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Abstract

The concept of o-filters is introduced in commutative B FE-algebras and
some properties of these classes of filters are studied. Some equivalent con-
ditions are derived for every filter of a commutative B F-algebra to become a
o-filter. Some necessary and sufficient conditions are given for every regular
filter of a commutative B FE-algebra to become a o-filter. A set of equivalent
conditions is given for the class of all o-filters of a commutative B F-algebra
to become a sublattice to the lattice of all filters.

Keywords: commutative BF-algebra, dual annihilator filter, prime filter,
o-filter, regular filter, O-filter.

2020 Mathematics Subject Classification: 03G25.

INTRODUCTION

The notion of BFE-algebras was introduced and extensively studied by Kim and
Kim in [5]. These classes of BE-algebras were introduced as a generalization of
the class of BC'K-algebras of Iseki and Tanaka [4]. Some properties of filters of
BE-algebras were studied by Ahn and Kim in [1] and by Meng in [6]. In [12], Wal-
endziak discussed some significant properties of commutative BFE-algebras. He
also investigated the relationship between B FE-algebras, implicative algebras and
J-algebras. In [6], Meng introduced the notion of prime filters in BC K-algebras,
and then gave a description of the filter generated by a set, and obtained some
of fundamental properties of prime filters. In [4], some properties of prime ideals
are investigated in BC K-algebras. In [8], the author studied some properties of
prime filters in BF-algebras. In this paper, the author extensively studied the
algebraic as well as the topological properties of prime filters of commutative
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BE-algebras. In [9], the authors introduced the notion of dual annihilators of
commutative BF-algebra and studied extensively the properties of these dual
annihilators. In 2020, the authors introduced the notions of regular filters [10]
and O-filters [11] in commutative B E-algebras and the interconnection between
those two special classes of filters is studied.

In this paper, the concept of o-filters is introduced in commutative BE-
algebras and their properties are studied analogous to that in a distributive lat-
tice [3]. A set of equivalent conditions is given for every filter of a commutative
BE-algebra to become a o-filter. It is observed that every o-filter of a commu-
tative BE-algebra is a regular filter but not the converse in general. However,
some equivalent conditions are proved for every regular filter of a commutative
BE-algebra to become a o-filter. It is also observed that every O-filter of a com-
mutative B F-algebra is a o-filter but not the converse in general. Some necessary
and sufficient conditions are given for every o-filter of a commutative B F-algebra
to become an O-filter. Some equivalent conditions are given to prove that the
class of all o-filters of a commutative B F-algebra to become a sublattice to the
lattice of all filters of a commutative B FE-algebra.

1. PRELIMINARIES

In this section, we present certain definitions and results which are taken mostly
from the papers [1, 5, 9, 10], and [11] for the ready reference of the reader.

Definition 1.1 [5]. An algebra (X, *, 1) of type (2,0) is called a BE-algebra if
it satisfies the following properties:
(1) z*xz =1,

(2)
(3) 1xz ==z,
(4) zx(y*2)=yx*(xx2) foral z,y,z € X.

A BE-algebra X is called self-distributive if = % (y * 2) = (x * y) % (x * z) for
all x,y,z € X. A BE-algebra X is called transitive if y x z < (z % y) * (z * z) for
all z,y,z € X. A BFE-algebra X is called commutative if (x xy) xy = (y*z) xx
for all x,y € X. Every commutative BFE-algebra is transitive. For any x,y € X,
define z Vy = (y*xx) x x. If X is commutative then (X, V) is a semilattice [12].
We introduce a relation < on a BFE-algebra X by x < y if and only if x xy =1
for all z,y € X. Clearly < is reflexive. If X is commutative, then < is transitive,
anti-symmetric and hence a partial order on X.

Theorem 1.2 [5]. Let X be a transitive BE-algebra and x,y,z € X. Then
(1) 1 <z implies x =1,
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2 <zimpliesxxy<x*xzandzxx <yx*x.
(2) y p Y Y

Definition 1.3 [1]. A non-empty subset F' of a BE-algebra X is called a filter
of X if, for all x,y € X, it satisfies the following properties:

(1) 1eF,

(2) z € F and z xy € F imply that y € F.

For any non-empty subset A of a transitive BFE-algebra X, the set (A) = {z €
X | apx(ag* (- % (ap xx)---)) = 1 for some ay,aq,...a, € A} is the smallest
filter containing A. For any a € X, (a) = {x € X | a" xx = 1 for some n € N},
where a"xx = ax*(ax(---*x(axx)---)) with the repetition of a is n times, is called
the principal filter generated a. Let F' be a filter of a transitive BFE-algebra and
a € X, then (FU{a}) ={z € X | a”xx =1 for some n € N}. A proper filter P
of a BFE-algebra is called prime [8] if FNG C P implies F € P or G € P for any
two proper filters F, G of X. A proper filter P of a BE-algebra is called prime [8]
if (x) N (y) C P implies © € P or y € P for any z,y € X. A proper filter M of a
transitive B E-algebra X is called maximal if there exist no proper filters () such
that M C Q. “Every maximal filter of a commutative BFE-algebra is prime”.

Theorem 1.4 [8]. Let F' and G be two filters of a transitive BE-algebra X. Then
FVvG={reX|ax(bxz)=1 for somea € F,be G}

is the supremum of F' and G. Hence the set F(X) of all filters of X is a lattice.

Lemma 1.5 [9]. Let X be a commutative BE-algebra. Then for any x,y,a € X
(1) yxz<(zxz)x*(y*x),
(2) (xxy)Va<(zVa)x*(yVa).

For any non-empty subset A of a BFE-algebra X, the dual annihilator [9] of
A is defined as AT = {x € X | zVa =1 for all a € A}. In a commutative
BE-algebra X, the set AT forms a filter of X such that AN AT = {1}. In case of

A = {a}, we have (a)" ={z € X | aVz =1}. For a € X, the set (a)* is called
the dual annulet of a. Clearly X = {1} and {1}* = X.

Proposition 1.6 [9]. Let X be a commutative BE-algebra and () # A,B C X.
Then

(1) if AC B, then BT C AT,

(2) AC AT,

(3) At = At++,

Proposition 1.7 [9]. Let F' and G be two filters of a commutative BE-algebra
X. Then
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(1) FNG = {1} if and only if F C G,
(2) (FVG)r=FtNnGt,
3) (FNG)*T =FttNnG*t.

Proposition 1.8 [9]. Let X be a commutative BE-algebra and a,b € X. Then
we have

(1) {a) € (a)*F,

(2) a < b implies (a)t C (b)T,

(3) a € (b)tt implies (b)* C (a)™.

A filter F of a commutative BFE-algebra X is called a dual annihilator filter
[9] if F = F*tt. A filter F of a commutative BFE-algebra X is called a regular
filter [10] if (z)*" C F whenever x € F. A filter F of a commutative BE-algebra
X is called an O-filter [11] if F = O(S) for some V-closed subset S of X, where
OS)={z e X |xVs=1for some s € S}. Every O-filter of a commutative
BE-algebra is a regular filter.

2. O0-FILTERS OF BFE-ALGEBRAS

In this section, the concept of o-filters is introduced in commutative B E-algebras.
Some properties of o-filters are proved. A set of equivalent conditions is given
for every prime filter of a commutative B FE-algebra to become a o-filter. Inter-
connections among o-filters, regular filters, O-filters of commutative B FE-algebras
are established.

Lemma 2.1. Let X be a commutative BE-algebra. For any x,y € X, we have
(1) (@) N(z=y)" < @),

(2) (@vy) ™=@ N,

(3) (@)" N (y)* = {1} if and only if (x)* C (y)™,

(4) @ € (y)" if and only if (x)*F C (y)*.

Proof. (1) Let a € (z)" N(zx*y)*. ThenzVa=1and (z*y)Va=1. Hence

1= (z*xy)Va

< (zVa)x(yVa) by Lemma 1.5(2)
1*(yVa)
yVa

which means y V a = 1. Hence a € (y)*. Therefore (z)" N (zxy) C (y)*.
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(2) Let z,y € X. Since z,y < x Vy, we get (x)*,(y)T C (zVy)t. Hence
(xVy)tt C(x)*F, (y)™F. Thus (zVy)tT C (2)" N (y)TF. Conversely, let a €
()™t N(y)*t+. Suppose b € (xVy)* be an arbitrary element. Since b € (zVy)™,
we get

bV(zVy)=1=bvze(y"
=aVbVvr=1 since a € (y)*"
= aVbe (z)t
= aV(avb)=1 sinceac (z)""
= aVvb=1 forallbe (zVvy)"

which means that a € (z V y)™". Therefore (z)*+ N (y)*+ C (z vy)*Tt.

(3) Let z,y € X. Assume that ()TN (y)" = {1}. Leta € (z)". Let b € (y)*
be any element. Then, we get that aVVb € (x)" N (y)* = {1}. Hence a € (b)™ for
all b € (y)T. Therefore a € (y)™", which gives that ()™ C (y)*. Conversely,
suppose that ()™ C (y)*. Then (x)" N (y)*" C (y)* N (y)* = {1}. Therefore
(o) 0 )+ = (1),

(4) Let z,y € X. Suppose x € (y)*. Then xVy = 1. Hence (z)TtN(y)t*+ =
(xVy)Tt = (1)*+ = {1}. Thus by (3), we get ()™ C (y)™*+ = (y)*. Converse
is clear. ]

Definition 2.2. For any prime filter P of a commutative BFE-algebra X, define
O(P) = {z € X | ()" ¢ P}.

Proposition 2.3. For any prime filter P of a commutative BE-algebra X, the
set O(P) is a filter of X such that O(P) C P.

Proof. Clearly 1 € O(P). Suppose z,z xy € O(P). Then (z)T ¢ P and
(z*y)t € P. Since P is prime, we get ()t N (zxy)" ¢ P. By Lemma 2.1(1),
we get (y)© ¢ P. Hence y € O(P). Therefore O(P) is a filter of X. Again, let
z € O(P). Then (z)* ¢ P. Then there exists y € (z)* such that y ¢ P. Since
y € (z)*, we get zVy = 1. Hence (2)TTN(y)*" = (zvy)tt = {1}t+ = {1} C P.
Since P is prime, we get ()™ C P or (y)™" C P. Suppose (y)™" C P. Since
y € (y)tt, we get y € P which is a contradiction. Hence (z)™* C P, which
means x € P. Therefore O(P) C P. ]

Definition 2.4. Let X be a commutative BFE-algebra. For any filter F' of X,
define

oF)={zeX | (x)TVF =X}

Clearly o(X) = X. For F = {1}, obviously we get o({1}) = {1}.
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Lemma 2.5. For any filter F' of a commutative BE-algebra X, o(F) is a filter
of X.

Proof. Clearly 1 € o(F). Let z,z xy € o(F). Then ()" VF = X and
(xxy)T VF = X. Hence

X=XnX
{@FVvFn{(z*y)" Vv F}
{(= ) (w*y) JVE

()"

which gives (y)* vV F = X. Hence y € o(F). Therefore o(F) is a filter of X. m

N

In the following result, some elementary properties of o(F') are derived.

Lemma 2.6. For any two filters F,G of a commutative BE-algebra X, we have
(1) o(F) CF,

(2) F CG implies o(F) C 0(Q),
(3) o(FNG) = o(F)Nno(G),
(4) o(F)Vo(G) C o(FVAQ).

Proof. (1) Let x € o(F). Then (x)* vV F = X. Hence a* (b*x) = 1 for some
a € (x)t and b € F. Since a € (z)", we get (axx)*z =aVz =1. Since X is
commutative, we get 1 = ax(bxx) = bx(axz) < ((axx)*x)*(bxx) = Lx(bxx) = bxx.
Hence b x x = 1, which gives b < x. Since b € F and F is a filter, it concludes
that € F. Therefore o(F) C F.

(2) Suppose FF C G. Let # € o(F). Then X = ()" VF C (z)* vV G.
Therefore z € o(G).

(3) Clearly o(FNG) C o(F)No(G). Conversely, let z € o(F)No(G). Then
(x)" VF = ()T VG =X. Now ()" V(FNG)={(x)* VF}In{(x)T VG} =
XNX = X. Hence x € o(FNG). Thus o(F)No(G) C o(F NG). Therefore
o(FNG)=0(F)No(G).

(4) By (2), it is obvious. ]

Proposition 2.7. Let P be a proper filter of a commutative BE-algebra X. Then
(1) if P is prime, then o(P) C O(P),

(2) if P is mazimal, then o(P) = O(P).

Proof. (1) Let € o(P). Then ()" V P = X. Suppose that (z)* C P. Then

we get P = X, which is a contradiction. Hence (z)" ¢ P. Thus z € O(P).
Therefore o(P) C O(P).
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(2) Since every maximal filter is prime, we get o(P) C O(P). Conversely, let
z € O(P). Then aVz = 1 for some a ¢ P. Thus there exists a € (z)* and a ¢ P.
Hence ()™ ¢ P. Since P is maximal, we get (z)T V P = X. Thus z € o(P).
Therefore o(P) = O(P). ]

Definition 2.8. A filter F' of a BE-algebra X is called a o- filter if F' = o(F).

Clearly the improper filters {1} and X are trivial o-filters of X. In the
following, we observe a non-trivial example for o-filters of a B FE-algebra.

Example 2.9. Let X = {a,b,c,d, 1} be a set. Define a binary operation * on X

as
*x|1 a b ¢ d Vil a b ¢ d
111 a b ¢ d 11 1 1 1 1
all 1 1 1 d all a b ¢ 1
bll ¢ 1 ¢ d b1 b b 1 1
cll b b 1 d c|ll ¢ 1 ¢ 1
dll a b ¢ 1 dil1 1 1 ¢ 1

Clearly (X, *,V,1) is a commutative BFE-algebra. Consider the filter F' = {1, a,
b,c}. It can be easily verified that (a)™ = {1,d}, (b)" = {1,¢,d}, ()t = {1,b,d}
and (d)™ = {1,a,b,c}. Clearly (1)*VF = X. Observe that (a)*VF = (b)*VF =
()" VF =X. Thus o(F) = {1,a,b,c} = F. Therefore F is a o-filter of X.

It is observed that a proper o-filter of a commutative BFE-algebra contains
no dual dense elements (an element x of a commutative B E-algebra is called dual
dense if (z)* = {1}) and the converse is not true. For this, consider the following
example.

Example 2.10. Let X = {1,a,b,c,d} be a set. Define a binary operation % on
X as

*x|1 a b ¢ d *x11 a b ¢ d
11 a b ¢ d 111 1 1 1 1
all 1 a ¢ d all a a 1 1
b1 1 1 ¢ d bl1l a b 1 1
c|ll a b 1 d c|ll 1 1 ¢ 1
dll a b ¢ 1 dil 1 1 1 d

Clearly (X,*,V,1) is a commutative BFE-algebra. Now (a)™ = {1,¢,d}; (b)" =
{1,¢,d}; ()t ={1,a,b,d} and (d)* = {1,a,b,d}. Consider the filter F' = {1,d}
of X which is not containing dual dense elements. Hence (a)* V F = (b))t V F =
{1,¢,d}, (¢)T VF = F and (d)* VF = F. Thus o(F) = {1}. Therefore F is not
a o-filter of X.
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Theorem 2.11. Following assertions are equivalent in a commutative BE-al-
gebra X :

(1) every filter is a o-filter;
(2) every prime filter is a o-filter;
(3) for every prime filter P, O(P) = P.

Proof. (1) = (2): It is clear.

(2) = (3): Assume that every prime filter is a o-filter. Let P be a prime
filter of X. Since P is proper, there exists ¢ € X such that ¢ ¢ P. Since by
(2), P is a o-filter of X, we have o(P) = P. Clearly O(P) C P. Conversely, let
x € P=0(P). Then ()T V P = X. Since c € X, we get ¢ € ()" V P. Then
ax* (bxc) =1 for some a € (x)" and b € P. Hence a < b* c. Suppose a € P.
Then b c € P. Since b € P, we get ¢ € P, which is a contradiction. Thus
a ¢ P. Hence aVx =1 for some a ¢ P. Therefore x € O(P), which gives that
P =0(P).

(3) = (1): Assume that O(P) = P for every prime filter of X. Let F be
an arbitrary filter of X. By Lemma 2.6(1), o(F) C F. Conversely, let = € F.
Suppose (z)TVF # X. Then there exists a maximal filter P such that (z)*VF C
P. Since every maximal filter is prime, we get that P is prime. Hence (z)* C P
and F C P. Since (z)T C P, we get that © ¢ O(P) = P. Since x € F, we get
x € P which is a contradiction. Hence (z)* V F = X. Therefore F is a o-filter
of X. ]

In [10], the class of all regular filters of a commutative BE-algebra X is
characterized in terms of dual annihilators. In the following theorem, it is proved
that the class of all regular filters of X contains properly the class of all o-filters
of X.

Proposition 2.12. Fvery o-filter of a commutative BE-algebra is a regular filter.

Proof. Let F be a o-filter of a commutative BE-algebra X. Then o(F) = F.
Let z € F. Then (x)* VF = X. Now, let ¢t € (x)*". Then, by Proposition
1.8(3), ()™ C ()*. Hence X = (z)*"VF C (t)* VF. Thus t € o(F) = F. Thus
(x)™* C F. Therefore F is a regular filter of X. ]

The converse of the above proposition is not true, i.e., every regular filter of
a commutative B FE-algebra need not be a o-filter. Indeed, consider Example 2.9.
Here, F' = {1,d} is clearly a regular filter, because (d)™" C F. But F is not a
o-filter of X, because of (d)™ V F' # X. However, some equivalent conditions are
given for every regular filter of a commutative B FE-algebra to become a o-filter.

Theorem 2.13. Following assertions are equivalent in a commutative BE-al-
gebra X :
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1)
2) every dual annihilator filter is a o-filter;
3) for each x € X, (x)™F is a o-filter;
4) for each z € X, (z)* V (z)™ = X.

(1) every regular filter is a o-filter;
(
(
(

Proof. (1) = (2): Since every dual annihilator filter is a regular filter, it is clear.

(2) = (3): Since each (z)™T is a dual annihilator filter, it is clear.

(3) = (4): Assume the statement (3). Let z € X. Since ()™ is a o-
filter of X, we get ()™ = o((z)*"). Clearly z € ()™ = o((z)*"). Hence
()T VvV ()Tt = X.

(4) = (1): Assume that (z)" Vv (x)*™" = X for each z € X. Let F be a
regular filter of X. Clearly o(F) C F. Conversely, let € F. Since F' is a regular
filter, we get (z)*+ C F. Hence X = (x)* V ()™ C (z)" V F. Thus z € o(F).
Therefore F' is a o-filter of X. ]

Recall that a filter F' of a commutative BF-algebra X is called an O-filter if
F = O(S) for some V-closed subset S of X. In [11], authors studied the properties
of O-filters and proved that every O-filter of a self-distributive and commutative
BFE-algebra is the intersection of all minimal prime filters containing it. In the
following result, it is proved that the class of all o-filters of a commutative BFE-
algebra X is properly contained in the class of all O-filters of X.

Theorem 2.14. Suppose X is a commutative BE-algebra with a dual-dense el-
ement (i.e., (x)T = {1}). Then every o-filter of X is an O-filter.

Proof. Let F be a o-filter of X. Then o(F) = F. Consider the set S = { z €
X | (#)™ VF = X }. It can be easily verified, by using Lemma 2.1(2), that S
is a V-closed subset of X. We now show that F' = O(S). Let z € O(S). Then
xVy=1 for some y € S. Now

rVy=1=ye (z)"

= (y)™ C (2)* by Lemma 2.1(4)
= X=(@) """ VFC(x)TVF sinceyeS
=zxe€o(F)=F since F is a o-filter

which concludes that O(S) C F. Conversely, let © € F = o(F) and d a dual-
dense element of X. Then (z)" V o(F) = X. Therefore d € (z)* V o(F). Hence
a*(bxd) =1 for some a € ()T and b € o(F). ThusaVz =1and (b)TVF = X.
Now

ax(bxd)=1=a<bxd
= (a)" C (bxd)"
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= (a)"N®)TCB)TN(Bxd)T

= (a)tn®)T C (@t ={1} by Lemma 2.1(1)
= )t C (o)™ by Lemma 2.1(3)
= X=0B"VFC(a)""VF sincebc o(F)
=a€cS and aVer=1

= z € 0(9)

which gives F' = o(F) C O(S). Hence F' = O(S). Therefore F' is an O-filter
of X. -

The converse of the above theorem is not true, i.e., every O-filter of a com-
mutative B F-algebra need not be a o-filter. For, consider the following example.

Example 2.15. Let X = {1,a,b,c} be a set. Define a binary operation * on X

as
*‘1abc v‘labc
111 a b c 111 1 1 1
all 1 a c all a a 1
b1 1 1 ¢ bl a b 1
cll a b 1 cll 1 1 ¢

It can be routinely verified that (X,#,V,1) is a commutative BFE-algebra. Ob-
serve that (a)™ = (b))t = {1,c¢}, and (¢)* = {1,a,b}. Consider the filter
F = {1,c} of X. Clearly S = {a,b} is a V-closed subset of X. It is easy to
observe that F' = O(S). Hence F is an O-filter of X. Now o(F) = {1} C F.
Therefore F' is not a o-filter of X.

Lemma 2.16. In a commutative BE-algebra, every dual annulet is an O-filter.

Proof. Let X be a commutative BE-algebra and a € X. Consider [a] = {z €
X |z <a}. Let z,y € [a]. Then x < a and y < a. Since X is commutative,
it is partially ordered. Hence x V y < a, which gives that z V y € [a]. Therefore
[a] is a V-closed subset of X. We now show that (a)™ = O([a]). Let = € (a)™.
Then aVz = 1 and a € [a]. Hence z € O([a]), which gives that (a)* C O([a]).
Conversely, let € O([a]). Then 2 Vy = 1 for some y € [a]. Since y € [a], we get
y <a. Hence l =2 Vy < xVa. Thusz € (a)". Hence O([a]) C (a)*. Therefore
(a)T is an O-filter of X. |

Theorem 2.17. Following assertions are equivalent in a commutative BE-al-
gebra X :

(1) every O-filter is a o-filter;

(2) each dual annulet is a o-filter;
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(3) for any x,y € X, xVy =1 implies ()t Vv (y)* = X.

Proof. (1) = (2): Since each dual annulet is an O-filter, it is clear.

(2) = (3): Assume that each dual annulet is a o-filter of X. Let 2,y € X be
such that x Vy = 1. Hence z € (y)*. By (2), we get that (y)* is a o-filter of X.
Hence x € (y)* = o((y)™). Thus we get (z)* V (y)* = X. Therefore, condition
(3) is proved.

(3) = (1): Assume that condition (3) holds. Let F' be an O-filter of X. Then
F = O(S) for some V-closed subset S of X. Clearly o(F) C F. We claim that
O(S) C o(F). Now

z€0(S) = xVvVy=1 forsomey e S

= (@) V()T =X by (3)
= X=@" Vv C@)TVvo(S) sinceyes
=z €0(0(9)) =0(F)

Hence O(S) C o(F'), which gives F' = O(S) = o(F'). Therefore F is a o-filter
of X. -

Theorem 2.18. Let P be a prime filter of a commutative BE-algebra X such
that P = O(P). If X satisfies any one assertions of the above theorem, then P
s a o-filter.

Proof. Assume that X satisfies condition (3) of the above theorem. Let P
be a prime filter of X such that P = O(P). By Proposition 2.7(1), we have
o(P) C O(P) = P. Conversely, let x € O(P). Then there exists y ¢ P such that
zVy=1. Since y ¢ O(P), we get (y)* C P. By (3) of the above theorem, we
get that (z)* Vv (y)* = X. Hence X = (z)* Vv (y)* C ()" vV P. Thus z € o(P).
Hence P is a o-filter of X. ]

Let us denote by pu the set of all maximal filters of a BE-algebra X. For any
filter F' of a BE-algebra X, we also denote u(F) ={M € p | F C M}. Since
every maximal filter of a commutative BFE-algebra is prime, by Proposition 2.3,
we conclude that O(M) is a filter such that O(M) C M for every M € p. Then
we have the following result.

Theorem 2.19. For any filter F' of a commutative BE-algebra X,o(F) =
mMEM(F) O(M)

Proof. Let x € o(F) and F C M where M € p. Then X = ()" VF C
(x)* vV M. Suppose (x)* C M, then M = X, which is a contradiction. Hence

t ¢ M. Thusz € O(M) for all M € p(F'). Therefore o(F) C Narepry OM).
Conversely, let 2 € (¢, O(M). Then z € O(M) for all M € p(F). Suppose
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()™ V F # X. Then there exists a maximal filter My such that ()™ vV F C M.
Hence (z)* € My and F C M. Since F' C My, by hypothesis, we get z € O(Mp).
Hence (z)* ¢ My, which is a contradiction. Therefore (z)™ V F = X. Thus
x € o(F). Hence (e ,p) O(M) C o(F). |

From the above theorem, it can be easily observed that o(F) C O(M) for
every M € pu(F). Now, in the following, a set of equivalent conditions is given
for the class of all o-filters of a commutative B E-algebra to become a sublattice
to the lattice F(X) of all filters of the commutative BE-algebra X.

Theorem 2.20. The following assertions are equivalent in a commutative BE-
algebra X :

1) for any M € p, O(M) is mazimal;

(

(2) for any F,G € F(X), FV G = X implies o(F)Vo(G) =X;

(3) for any F,G € F(X), o(F)Vo(G) =0(FVG);

(4) for any two distinct mazximal filters M and N, O(M)V O(N) = X;
(5) for any M € p, M is the unique member of u such that O(M) C M.

Proof. (1) = (2): Assume the condition (1). Then clearly O(M) = M for all
M € p. Let F,G € F(X) be such that F'V G = X. Suppose o(F) V (G) # X.
Then there exists a maximal filter M such that o(F) V o(G) € M. Hence
o(F) C M and o(G) € M. Now

oF)CM= () OM)CM
M;ep(F)
= O(M;) C M for some M; € pu(F) (since M is prime)
= M, C M by condition (1)
= FCM since F' C M;.

Similarly, we can obtain that G € M. Hence X = FV G C M, which is a
contradiction to the maximality of M. Therefore o(F)V o(G) = X.

(2) = (3): Assume the condition (2). Let F,G € F(X). Clearly o(F) V
(@) Co(FVG). Let z € o(FVG). Then {(z)*VF}V{(z)TVG} = (x)"VFVG =
X. Hence by condition (2), we get o((z)* V F) Vo((z)t VG) = X. Thus
r€o((x)TVF)Vao((z)t VG). Hence rx* (s*x) =1 for some r € o((z)T V F)
and s € o((z)" VG). Now

reco((x)"VF) = n)tTv{@xTVvF}=X
= X={rn*Vv@}VFC(rva)TVF
= (rvo)tvF=X
=rVuazeoll).
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Similarly, we can get sV x € o(G). Now, we have the following consequence:

rx(s*xz)=1=r<sx*zx
=rVe<(sxz)Ve<(sVz)*(zVz)
=rVae<(sVz)x(rVz)
=rvVe<(sVz)xx
= (rva)x((svVe)xz)=1

where r Vo € o(F) and sV x € 0(G). Hence x € o(F)V o(G). Thus o(FVG) C
o(F)V o(Q). Therefore o(F)V o(G) =o(FVG).

(3) = (4): Assume the condition (3). Let M, N be two distinct maximal
filters of X. Choose x € M — N and y € N — M. Since x ¢ N, we get
NV (x) = X. Since y ¢ M, we get M V (y) = X. Now

X =o(X)
=o(XVX)
= o({N Vv (@)} V{M Vv (y)})
= o({MV ()} VAN V (y)})
= o(MVN) since x € M and y € N
= o(M)Vao(N) by condition (3)
C O(M)VO(N) by Proposition 2.7(1).

Therefore O(M)V O(N) = X.

(4) = (5): Assume condition (4). Let M € p. Suppose N € p such that
N # M and O(N) C M. Since O(M) C M, by hypothesis, we get X = O(M) Vv
O(N) = M, which is a contradiction. Hence M is the unique maximal filter such
that O(M) C M.

(5) = (1): Let M € p. Suppose O(M) is not maximal. Let M be a
maximal filter of X such that O(M) C My. We have always O(My) C My, which
is a contradiction. [ ]
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