g‘ for all s € Sy, the total symmetry, total reflexivity of p (h > 3) and
c € Cp, we can show that {yy,...,y,} € Ymh-1)+1- Thus f(yy,...,y,) = (f(z1),
--7f(wm(h71)+1)) = (Ula---avm(hfl)Jrl) Z Ymh-1)+1; 50 [ & Pol(Vmn—1)11)-
Thus Pol({p,o}) € Pol({p, Ym(n-1)+1}) & Pol(p); contradicting the maximality
of Pol{o, p} below Pol p. |

From Lemma 5.7, we have v,,(p—1)41 = Ekm(hfl)ﬂ.

Lemma 5.8. If the assumptions of Proposition 5.1 are satisfied, there exists a

transversal T of o-classes such that T" C p and Ym(h—1)+1 = E,T(h_l)H, then
every equivalence class of o contains a central element of p.

Proof. Let a € Ey, we set

U= (AT 15 s T 15215+ s T2 1o+ Ty 1y - -+ s T 1)
such that {z;1,...,2j4-1} € F,1 < j < m. Since u € El,T(h*l)le = Vin(h—1)+1»
there exists v € [a], such that for all j € {1,...,m}, (v,z1,...,25h-1) € p.

Hence v € C,. Thus every equivalence class of o contains a central element of p.
|
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Under the assumptions of Lemma 5.8, ¢ is of type II.

Proof. (Proof of Proposition 5.1.) It follows from Lemmas 5.3-5.8. ]

5.2. Case (ii): o is a bounded partial order

For a € Ej we set [a]l, = {z € Ey : (a,z) € o}. The following proposition
characterizes o under the maximality of Pol{p,c} in Pol p.

Proposition 5.9. Let k > 3, p be an h-ary central relation (h > 2) and o be a
bounded partial order with least element L and greatest element T. If Pol{p,o}
is maximal below Pol p, then o is of type III or IV.

We assume that Pol{p,c} is maximal below Polp and we consider the fol-
lowing h-ary relations

0={(ay,...,ap) € E,g :Jdu € Eg, (a1,u) € 0,(u,az,...,ay) € p},

& = {(a17"'7ah) GEIQL : ElueEka(ala"'7ah—17u) 6p7(u7ah) € U}'

We can see that if h =2, then d = copand & = poo. We have p C § C E,? and
pCdC Eli‘ Hence 0 (respectively ¢”) satisfies one of the following conditions

a)p=20; (b) pC S C Elor (c) 6§ =E}

=0% by k
resp. (a) p=20; (b) pC & C EP or (c) & = EP).
k k

Lemma 5.10. If the assumptions of Proposition 5.9 are satisfied, then p # 0
(respectively p # 0').

Proof. Assume that p = 0. Let aj,...,ap € Ej, we have (a1, T) € o and
(T,a2,...,ap-1,T) € p. Thus (ai,as,...,ap-1,T) € 6 = p. Hence T € C,,. Fur-
thermore (ap, T) € o and (T, ay,a9,...,ap_1) € p. Therefore (ap,ay,...,ap_1) €
pand p = Eli‘, contradiction. A similar argument solves the case p = §'. |

It follows that p C 8 C El or 6 = Eft and p C &' C E} or §' = EP.

Lemma 5.11. If the assumptions of Proposition 5.9 are satified, then the Case
p C 6 C E! (respectively p C &' C EP) is impossible.

Proof. Assume that p C 6 C EP. First, we show that Pol({p,o}) C Pol({p,d}).
It is easy to see that Pol{p,o} C Pol{p,d} (due to p,d € [{p,c}]). If p is binary,
then p ¢ o. Hence there exists (u,v) € p such that (u,v) & o. Let (a,b) € &
such that a # b. We consider the unary operation f defined by f(x) = u if
x = a and f(x) = v otherwise. The operation f does not preserve ¢ because
(a,b) € o and (f(a), f(b)) = (u,v) € 0. Since p C ¢ and (u,v) € p, we have
{u,v}? C p C 6. Thus f preserves p and J. So Pol{p,c} C Pol{p,§}. If the arity
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of p is greater than 2, then 0 is totally reflexive. Let (a,b) € o such that a # b.
The operation h defined by h(z) = b if z = a and h(z) = a otherwise, preserves
p and § and does not preserve o(due to (a,b) € o and (h(a),h(b)) = (b,a) & o).
Hence Pol{p,c} C Pol{p,d}.

Second, we show that Pol{p,0} C Polp. Let (u1,...,up) €6\ pand c € C,,
(a1,...,ap) € EM\ 6. The unary operation [ defined on Ej by I(z) = a; if
x = u; for some 1 < i < h and I(z) = ¢ otherwise, is well defined (because
{u1,...,un}| = h and p totally reflexive) and preserves p. Since (uy,...,up) €9
and (l(u1),...,l(up)) = (a1,...,ap) & 0, | does not preserve §. Therefore
Pol({p,0}) € Pol(p). We conclude that Pol{p,c} C Pol{p,d} C Polp, con-
tradicting the maximality of Pol{p,o} in Polp. A similar argument solves the
case p C &' C EN. |

Lemma 5.12. If the assumptions of Proposition 5.9 are satified and § = Eg,
then {1, T} C C,.

Proof. Let ay,as,...,ap_1 € Ey. Since (T,aq,...,ap_1) € Eli’ = ¢, there exists
u € Ej such that (T,u) € o and (u,aq,...,ap—1) € p. Hence u = T and
(T,a1,...,ap—1) € p (due to T is the greatest element of o). Therefore T € C,.
Using the previous argument replacing § and T by §’ and L respectively we can
show that L € C,,. [

We have shown that {1, T} C C, and we will use the arity of p to conclude.

Lemma 5.13. If the assumptions of Proposition 5.9 are satified and h > 3, then
o 1s a bounded partial order of type IV.

Proof. From Lemmas 5.10-5.12, o satisfies condition (IV) of Theorem 3.2. m

From now on we suppose that {1, T} C C, and p is a binary central relation.
We set A = oNp. We have (L, T) € A\, so Ag, C A C 0. Let tr(\) be the transitive

closure of A. Since o is transitive, we have ¢r(\) C 0. Hence (1) tr(\) C o or (2)
tr(\) =o.

Lemma 5.14. If the assumptions of Proposition 5.9 are satified, {1, T} C C,
and p being binary, then tr(\) =o.

Proof. Assume that (1) holds. Since tr(A) € [{o,p}], we have Pol{p,c} C
Pol{p,tr(\)} C Pol p. Let (a,b) € o such that (a,b) & tr(\), then (T, L) & o and
the unary operation f defined on Ey by f(x) = T if (a,z) € tr(A) and f(z) = L
otherwise does not preserve o (because (a,b) € o and (f(a), f(b)) =(T,L) € o).
But, using reflexivity and transitivity of ¢r(\) one can check that f preserves
tr(A). Thus f € Pol p because {1, T} C C,; therefore Pol{p,o} C Pol{p,tr(\)}.
Let (u,v) € tr(\) such that u # v and (a,b) € p\ o; then (a,b) & tr(\). Let
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g be the unary operation defined on Ej by g(x) = a if © = v and g(x) = b
otherwise. The operation g does not preserve tr(A) (due to (u,v) € tr(\) and
(g(u),g(v)) = (a,b) & tr(\)). Since Img = {a,b} and (a,b) € p, we obtain
g € Polp. So Pol{p,tr(\)} € Polp. Hence Pol{p,c} C Pol{p,tr(\)} C Polp;
contradicting the maximality of Pol{p,c} in Pol p. [ ]

Lemma 5.15. If the assumptions of Proposition 5.9 are satisfied, {1, T} C C,,
p being binary and tr(\) = o, then o is of type III.

Proof. It is easy to observe that o is of type III. [ |

Proof. (Proof of Proposition 5.9) It follows from Lemmas 5.10-5.15. ]

5.3. Case (iii): o is the graph of a prime permutation
In this case, the characterization of o is given by the following known result.

Proposition 5.16 ([8], Page 37). Let k > 3, p be an h-ary central relation
(h >2) and 7 a fized point free permutation on Ey with #P = id (p prime). The
relational algebra [{7°, p}] contains one of the following relations:

(1) a nontrivial unary relation,

(

2)
(3) a ox-closed central relation,
4)

(

Corollary 5.17. Letk > 3, w be a fixed point free permutation of Ey with 7P = id
(p prime) and p be an h-ary central relation (h > 2). If Pol{p,n°} is maximal
below Pol p, then p is o,-closed.

a nontrivial or-closed equivalence relation,

a op-closed reqular relation.

Proof. Assume that Pol{p,7°} is maximal below Pol p. From Proposition 5.16
[{p, m°}] contains a relation v satisfying (1), (2), (3) or (4). Thus Pol{p,n°} C
Pol{v, p} C Polp. From Theorem 2.2, Pol+vy is a maximal clone. Assume that
v # p, then Pol{p,~} C Pol p (because Pol p and Pol~ are two different maximal
clones). Thus Pol{p,7°} C Pol{~v,p} € Polp. Let a € Ej such that a € ~v
whenever v is unary. Consider the constant unary operation ¢, with value a. It
is easy to see that ¢, preserves p and v, and ¢, does not preserve n°. Hence
Pol{p,m°} € Pol{v, p} € Polp, contradicting the choice of 7. Therefore v = p
and we conclude that p is o,-closed. |

5.4. Case (iv): Polo is maximal and meet-irreducible below Pol p

In this subsection, we will show that relations of type VIII, IX, X, and XI are the
only binary relations ¢ such that Pol ¢ is maximal and meet — irreducible below
Pol p. First we prove the following important lemma useful for some proofs.
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Lemma 5.18. Let k > 3, p be an h-ary central relation (h > 2) and v an h-ary
nonempty relation on Ey. If Polp = Pol~, then p = .

Proof. Assume that = is a nonempty h-ary relation and p an h-ary central rela-
tion (h > 2) such that Pol p = Pol~. Our aim is to show that p = .
Let a € Ej, the constant unary operation ¢, with value a preserves p (due
to p (totally) reflexive), hence ¢, preserves . Therefore (a,...,a) belongs to
~——
h times
(due to v # (). Thus 6" C . Since Pol§" = OE,, we obtain 6" C ~. So there
exist @ = (a1,...,ap) € v and o, B € {1,...,h} such that a, # ag. We have the
following statement.

Claim 1. V1 <i<j<h,3a¥ = (af,...,a)) € v such that a # a¥.

In fact, if A = 2, then Claim 1 is true; if h > 2, then assume that Claim 1 is
false. Therefore there exist 1 < ig < jo < h such that for all @ = (aq,...,an) € v,
we have a;, = aj,. Set

0={(i,j) € h*:a; = a; Va € ~}.

It is easy to see that € is a nontrivial equivalence relation on h (due to («, 3) & 0
and (ig, jo) € 6). Set also

5.9:{(al,...,ah)GEQ:(i,j)Ee - ai:aj}.

An easy check shows that Poldy = Op, and v C dp. Let b = (by,...,bp) € dp.
For all 1 < i < j < h such that (i,5) & 6, b; # b; and there exists ¥ =
(e1,...,ep) € v such that e; # e;. Set E={e” :1<i<j<hand (i,j) & 0}.
For reason of simple notation we set £ = {eq,...,e,} with ¢ = |E|. We set also
x; = (e1,...,eq;) for each i € h. By construction of (x;);cp, we have x; # x;
for all 1 <14 < j < h such that (¢,7) € 0. The g-ary function f defined on E} by

flm) = b; if x = x; for some 1 <7 < h,
*)= by elsewhere

preserves p (due to Im(f) = {b1,...,bn}, [{b1,...,bn}] < h — 1 and p totally
reflexive and totally symmetric). Hence f preserves v and b € v (due to E C v
and b = f(er,...,eq) = (f(x1),...,f(xn)). Thus dp C v and v = dp. So
Op, = Poldyg = Poly = Pol p # Op, which is a contradiction. So Claim 1 is true.

Claim 2. p C ~.

In fact, from Claim 1, for all 1 < i < j < h there exists a¥/ = (aij, e ,a;f) €y
such that a’ # aéj. Set ' = {a” : 1 < i < j < h}, for reason of simple
notation we set F' = {e1,...,e,} with ¢ = |F|. Let b = (b1,...,by) € p. Setting
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(xi)ich as above, the function f defined above preserves p (due to b € p, p
is (totally) reflexive and (totally) symmetric); hence f preserves . Therefore

b= fler,....eq) = (F@1),..., f(@n)) € 7. S0 pC .
Claim 2. Yields the following statement.
Claim 3. v is (totally) symmetric.

In fact, let (a1,...,ay) € v and w € Sp,, we will show that (a1, .-, an)) €
v. If (a1,...,an) € p, then (arn),..-,azn) € p € v (due to p (totally) sym-
metric). Suppose now that (ai,...,ap) € p. Let ¢ € C,. The unary operation g
defined on Ej by

_ ) e if x = a; for some 1 < i < h,
9(x) { c elsewhere

preserves p (due to (ai,...,ap) € p and ¢ € C,); hence g preserves v and
(ar(1ys---sarm)) = (9(a1),...,g(an)) € 7. Therefore v is (totally) symmetric.
We end this proof with the following statement.

Claim 4. p =1.

From Claim 2, we have p C ~. It remains to show that v C p. Since p
satisfies the Claim 2 and ~ is (totally) reflexive and (totally) symmetric (due to
p € v and Claim 3), a similar argument as in the proof of Claim 2 shows that
v C p. Therefore p = ~. [

Proposition 5.19. Let k > 3, o be a binary relation and p an h-ary central
relation on Ey with t distinct mazimal p-chains Ay, A1,..., A1 (h > 2). If
Pol o is meet-irreducible and maximal below Pol p, then o is of type VIII, IX, X
or XI.

The proof of Proposition 5.19 is shared into the following lemmas. Let o C E,%
such that Pol ¢ is meet-irreducible and maximal below Pol p. Set

or={z € Ey:3u€ Ey, (x,u) €0}, o) ={z € E: Ju € Ey, (u,z) € 0},

1 1

og=coc ! andoh=0"loo.

Since o # ), we have o1 # () and o} # 0. It follows that (a) @ C o1 C Ej, or
(b) 01 = Ey and (a’) 0 € o} C Ej or (b’) o} = Ej.
Lemma 5.20. If the assumptions of Proposition 5.19 are satisfied, then we have
(a) o1 = 0} = Ex and (b) 02,0% € {Ag,, p, E2}.

Proof. (a) Clearly Polo C Poloy. If o1 # Ej, then o7 is a relation of type (5)
in Theorem 2.2; hence Pol o is not meet-irreducible, contradicting the choice of
o. Therefore o1 = E). A similar argument shows that o] = Ej.
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(b) We have also Polo C Pol oy. Naturally we have the following cases:

(i) o is not reflexive, (ii) o is reflexive and not symmetric and (iii) o is
reflexive and symmetric. Now we discuss the cases (i)—(iii) and show that in any
case Polo C Polos.

(i) If o is not reflexive, then there exists u € Ej such that (u,u) ¢ o; from
(a) there exists v € Ej such that (u,v) € o; therefore (u,u) € oy and the
constant unary function on Ej with value u preserves oo and does not preserve
0. Therefore Polo C Pol os.

(ii) If o is reflexive and not symmetric, there exists (z,y) € o such that
(y,x) & o; the unary operation g defined on Ej by g(w) = y if w = x and
g(w) = z otherwise, preserves og because (z,y), (y,z) € oy and oy is reflexive,
and does not preserve . Hence Polo C Pol os.

(iii) If o is reflexive and symmetric, then o is not transitive (due to o is not
an equivalence relation). Let (c,d) € o2\ o, then (¢, u), (d,u) € o for some u € Ej,
(due to o9 = g o0). The unary function g defined on Ej, by g(z) = cif z = ¢ and
g(z) = d otherwise, preserves o9 and does not preserve o. Thus Polo C Pol 0.

If Poloy = Og,, then o9 is a diagonal relation. Hence o9 € {AEk,E,%}.
Now assume that Poloy = Pol p. If h > 3, then we choose (a,b) € E? \ o2 and
(u,v) € o9 such that u # v (due to o2 & {Ag,, EZ}). Let f be the unary operation
on Ej defined by f(z) = a if x = v and f(x) = b otherwise. From (u,v) € o2 and
f(u,v) = (f(u), f(v)) = (a,b) & oa, f does not preserve oq; but f preserves p (due
to p totally reflexive and Im(f) = {a,b}). Hence f € Pol p\ Pol o3, contradiction.
Therefore h = 2. From Lemma 5.18, we obtain p = g2. In conclusion, we have
09 € {AEk,p, El%}

A similar argument shows that o) € {Ap,, p, E?}. Therefore (b) holds.

From Lemma 5.20, we have 01 = E, = 0. Weset n={z € Ej : (x,z) € 0};
therefore 7 satisies one of the following two conditions

(i) DS nC Ey, (il) 0 =norn=E

Lemma 5.21. If the assumptions of Proposition 5.19 are satisfied, then the sub-
case (1) is impossible.

Proof. Assume that (i) holds, then the unary relation 7 is a unary central rela-
tion, so Pol7 is a maximal clone distinct from Pol p. Since ) € [{o}] and Poln is
a maximal clone, we get Polo C Poln. Therefore Pol o is not meet-irreducible;
contradiction. [

Hence o is reflexive or irreflexive and Lemma 5.20 yields the following nine
cases:
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(1) 02 = 0 = Ap,; (2) 02 = Ap, and o} = E?; (3) 09 = E? and o) = Ap,;
(4) 09 = Ag, and 0, = p; (5) oa = p and b = Ap,; (6) oo =0, =p; (7) o2 =p
and o, = E?; (8) 0o = E? and ob = p; (9) 02 = o) = E7. We will study these
cases in the following lines. First we look at the Case (1): 09 = 04 = Ap,.

Lemma 5.22. If the assumptions of Proposition 5.19 are satisfied, then the Case
(1) o9 = 0b = Ag, is impossible.

Proof. The function s defined on Ej, by s(z) =y, if (z,y) € o, is a permutation
on Ej (due to Ej being finite, 0, = Ap, and o1 = Ej). Let m be the order

of s; for 1 < r < m,set F, = {x € Ej, : s"(z) = x}. Let f € PolaﬂOg;)

and x1,...,z, € Ey. Since o is the graph of s, (z1,s(x1)),..., (zn,s(zy,)) € 0.
Therefore (f(x1,...,2n), f(s(x1),...,8(xn)) € 0 = 5% so s(f(z1,...,2n)) =
f(s(x1),...,s(zp)) and we can show by induction on 7, 1 < r < m — 1, that

sST(f(x1, .. xn) = f(s"(x1), ..., 8" (zn)) (*5).

Now we show that Polo C Pol F,.. Let f € Polo be an n-ary operation
and x1,...,2, € F,. Then s"(x;) = x;,i = 1,...,n. We get f(x1,...,2,) =
f(s"(x1),...,8"(zp)) (due to x; € Fryi€n) =s"(f(x1,...,x,)) (by (x5)); there-
fore f(x1,...,2zy,) € F, and f € Pol F,.. Consequently Polo C Pol F,.. Since F, is
a unary relation and Pol o is meet-irreducible, we must have F,. € {0}, E}}. Hence,
foreachr € {1,...,m—1}, F, = () and s" is a fixed point free permutation on E}.
Let p be a prime divisor of m; then 5P is a fixed point free permutation on Ej, in
which all cycles are of length p. Thus, (s? )° is a relation of type (2) in Theorem
2.2 and Polo C Pol(s%)", contradicting the fact that Polo is meet-irreducible

=

below Pol p. [
Second, we study the Cases (2) and (3).

Lemma 5.23. If the assumptions of Propositions 5.19 are satisfied, then the
Cases (2) and (3) are impossible.

Proof. For Case (2), since 0] = Ey, for each a € E} there exists u € E}, such
that (u,a) € 0. If (u1,a) € 0 and (ug,a) € o, then (uz,u;) € 09 = Ap,. Thus
uy = ug. Consider the unary operation f defined on E} by f(z) =y if (y,z) € 0.
Let (a,b) € E? = o), then there exists u € Ejy such that (u,a),(u,b) € o; so
f(a) = f(b) = u. If follows that f is a constant unary function. Let a € Ej;
(a,a) € Ap, = 09; so there exists u € Ej, such that (a,u) € o, ie., f(u) = a.
Hence f is a surjective function on FEj, contradiction with the fact that f is a
constant function. We deduce that the Case (2) is impossible.

The Case (3) is also impossible (use the unary operation g define by g(x) =y
iff (z,y) € 0). ]

Third, we study the Cases (4) and (5).
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Lemma 5.24. If the assumptions of Proposition 5.19 are satified, then the Cases
(4) and (5) are impossible.

Proof. For Case (4), define the unary operation f on Ey by f(x) =y iff (y,z) €
o. Let ¢ be a central element of p. For € Ej, (z,¢) € p = 0! o0; thus
f(x) = f(c). Therefore f is constant on Ej. By definition, 0! is the graph of
f and o7 is the image of f. From (1) of Lemma 5.20, we get Ex = o1 = Im(f).
Thus Im(f) = Ej, contradiction with the fact that f is a constant function.

A similar argument proves that Case (5) is impossible. [ |
Fourth, we investigate the Case (6) o3 = 04 = p. For | = 2,...,k, we set
o =A{(a1,...,a) : Ju € Ey : (a1,u),...,(a,u) € o} and o] = {(a1,...,q) :
Ju € By : (u,a1),...,(u,q;) € o} (for I = 2, this coincides with the definitions

of oy and o given earlier). By definition, o; and o] are totally symmetric. In
addition, o7 € Up<jci1 Aé» and 07 C Up<jcs1 Aé. If (a,b) € p, then {a,b}! C
oy Noaj.

Lemma 5.25. Under the assumptions of Proposition 5.19, we have the following
statements:

(1) If o9 = p, then for every maximal p-chain B there exists Tp € E} such that
(x, Tp) € o forall x € B.

(2) If o, = p, then for every maximal p-chain B there exists Lp € Ey, such that
(Lp,z) € o for all z € B.

Proof. For (1), let | € {2,...,k}; since o7 € [{o}], we have Polo C Polo;. If
p C o, then o is reflexive; hence ¢ C 0 o 0~ ! = p, therefore p = o, contradicting
the choice of 0. Thus p 0. Let (a,b) € p\o, and assume that o, C Up<j<; 1 Aé?.
Clearly Polo C Poloy C Polp. The unary operation defined on Ejy by I(z) = b
if (a,x) € o and I(x) = a otherwise preserves o (due to (a,b) € p and Im(l) =
{a,b}) and does not preserve o (because there exists u € Ej such that (a,u) € o
and (u,b) € o~ 1; and (I(b),1(u)) = (a,b) & o); hence Polo C Poloy. To see
that Poloy, C Pol p, we choose (c1, ..., cx) € (Up<jci—1 Af) \ o} and consider the
k-tuples wy = (b,a,...,a),ws = (a,b,a...,a),..., wr = (a,...,a,b) (recall that
(a,b) € p\ o). The k-ary operation on Ej defined by g(x) = ¢; if x = w; for some
1 <i<kand g(x) = ¢ elsewhere is well defined (because |{w; : 1 <1i < k}| =
k), preserves p (because {c1, ..., ¢k} is a p-chain) and does not preserve o, because
{wy,...,wi} C oy and g(wy, ..., wi) = (g(w1), ..., g(wk)) = (c1,. .., k) & Ok
Therefore Pol o is not maximal in Pol p; contradiction. We conclude that o =
Uog j<t—1 Ag? giving the existence of T p for each maximal p-chain B.

The Case (2) is obtained with a similar argument as above. ]

Let B, D be two maximal p-chains, then C,, C BND (due to (1) of Proposition
3.4). So (Lp,c),(Lp,c) € o and (Lp, Lp) € coo~t = p. We conclude that
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1L ={la,.-.,La, ,}is ap-chain. Let B be a maximal p-chain containing L,
then 1Lp € B and (Lp,Llp) € 0. Thus the set U = {z € E} : (z,x) € 0} is not
empty and Polo C PolU. Hence U = Ej and o is reflexive. Thus o C p (due
tooc Cooo™t =pand p ¢ o). Therefore, {Lp, Tp} C B for every maximal
p-chain B.

Lemma 5.26. If the assumptions of Proposition 5.19 are satisfied and o being
transitive, then the case oy = o, = p is impossible.

Proof. Assume that o is transitive and o = o2 = p. Since o is reflexive,
v = o0nNo!is an equivalence relation and v # E7. If v # Ag,, then v is a
nontrivial equivalence relation and Pol ¢ C Pol ~; contradiction with our assump-
tion on 0. Thus v = Ag, and o is a partial order. Since {L4,,..., L4, ,} and
{Tag,---, T4, ,} are contained in maximal p-chains (due to o9 = o}, = p), there
are u,v € Ej such that (u, La,),...,(u,La, ,),(Tagv),...,(Ta,,,v) € 0.
Hence by transitivity of o, u is the least element of ¢ and v the greatest ele-
ment of o. Therefore ¢ is a bounded partial order, contradiction. [ |

Lemma 5.27. If the assumptions of Proposition 5.19 are satisfied, o is not tran-
sitive and o9 = 0f = p, then o is symmetric.

Proof. Assume that oy = 0 = p and o is not transitive. Set v = o No L.
Then we have Polo C Pol«. Suppose that Poloe C Pol~. Since Polo is meet-
irreducible and maximal below Pol p, we have Poly = Opg, or Poly = Polp.
Hence v € {0, Ag,, E?} or v = p (due to Lemma 5.18).

From discussion preceding Lemma 5.26, ¢ is reflexive and v C o C p, thus
v = Apg,. Thus o is antisymmetric. In addition, {T 4,,..., T4, ,} is a p-chain;
so there exists a maximal p-chain D such that {T 4,,..., T4, ,} € D; hence for
every i € Fy, we have (T 4,, Tp) € 0. Since 0 C p and D is a maximal p-chain,
we have Lp, Tp € D and (Lp,Tp) € p. If (Tp,Lp) € tr(o), then there exist
Ui, ..., Uy € By such that (Tp,uy), (ug,uz),. .., (up—1,up), (Un, Lp) € 0.

Since {u1, Tp} is also a p-chain, there exists a maximal p-chain B such that
{u1, Tp} € B; hence Tp = Ty = u; (due to o antisymmetric); by induction
we show that u; = Tp, 1 <% <n. Hence Tp = 1lp, T4, == Ty, , and
Ej is a p-chain; contradiction. Thus (Tp, Lp) & tr(o), and tr(c) # p. Since
(Lp,¢), (¢, Tp) € o, we get (Lp, Tp) € tr(o) and Polo = Pol(tr(c)) (due to
Polo C Pol(tr(o))), Polo is meet-irreducible in Pol p and Pol p # Pol(tr(o)).

If tr(o) is antisymmetric, then ¢r(o) is a partial order on Ey and o C tr(o).
Let (a,b) € tr(o) such that (a,b) ¢ o and (u,v) € o such that u # v. Then
the unary operation h defined on Ej by h(z) = a if (z,u) € tr(c) and h(x) =b
otherwise, preserves tr(o) because (a,b) € tr(c) and tr(o) is a partial order, and
does not preserve o (due to (u,v) € o and (h(u),h(v)) = (a,b) € o); contra-
diction. Hence tr(o) is not antisymmetric; so there exist a,b € E} such that
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(a,b),(b,a) € tr(c) and a # b. Since o is antisymmetric, we suppose that
(a,b) € o. Let (u v) E o such that u # v. The unary operation h’ defined
on Ej by h/(z) = w and h/'(z) = b otherwise, preserves tr(c) be-

cause (a,b), (b,a) €t ( ) and tr(o) is reflexive, and does not preserve o (due to
(u,v) € o and (h'(u), ' (v)) = (a,b) & o); contradiction. Therefore Pol o = Pol 7.

Since v € v o (due to 7 reflexive and symmetric), it can be shown that
Polo = Polvy C Pol(y o «). Since Polo is meet-irreducible and maximal below
Pol p, we get Pol(y o) = Op, or Pol(y o) = Polp. Therefore yo~y = E? or
vo~v = p (by Lemma 5.18). On account of Yoy C g oo ! = p, we conclude
that v o~y = p. Hence ~ fulfills the assumptions of Lemma 5.25; thus for every
maximal p-chain B there exists up € B such that (a,up) € v for all a € B.

If v C o, then there exists (a,b) € o such that (b,a) € 0. Let B be a
maximal p-chain containing a and b. The unary operation defined on FEj by
f(a) =0, f(b) =a and f(x) = up if v & {a, b}, preserves = since (a,b) ¢ v and ~y
is reflexive and symmetric. But (f(a), f(b)) = (b,a) € o and (a,b) € o; so f does
not preserve o. Hence Pola C Poly C Pol p, contradicting the fact that Polo is
maximal in Pol p. Therefore v = ¢ and ¢ is reflexive and symmetric. |

Lemma 5.28. If the assumptions of Proposition 5.19 are satisfied, o is not tran-
sitive and p o o # Eg, then the case o9 = ob, = p is impossible.

Proof. Assume that oy = 0, = p, poo # E,% and o is not transitive. Since
o9 = 0 = p and o is not transitive, by Lemma 5.27 o is reflexive and symmetric.
Therefore p = 0 oo (due to 0~ = o and o is reflexive). Since ¢ and p are
reflexive, o and p are subsets of poo. If p = po o, then, from o oo = p, we have
poo = (poc)oo = po(coc) = pop = E? contradicting the assumption poo # E2.
Therefore p C poo. Furthermoe, 0 C ocoo = p C poo (due to o is reflexive
and 0~! = ¢). In addition, (poo) ' =clopl=0cop=0cococ=poo;
hence p o o is reflexive and symmetric, and ¢ C p C poo. Let (u,v) € 0\ Ag,
and (a,b) € poo \ o, then the unary operation f defined on Ey by f(u) = a
and f(z) = b otherwise preserves p o o (due to p oo is reflexive and symmetric,
(a,b) € poo and Im(f) = {a,b}) and does not preserve o (due to (u,v) € o and
(f(u), f(v)) = (a,b) & o); therefore Poloc C Pol(p o o) (due to po o € [{o}]).
Since p C poo # E,% and p o ¢ is symmetric, then p and p o o are two distinct
central relations; so Pol p # Pol poo. As Pol o is meet-irreducible below Pol p we
have a contradiction. [ |

Lemma 5.29. If the assumptions of Propositions 5.19 are satisfied, o is not
transitive, o9 = o = p and poo = Eg, then we obtain a relation of type VIII.

Proof. Assume that poo = Eg, oy = o = p and o is not transitive; using
Lemma 5.27, o is reflexive and symmetric. It remains to show that for every
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maximal p-chain B, there exists a central element cp of p such that for every
a € B, (a,cp) € o.

Let B be a maximal p-chain of cardinality m, and set v = {(aq,...,ax) €
EF . 3u € Ej such that (a;,u) € o for all 1 < i < m and (a;,u) € p for all
m+1<i<k}and

B ={(a1,...,a) € EF : (a;,a;) € pforall 1 <i < j<m}.

It is easy to see that v+ C 5. We will show that Poly C Polp. Let

f € Poly be an n-ary operation and let (a;,b;) € p, 1 < ¢ < n, then there

exist u; € Fy, 1 <14 < n, such that (a;,u;), (u;,b;) € o (due to o oo = p). Thus

(i, biywi ... ,u;) € (x7). Hence f((a1,b1,u1, ... u1),. ., (Gpn, by, Upn,y... up)) =
k—2 times

(f( 17"'7an)7 f(b17"'7bn)7 f(ula"'7un)7"'7f(u17"'7un)) € 7. Therefore
(flar,...,an), f(b1,...,by)) € 0 oo = p. So Poly C Polp. Now suppose that

v C B. Let (by,...,bx) € B\, (a,b) € p and ¢ be a central element of p. For

1<i<k,setx;=(a...,ax;) with

aj; = ¢ lf]:Z.’ for1 <i<mandaj; = b lf]:Z.’ form+1<i<k.
a otherwise a otherwise

It is easy to see that (x;,x;) € p if and only if i and j are elements of
{1,...,m} or i = j. The k-ary function f defined by

f(a:)—{ b, if x = x; for some 1 <i < k;
c otherwise
is well define (due to [{x; : 1 <i < k}| = k) and preserves p. In addition, by con-
struction, we have {x;...,xx} C v, and f(x1,...,xx) = (f(x1),..., f(zr)) =
(b1,...,br) € 7; hence Poly C Pol p. From o C p, there exists (a,b) € p\ 0. Let
(u,v) € o such that u # v, then the unary function f’ defined by f/(z) = a if
r = u and f'(x) = b otherwise, preserves v (due to (a,b) € p, {a,b}* C v and
Im(f’) = {a,b}), and does not preserve o (due to (u,v) € o and (f'(u), f'(v)) =
(a,b) ¢ o). Thus Polo C Poly C Polp, contradicting our assumption on o.
Therefore v = .

Let B ={ay,...,a,} be a maximal p-chain and a,,11,...,ar € Ej such that
E; = {ai1,...,a}. Since (ay,...,ar) € B = 7, there exists u € Ej such that
(aj,u) € o for, 1 < i < m, and (a;,u) € p, for m+1 < i < k;sou € C, and
u € B from Proposition 3.4.

We conclude that o is of type VIII. [

The following lemma will be useful for the remaining cases.

Lemma 5.30. Under the assumptions of Proposition 5.19, we have the following
statements:
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(1) If oy, = E}, then there exists T € Ey such that for any x € Ey, (z,T) € 0.
(2) If o}, = E}, then there exists L € Ey, such that for any x € Ey, (L,z) € 0.

Proof. For 2 <1 < k, oy and o are relations defined below. We give the proof
of (1); and (2) is obtained using a similar argument.

For (1), assume that op, = E,}; and oy, # E,’: Let n > h be the least integer N
such that oy # Eév, then n > h > 2. We will show that Polo C Polo,, € Polp.
By definition o, is totally symmetric. Furthermore, using o,,_1 = E,?_l one can
easily see that o, is totally reflexive. Since o, € [{c}], we get Polo C Pola,.
Let (a,b) € EZ \ 0 and (u,v) € o\ Ag,, then the unary operation f defined on
Ej by f(x) =aif x = u and f(x) = b otherwise, preserves o,, (due ton > h > 2,
oy, totally reflexive, Im(f) = {a,b} and {a,b}" C o,) and does not preserve o
(due to (u,v) € o and (f(u), f(v)) = (a,b) € o); therefore Polo C Polo,,. Let
(a1,...,ap) € EM\ pand (uq,...,up) € p\ i}, then the unary operation g defined
on Ey, by g(z) = a; if £ = u;, for some 1 < i < hand g(z) = a; otherwise preserves
oy (due to Im(g) = {ai,...,an}, oy, totally reflexive and h < n — 1) and does
not preserve p (due to (u1,...,up) € p and (g(u1),...,g(up)) = (a1,...,ap) &
p. Therefore Polo C Polo,, ¢ Polp, contradicting the meet-irreducibility of
Polo below Polp. Thus Polo, = Og,; since o, is totally reflexive and totally
symmetric, it follows that o,, = E}!, contradiction with o, # E}'. Thus o}, = E’kC
and there exists T € Fj such that (z, T) € o for all € E}, and (1) holds. |

From Lemma 5.21, as (T,T) € o (resp (L, 1) € o) whenever o, = E}
(resp. o}, = E,g), we can claim that o is reflexive. We continue the investigation
with Cases (7) (02 = p and o4 = E?) and (8) (02 = E? and o) = p). Let
(a,b) € E2\ o and (u,v) € o such that u # v, consider the unary operation fo
defined by fo(x) = a if x = u and fo(z) = b otherwise.

Lemma 5.31. If the assumptions of Proposition 5.19 are satisfied, oo = p and
oy = EZ, then o is of type X.

Proof. Assume that oy = p, 0, = E?. Since o), = EZ, from Lemma 5.30, there
exists L € Ej such that for all a € Ej, (L,a) € 0. So (L, 1) € o, and using the
discussion preceding Lemma 5.26, we get that o is reflexive. As o9 # 0%, we get
that o is not symmetric (Because if o were symmetric, then it would hold that
oy =000 =000 =0"1oo = o)) It follows that o is reflexive and not
symmetic. Let a € Fj, then there exists v € Fj such that (a,v) € o (see (a)
of Lemma 5.20). Therefore (a,v),(L,v) € o and consequently (a, L) € o9 = p.
Thus L € C),. Set v = ocNo~'. Wehave y C o0 Cooo~ ! = pand Polo C Pol~.
Our discussion is divided into two cases: (i) Polo C Pol~y and (ii) Polo = Pol~.

(i) If Polo C Pol~, then Poly = Og, or Poly = Polp. If Poly = Ogp,,
then as v is reflexive and v C o, we get that v = Ag,. If Poly # Og,, then
Poly = Pol p and by Lemma 5.18, we get that v = p. Therefore v € {Ag,, p};



BINARY RELATIONS AND SUBMAXIMAL CLONES DETERMINED BY ... 291

furthermore v C o C p, so v = Apg, and o is antisymmetric. Let b € Ej, such
that b # L, then (L,b) € ¢ and (b, L) € o. Therefore (b, L) & tr(c). Thus
tr(o) & {p,E%}. If 0 C tr(o), then the unary function h defined by h(z) = a
if (z,u) € tr(c) and h(x) = b otherwise where (a,b) € tr(c) \ o and (u,v) € o,
u # v, preserves tr(c) and does not preserve o. Hence Polo C Pol(tr(o)),
tr(o) & {p,E%} and o C tr(o); contradiction with the fact that Polo is meet-
irreducible and maximal below Pol p. Thus o = tr(o) and o is a partial order.

From Lemma 5.25, for every maximal p-chain B there exists T p such that
forall x € B (z, Tp) € 0 C p. Hence Tp € B and T p is the greatest element of
B. It remains to show that every intersection of maximal p-chains has a greatest
element.

Let Bi,...,B, be n maximal p-chains (n > 2). Let [ be the cardinality of
Ni<i<n, Bi and m be the cardinality of (,.,, Bi- If U;<;<, Bi is a maximal
p-chain, we are done, because in that case B; = B;, i = 2,...,n. If Ui<i<n, Bi is
not a maximal p-chain and (,.,., B; = {L}, then L is the greatest element of
MNy<i<n Bi- If N <;<,, Bi is not a maximal p-chain and ()<, B; # {L}, then let
a,v,w € B, such that a € ,.,., Bi, a # L and v,w € (;<;<, Bi, (v,w) & p.
Let A and 8 be the sets defined by A := {(a1,...,am) € EP : (a;,a;) € p V1 <
i<l,V1<j<m}and

Bi={(ar,...,am) € B : V1 <i <[Vl < j<m,(a;,a;) € p, Ju € Ey,
(aj,u) e V1<i<IA(aj,u) €pVIi+1<i<m}.

We have 8 C A. Now suppose that 5 # A\. We will show that Pol 5 C Pol p. Let
f € Pol B be an n-ary operation and (a;, b;) € p, 1 < i < n, then there exist u;, i =
1,...,up, such that (a;,u;), (b, u;) € 0,1 <i <n. Sety; = (a;, b, us,...,u;),1 <
i <nand 1 = (a1,...,ay), T3 = (b1,...,bp), T3 = (U1, ..., Up), . ., Ty =
(u1y...,up). Then {yy,...,y,,} € B (due to p = o9 and (a;,b;) € p,1 <i < n});
as f € Polf, we deduce that f(yy,...,y) = (f(x1),..., f(xm)) € B and by
definition of 3, we get that (f(z1), f(z2)) € p (due to [ > 2); therefore f € Polp
and Pol 8 C Pol p. It is easy to show that Polo C Pol 8 ( using o2 = p); therefore
Polo C Pol 5 C Pol p.
Let (b1,...,bm) € A\ B. For 1 <i <m, set &; = (a;1,...,a;x) with

1 ifl1<j<l,

a ifi=j . e .
i = . 1<i< = fi= fi
a; j { otherwise for t < and a; ; z} ; 1 Sze }fére or

I4+1<i<m. It is easy to see that (x;,x;) € pif and only if i or j € {1,...,1}
(). Consider the k-ary function f defined by f(x) = b; if * = x;, for some
1 <i<mand f(x) = L elsewhere. The operation f is well defined (because
H{x1,...,zm}| = m). We will show that f does not preserve 3. Let y;, =
(@1, am;j),1 < j <k, from the definition of x;,1 < i < m and (x) we have
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tha‘t {y17'--7yk‘} g 57 and f(y177yk‘) = (f(w1),7f($m)) = (b17"'7bm) ¢
B, so f & Pol 8. In addition, we can show that f € Polp. Hence Pol 5 C Polp.

Since o C p (due to Polo C Pol p), then there exists (e,d) € p\ 0. Let (z,y) € o
with  # y and (e,d) € p\ o; there exists u € Ej, such that (e,u),(d,u) € o.
The unary operation f defined on Ey by f(z) = e, f(y) = d and f(t) = u
elsewhere preserves 3 (due to (e,d) € p and p = 02) and does not preserve o (due
to (z,y) € o and (f(x), f(y)) = (e,d) &€ o). Therefore Polo C Pol 8 C Polp,
contradicting the fact that Polo is meet-irreducible below Pol p. Hence § = A,
and (Ny<;<, Bi = {a1,...,a;} is such that (a1,...,a;,a...,a;) € B; from the
m—I times
definition of 3, we deduce that (), ,.,, B; has a greatest element. Therefore o is
of type X. o

(ii) If Polo = Pol~, then v # Ap,, v is reflexive and symmetric. We will
show that v = o. In fact, if v C o, then there exists (a,b) € o such that (a,b) & .
So (b,a) ¢ o (due to y = cNo~1). Furthermore, v C yov and Pola C Pol(yov).

If v oy = «, then ~ is a nontrivial equivalence relation and Polo C Pol~,
contradiction. Hence v C yo+ and Polo = Poly C Pol~y o+, as Pol ¢ is maximal
and meet-irreducle below Pol p, we get that Poly o~y = Og, or Polvy o~ = Polp.
By our assumption, oo = p; furthermore v C 0 No~! C o and v is symmetric;
0 Ag, CyCyoyCoool=0y=p# E,? Therefore v o v is not a diagonal
relation; so the equality Polyovy = Og, is impossible. Therefore Pol~yo~ = Pol p
and by Lemma 5.18, p = yo~y. It follows that v fulfills the assumptions of Lemma
5.25; so for any maximal p-chain B there exists up € Ej such that for any « € B,
(x,up) € 7. Let B be a maximal p-chain containing a and b, the unary operation
defined on Ej by f(a) = b, f(b) = a and f(z) = up if x & {a,b} preserves
(because (a,b) & ~, v is reflexive, symmetric and (a,up), (b,up) € v) and does
not preserve o (because (a,b) € o and (f(a), f(b)) = (b,a) € o). Therefore,
Polo # Pol~, contradiction with the assumption Poloc = Polvy. Hence v = o
and o is symmetric, contradicting the fact that oy # of. [

Lemma 5.32. If the assumptions of Proposition 5.19 are satisfied, oo = Eg and
ol = p, then o is of type XI.

Proof. Note that 0! fulfills the assumptions of Lemma 5.31 and Polo = Pol o 1.

Therefore 0! is a relation of type X. Hence o is the relation of type XI. [ |

Now, we finish our discussion with Case 9: oo = o, = E?. We have two
subcases 0, = o) = El or (0, # El or o} # E@). We begin with subcase
op =0}, = E,}; Using Lemmas 5.30 and 5.21, it is easy to see that, o is reflexive.
Naturally, o can be transitive or not.

Lemma 5.33. If the assumptions of Proposition 5.19 are satisfied and o, = o}, =
E,};, then the case o transitive is impossible.
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Proof. Assume that o is transitive. If ¢ is symmetric, then 0 = goo = g9 = E,%;
contradiction. Hence o is not symmetric. Set v = cNo~!. We have Pol o C Pol vy
(due to v € [{¢}]). If Polo C Pol~, then v € {Ag,, p} because Polo is meet-
irreducible and Ag, € v C o C Eg Suppose that v = Ap,, then by Lemma
5.30 o is a bounded partial order, contradiction. So v = p. Therefore p is
transitive and p = pop = E,%, contradicting the fact that p is a central relation.
If Polo = Pol~, then v & {0, A Ek,Eg, p}. Hence v is a nontrivial equivalence
relation and we obtain a contradiction. [

Lemma 5.34. If the assumptions of Proposition 5.19 are satisfied, o}, = 0}, = E,};
and o is not transitive, then o is of type 1X.

Proof. We claim that o is not symmetric. In fact, if o is symmetric, then o
is reflexive and symmetric; from Lemma 5.30, o is a central relation which is a
contradiction. Hence o is not symmetric. Set v = oNo~!. As o is not symmetric,
we have v C 0.

(i) If Pol 0 = Pol v, then + is reflexive, symmetric and Pol +y is meet-irreducible
and maximal below Pol p. If v is transitive, then ~y is a nontrivial equivalence re-
lation; contradiction. Hence v C yo~y. Let (a,b) € (yoy)\~. For (u,v) € v such
that u # v, the above operation fy preserves o~ and does not preserve . Hence
Polvy C Pol(y o). It follows that (1) Pol(yov) = Op, or (2) Pol(yo~y) = Pol p.

Suppose that (1) is satisfied, then vy o~y = Eg, therefore = satisfies the as-
sumptions of Lemma 5.30. We conclude that v is a central relation; contradiction.
Suppose that (2) is satisfied, then v o~y = p (see Lemma 5.18). We claim that
p ¢ o. Assume that p C 0. As yo~v = p and 7 is reflexive, we have v C p,
this inclusion is strict because Poly = Polo C Polp. Let (a,b) € p\ 7, then
(b,a) € p C 0; s0 (a,b) € 0 No~! = ~, contradicting the fact that (a,b) & ;
therefore p € o. Let (a,b) € p\ o and (z,y) € o\ v; since vy o~y = p there
exists w such that (a,w), (w,b) € . Consider the unary operation f defined by
f(z) =a,f(y) =band for t € E \ {a,b}, f(t) = w. It is easy to see that f
preserves v and does not preserve o. Thus Polo C Polvy C Pol p contradicting
the assumption Poly = Polo.

(ii) If Polo # Pol~, then v € {Ag,,p}. Suppose that v = Ag,, then o
is reflexive and antisymmetric. If Polo C Pol(tr(o)), then by assumptions on
o we have tr(c) € {p, EZ}. However, by Lemma 5.30, T and L are such that
(L,2),(z, T) € o for any x € E}. Hence (L, T) € tr(o), but (T, L) & tr(o) (due
to o antisymmetric), contradiction. Hence Polo = Poltr (o). It follows that tr (o)
fulfills the assumptions of Lemma 5.33; thus we obtain a contradiction. Hence
v = p and o is of type IX. [

We close the Case (9) with subcase o), # E} or o}, # EP. Recall that

o ={(a1,...,q) EE,,lg : Ju € Ey, (ar,u),...,(a,u) €c}
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and o] = {(ay,...,a) € B} : 3u € Ey, (u,a1,),...,(u,a) € o}

for 2 <1 < k. We have shown that o is reflexive or irreflexive.

Lemma 5.35. If the assumptions of Proposition 5.19 are satisfied, oo = E,? = o},
and h > 3, then the following implications hold.

() If oy, # E}, then oy = p.
(i) If o}, # E!, then o} = p.

Proof. (i) Assume that oy = oy = E? and 0y, # El'. Let n be the least integer N
such that oy # Eév, then 2 < n < h. Since o,—1 = El:f*l, oy, is totally reflexive.
Let (a,b) € E? \ 0 and (u,v) € o such that v # v. Then, the above unary
operation fy preserves g, and does not preserve o; therefore Poloc C Pola,.
Assume that n < h. If 0;, = i, then Polo,, C Pol Lﬁ # Pol p, contradiction (due

to Pol o is meet-irreducible below Pol p and Pol L]lz a maximal clone). Hence o, #

op. Let (aq,...,a,) € EP\op, (u1,...,u,) € 0,\¢}. Consider the unary operation
g1 defined on Ej by g1(x) = a; if © = u;, for some 1 < ¢ < n, and ¢1(z) = a3
elsewhere. Since n < h, Im(g1) = {ai1,...,a,} and p is totally reflexive, ¢

preserves p. But, (ui,...,un) € o, and (g1(u1),...,91(u,)) = (a1,...,a,) ¢
on, 80 g1 & Poloy; thus Polp ¢ Polo,. Therefore Pole C Polo, # Op,.
Indeed, since Pol o is meet-irreducible and maximal below Pol p, we must have
Pol p C Pol g,, which is a contradiction. It follows that n = h and Polo C Pol oy;
since Polo is meet-irreducible and maximal below Pol p we get Poloy, = Op,
or Poloj, = Polp. If Poloy, = Og,, then o}, is a diagonal relation and as oy, is
totally reflexive, we deduce that o), = E,};, contradiction with o # E,? Thus
Pol o5, = Pol p, using Lemma 5.18 we get that o, = p.

The proof of (ii) is similar to that of (i). |

Now, consider the set I' = {B C Ej : B" C p}. Let m = max{Card(B) : B €
I'}; we have h < m. For all h <1 < m, set

pL= {(a1,...,al) € E,i A{ar, ..., aq}" C p},
It is easy to check that for all h <1 <m, 0; C p; and o] C p; where o}, = 0}, = p.

Lemma 5.36. Under the assumptions of Proposition 5.19, the following state-
ments hold.

(i) If op, # E,g, then for every maximal p-chain B there exists Tp € Ei such
that for all a € B, (a, Tp) € 0.

(i) If o, # Eli‘, then for every maximal p-chain B there exists L p € Ei such
that for all a € B, (Lp,a) € 0.
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Proof. (i) Assume that oy, # E?, then from (i) of Lemma 5.35, we have o, = p.

We will show that Pol o, C Polp. Let f € Polo,, be an n-ary operation and let

x; = (a1,i,...,an;) € p,1 <i<nyset &, = (ari,...,an4, Ani---,0n:),1 <i<n.
—_————

m—h times
For 1 <i < m, @, € oy, (due to o, = p). Hence

f(m/b B 7m;z) = (f(al,la s 7a1,n)7f(a2,17 s 7a2,n)7' B 7f(ah717' e 7ah,n)) € Om.

Therefore f(x1,...,xn) = (f(ar,1,.--,a1n)s- -, flan1,...,any)) € p. Thus f €
Pol p. Therfore Polo,, C Polp. Since o, € [{c}], we get Polo C Polo,,. So
Polo C Polo,, C Pol p. Assume that o, C pp,. Let (c1,...,¢m) € pm \ o and
(a1,...,an) € p\ Ll we set

W:{(Zl7alh)1§21<<lh§m}
denoted for reason of simple notation by
W={(,...,i9):1<j<q}.

For all 1 < j < g, set y; = (%j1,...,%j,) and for all 1 < i < m, set
x; = (T14,...,2Tqs) With z;; = q; if i = i{, for some 1 <1 < h, and z;; = a1
otherwise. Then the g-ary operation f defined by f(x) = ¢; if € = @; for some
1 <i<mand f(x) = c; otherwise, is well defined (because [{x1,...,x} =m),
preserves p (because Im(f) = {c1,...,cn} and {c1,...,cn} is a p-chain) and
does not preserve o, because {y,; : 1 < j < ¢} C op and f(yy,...,y,) =
(f(x1),..., f(xm)) = (c1,-..,¢m) & om. Therefore Polo,, C Polp. The above
unary operation fp preserves o, and not o. Thus Poloc C Pole,, C Polp,
contradiction with the fact that Pol ¢ is maximal below Pol p. Thus o,,, = p,,. Let
B ={ay,...,a,} be a maximal p-chain, then (aq,...,an,an,...,a,) € Pm = Om;
N———
m—n times
so there exists Tp € Ej such that for all 1 <i <n,(a;, Tp) € 0.
The proof of (ii) is obained similarly. ]

Lemma 5.37. If the assumptions of Proposition 5.19 are satisfied and oy # E,};
or o}, # Eg, then o is reflexive.

Proof. Assume that o, # Elfj Let B be a maximal p-chain. From Lemma 5.36,
there exists Tp € Ej such that (x, Tg) € o for every x € B. Let ¢ € C); for
all0<i<t—1, (¢, Ta) €0c. Wehave h > 3 (due to oy, # EI' and 09 = E?).
From Lemma 535, T' = {Ta,, TA,,---, I 4,_, ) IS a p-chain. So there exists a
maximal p-chain D such that T'C D. Without loss of generality we suppose that
D = Ay. Therefore (T 4,, T 4,) € 0. Hence Ty, € n={z € Ey : (z,z) € 0} and
by Lemma 5.21 we get that n = Ej, and o is reflexive. The case o}, # Eg can be
solved using a similar argument as above. [ |
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We have shown that if Pol o is a meet-irreducible submaximal clone of Pol p
and oy, # Eli‘ or oy # Eli‘, then o is reflexive. From now on we suppose that o is
reflexive. Since o is not a diagonal relation, we have Ap, C o C EZ. We consider
again the binary relation v = o N o~!; thus Apg, € v C 0. We distinguish the
following three cases: (i) Ag, =1, (ii) Ag, € v € o and (iii) v = 0.

First, we study the subcase (ii).

Lemma 5.38. If the assumptions of Proposition 5.19 are satisfied, op, # Elfj or
o # El and 09 = oy = E?, then the subcase (ii) is impossible.

Proof. Suppose that o, # E,};,ag =0} = Eg and Ag, C v C o hold, then we
have h > 3. From Lemma 5.35, we have o5, = p. In addition Polo C Pol~ and
yCyoyC Eg; this yields the following possible two subcases:

(a) y=<vovand (b)y < yon.

Assume that subcase (a) holds, then 7 is a nontrivial equivalence relation
and Pol(o) C Pol(vy), contradiction.

Assume that subcase (b) holds. Recall that v is the symmetric part of o
and v o~ is symmetric. We claim that y oy ¢ 0. Assume that v C yo~y C o;
let (a,b) € yvo~\ 7, then by symmetry of vy o, we get (a,b),(b,a) € o; so
(a,b) € o No~t = v, contradiction. It follows that y o~y ¢ o. Let (a,b) €
(vovy)\o,(e,d) € o\ ~; then there exists u € Ej, such that (a,u), (u,b) € v (xx).
Let f; be the unary operation defined on Ej, by fa(e) = a, fo(d) = band fo(z) = u
elsewhere. Since (e,d) & =, using (x), the reflexivity and the symmetry of vy we
obtain that fo preserves v; but (e,d) € o and (fa(e), f2(d)) = (a,b) & o; so fa
does not preserve o. Hence Pol(c) C Pol(y). Since Ap, C v € EZ, there is
(a,b) € E2\ . Let (e,d) € v\ Ag,. The function g : E, — Ej defined by
g(e) = a and g(x) = b otherwise preserves p (due to h > 3 and p totally reflexive)
and does not preserve 7 (due to (e,d) € v and (g(e), g(d)) = (a,b) & 7). Hence
Polp ¢ Poly. Hence Polo C Poly ¢ Pol p contradicting the meet-irreducibility
of Pol o below Pol p. [

From Lemma 5.38, ¢ is symmetric or antisymmetric. The next lemma shows
that o is symmetric.

Lemma 5.39. If the assumptions of Proposition 5.19 are satisfied, oo = oy = E,%
and op, # Elfj or o}, # E,};, then o is symmetric.

Proof. Assume that o9 = 0, = Eg, op # E,}; and o is not symmetric. As
o9 = E,% and oy, # E,fj, we have h > 3. From Lemma 5.38, ¢ is antisymmetric.
From Lemma 5.35, 0, = p and o is reflexive. Furthermore by Lemma 5.36,
for any maximal p-chain A, there exists T4 € FEj such that for all z € A,
(,Ta) €o0. Let {A;: 0 <i<t— 1} be the set of all maximal p-chains on E},
and set 7' = {T 4y, Tays---, I 4,_,}. We recall that C, C 4;,0 <i <t —1. We
distinguish the following two subcases: (i) o}, = E}, (ii) o} # E}.
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Assume that (i) holds. Then from Lemma 5.30, there exists 1 € Ej such
that for any = € Ej, (L,z) € 0. Assume that o is not transitive, then o C tr(o).
Let (a,b) € tr(o) \ o and (u,v) € o\ Ag, and consider the unary operation !
defined on Ej, by l(z) = a if (z,u) € 0 and I(z) = b otherwise, then [ preserves
tr(o) and does not preserve o; thus Polo C Poltr(c). Assume that tr(o) # EZ,
let (a,b) € EZ\ tr(c) and (u,v) € tr(o) with u # v. The unary operation g
defined on Fj by g(z) = a is + = v and g(x) = b elsewhere preserves p (due to
h > 3 and p is totally reflexive) and does not preserve tr(o) (due to (u,v) € tr(o)
and (g(u),g(v)) = (a,b) & tr(c)), hence Polp ¢ Poltr(c), contradicting the
meet-irreducibility of Polo below Polp. Let b € Ejy such that L # b; then by
the antisymmetry of o we get (b, L) ¢ o. Since (b, L) € E? = tr(o), there exist
U, ..., Uy € Ey such that (b,uy), (un, tn—1),..., (uz,u1), (u1,L) € o. It follows
that (u1,L),(L,u1) € 0. The antisymmetry of o yields L = u;. By induction
we obtain u, = L. Thus (b, L) € o, contradiction.

Assume that o = tr(o), then o is transitive and o is a partial order. Let
B be a maximal p-chain, then there exists Tp € B such that for any x € B,
(x, Tp) € 0. Let a € Ej \ B, then {Tp,a} is a p-chain (because h > 3 and p
is totally reflexive), therefore there exists u € Fj such that (Tp,u), (a,u) € o.
Since o is transitive, then for any x € B, (z,u) € o; so BU{u} is a p-chain (due to
oy = p). Hence u € B and (u, Tg),(Tp,u) € 0. Thus Tp =wu and (a, Tp) € 0.
As the choice of a was arbitrary we deduce that T p is the greatest element of
o; this observation together with (L,z) € o for any = € Ek, yield that o is a
bounded partial order, contradiction. Thus the subcase o} = E,? is impossible.

Assume (ii): o} # EP holds, then we get by Lemma 5.35 that o}, = p. We
distinguish three subcases. (a) o C tr(c) C EZ, (b) o = tr(o), (c) tr(c) = E}.

Since tr(o) € [{c}], we have Polo C Poltr(c). If (a) holds, then using the
above unary operation [, we obtain Polo C Poltr(c). Hence Polo C Poltr(o) #
Pol p (due to Lemma 5.18, Ap, # tr(c) # E7 and p is not transitive), contra-
dicting the meet-irreducibility of Pol o below Pol p.

Assume that (b) holds(i.e o is transitive). Since p = 0, = 0}, and o reflexive,
from Lemma 5.36, for any maximal p-chain B, there exist T g, L p € B such that
for any € B, (z,Tp),(Llp,z) € 0. Let B be a maximal p-chain, and T g and
1 p as above. A similar argument use in the subcase (i) with o transitive shows
that Tp is the greatest element of o and dually L p is the least element of o;
therefore o is a bounded partial order, contradiction.

Assume that (c) holds. Let {A; : 0 <i < t—1} be the set of maximal p-chains
(t > 2). Since oy, # E} and o, # EI', applying Lemma 5.35 we obtain o, = o), =
p, from Lemma 5.36, for any maximal p-chain B, there exist Tp, Lp € B such
that for any € B, (z, Tp),(Lp,z) € 0. In addition, from (1) of Proposition
34, C, € A;,0 <i <t—1. Therefore {T4, : 0 <i <t—1}is a p-chain. So
there exists a maximal p-chain D such that {T4, : 0<i<t¢t—-1} C D. As D
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is a maximal p-chain, Lp, Tp € D and (Tp,Lp) € Ef = tr(o). So there exist
ULy ..., Uy € Eg such that (Tp,uy), (u1,u2),..., (Un—1,un), (un, Lp) € o. Since
{u1, Tp} is also a p-chain (due to h > 3), there exists a maximal p-chain B such
that {u1, Tp} C B (due to every p-chain is contained in a maximal p-chain).
We have Tp € D (dueto Tp € {T4,,0<i<t—1} C D and D is a maximal
p-chain), so (T, Tp) € o; in addition (Tp, Tp) € o (due to Tp € B); therefore
(T, Tp),(Tp, Tp) € 0 and Tp = Tp (due to o is anti-symmetric). We have
also u; € B, so (u1, Tg) = (u1, Tp) € o, therefore uy = Tp = Tp (due to
(Tp,u1) € o and o anti-symmetric). By induction we obtain u; = Tp,1 <i < n.

Hence Tp=1lpand Ty, =...= T4, ,;s0 Ej is a p-chain (due to o5, = p and
(x, Tp) € o for all z € E}); contradiction. Therefore (c) is impossible.
Hence the case o antisymmetric is impossible. Thus ¢ is symmetric. [ |

We have shown that o is reflexive and symmetric. Recall that p has ¢t maximal
p-chains Ag, Ay,..., A—1. Let i € {0,1,...,t — 1} and m = | 4;|. Set
v=A{(a1,...,a) € E¥ :3u € Ey, (a1,u),...,(am,u) € o and
far, ) x fu} € p}

andﬁ:{(ala"'aak)eEllzz{alw"aam}hgp}'

Lemma 5.40. If the assumptions of Proposition 5.19 are satisfied, oo = oy = Eg
and (o, # B! or o}, # E), then B = 7.

Proof. Assume that v # 5 and oy, # E,? From Lemma 5.35, we get o5, = p;
using Lemma 5.39, we get that o is symmetric. Therefore o, = 0}, = p. Hence
v C B. Let (v1,...,vx) € B\ 7. It is easy to check that Polo C Poly ( using
o = p). Now we show that Poly C Pol p. Let f € Polvy be an n-ary operation.

Let a; = (a1,i,...,ap;) € p,1 <7< n, set
/ .
a; = (A1 iy Qhyiy- -, 0h5), 1 < i< n.
—_——
k—h times

Using o, = p one can check that a, € v, 1 < i < n (x). Using o5 = p
and (xg) one can check that (f(ai,1,...,a1,0),...,f(an1,...,ann)) € p; therfore
Poly C Polp. Hence Polo C Poly C Polp. We show that these inclusions are
proper. Let (a,b) € EZ \ o and (u,v) € o\ Ap,. The unary operation g defined
on Ey by g(z) = a if x = u and g(x) = b otherwise preserve v due to p =
on, B} = 02,3 < h < m, o reflexive and symmetric, Img = {a,b} and p totally
reflexive; but does not preserve o due to (u,v) € o and (g(u),g(v)) = (a,b) & o.
Therfore Polo C Poly. To finish we show that Poly C Polp. From Lemma
5.36, for all 0 <4 <t — 1, there exists ua, € Ej such that (z,u4,) € o for every
x € A;. Since C, C A;,0 < i <t—1, {uay,...,ua,_,} is contained in a maximal
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p-chain D. We suppose that D = Ay. Therefore (ua,,ua,), ..., (uay,ua, ,) € 0.
Let ay,...,ap_1 € Ey; {a1,...,ap_1} is contained in a maximal p-chain A; for
some 0 < i <t —1. Hence (ai,...,ap—1,u4,) € 0, = p. Therefore uy, € C,.
We choose a1, as,...,ap_1 € Ag and ap, € Ap such that (aq,...,ap) € p (due to
Ay # Ek) Set

W= {(ir,...,in) €{1l,... kY :1<i; <...<ip <k},

denoted simply by W = {(i],...,4) : 1 < j < q} where ¢ = |W|. For all
1<j<gq,sety;=(x122;,-..,2,;) € EF with

- an, ifl:i%and(n;éhorl>m)forsomelgn§h,
" uy, otherwise;

for 1 <1 < g. Furthermore, for 1 <1i < k we set «; = (z;1,%;2,...,%iq). From
construction of x;, for all 1 < iy < ip < ... < ip < k, (T, Tiy,...,%4),) € p
if and only if i, < m. We define the g-ary operation f on Ej by f(x) = v; if
x = x; for some 1 < i < k and f(x) = ua, otherwise. We have {y,,...,y,} C
v (due to us, € C, and (ar,u4a,),-.,(an—1,u4,) € o) and f(yy,...,y,) =
(f(x1),..., f(xx)) = (v1,...,v%) &€ . It is easy to check that f € Polp. Thus
Polo € Poly C Polp, contradicting the maximality of Polo in Polp. Thus

v =5 u

Lemma 5.41. If the assumptions of Proposition 5.19 are satified, oo = oy = E,%
and (op, # Eg or oy # Eli‘), then o is of type VIII.

Proof. We have shown above that o is reflexive and symmetric. Furthermore
cooc =F7 Letiec{01,...,t —1} and m = |4;|. From Lemma 5.40, v = .
We suppose that A; = {a1,...,an}. Let amy1,...,ax € Ej such that Ey =

{a1,...,ar}. We have (a1,aq,...,ar) € f = ~; therefore there exists ug, € Ej,
such that for all 1 < j < m (aj,ua;) € 0 and for all 1 < iy <ip < ... <ip_1 <
k,(ai,,aiy, ... a4, ,ua;) € p. Hence ua, € C, and o fulfills condition VIII of
Theorem 3.2. [ ]

Now we are ready to prove Proposition 5.19.

Proof. (Proof of Proposition 5.19) Combining Lemmas 5.20-5.41, we obtain the
result. ]

Proof. (Proof of Theorem 3.2) Combining Propositions 4.1, 4.3, 4.4, 4.8, Corol-
lary 4.5, Propositions 5.1, 5.9, 5.16, 5.19 and Corollary 5.17 we have the result. m
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