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Abstract

We consider an R-group G, where R is a zero symmetric right near-
ring. We obtain the -dimension of sum of two ideals of G, as a natu-
ral generalization of sum of two subspaces of a finite dimensional vector
space; indeed, difficulty due to non-linearity in G. However, in this paper
we overcome the situation under a suitable assumption. More precisely, we
prove that for a proper ideal Q of G with Q-finite Goldie dimension (Q-
FGD), if K1, Ko are ideals of G wherein K1 N K5 is an Q-complement, then
dimq (K1 + K3) = dimq (K1) + dimq(K2) — dimg (K7 N K3). In the sequel,
we prove several properties.
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1. INTRODUCTION

It is customary to generalize the theory of vector spaces over a field to that of
modules over rings in a natural way. The dimension of the vector space over a
field is a maximal set of linearly independent vectors or a minimal set of vectors
which spans the space. The former statement when generalized to modules over
associative rings or to module over nearrings (known as R-groups) become the
concept of Goldie dimension (or uniform dimension). A module is uniform if
every non-zero submodule is essential. Uniform submodules play a significant
role to establish various finite dimension conditions in modules over associative
rings. However, certain results may not be possible to generalize to modules over
rings unless we impose some assumption(s). In particular, in the theory of finite
dimensional vector spaces, for a subspace W of a vector space V', dim(V/w) =
dim (V') \ dim(W) is well known. This condition may not hold in general, when
we consider a module over rings. For simplicity, K = 6Z is a uniform submodule
of Z-module over Z, and dim(%2/6z) = dim(Zo x Zs3) = 2 # 0 = dim(Z) \ dim(6Z).
Also, a similar situation can arise when we generalize the dimension of sum of
two subspaces of a vector space. This motivates us to obtain the dimension of
sum of two ideals of an R-group with relative finite Goldie dimension (where
R is a nearring) under the assumption that their intersection is a complement
ideal. Goldie [10] characterized several equivalent conditions for a module to have
finite uniform dimension. In Bhavanari [6], uniform dimension was generalized
to R-groups and obtained characterization for an R-group to have finite Goldie
dimension. Goldie dimension aspects in R-groups were extensively studied in
[4,7,15,18].

Let © be a proper ideal of G. Our aim in this paper is to prove, if G
has Q-FGD and K = K; N Ky is an Q-complement, then dimqg(K;, + K3) =
dimq (K1) + dimq(Ks) — dimq(K), where K7 and K are ideals of G.

2. PRELIMINARIES

A (right) nearring (R,+,-) (Pilz [16]) is an algebraic system, where R is an
additive group (need not be abelian) and a multiplicative semigroup, satisfying
only one distributive axiom: (rq + ro)rs = rirg + rorg for all ri,re, 73 € R. If
(R,+,-) is a right nearring, then Oa = 0 and (—a)b = —ab, for all a, b € R, but
in general a0 # 0 for some a € R. We call R is zero symmetric if 70 = 0 for
all » € R, denoted by R = Ry. An additive group (G, +) is called an R-group
(or module over a nearring R), denoted by pG or simply by G if there exists a
mapping R x G — G (image (r,g) — rg), satisfying (1) (r + s)g = rg + sg; (2)
(rs)g =r(sg) for all g € G and r, s € R. It is evident that every nearring is an
R-group (over itself). Also, if R is a ring, then each (left) module over R is an
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R-group. Throughout, G denotes an R-group where R is a zero-symmetric right
nearring. A normal subgroup H of G is called an ideal if r(g+ h) —rg € H for
allr € R, h € H, g € G. Since R is zero symmetric, for any ideals A and B of
G, A+ B is an ideal of G ([16], Corollary 2.3), and we use A @ B to denote the
direct sum of A and B.

An ideal H of G is essential ( [18]), if for any ideal K of G, HN K = (0)
implies K = (0). If every ideal (0) # H of G is essential then G is uniform.

For standard definitions and notations in nearrings, we refer to [8,16].

3. RELATIVE FINITE DIMENSION IN R-GROUP

We start this section with the definitions of Q-uniform ideal, Q2-direct sum and
Q-FGD

Definition 3.1. (1) An ideal H of G is said to be relative essential, if there
exists a proper ideal (2 of G such that
(a) HZQ,
(b) for any ideal K of G, HN K C Q implies K C Q.

We denote it by H < G (or H is Q-essential in G).

2) We denote Hy <§ Hs when Hs considered as an R-group. In case, €2 = (0),
Q
this is referred as G-essential, by [6]. An ideal I of G is relative uniform, if
every ideal J of G, J C I, then J <, G.

(3) Let Q be a proper ideals of G and let {I;};c; be a family of ideals of 2. We
say that {I;};cs is Q-direct if I; N (Zj# Ij) C Q.
(4) G has Q-FGD (or G has finite Goldie dimension with respect to a proper

ideal Q of G), if G does not contain an infinite number of ideals H; ¢ €,
whose sum is 2-direct.

Lemma 3.1. If G has Q-FGD, then every ideal H ¢ Q of G, contains an -
uniform ideal.

Proof. Suppose that G has Q-FGD. In a contrary way, suppose H contains no
Q-uniform ideal. Then H is not Q-uniform. So there exist ideals H; and Hj of
G contained in H, and Hy, H] € Q such that H; N H{ C Q, Hy + H{ C H. Then
by supposition H{ is not Q-uniform, which implies that there exist ideals Ho, H),
contained in Hj and Hy, H) ¢ Q such that Ho N H) C Q, Hy + H) C H}. If we
continue, then we get {H;}5°, {H/}$° of two infinite sequences of ideals of G, not
contained in Q such that H; " H] C Q and H; + H, C H]_,, for i > 2. Thus, the
sum » -2, H; is infinite Q-direct, a contradiction that G has Q-FGD. ]
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Proposition 3.1. Let I,J be ideals of G and 2 proper ideal of G. If I C J and
J is Q-uniform, then I is also Q-uniform.

Proof. Easy verification. [

Lemma 3.2. Let H;, 1 <i <3, be ideals of G, and Q) a proper ideal of G. Then
(1) Hy SE Hs, Hy S?l Hs and H1 N Hy g_ Q implies that Hy N Hy SE Hs.
(2) Let Hy € Hy C Hz. Then Hy <§, H3 if and only if Hy <§ Hy and Hy <§, Hj.

Proof. (1) Suppose that Hy; <§ Hs and Hy <§ Hs and (Hy N Hy) € Q. Let
(Hi N Hy) N K C Q, where K is an ideal of G, K C Hs. This implies H; N
(HyNK) C Q. Since Hy N K is an ideal of G, K C H3z and H; <§, Hs, we get
HyN K C Q. Again, since Hy < H3, we have K C T

(2) Suppose Hy <§ Hs. Let K be an ideal of G' such that H; N K C Q and
K C Hj. Since K C Hy C Hz and H; <{ H3, we have that K C Q. Next, let K
be an ideal of G such that HoNK C Q and K C Hz. Now HHNK C HobNK C
and since Hy <G H3, we have K C ). Conversely, suppose H; < H> and
Hy <§ Hj. To prove Hy < Hj, let K be an ideal of G such that H1 N K C Q
and K C Hs. We have H1 N (Ho, N K) C HiNK C Q. Since Hy N K is ideal of
G, HyN K C Hy, and Hy < H», we have Hy N K C ). Also, as Hy <¢ H3, we
get K C Q. [ |

Following the Notation 3.4.6 of [8], (A) denotes the ideal generated by A, for
a given subset A of G and for a € G, (a) denotes ({a}).

Notation 3.1. Let u € G. Then (u) = |J;2; Ait1, where A; 41 = AF U A? U A;“
with Ag = {u}, and

A ={s+y—s:seG,yec A},
Al ={r(s+a)—rs:r € R,s € G,a € A;},
AY={a—-b:abe A}U{a+b:abe A}

Lemma 3.3. Let K, L and Q (proper) be ideals of G such that K "L = Q. If
a € K, be L, then for any a1 € (a), there exists by € (b) such that a; + by €
(a+0b) + Q.

Proof. Write X = {a}, Y = {b} and Z = {a + b}. Let (a) = Upe; Xy, (b) =
Upe1 Y, (@ +b) = UplqZi. Let S(k) be the statement: a; € Xy, implies
there exists by € Yy such that a; + b1 € Zg + Q. Then S(1) is trivially true.
To verify S(2), let a1 € Xo = X} U X[ UXY, as in Notation 3.1. Now a; =
g+x —gora =r(g+xz)—rgora = x —x2 where r € R, g € G
and z1,z9 € X;. If a1 = g+ x1 — g, then write by = g +vy1 — g € Y1, so
that a1 +by = g+21 —g+g9g+y—9g =g+ @1 +wy1) —g € Z7+Q. If
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a; =r(g+z1)—rg € Xt, then write by = r(g+x1+y1)—r(g9+z1) € Y1. Clearly,
a1+by—ay—by € (a)N(b) C Q, implies a3 +by; = t+by+ay, for some t € Q. Now,
ar+by =t+r(g+ait+y)—rlg+z)+r(g+z)—rg=t+r(g+az1+y)—rg=
Q+7ZF = ZIL +Q, as Qis normal. If a1 = 21 — 22 € X9, write by =y1 —y2 € Y7,
where y1,y2 € Y1. Since —z1 +y1 + 22 —y1 € X1NYy C KNL C ), we have
—T9+ Y1 = w+ Y1 — x2, for some w € Q. Then, a; + by = (r1 —x2) + (y1 —y2) =
r1twHy —x2— Y2 = wi +x1 +y1 +wr — (T2 + y2), where wy,wy € Q. This
implies a1 + b1 = (w1 +w2) + (z1 +y1) — (B2 +y2) € Q+Z9 =729 + Q, as Q
is normal. Therefore, from all the above three cases, it follows that a; + b; €
(ZE 4+ QU (ZT+ QU (Z9+Q) C (ZTUZUZY) + Q = Zo + Q. Hence S(2) is
true. Suppose the induction hypothesis. That is, S(k — 1) is true, for some k,
with K —1 > 2. Let a; € X;. Thenay = g+x1 —gora; =7r(g+x1)—71rg
or ap = x1 — X2, where r € R, g € G and x1,22 € Xi_1. Then there exist
Y1,y2 € Yp_1 such that 1 + y1, 22 +y2 € Zi_1. If a1 = g+ x1 — g, then we take
by=g9g+y1—g. lfag =r(g+x1)—rg, then take by =r(g+x1+y1) —r(g+ z1).
If a1 = x1 — x9, then we take by = y; — yo. In either case, we have by € Y and
a1 +b € (Z;_, U Z;—l UZ?_ 1)+ Q=7+ Q. Thus S(k) is true. [ |

Lemma 3.4. Let Q C L; C K;, fori = 1,2 be ideals of G such that K1NKs = (2.
Then L; <g K;, for i =1,2 if and only if L1 + Ly <§ K1 + K».

Proof. Assume that L; < K;, for i = 1,2. Write Ay = L1 + Ky and Ay =
Ki + Ly. Clearly, since Ly Q Q and Lo SZ Q and Ky SZ Q, we have A1 =
Ly + Ky ¢ Q. Now to show A; <§ Kj + Kj. Let a € Ky + Ky such that
a ¢ Q, then a = ki + kg, for some k; € Ki,k2 € Ky and (a) € Q. If ky € Q,
then a = k1 + ko € Q+ Ky C Ly + Ky = Ay. Therefore, (a) C Aj, implies
(@) NA = (a) € Q. If ky ¢ Q, then since L1 <§ Ki, and (k1) C Kj, we get
LN (k1) € Q. Then there exists xy € L1 N (k1) such that z; ¢ Q. Since z1 € (k1),
by Lemma 3.3, there exists x9 € (ko) such that x1 422 € (k1 + ko) +Q = (a) + Q.
Clearly, since z1 ¢ ), we have z1 + x2 ¢ Q. This shows that x1 + 22 € (a). Also,
x1 +xo € L1 + Ko = Ay, implies x1 + 2 € (a) N Ay, but 21 + 29 ¢ Q. Therefore,
(a) N Ay € Q, shows that A; <§ K + Ks. Similarly, Ay <§ K; + K. Then by
Lemma 3.2(1), we have A; N Ay <§ K1+ K. Now to show Lj+ Ly = A; N Ay, let
x € A1NAs. Then x = l1 + ko = k1 + 1o, implies I + ko = k1 +1s. Now —k1+11 =
lo—ky € (K1+L1)Q(K2+L2) = K1NKy = Q. Therefore, —k1+1; = lo—ky = w for
some w € Q. Now kg =ly—w € Ly+€) = Lo. Hence x = 1 + ko € L1+ Lo, shows
that AjNAs C Li+Lo. Also, L1+Ly C L1+Ky = Ajand L1+ Ly C K1+ Lo = Ao,
implies L1+ Ly € A1NAy. Therefore, L1+Lo = AiNAy <G K1+ K. Conversely,
suppose that L; + Lo <§ Ki+ K3 and Ly ﬁ& K. Then there exists an ideal A of
G such that A C G, LiNA C Q but A ¢ Q. Now we show that (L1 +Ly)NA C Q.
Let © € (L1 4+ Lo) N A. Then x = 1; + Iy, for some z € A, [y € Ly, ls € Ly. Now
lo=-li+xze(Li+A)NLy C KyNKy=Q C Ly. Therefore, s € L. Hence
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x =11+l € L1NACQ, which shows that, (L1 + La) N A C €, a contradiction.
Hence L; <§ K;. In a similar way, we will get Lo <§ K>. [ ]

Corollary 3.1. Let @ C H; C G; for i =1 to n such that ();_y G; = Q. Then
Som Hy <630 Giif and only if Hy <§ Gy, 1 <i<n.

Proof. By using Lemma 3.4 and induction on n. [ |

Proposition 3.2. Let Q be a proper ideal of G. If G has Q-FGD, then there
exist Q-uniform ideals Q C H;, 1 < i < n, such that their sum is Q-direct and
Q-essential in G (in this case, we denote as Hy @ --- @ H,, <& G). The integer
‘n’ is independent of Q-uniform ideals (the relative dimension of G with respect
to Q, and we write dimq(G) = n).

Proof. Suppose G has Q-uniform ideals Hy, Hs, ..., H, such that its sum is Q-
direct and 2?21 H; < G. Let K1, K>, ..., K,, beideals of G such that K; SZ Q,
and Y ;" K; is Q-direct. Now to show m < n, first we show that if L is an ideal
of G such that LNH; ¢ Q for all ¢, then L <§, G. Suppose LNH; ¢ Q. Since H; is
Q-uniform, by definition, every ideal contained in H; is Q-essential. In particular,
L N H; is an ideal contained in H; and so L N H; <& H;. Now by Lemma 3.4,
ZZZI(L NH;) <G> r, H, and since Y | H; Sg G, b%/ Lemma 3.2(2), we have
Yo (LN H;) <G G. Again by Lemma 3.2(2), since ) ;" (LN H;) € L C G and
Yo (LNH;) <§ G, we get L <§ G. Now if > ", K; <§ G, then since > ", K;
is Q-direct, we have > "o K; N K1 C Q, but K7 ¢ €, a contradiction. Hence
Yoy Ki 48 G. So there exists an j € {1,2,...,n} such that >", K; N H; C Q,
and H; ¢ Q. Suppose j = 1. Then ) ", K; N Hy C , which shows that
Sty K + Hy is Q-direct. Again, since Hy + Y 1o K; £8 G, there exists j €
{2,...,n} such that >."" . K; + H; C Q, and H; ¢ Q, say j = 2, which implies
that > "o K; + Hy + Hy is Q-direct. Continuing this process, we get m < n.
Hence G has Q-FGD. [

Remark 3.1. If an ideal H of G is Q-uniform, then dimq(H) = 1.

Example 3.1. Let R = (Zayg, +24,24) and G = R. Consider the ideals H; = (8),
H2 = <1_2>, Hg = <Z>, H4 = <€>, H5 = <§>, H@ = <§> Take Q2 = H4. Then G has
OQ-FGD, and Q-dim 2, but G has no FGD.

Example 3.2. Consider (R = (Zg X Zg X Z3),+,-) given in (Sonata [1] 12/2,
1) and G = R. The ideals of G are H; = {0,3}, Hy = {0,6}, H3 = {0,9},
Hy = {0,3,6,9), Hs = {0,2,4}, He = {0,1,2,3,4,5}, H; = {0,2,4,6,8,10},
Hg ={0,2,4,7,9,11}. Take Q = Hs. Then G has Q-FGD with Q-dim 2, but G
has no FGD.
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Example 3.3. Let R = < (8 ng) , +pn, -pn>, where p is prime and n € Z™.
Here R non-commutative matrix ring and let G = R. Now G is considered as
0 p”an

an R-group. The ideals of G are H; = n € Z* 5. Consider

0 0
H = H, 1 and Q = H;y. Then, H; <{ H;;1, for all i« > 2. Therefore, H has
QO-FGD.

Definition 3.2. Let H be an ideal of G. An ideal H' of G is called a relative
complement of H if there exists a proper ideal Q of G such that H’ is maximal
with respect to H N H' C Q. In this case, we call H' as Q2-complement of H.

If @ = (0), then the Q-complement corresponds to just the complement
defined in [18].

Lemma 3.5. Let A and Q (proper) be ideals of G. If B C Q is the maximal
among the ideals of G with AN B C Q, then A® B <§ G and B is an -
complement of A.

Proof. It is sufficient to show the 2-essentiality. Suppose D is an ideal of G such
that (A+B)ND C Q. To show, D C , first we show that AN(B+D) C Q. For if
AN(B+D) ¢ Q, there exists a € AN(B+D), but a ¢ Q. Then a = b+d, for some
a€A,be Bandde D,buta¢ Q. Thend=a—-be (A+ B)ND C Q. Also,
be B CQQ, implies a = b+ d € , a contradiction. Therefore, AN (B + D) C Q.
Now by maximality of B, we have B + D = B, shows that D C B C A+ B.
Hence D = (A+ B)ND C ), proves A® B <§ G. ]

Lemma 3.6. Let ) be a proper ideal of G. If H and K are ideals of G with
HNK CQ, then dimo(H + K)=dimq(H)+dimq(K).

Proof. Suppose dimq(H) =t and dimq(K) = s. Then, there exist 2-uniform
ideals Aq,...,A; of H such that A1 + Ay + --- + A; is Q-direct and Q-essential
in H. Similarly, there exist Q-uniform ideals Bi,...,Bs of K such that By +
By + -+ - 4+ By is Q-direct and Q-essential in K. Since HN K C Q, A1 + Ay +
~o++ Ay + By + By + - -+ + By is Q-direct in H + K. By Corollary 3.1, we have
Ai+As+- -+ A+ Bi1+Bo+- - -+ By <G H+ K. Therefore, dimo(H+K) =t+s.
Hence dimq(H + K)=dimq(H) + dimq(K). ]

Corollary 3.2. If Ay,..., A, are ideals of G, then
dimo(A1 ® Ay @ --- D Ay) = dimg(Ar) + -+ + dimq(A4,).
Proof. Follows from Lemma 3.6 and the mathematical induction. [ |

Theorem 3.1. Let Q be a proper ideal of G and dimq(G) = n. Then for any
ideal H of G, H <§, G if and only if dimq(H) = dimgq(G).
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Proof. Suppose H <§, G and dimq(H) = n. Then there exist Q-uniform ideals
Aq,..., A, of H such that A1 + Ay + --- + A, is Q-direct and (-essential in
H. Now, Ay Ay @ --- @ A, < H and H <§, G, implies by Lemma 3.2(2),
Al @A ® - @ A, < G. Therefore, dimq(G) = n, shows that dimq(G) =
dimgq(H). Conversely, suppose dimq(H) = dimq(G) = n. Then there exist
Q-uniform ideals Aq1,..., A, of H such that A; + Ay + --- + A, is Q-direct and
Q-essential in H. If Ay Ay @---® A, £§ G, we can get an Q-unform ideal A,, 11
of G such that A; + As + -+ A, + Apy1 is Q-direct. Then dimq(G) >n+1, a
contradiction. So, Ay @Ay ®--- DA, <G G. Since Ay Ay @--- DA, CHCG,
we get H <§ G. [

The proof of the following corollary is straightforward.

Corollary 3.3. Let Q be a proper ideal of G and dimq(G) = n. Then for any
ideal H of G, dimq(H) = dimq(G) if and only if H contains an Q-direct sum of

n Q-uniform ideals.

Lemma 3.7. Let Q be a proper ideal of G. If G has Q-FGD and H an ideal
of G with dimq(H) < dimq(G). Then there exist Q-uniform ideals Ay, ..., Ay
such that H + A1 + -+ + Ay, is Q-direct and Q-essential in G. Moreover, k =
dimq(G) — dimq(H).

Proof. Since dimq(H) < dimq(G), by Theorem 3.1, H £§ G. Write
B={K:HNK CQ, where K is an ideal of G}.

By Zorn’s lemma, there is an ideal H' which is maximal with respect to HNH' C
Q. Then by Lemma 3.5, H® H' <§ G. Let k = dimq(H’). Now there exist
Q-uniform ideals Aq, ..., Ay such that A & --- & A, <§ H'. By Corollary 3.1,
we have HH A1 @ --- ® A <{ Ho H'.

By Lemma 3.2(2), we have

HoA @ - @A, <§G.
Then by Corollary 3.2 and Theorem 3.1,

dimq (G ) = dzmQ(H A DD Ag)
= dimq(H) 4+ dimq(A1) + - - - + dimq(Ag), by Corollary 3.2
= dimq(H) + k, since each A; is Q-uniform, dimgq(4;) = 1.

Therefore, k = dimq(G) — dimq(H). ]

Theorem 3.2. Suppose G has Q-FGD and K1, Ky are ideals of G such that
K = Ky N Ky is an Q-complement, contained in Q. Then dimq (K1 + K3) =
diTTLQ(Kl) + dimQ(Kg) — dimQ(IC).
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Proof. Let A be an Q-complement of K in K; and B an Q-complement of K
in Ko. Then by Lemma 3.5, A ® K < K; and B @ K < K. To show
(A+K)/ <& Ki/i, let T/k be an ideal of G/k, contained in Ki/k such that
A+K)/kNT/k C 2/, where K is contained in 7.
Then
(A+K)NT)kxk = (A+K) kN T/ C Qk,

implies (A + K)NT C Q. Since A ® K <§ K, we get T C Q. Hence T/k C 9k,
shows that (A+K)/kx < <5 Kk In a Slmllar way, we get (B+K) /i < <5, e/
Since
KifxNK:zfic = (KN K2) fix C QY

we have
(A+B+K)/kx = (A+K)/kx + (B+K)/k S?Z/;c Kifk + Ka o = (K + Ka2) Jc.

First we show that A + B + K <& K; + K,. Let I be an ideal of G such
that (A+ B+ K)NI C Q. Let x + K € (A+B+K)/x) N (I+K)/k). Now
z+K =a+b+K =y+Kforsomea € A,b€ B, andy € I. Then (a+b)—y =k
for some k € K. Soy=(a+b)—ke€ A+ B+ K, hencey € (A+B+K)NI C Q.
Now z + K =y + K € ©/c. Therefore,

(A+B+K)/c) N (T+0)/k) C Yx.

Since (A+B+K)/k <& (Ki+ K2) /i, we have (I +K)/k C Q/k, implies that I C
I+ K C Q. Therefore, A+ B + K <g K1 + Ko.

To prove A+ B+ K is Q-direct, first we show that (A + B)NK C Q. If not,
there exist a € A,b € B and k € K such that k =a+ b ¢ Q, impliesa=k —b €
KiNnKy =K. Hencea e ANK C Q. Also,b=—-a+kec KINKCKiNKy, =K,
implies b € BNK C Q. Then, k =a+b € Q+Q C Q, a contradiction. Therefore,
(A+B)NnK CQ.

In a similar way we obtain AN (B +K) C Q and BN (A + K) C Q, which
shows that

(A® BoK) <G K1 + K».

Therefore,

dimq (K + K3) = dimq(A® B @ K), ( Theorem 3.1)
= dimq(A) + dimq(B) + dimq(K), (Corollary 3.2)
= (dimq (K1) — dimq(K)) + (dimq(K2) — dimq(K)) + dima(K)

= d’LmQ(Kl) + d’LmQ(KQ) — dimgq (/C) -
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4. CONCLUSION

We have obtained (2-dimension of sum of two ideals of an R-group, which is a
generalization of sum of two subspaces of a finite dimensional vector space. This
has been a significant attempt due to non-linearity in R-group. One can obtain
spanning (or dualizing) dimensional aspects of R-groups. As an application,
further one can extend the possible results on finite Goldie dimension in terms of
join independent sets in a lattice, as defined by the authors in [17].
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