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Abstract

In 1980, U. Faigle introduced a sort of finite geometries on posets that are
in bijective correspondence with finite semimodular lattices. His result has
almost been forgotten in lattice theory. Here we simplify the axiomatization
of these geometries, which we call Faigle geometries. To exemplify their
usefulness, we give a short proof of a theorem of Gratzer and E. Knapp
(2009) asserting that each slim semimodular lattice L has a congruence-
preserving extension to a slim rectangular lattice of the same length as L.
As another application of Faigle geometries, we give a short proof of G.
Grétzer and E.W. Kiss’ result from 1986 (also proved by M. Wild in 1993,
the present author and E.T. Schmidt in 2010, and B. Skublics in 2013) that
each finite semimodular lattice L has an extension to a geometric lattice of
the same length as L.
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1. INTRODUCTION, GOAL, AND MOTIVATION

Although we postpone some of the necessary definitions to later sections, note
that this paper is (intended to be) self-contained for all readers familiar with
the rudiments of lattice theory, and only few new concepts will be introduced or
recalled.

The antecedents of the paper belong to two categories. First, in 1980, Faigle
[9] introduced several versions of geometries on finite posets (that is, on finite
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partially ordered sets) including pregeometries, geometries, and proper geome-
tries. His proper geometries, which we call Faigle geometries, are in bijective
correspondence with finite semimodular lattices. Second, we mention two fa-
mous results on length-preserving embeddings of semimodular lattices. The first
is due to Gréatzer and Kiss [10, Lemma 17], and it was also proved by Wild [18,
Theorem 4|, Czédli and Schmidt [6], and Skublics [16]. The second was proved
by Gréatzer and Knapp [12].

Theorem 1.1 (Grétzer and Kiss [10]). Each finite semimodular lattice has a
length-preserving embedding into a finite geometric lattice.

Theorem 1.2 (Grétzer and Knapp [12]). For each slim semimodular lattice L
with at least three elements there exists a congruence-preserving extension K of
L such that K is a slim rectangular lattice and it is of the same length as L.

Goal. We simplify the axiomatization of Faigle geometries; see Definitions 2.1
and 2.3. We recall a lemma from Wild [18] and give a simple proof for a lemma
taken from Czédli [2]. Finally, as an application of Faigle geometries and the two
lemmas just mentioned, we present a new and short proof for each of Theorems
1.1 and 1.2.

Outline. The rest of this section gives more details of our motivation together
with some bibliographic references. Section 2 contains our definitions and view of
Faigle geometries in a self-contained way; see Definitions 2.1 and 2.3, Theorem 2.5,
and Lemma 2.6. Section 3 states Lemmas 3.1 and 3.2 and proves the second
one. Sections 4 and 5 define some concepts and prove Theorems 1.1 and 1.2,
respectively.

More about our motivation. The bijective correspondence between Faigle ge-
ometries and finite semimodular lattices is important. I fully agree with Quacken-
bush [15] that Faigle’s “work should prove to be useful in the analysis of semimod-
ular lattices.” However, in spite of Quackenbush’s initiative, the above-mentioned
bijective correspondence has hardly been exploited in lattice theory and it has al-
most completely been forgotten by now. This is indicated by a MathSciNet search
“Anywhere=(Faigle and semimodular and geometry)”, which only returned four
matches (not counting those two where “Faigle” only occurs as the reviewer), and
all these four matches are from the period 1980-1986. As a possible reason, we
mention that while defining several variants of combinatorial structures, Faigle [9]
did not simplify the definition of those structures, the Faigle geometries, that we
need here.

As we have already mentioned, Wild [18, Theorem 4] also proves Theorem
1.1. His proof is short but assumes familiarity with matroid theory. As op-
posed to matroids, finite semimodular lattices are in bijective correspondence
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with Faigle geometries. Hence, it seems natural to give a short and self-contained
proof based on these geometries; we do so in Section 4. It is worth mentioning
that, as Wild [18] points out, even a 1973 construction by Crawley and Dil-
worth [1, Theorem 14.1] yields Theorem 1.1; see also the historical comments
in Czédli and Schmidt [6, Section 4] and in Skublics [16, Section 1]. Note
that Skublics [16, Corollary 2| gives a highly nontrivial generalization of The-
orem 1.1 for infinite lattices; his proof is long and involved. Slim semimodular
lattice were introduced by Gréatzer and Knapp [11] in 2007. These lattices are
finite and necessarily planar. Four dozen papers (including the present one) have
been devoted to these lattices and their applications since then; see Czédli and
Griatzer [4], Czédli and Kurusa [5], the “mini-survey” subsection of Czédli [3],
and their references for most of these four dozen papers. For a full list, see
www.math.u-szeged.hu/"czedli/m/listak/publ-psml.pdf. Slim rectangular
lattices were also introduced by Grétzer and Knapp but in another paper, [12].
These lattices play a central role in the theory of planar semimodular lattices;
partly because of Theorem 1.2.

The original proof of Theorem 1.2 as well as those of many other results
on planar semimodular lattices are visual. The advantage of this visual feature
is that lots of results on planar semimodular lattices have been found in a short
time. However, there is some disadvantage, too: visual proofs rely on many earlier
results and the reader often has to look into many earlier papers, including Kelly
and Rival’s fundamental [14], if he wants to really verify these proofs. The proof
of Theorem 1.2 here is algebraic, easy to verify, shorter than the original one,
and we present it in a self-contained paper. Not relying on geometric intuition,
it might be easier to generalize the present proof for higher dimensions in the
future than the earlier one based on planar geometrical tools.

2. FAIGLE GEOMETRIES

Let P be a poset. If X C P such that forany x € X and y € P,y <x =y €
X, then X is a down-set of P. As usual, for u € P, the (principal) down-set
{z € L : 2z < wu} and the the (principal) up-set {x € L : x > u} are denoted by
Ju = |pu and Tu = Tpu, respectively. Also, we denote |pu\{u} by {pu or, if no
ambiguity threatens, by (u. Thinking of the Hasse diagram of P, the notations

pu={xeP:x<u}, lpu={reP:z<u}, fpu:={reP:z>u}

are quite visual; e.g., both |pu and {pu consist of elements below or equal to
u but the double arrow reminds us that |pu consists of elements strictly below
u. Note that it will frequently occur that u belongs to several posets; then the
subscript of the vertical arrow is vital to make it clear that, say, Jpu is a subset

of B.



210 G. CzEDLI

Next, for a set A, a subset 7 of the power set Pow(A) = {X : X C A} of A
is a closure system on A if A € T and T is closed with respect to arbitrary (not
only finitary) intersections. Closure systems are sometimes called Moore families.
With respect to “C”, they are well known to be complete lattices. For X|Y € T,
we denote by X <Y or X <7 Y that Y covers X in T, that is, X C Y but there
isno Z € T such that X C Z C Y. (As it is usual in lattice theory, “X; C Xo”
means the conjunction of “X; C X5” and “X; # X3”.) Our first definition of
Faigle geometries is quite simple. Since this is what we can conveniently use
when studying finite semimodular lattices, we take the liberty to call it “lattice
theoretical”.

Definition 2.1 (A lattice theoretical definition of Faigle geometries). Given a
finite poset P and a subset F of the power set Pow(P) = {X : X C P} of P, the
structure (P, F) is a Faigle Geometry if

(FN) P € F and F is N-closed, that is, for all X, Y € F, we have that XNY € F;

(F]) every member of F is a down-set of P;

(Pr) @ € F and for each u € P, both |pu and |pu belong to F; and

(CP) for any w € P and X € F such that u ¢ X and |pu C X, there exists a
Y € Fsuchthat X <rY andu €Y.

In other words, by a Faigle geometry we mean a pair (P, F) of a finite poset P
and a closure system F on P satisfying (FJ), (Pr), and (CP).

Remark 2.2. Note that “there exists a Y € F” in (CP) can be replaced by
“there exists a unique Y € F”.

Geometries as combinatorial structures are usually defined with the help of
closure operators. Hence, recall that a map f: Pow(A) — Pow(A) is a closure
operator on A if X CY € Pow(A) implies that X C f(X) C f(Y) = f(f(Y)).
There is a well-known bijective correspondence between the set of closure opera-
tors on A and the set of closure systems on A. Namely, the closure operator associ-
ated with a closure system 7 is defined by X — ({Y € 7 : X C Y} while the clo-
sure system corresponding to a closure operator f is {X € Pow(A): f(X) = X}.

Definition 2.3 (Second definition of Faigle geometries). Given a finite poset P
and a set F C Pow(P), the structure (P,F) is a Faigle geometry if, with the
notation

(2.1) clg: Pow(P) — Pow(P), defined by X — ﬂ{Y eF:XCY},

(P, F) satisfies (FN), (F{), (Pr), and
(FEP) for any u,v € Pand S € F,ifu ¢ S, v ¢ S, Ju C S, and v €
clg (SU{u}), then u € clr (SU{v}).
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We are going to show that Definitions 2.1 and 2.3 are equivalent and, fur-
thermore, each of these two definitions defines what Faigle [9] called “proper
geometries”. With reference to a more general class of geometries (and prege-
ometries), Faigle [9] defined “proper geometries” in a more complicated way. We
prefer to call his “proper geometries” as Fuaigle geometries since, from the per-
spective of lattice theory, we consider them the most important structures defined
in Faigle [9].

Instead of recalling Faigle’s definition and explaining directly why ours is
equivalent to his, we are going to restate and prove his theorem as Theorem 2.5
based on Definition 2.3. The reasons of this strategy are the following. First,
this proof makes the paper self-contained and easier to read, especially if the
reader wants to read the proof based on our definition. Second, some notations
occurring in this theorem are needed later. Third, it will automatically follow
from Theorem 2.5 that Definition 2.3 is equivalent to the one in Faigle [9]. Fourth,
the proof is not very long. Fifth, armed with Theorem 2.5, it will be easy to show
that Definitions 2.1 and 2.3 are equivalent.

Note that Stern [17, page 234] gives an account of what Faigle [9] has done and
contains some historical comments. Note also that the notation (FEP), which
was denoted by (GEP) in Faigle [9], comes from “Faigle Exchange Property”.
The acronym (CP) comes from “covering property” while (Pr) about principal
down-sets and their “beheaded versions” reminds us to “principal”. Note also
that, trivially, we can omit the stipulation “u ¢ S” from (FEP) without changing
the concept determined by Definition 2.3.

A lattice L is (upper) semimodular if, for all z,y € L, x ANy < x =y < xVy.
The poset of nonzero join-irreducible elements of L will be denoted by J(L).

Definition 2.4. For a finite semimodular lattice L, we define the Faigle geometry
associated with L as

(2.2) Geom(L) := (J(L),{J(L)Nlx: x € L}); we also denote it by (Pr, FrL).

To ease the notation, clg, (X) in the sense of (FEP) will be written as clz(X).
For a Faigle geometry F* := (P, F) in the sense of Definition 2.3, we define the
lattice associated with F*, also called the lattice of flats of F*, as

(2.3) Lat(F*) = (F, Q).

For Faigle geometries (no matter in which sense) F* := (P, F) and F* :=
(P, F'), we say that these geometries are isomorphic, in notation F* = F’*,
if there is a poset isomorphism p: P — P’ such that 7/ = {fi(X) : X € F} where
7z is the map Pow(P) — Pow(P’) defined by m(X) = {u(p) : p € X}. If there is
such a p, then 7w and p determine each other and we use the terminology that
mw: F* — F'™* is an isomorphism.
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According to the following theorem, Faigle geometries and finite semimodular
lattices are different faces of the same entities in the following canonical way.
Apart from slight differences in definitions, the following result is due to Faigle [9].

Theorem 2.5 (Faigle [9, Theorem 1(c) and Lemma 1]). If L is a finite semi-
modular lattice and F* := (P, F) is a Faigle geometry in the sense of Definition
2.3, then the following assertions hold.

(A) Geom(L) is a Faigle geometry in the sense of Definition 2.3. Also, for
X C P, =J(L), we have that cl(X) = J(L) N, VL. X.

(B) Lat(F*) is a finite semimodular lattice. For elements X and Y of this
lattice, that is, for X, Y € F, we have that X \Y = XNY, XVY =clg (X UY),
and

(2.4) X<Y = (FueY\X){Upul X andY =clp (X U{u}).

(C) Lat(Geom(L)) = L and the map ¢: L — Lat(Geom(L)) defined by
Y(z) == J(L) Nz is an isomorphism.

(D) Geom(Lat(F*)) = F* and, with F™* = (P', F') := Geom(Lat(F*)) and
p: P P defined by p(u) = {pu, m: F* — F'™* is an isomorphism.

Note that even if the formalism here is different, most steps of the proof
below can be found in Faigle [9]

Proof of Theorem 2.5. To prove (A), let L be a finite semimodular lattice,
let P be the poset J(L), and let F := {J(L)NJ,z : = € L}. We are going
to understand V, \/, and A in L. With the possible exception of |pu € F,
observe that (F|), (FN), (Pr), and the description of cly(X) trivially hold. Let
u e P =J(L)and z, := \/{pu. Then z, < u since v < u for every joinand
v € |Jpu. In fact, z, < u since u is join-irreducible. If v € J(L) N |} x,, then
v € {pu since v <y, z,, <r, u. Conversely, if v € |Jpu, then v € J(L) N |}z, since
v is a joinand of x,. Hence,

(2.5) Upu = (L) N 0 € F,

as required. Next, to prove that Geom(L) satisfies (FEP), assume that S =
Pnlyse F,uve P\S (whence u,v €1, s), Jpu C S, and v € clr (SU{u}).
By (2.5), &, < s. Since each element y of L is \/(PNJ.y), it follows trivially that
T, <1, u. Hence, semimodularity and u £ s give that s = sV x, <1 s V u. Since
v € clp (S U{u}), the description of clz(X) gives that v <p \/(SU{u}) =sVu.
But v £, 5,80 s <p, s Vv < sV u. Combining this with s <7 sV u, we obtain
that u < sVu = sVwv, whereby u € clg(SU{v}), as (FEP) requires, proving (A).

To prove (B), recall from the folklore that the members of a closure system F
always form a (complete) lattice in which X AY = XNY, XVY =clz (X UY),
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and X <Y <= X CY. In particular, Lat(F*) is a lattice. Assume that
X <Y in Lat(F*). With respect to <p, take a minimal element u of Y \ X.
Clearly, |pu C X and X < clr (X U{u}) <Y, whence Y, which covers X,
is clr (X U{u}), as required. Conversely, assume that X € Lat(F*), that is,
X e F,lpuC X,u ¢ X, and Y = clp(XU{u}). Clearly, X < Y. As-
sume that Z € F and X < Z < Y. Take an arbitrary v € Z\ X. Since
v €Y = clr(XU{u}), (FEP) implies that u € clg (X U{v}). Hence, Y =
clr (X U{u}) < clr(cde(XU{v})) = clrp (X U{v}) < Z yields that Z =Y,
whereby X <Y as required. This verifies (2.4). To prove that Lat(F*) is semi-
modular, assume that X, Y, Z, U € Fsuchthat Z=XAY < X andU =X VY.
We need to show that Y < U. Clearly, we can assume that X and Y are incom-
parable, in notation X || Y. Since Z < X, (2.4) allows us to pick a ¢ € X \ Z
such that |pg C Z and X = clr (ZU{q}). Then Z C Y gives that |pqg C Y
and U =XVY =clp(XUY) =clr(clr(ZU{g}) UY) =clr(ZU{q} UY) =
clr (Y U{q}). We also have that ¢ ¢ Y since otherwise X = clr(ZU{q}) C Y
would contradict that X || Y. Hence, (2.4) gives that Y < U, as required. Thus,
Lat(F*) is semimodular, proving (B).
Next, in addition to 1) defined in part (C), we take the map

t1: Lat(Geom(L)) — L defined by ¥ - \ /LY

Clearly, both ¢ and 1, are order-preserving. Since each x € L is the join of
J(L)N|; x, we have that 11 o1 = idp, the identity map L — L defined by y — y.
Note that we compose maps from right to left, that is, (1 0 ¥)(y) = (1 (¥(y)).
The equality 1 o 11 = idpag(Geom(r)) 18 also easy since any Y € Lat(Geom(L)) is
of the form Y = J(L) N}z, whence ¥4 (Y) = x and ¢(x) =Y. Thus ¢ and ¢,
are reciprocal isomorphisms, proving part (C).

To prove part (D), we let K := Lat(F*). Then P' := J(K), F' := {P'N|{xg X :
X € K, that is, X € F}, and F”* := Geom(K). Then Geom(Lat(F*)) = F'*.
We know from (Pr) that {pu € F = K for every u € P. Clearly, {pu is the
only lower cover of |pu in K, whence u(u) = {pu € J(K) =: P'. Hence, p is
a P — P’ map indeed, and it is clearly order-preserving. Let X € K, that is,
X € F. Using that X is a down-set in P at “ =* 7 below,

VK{\LPU cu€e X}p=clg (U{ipu tu € X}) ="clr (X)=X.

Thus, each element X of K is the join of elements of the form |pu = pu(u).
Hence, J(K) = {{pu : uw € P} = {u(u) : v € P} and p is surjective. For
u,v € P, if p(u) = p(v), then u € |pu = p(u) = p(v) = [pv shows that u <p v.
We obtain similarly that v <p u. Thus, p is injective, so it is a bijection. If
p(u) <g p(v), then u € Jpu C |pv gives that u <p v, whereby p~! is order-
preserving. Thus, p: P — P’ is an order isomorphism, and we can turn our
attention to m: F* — F'*.
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Let X € F. Foru € P, p(u) = |pu <k X if and only if v € X since
X is a down-set in P. Using that J(K) = P’ = u(P), we obtain that n(X) =
{pu) :ue X} =J(K)N|gX € F'. Hence, {u(X) : X € F} C F. To show
the converse inclusion, let Y € F’. Then there is an X € K = F such that
Y={HeJK)=P :H<g X}={pu):ue P and u(u) <xg X}. But “<g”
here means “C” and p(u) = Jpu € X <= u € X since X is a down-set in P.
Hence, Y = {u(u) : v € X} = 1(X), showing that @ is an isomorphism. This
completes the proof of (D) and that of Theorem 2.5 ]

To conclude this section, we formulate and prove the following easy lemma.

Lemma 2.6. Definitions 2.1 and 2.3 are equivalent.

Proof. Let P be a finite poset, F C Pow(P), and assume that F* := (P, F)
satisfies (FN), (FJ), and (Pr). We need to show that with these assumptions,
(FEP) and (CP) are equivalent for F*. First, assume that (FEP) holds for F*.
Let u € P and X € F such that v ¢ X and {pu C X. It follows from (2.4) that
Y :=clr (X U{u}) covers X and contains u. Hence, (CP) holds for F*.
Second, assume that F* satisfies (CP). Let w,v € P and S € F such that
uég S, veg s JuCS, and v € clp(SU{u}). By (CP) and Remark 2.2,
there is a unique Y € F such that v € Y and S <r Y. Since S U {u} C
Y € F gives that S C clx (SU{u}) C Y, the covering S <r Y implies that
crp (SU{u}) =Y. Similarly, S € SU{v} Cclr(SU{u}) =Y and S < Y
yield that clx (SU {v}) =Y. Thus, u € clr (SU{u}) =Y = clr (SU {v}) shows
that (FEP) holds for F*. ]

Remark 2.7. In what follows, Lemma 2.6 allows us not to make a sharp distinc-
tion between Definitions 2.1 and 2.3. This means that if we are given a Faigle
geometry, then we can use both (FEP) and (CP) without separate explanation.
Conversely, to prove that (P, F) is a Faigle geometry, it suffices to show that at
least one of (FEP) and (CP) holds in addition to (FN), (Fl), and (Pr). Also,
based on Theorem 2.5, we will often pass (implicitly sometimes) from a Faigle
geometry to the finite semimodular lattice associated with it or vice versa.

3. TwO MORE LEMMAS

The length of a finite chain C is |C| — 1. The length of a lattice L, denoted
by length(L), is the supremum of {length(C) : C is a finite chain in L}. If
length(L) € Ng = {0} UNT, then L is of finite length. If L is a semimodular
lattice of finite length, then length(C') = length(L) for every maximal chain C' in
L. For a lattice K and a nonempty subset L C K, if L C K and z A y € L for
all z,y € L, then L is a meet-subsemilattice of K. Note that L can be a lattice
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with respect to the ordering inherited from K even if L is not a sublattice of K.
We need the following lemma, which is a particular case of Wild [18, Lemma 1].

Lemma 3.1 (Wild [18]). If L and K are semimodular lattices of the same finite
length and L is a meet-subsemilattice of K, then L is a sublattice of K.

For the reader’s convenience, we outline the proof of Lemma 3.1; see Wild [18]
for more details. We say that L is a cover-preserving sublattice of K if L is a
sublattice and for any z,y € L, z < y <= x <K ¥.

Outline of the proof of Lemma 3.1. If x || y in L and x Ay happens to be a
lower cover of x and y then, both in L and K, the join of x and y covers x and y.
Since L is a cover-preserving subposet of K, x Vg y =z Vv y. If, say, x Ay 4 x,
then for any 2’ € L with x Ay < 2’ < z, we have that zVy =2V (2/ Vy). This
allows us to use an induction on length([z A y, z]) + length([z A y,y]). |

Given a lattice L and p C L x L, the congruence generated by p will be
denoted by conp,(p) or con(p). As usual, the congruence lattice of L is denoted
by Con(L). If L is a sublattice of a lattice K, then

pk,r: Con(K) — Con(L) denotes the restric-

(3:1) tion map defined by © — O]z := O N (L x L).

Following Grétzer and Schmidt [13], K is a congruence-preserving extension of L
if px 1, is an order isomorphism (equivalently, a lattice isomorphism). Note that
our definition is clearly equivalent to the one given in [13]; yet another equivalent
definition is that the extension map Con(L) — Con(K) defined by © — cong (©)
is a lattice isomorphism.

Dually to J(L), the poset of meet-irreducible elements of a lattice L is denoted
by M(L). Although the following lemma is known from Czédli [2, Lemma 5.4],
here we are going to prove it more simply and shortly than in [2].

Lemma 3.2 (Corner Lemma from Czédli [2]). Let L be a sublattice of a lattice
K of finite length, and let a,b,c,d € K such that L = K\ {d}, a <x ¢ <k b,
a <g d <g b, a € M(L), b € J(L), and d € J(K) N M(K). Then K is a
congruence-preserving extension of L.

Proof of Lemma 3.2. Let S = {a,c,d,b}; it is a 4-element boolean lattice with
two “old” edges a < ¢ and ¢ < b and two “new edges”, a < d and d < b. (Here <
stands for < for elements in L it is the same as <r.) Let [ := SNL = {a,c,b}.
Since each new edge is transposed to a (unique) old edge of L and since any lattice
congruence in a lattice of finite length is determined by the edges it collapses,
pK,L is injective. By the same reason, S is a congruence-preserving extension

of I.
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Next, we define a map €, g : Con(L) — Con(K) as follows. Let 5 € Con(L).
Since S is a congruence-preserving extension of I, the restriction §|; extends to
a unique congruence vy € Con(S). Let er, k() be the transitive closure of 5 U ~.
Clearly, both pk 1 and €7, i are order-preserving. It suffices to prove that

(3.2) er.k(B) € Con(K) and pg (e x(8)) C S for every 5 € Con(L).

Indeed, the converse inclusion in (3.2) is trivial, whence (3.2) gives that pg r, is
surjective, whereby it is an order isomorphism with inverse €z, . For convenience,
we let 0 := eg, (B). For u € K, let f/: K — K and f)': K — K be the maps
defined by « — u V x and x — u A x, respectively. For a relation p C K x K, we
let fY(p) == {(fY (), f (v)) : (z,y) € u}; we define f(u) similarly. We claim
that

(3.3) for every u € K, f)(BU~) Céand f2(BU~) C 6.

By duality, it suffices to show f,/(8) C § and f)(v\ d) C 4.

First, let (z,y) € B; in particular, z,y € L. We can assume that f)(z) #
[/ (y). We can also assume that u = d since otherwise 3 € Con(L) implies that
(JY(2), () € B C 5. Using the rule fY() = fY(fY(2)) and that £Y/(8) C 5,
we can assume that x,y € Txa. Since b is the only cover of d in K, i d = T b =
11, b. Hence, either z = a and f](z) = d, or f](z) = f)(x), and similarly for
Iy (y). But f(z) # f)(y), and f)(B) C B C ¢ since b € L. Hence, apart from
x—y symmetry, we only need to deal with the case x = a and y € fipa = T1¢;
this last equality follows from a € M(L). Since congruence blocks are convex
sublattices, (a, c) = (z,¢) € p and (c,y) € B. Also, (a, ) € v since B = .
Thus, (fY(@), £(0)) = (4,0) € 7 C 6. Abo, (F}(0) 1Y) = (b f () =
Y@ 1) € B'C 6. Hence, (fY(e), £Y(4) = (£} (2. £} (4)) € 6 since & is

transitive.

Second, let (x,y) € v\ B. Apart from z—y symmetry, either (z,y) = (a,d),
r (z,y) = (d,b). We can assume that u ¢ S, since otherwise f(7y) C v C 4
applies, and that u ¢ |;a, since otherwise (f)(z),f)(y)) = (x,y) € v C 4.
Then f)/(z) = fl(aV 2) = fla(2) = fL(fY(2)) holds for all z € S since ¢
is the only cover of a in L. If (x y) = (a,d), then (fY(z),f’(y)) = (¢,b) €
7l = 811 € 5, whereby (7). ) = (5 (@), £ (5) € 5 8 sinee
£Y(8) C B. It (a,y) = (d,b), then (£ (x), £ (y)) € 6 since £Y(z) = £ (£ (x)) =
b= f/(f’(y)) = f./(y). This proves (3.3), from which we immediately conclude
that

(3.4) for every u € K, f/(6) C & and f,'(5) C 4.

Clearly, § is an equivalence. Assume that (z,y) and (u,v) belong to §. Ap-
plying (3.4), we obtain that (zVu,zVv) = (fY(u), f,/ (v)) € § and (zVv,yVv) =
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(fS(x), f(y)) € 6. Hence, transitivity yields that (z V u,y V v) belongs to d. So
does (x A u,y Av) by duality, and we conclude that e, i (5) = € Con(K).

To prove the second half of (3.2), let (z,y) € px r(er,x(B)). Thatis, x,y € L
and (x,y) € 0. Take a shortest sequence z9 = x,21,...,2x_1,2r = y such that
for i = 1,...,k, either (z,_1,2;) € 0 and we call the i-th step a [-step, or
(zi—1,2;) € v\ B and we call the i-th step a 7-step. By the minimality of k,
the elements 2y, ...,z are pairwise distinct. Since d ¢ L and so it cannot take
part in a (-step, every -step is followed or preceded by another v-step. But
two consecutive ~-steps can be replaced by a single S-step (from a to b or b to
a). Hence, the minimality of k yields that there is no v-step at all, whereby the
transitivity of 3 gives that (z,y) € 3, as required. Thus, (3.2) holds, completing
the proof of Lemma 3.2. [ |

4. EXTENDING SEMIMODULAR LATTICES TO GEOMETRIC LATTICES

For a finite lattice K, let At(K) denote the set of atoms of K, that is, the
set of covers of 0. A finite semimodular lattice K is a geometric lattice if
J(K) = At(K). Instead of Theorem 1.1, we are going to prove its stronger
form, which was first proved in Wild [18] and was also proved in Czédli and
Schmidt [6]. Note that for finite length semimodular lattices, length-preserving
embeddings are the same as cover-preserving {0, 1}-embeddings.

Proposition 4.1 (Wild [18]). Each finite semimodular lattice L has a length-
preserving embedding into a finite geometric lattice K such that |At(K)| = |J(L)|.

Proof. Assume that L is not geometric. Pick a maximal element a of J(L) \
At(L). Let Geom(L) = F* = (P,F) = (P, Fr) = (J(L), Fr) from (2.2). Define
a poset @@ = (Q,<g) with underlying set @ := P such that v <g y <=
(a ¢ {z,y}andz <p y). Let T := {X € F:a ¢ X and, for all Y € F,
X<rY=a¢Y} N ={XU{a}: X €T}, G:=FUN, and G* := (Q,9).
We claim that

FNN =10,
(4.1) (XeNUTand X DY €G) =Y e NUT, and
(XeTand X2DYeg)—YeT.

If FE=DuU{a} € FNN, then D € T, |pa C D by (F|), and either D <z
clr(DU{a}) > a by (2.4) or a € D, contradicting D € 7. Thus, FNN = 0.
Assume that Y C X' € T. Thena ¢ Y'. If a € clg (Y U {u}) and {pu C Y,
then either v ¢ X" and (2.4) gives that X' <z clz (X' U {u}) D clr (Y U{u}) 3
a, or v € X" and a € clr (Y'U{u}) C clr (X') = X', contradicting X’ € T.
Hence, Y/ € T. If X = X' U{a} e N and X DY’ € F, then a ¢ Y’ since
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otherwise ||pa C X’ € T would contradict (2.4) (with a playing the role of u),
whereby Y’ C X’ and Y € T as previously. Finally, if X = X' U {a} € N and
X DY =Y'U{a} € N then, again, X' DY’ € T, whence Y € N. Thus, (4.1)
holds. It follows easily from (4.1) that (FN) and (FJ) hold in G*. For v € Q\ {a},
{Ugu,lpu} = {Upu,lpu} € F CG. Also, [ga=0U{a} € G and |ga=0¢€g.
Hence, (Pr) holds in G*.

To prove that G* satisfies (CP), assume that D € G, u € Q\ D, and {}gu C D.
We need to find an F € G such that D <g F > u. First, let w =a. Then D € F
sincea=u¢ D. If D € T, then we can let £ := DU {a}. Let D € F\T. Then
D <rclr(DU{a}) =: E>aby (2.4), and (4.1) gives that D <g E.

In the rest of the proof, we assume that u # a. Clearly, a ¢ |pu. If D € F,
then |pu = Jgu € D, and (CP) applied to F* yields an E € F such that
D <r E>wu If D€ F\T, then (4.1) implies that D <¢g E, as required. If
D € T, then a ¢ E, whence no member of N is a subset of E, and D <g F
again, as required.

Hence, we can assume that D = X U {a} € N with X € 7. Since a ¢ |pu,
(CP)and {pu = Jgu C X yieldsaY € F with X <Y > u. We can assume that
Y ¢ T since otherwise D = XU{a} <g YU{a} € N and u € YU{a}, as required.
Since Y € F\ T, there is an F € F such that Y < E > a. By u € Y and (4.1),
u € F D D. For the sake of contradiction, suppose that D <¢g F fails, and pick
an H € G such that D <¢g H C E. First, assume that H € F. Sincea € D C H
and X € T, we obtain that X Ar H while X C D C H gives that X <r H.
Hence, X <5 H' < H <F5 FE for some H' € F, contradicting X <Y <r E
by the semimodularity of L. Hence, H = Z U {a} € N. Here Z € T, whence
Z A7 E. But Z C E, so we can pick a Z' € F with X <r Z <r Z' <5 E,
which gives the previous contradiction. Thus, D <g E and G* satisfies (CP).
Hence, G* is a Faigle geometry. Let K := Lat(G*); it is a semimodular lattice
by Theorem 2.5(B). Clearly, L is a meet-subsemilattice of K. Let Iy and I'y be
maximal chains in the intervals [0, {pal;, and [{pa, P]; of F = L, respectively.
Then I' := Ty UT'; is a maximal chain of L. Observe that [0,{paly "N =0
since the members of A contain a. Also, [{pa, P], NN = () since otherwise
(4.1) would imply that {|pa € T, contradicting {|pa < |pa > a. Hence, T is
also a maximal chain of K and length(K) = length(L). By Lemma 3.1, L is a
sublattice of K. Finally, J(K) = @ by Theorem 2.5(D), whence k := [{(z,y) :
% <5 W} = @) 7 <q v}l < {(5:9) - 2 <p g} = {(@9) : 2 <y w}- T
k # 0, then we repeat the construction with K in place of L. In a finite number
of steps, k becomes 0; then K is a geometric lattice, completing the proof of
Proposition 4.1. [ |
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5. SOME DEFINITIONS AND PROVING THEOREM 1.2

A lattice L is slim if it is finite and the poset J(L) is the union of two chains.
Slim lattices are planar; see Czédli and Schmidt [7, Proposition 5]. Following [7],
a finite semimodular lattice L is said to be a slim rectangular lattice if J(L) is
the union of two chains C' and D such that for all ¢ € C and d € D, the elements
c and d are incomparable; chains are nonempty by definition. These definitions
do not refer to (Hasse) diagrams. We know from Czédli and Schmidt [7] that
these definitions are equivalent to the visual original ones given by Gréatzer and
Knapp [11] and [12].

Proof of Theorem 1.2. Let M; < Ms < Mjs be lattices where < stands for
“sublattice of”. The rule par, ar © pPMs, M, = PMs, M, Shows that “congruence-
preserving extension” is a transitive relation among lattices. This allows us to
prove the theorem “step-by-step”, getting closer to a slim rectangular lattice at
each step. Let L be a slim semimodular lattice with |L| > 3. As the first step, we
can assume that L is not a chain since otherwise Lemma 3.2 allows us to replace
L by an (|L| + 1)-element congruence-preserving extension of the same length,
which is not a chain but slim and semimodular (in fact, distributive). Since L
is slim and it is not a chain, J(L) is the union of two disjoint chains, C and D.
(Replace D by D\ C' if necessary.) Let dc.p := |{(¢,d) € C x D : ¢ }| d}|, where
Jl means “comparable”, and §(L) := min{dcp : C and D are disjoint chains
with C U D = J(L)}. Since 6(L) = 0 if and only if L is rectangular, it suffices
to find a slim semimodular congruence-preserving extension K of L such that
0(K) < d6(L), if 6(L) > 0.

Assume that 6(L) > 0 and this is witnessed by disjoint chains A and B in
J(L). Then J(L) = AU B and 0(A,B) = §(L). Let Geom(L) = F* = (P, F) =
(J(L),F) be the Faigle geometry associated with L; see (2.2). Since A and B
play a symmetrical role, we can pick an a € A and a b € B such that a covers b
in P, in notation, b <p a. Understanding the \/ and < in L, we let

(5.1) =z := \/lipa, By = {y €eB:yv \/l}Aa < zl} , and observe that

(5.2)  Jpa=JlyauUlpd and b ¢ By.

On the underlying set of P = J(L), we define a new poset Q = (J(L),<g) by
letting

(5.3) o e y<pxr#a, or
' Ve y<px=a and y € BpU |, a.

b

Since By C |pa, “y <p” can be omitted from “y <p x = a”. Using that
By U ll4a is a down-set of P, it follows that < is a (partial) ordering. Clearly,
for d € P\ {a},
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(54) \LQd:\l/P(L ‘U’Qd:‘U’Pdv \LQ(IC\LPCL, and “U’QG/C“U’PG
(5.5) Note that A and B are chains both in ) and P.
. AISO’ “SP—|A” — “SQ—|A”, and MSP—|B77 — “SQ—|B”.

Hence, say, |4a makes sense. We define the required lattice as K := Lat(G*)
where

(5.6) G:=FU{lga} and G =(Q,9).
Of course, we need to show that G* is a Faigle geometry. We claim that

lga=14aUBy, lga=144aUBy € F, z:=\ga =g 21,

(5.7) . .
and z; is the only cover of zp in L.

The equalities in (5.7) are clear by (5.3). Since By is a (possibly empty) subset of
a chain, “<” in place of “<z” follows from (5.1). For any X' € [lga,|lpa]r, we
have that X’NA = |}, a by (5.2) and the equalities in (5.7), whence “<” follows
from (5.1), and we also obtain that z; is the only cover of zy in L. By (2.2), to
obtain that Jgya = {4a U By € F, it suffices to show that ya = PNy zp. The
inclusion {Jga C PNy 2 is clear. Conversely, let ¢ € PN zp. Then ¢ = aeA
or c=V € B. By (5.4), z0 < \/lpa = a since a € J(L). Hence, o’ < zy implies
‘Ehzi?t) a € lya Clga. By (5.1), ¥ < 2z < 2 gives that ' € By C |ga, proving
5.7).

It follows from (5.4) and (5.7) that G* satisfies (F) and (Pr) since so does
F*. For X € F,if a € X, then |ga C |pa C X shows that X N|ga =]ga €.
If a ¢ X, then (5.7) gives that X N{ga = X Nlga € F € G. Thus, G
satisfies (FN) since so does F*. In particular, K is a lattice. We claim that L
is a cover-preserving subposet of K. For the sake of contradiction, suppose the
contrary. Then, since G \ F = {lga}, X1 <7 Xa for some X1, Xs € F but
X1 Clga C Xa. From X; C ]ga and (5.7), we have that X; C |ga € F. Since
(F]) and (Pr) hold in F* and a € ]ga C X2, we have that |pa C X,. Since
b € |pa\{ga, we obtain that Jya C §pa € F. So X1 C Jga C §pa C lpa C X
with {Uga,lpa,lpa} C F, contradicting that X; <z Xa. Thus, L is a cover-
preserving subposet of K.

Next, to show that G satisfies (CP), assume that u € Q, X € G, u ¢ X, and
l}Qu C X. We need to find a Y € G such that X <g Y 2 u. There are three
cases.

First, if X € F and u # a, then {pu = Jou C X by (5.4), so there is a
Y € Fwith X <Y > wu. Then X <g Y > w since L is a cover-preserving
subposet of K.

Second, let X € F and u = a. Then |ga C X. If X = |ga, then we can
clearly let Y := |ga. So we can assume that |4aU By = {ga C X. Since
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a=u¢ X and X is a down-set in P, X NTpa = (). Hence, there is a down-set
B' of B such that B’ Z By and X = {gaUB’. The down-sets of the chain B are
comparable, whence By C B’. Hence (5.7) and (5.1) give that X = |,aU B’ and
z1 <\ X. Thus, Theorem 2.5 yields that {pa C X. Since F* satisfies (CP), we
obtain a Y € F with X <rY 3> a=u, and X <g Y as L is a cover-preserving
subposet of K.

Third, let X € G\ F, that is, X = |ga. Since u ¢ X but |,a C X, we have
that u ¢ |4a. Also, u & fi4a since otherwise b € |pa C ||pu = Jlgu C X = |ga
would be a contradiction. Hence, u ¢ A and so u € B. If we had that u >p b,
then b € Jou C X = |ga would be the same contradiction as before. Hence,
u€pbC |pa=:Y. Clearly, |ga <g {pa. This completes the third case. Thus,
G* is a Faigle geometry. Hence, K is semimodular. Since L is a cover-preserving
subposet of K, length(K) = length(L). Trivially, L is a meet-subsemilattice of
K. Thus, Lemma 3.1 implies that L is a sublattice of K.

Implicitly, the last part of the proof often uses the canonical correspondence
formulated in Theorem 2.5. From (5.1), (5.7), |[{pa \ Ipa] = 1, and the fact
that L is a cover-preserving sublattice of K, we obtain that zp <x 21 <K a. Let
z2 == lga € K. Since |pa is clearly the only cover of |pa in G, a is the only cover
of z in K. Thus, z2 € M(K). Also, |Jga is the only lower cover of |ga, whence
20 <K z2 and z9 € J(K). So z9 € J(K) N M(K). We know that a € J(L) while
(5.7) gives that zp € M(L). By these facts, Lemma 3.2 applies with (2o, 21, 22, a)
playing the role of (a,c,d,b) and completes the proof of Theorem 1.2. [ |
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