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Abstract

In this paper, we define quasi-primary ideals in commutative semirings S
with 1 # 0 which is a generalization of primary ideals. A proper ideal I of a
semiring S is said to be a quasi-primary ideal of S if ab € v/T implies a € /T
or b € v/I. We also introduce the concept of 2-absoring quasi-primary ideal
of a semiring S which is a generalization of quasi-primary ideal of S. A
proper ideal I of a semiring S is said to be a 2-absorbing quasi-primary
ideal if abc € v/T implies ab € /T or be € VT or ac € v/I. Some basic results
related to 2-absorbing quasi-primary ideal have also been given.
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1. INTRODUCTION

The algebraic structure of semiring plays a prominent role in various branches of
mathematics as well as some other branches of applied science. The concept of
semiring was first introduced by Vandiver [11] in 1934 and has since then been
studied by many authors. The structure of prime ideals in semiring theory has
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gained importance and many mathematicians have exploited its usefulness in
algebraic systems over the decades.

A commutative semiring is a commutative semigroup (S, -) and a commuta-
tive monoid (.S, +,0g) in which Og is the additive identity and Og-z = z-0g = Og
for all x € S, both are connected by ring like distributivity. A non-empty subset
I of a semiring S is called an ideal of S if a,b € I and r € S, a+b € I and
ra,ar € I. An ideal I of a semiring S is called subtractive if a,a +b € I, b € S,
then b € I. Let I be an ideal of S, then (I : ) = {a € S : ax € I}. Let I
be an ideal of S. Radical of I is defined as Rad(I) = VI = {a € S : a® € I
for some positive integer n}. Annihilator of an element a of a semiring S is de-
fined as Ann(a) = {x € S : ar = 0}. The notion of quasi-primary ideals in
commutative rings were introduced by Fuchs in [8]. An ideal I of a ring R is
called a quasi-primary ideal if v/T is a prime ideal in R. In this paper, we intro-
duce quasi-primary ideals in commutative semirings and some properties of it.
A proper ideal I of a semiring S is said to be quasi-primary ideal of S if /T is
a prime ideal of S. We also introduce the concept of 2-absorbing quasi primary
ideal of a semiring S which is a generalization of quasi-primary ideal of S. A
proper ideal I of a semiring S is said to be a 2-absorbing quasi-primary ideal
if abc € /T implies ab € /T or be € VI or ac € v/I. Throughout this paper,
semiring S is considered as commutative with identity 1 # 0.

2.  (QUASI-PRIMARY IDEALS

In this section, we introduce the concept of quasi-primary ideal of a semiring S
and prove some results related to it.

Definition 2.1. Let S be a commutative semiring and I be a proper ideal of S.
Then I is said to be quasi-primary ideal of S if v/T is a prime ideal of S.

Example 2.2. Let n > 2, n € N and 0 < i < n and m = n — i Then

B(n,i) ={0,1,2,...,n — 1} forms a semiring under the following operations:
z4+y ifet+y<n—1
) ite4+y>n
T+ B Y = where | = (z 4+ y) mod m
and:<I<n-1
zy ifzy<n-—1
e I ifay>n
B(n)Y = where [ = (xy) mod m

and i <[ <n-—1.

\

If we take S = B(4,3) = {0,1,2,3} and I = {0,3} be an ideal of S. Then its
VI =1{0,2,3} is a prime ideal of S.
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Example 2.3. Consider a semiring S = ZOJr under usual addition and multipli-
cation. Take an ideal I = 4Z; = {0,4,8,16,...} of S. Then VT is a prime ideal
of S.

Result 2.4. A proper ideal I of a semiring S is a quasi-primary ideal of S if and
only if whenever a,b € S and ab € I, then a € VT or b € /1.

Proof. Let I be a quasi-primary ideal of S and ab € I C VI. Since VT is a
prime ideal of S, we have a € VI or b € v/I. Conversely, let I be a proper ideal
of S and ab € I for some a,b € S, then either a € /T or b € v/I. Suppose
that ab € VI but a ¢ V1. Since ab € /1, therefore for some positive integer
n, a®b™ € 1. Since a™ ¢ /I, we have b" € /I, that is , b € /I. Hence I is a
quasi-primary ideal of S. [ |

Theorem 2.5. Let f : S +— S’ be a homomorphism of commutative semirings.
Then, if I' is a quasi-primary ideal of S', then f~Y(I') is a quasi-primary ideal
of S.

Proof. Let ab € f~'(\/T') for some a,b € S. Then f(ab) € VT, that is,
f(a)f(b) € VTI'. Since I' is a quasi-primary ideal of S’, therefore v/I’ is a prime
ideal of S’. Therefore, f(a) € VI’ or f(b) € VI'. Hence, a € f~'(\/T') or
be f~Y(VT). Since f~YVT') = \/fHI'), we have f~1(I') is a quasi-primary
ideal of S. ]

Definition 2.6 ([3], Definition 1(i)). A proper ideal I of a semiring S is said to
be strong ideal, if for each a € I there exists b € I such that a + b = 0.

Proposition 2.7. Let S and S’ be semirings, f : S — S’ be an epimorphism such
that f(0) = 0 and I be a subtractive and strong ideal of S. If I is a quasi-primary
ideal of S such that kerf C I, then f(I) is a quasi-primary ideal of S’.

Proof. Let a,b € S’ be such that ab € f(I). Then there exists an element
m € I C /I such that ab = f (m). Since f is an epimorphism, therefore there
exist p,q € S such that f(p) = a, f(q) = b. Also, since I is a strong ideal of
S and m € I, therefore there exists n € I such that m +mn = 0. This implies
f(n+m) =0, that is, f(pq + n) = 0, implies pg +n € kerf C I. Since, n € I
and T is a subtractive ideal of S, we have pg € I. Since /I is a prime ideal
of S, therefore either p € /T or ¢ € v/I. This gives, p” € I or ¢" € I for
some positive integers n, m. This gives, f(p™) € f(I) or f(¢™) € f(I). Therefore,
fp)" € f(I)or f(q™ € f(I) for some n,m € Z*. Hence a = f(p) € \/f(I) or
b= f(q) € \/f(I). Thus, f(I) is a quasi-primary ideal of S’ (by Result 2.4). =

Theorem 2.8. If I is a quasi-primary ideal of a semiring S, then the following
holds:

() (VT :x) is a quasi-primary ideal of S for all z € S\ V1.
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(i) (VI:z)=(VT:2?) forallzec S\VI.

Proof. (i) Let a,b € S be such that ab € (v/T : 2). Then abx € V/I. Since I is
quasi-primary, therefore /T is a prime ideal of S. Therefore, either a € /I or
be \/f, since x ¢ V1. This implies, ax € VT or bx € V/I. Hence a € (\/T rx) C

(VI:z)orac (VI:x)Cy/(VI:x).
(ii) Tt is clear that (VT : ) C (VT : 22). Let y € (VT : 2). Then 2%y € V1.
Therefore, y € VI , since x ¢ VI and VT is a prime ideal. Thus, zy € VI. Hence
y € (v/I:x) and we are done. |

Consider S = 51 x Sy where each S;, i = 1,2 is a commutative semiring with
unity and (a1, a2)(b1,b2) = (a1b1,azbs) for all a1,b; € S1 and ag, by € So.

Proposition 2.9. Let I be a proper ideal of a semiring S7. Then the following
statements are equivalent:

(i) I is a quasi-primary ideal of 5.

(ii) I x S9 is a quasi-primary ideal of S = 51 x Ss.

Proof. (i)=(ii) Let (a1, a2),(b1,b2) € S be such that (a1,a2)(b1,b2) € I x So.
Then (a1by,azby) € I x S implies a1b; € I C VI. This gives, either a; € VI
or by € V1, that is, either a;' € I or b;™ € I for some positive integers [, m,
since I is quasi-primary ideal of Si. If a;! € I for some positive integer I, then
(a1',as') € Ix Sy. If b1™ € I for some positive integer m, then (b, b2™) € I x So.
Hence, I x Sy is a quasi-primary ideal of S (by Result 2.4).

(ii)=(i) Let ab € I for some a,b € S;. Then for each 1,7y € Sy, we
have (a,71)(b,72) € I x Sy. By Result 2.4, we have either (a',r!) € I x Sy or
(6™, 1) € I x Sy for some positive integers I, m, since I X Sy is quasi-primary
ideal of S. That is, either a' € I or b™ € I for some positive integers [, m. This
shows that I is a quasi-primary ideal of Sy (by Result 2.4). [

Theorem 2.10. Let S be a reqular semiring. Then every irreducible ideal 1 of
S is a quasi-primary ideal of S.

Proof. Let S be a regular semiring and I be an irreducible ideal of S. Let
ab € I for some a,b € S. We need to show that either a € VIorbe VI On
contrary, we assume that a™ ¢ I and b" ¢ I for some positive integers m, n. Then,
H = (I+<a™m >)and K = (I+ < b"™ >) are two ideals of S properly contained in
1. Since [ is irreducible, therefore I % H N K. Thus, there exists p € S such that
p € (I+ < a™ >)NI+ < b™ >)\I. Also, by regularity of S, we have HNK = HK,
therefore p € (I+ < a™ >)(I4+ < b" >) \ I. Then, there are p;,p2 € I and
r1,72 € Ssuch that p = (p1+r1a™)(p2+reb"™) = pipe+ria™pa+p1r2b™+rirea™b".
This implies that p € I, which is a contradiction. Hence I is a quasi-primary ideal
of S. [
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Theorem 2.11. Let S be a noetherian semiring and I be a proper ideal of S
such that /T is subtractive and irreducible. Then I is quasi-primary.

Proof. Let I be a proper ideal of S such that v/T is subtractive and irreducible.
Let ab € VT and a ¢ V/I. Consider the ascending chain (VT : a) C (VT :

a”) C --- C ---. Since S is noetherian, there exists an element n such that

(VI : a™) = (VT : a"). We show that VT = (VT : a) N (VI + Sa™). Let

€ (VI :a)N(VI+Sa™). This gives, r € (VI : a) and 7 € VT + Sa™. Therefore,
ar € VI and r = i+sa™ where i € v/ T and s € S. This gives, ra = ia+sa™t! and
hence sa™t! € \/T, since v/ is subtractive. Thus, s € (\/7 : a"“) = (\/7 ca).
Now, r = i+ sa™ and hence r € v/I. Thus, VI = (\/7 : a)ﬂ(\/f—{—Sa"). Since VT
is irreducible and a ¢ V1, we have VI # /I + Sa™. This gives, VI = (\/f s a).
Since ab € \/7, therefore, b € V. ]

Definition 2.12 ([1], Definition 4). An ideal I of a semiring S is called a Q-ideal
(partitioning ideal) if there exists a subset @ of S such that

(i) S=U{g+T:qeQ}
(i) If 1,2 € Q, then (u + )N (g2 + 1) # D < q1 = qo.

Let I be a @Q-ideal of a semiring S. Then S/Ig = {¢+ 1 : ¢ € Q} forms
a semiring under the following addition ‘@’ and multiplication ‘©’, (¢1 + 1) ®
(g2 + I) = g3 + I, where g3 € @ is unique such that ¢ + g2 + I C g3+ I and
(g1+1)®(q2+1) = q4+1, where g4 € Q is unique such that g1go+1 C q4+1. This
semiring S/I¢ is called the quotient semiring of S and denoted by (S/Ig,®,®)
or S/Ig. By definition of Q-ideal, there exists a unique gy € @ such that 0+1 C
go+ 1. Then gy + I is a zero element of S/Ig. Clearly, if S is commutative, then
S/Ig is commutative.

Theorem 2.13. Let I be a Q-ideal of S and P a subtractive ideal of S such
that I C P. Then P is a quasi-primary ideal of S if and only if P/Ignp is a
quasi-primary ideal of S/Iq.

Proof. Let P be a quasi-primary ideal of S. Then /P is a prime ideal of S.
Suppose that ¢1 + I,q2 + I € S/Ig are such that (¢1 +1) © (g2 + I) € P/Ignp.
Therefore, q1g2 +1 C g3+ I € P/Ignp where g3 € QN P is a unique element. So
q1G2 = g3 + 1 for some i € I. Since VP is a prime ideal of S and ¢1q2 € P C VP,
therefore either ¢; € VP or ¢» € V/P. Thus, either ¢;' € P or ¢™ € P for some
I,m € Z*. First suppose that ¢;' € P. Suppose that ¢;' + I = g + I with ¢ such
that ¢1' +1 C ¢+ I, with ¢ € Q. Therefore, ¢;' = ¢+1i € P and P is subtractive,
it gives ¢ € P. Thus, QN P is non-empty. This gives ;' +1 € P/ Ignp. Similarly,
@™ +1 € P/Ignp. Thus, P/Ignp is a quasi-primary ideal of S/Ig.

Conversely, let P/Ignp be a quasi-primary ideal of S/Iy. Let ab € P for
some a,b € S. Since [ is a @-ideal of S, therefore there exist ¢1, ¢, g3 € @) such
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thata € 1+1,b € go+1. Now, ab € (1 +1)®(q2+1) = ¢3+1. So,ab = qz+i € P
for some ¢ € I. Since P is a subtractive ideal of S and I C P, we have ¢q3 € P.
So, (g1 +1I)® (g2 +1I)=gqs+ 1€ P/Ignp. This implies, ¢1 + I € \/P/Ionp or
@2+1 € \/P/Ignp, thatis, (1 +1)™ € P/Ignp or (¢2+1)"* € P/Ignp for some
positive integer my, mo. If 1™ +1 € P/Ignp, then a™ € (i + 1) € P/Ignp.
Thus ™ € P. Similarly, b™2 € P. Hence, P is a quasi-primary ideal of S. [ |

Theorem 2.14. Let S be a semiring, I a Q-ideal of S and P a subtractive ideal
of S such that I C P . If I and P/Ignp are quasi-primary ideals of S and S/1g
respectively, then P is a quasi-primary ideal of S.

Proof. Let a,b € S be such that abe P. If abe I C \/f, then either a € VT -
VPorb e +IC/P,sinceI is a quasi-primary ideal of S. So, assume that ab ¢ I.
Then there are elements q1,q2 € @ such that a € q1 + I, b € go + I. Therefore,
for some i1,i0 € I, a = q1 + i1, b = g2 + 9. As ab = q1qo + q1i2 + @211 + @109 € P
and since P is subtractive, we have q1qo € P. Consider, (g1 + 1) ® (g2 + 1) =
q3 + I where g3 is the unique element such that ¢qi1go + 1 C g3 + I. Since P
is subtractive, we have g3 € PN Q, hence qig2 +1 C q3 + 1 € P/Ignp, that
is, (@ + 1) ® (g2 + I) € P/Ignp. This gives, either ¢y + 1 € /P/Ignp or
g2+ 1 € \/P/Ignp, since P/Ignp is quasi-primary ideal of S/Igp. Thus, either
deql+Ie P/Ignp or b™ € ¢o™ + I € P/Ignp for some positive integers [, m.
Thus, either a! € P or ™ € P and hence P is a quasi-primary ideal of S (by
Result 2.4). |

3. 2-ABSORBING QUASI-PRIMARY IDEALS

In this section, we introduce the concept of 2-absorbing quasi-primary ideal of a
semiring and prove some results related to the same.

Definition 3.1. Let S be a commutative semiring and I be a proper ideal of S.
Then I is said to be a 2-absorbing quasi-primary ideal of S if v/T is a 2-absorbing
ideal of S.

Taking n = 10 and ¢ = 7 in Example 2.2, we get S = B(10,7) = {0, 1,2, 3,4,
5,6,7,8,9}. Let I = {0,3,6,9} be an ideal of S. Then it is easy to check that
VI ={0,3,6,9} is a 2-absorbing ideal of S.

Proposition 3.2. A proper ideal I of S is a 2-absorbing quasi-primary ideal of
S if and only if whenever a,b,c € S and abe € I, then ab € V1 or ac € /I or
be € V1.

Proof. Let I be a proper ideal of S and let for some a,b,c € S, abc € I, we
have ab € VI or ac € VI or be € VI. Let a,b,c € S such that abc € \/T,
ac ¢ /T and bc ¢ /1. Since abc € VI , there exists a positive integer I such



QUASI-PRIMARY IDEALS IN COMMUTATIVE SEMIRINGS 107

that (abc)! = a'b'c! € I. Since d'c! ¢ /I and bt ¢ /I, we conclude that
albt = (ab)l € VI and so ab € VI. Thus VI is a 2-absorbing ideal of S. Hence
I is a 2-absorbing quasi-primary ideal of S. Conversely, let I be a 2-absorbing
quasi-primary ideal of S and a,b, ¢ € S such that abc € I. Since I C /T and /T
is a 2-absorbing ideal of .S, it is clear that ab € VT or ac € VT or be € V1. ]

Proposition 3.3. If [ is a quasi-primary ideal of S, then [ is a 2-absorbing quasi
primary ideal of S.

Proof. Since I is a quasi-primary ideal of S, therefore v/T is a prime ideal of S.
Hence /I is a 2-absorbing ideal of S. [

Theorem 3.4. Let I be a 2-absorbing quasi-primary ideal of S and let P, Py, P,
are prime ideals of S.

(i) If VI = P, then (I : x) is a 2-absorbing quasi-primary ideal of S for all
x ¢ P.

(ii) If VI = Py N Py, then (I : x) is a 2-absorbing quasi-primary ideal of S for
all © §7_f PLUP,.

Proof. (i) Let x ¢ P. If /I = P, then it is easy to see that /(I : ) = P. Hence
(I : x) is a quasi-primary ideal and so 2-absorbing quasi-primary ideal of S.

(ii) Let « ¢ Py U Py and a,b,c € S such that abc € (I : z), then (abc)z €
I C VI = P NP, Since z ¢ Py UP, and Py, P, are prime ideals of S, then
abce PPN Py, = VI. Since VI is a 2-absorbing ideal of S, then we have ab € VI
or ac € /T or be € V/I. This gives, (ab)! € I or (ac)™ € I or (bc)" € I for some
positive integers I,m,n, thus (ab)'z € I or (ac)™x € I or (bc)"z € I. It gives,
(ab)! € (I :z) or (ac)™ € (I :x) or (be)™ € (I : x). Hence (I : z) is a 2-absorbing
quasi-primary ideal of S. [ |

Proposition 3.5. Let v/ be a subtractive ideal of S and I be a 2-absorbing
quasi-primary ideal of S and suppose that abJ C I for some elements a,b € S
and some ideal J of S. If aJ Q VT and bJ g_ \/f, then ab € V1.

Proof. Suppose that ab ¢ V/I. Since aJ ¢ VI and bJ ¢ /I, then aj; ¢ VI and
bja ¢ \/T for some j1,jo € J. Since abj; € I and ab ¢ +/I and aj; ¢ VI, we have
bj1 € VI. Since abjy € I and ab ¢ VT and bjs ¢ V1, we have ajo € v/I. Since
ab(j1 + j2) € I and ab ¢ /1, then we have a(j; + j2) € VI or b(j1 + j2) € V1.
Suppose that a(j; + j2) = aji + ajo € V1. Since ajy € VI, we have aj; € V1,
a contradiction. Suppose that b(j; + jo) = bji + bjo € VI. Again, bj; € VI, we
have bjs € VI, a contradiction again. Thus ab € /1. [ |
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Theorem 3.6. Let I be a proper subtractive ideal of S and suppose that \/T is
a subtractive ideal of S. Then I is a 2-absorbing quasi-primary ideal of S if and
only if whenever 111513 C I for some ideals I I, Is of S, then either I1 Iy C /T
or 1213 - \/7 or 1311 - \/7

Proof. Proof is similar to the proof of (Theorem 3.4, [9]). |

Theorem 3.7. Let I be a Q-ideal of S and P a subtractive ideal of S such that
I C P. Then P is a 2-absorbing quasi-primary ideal of S if and only if P/Ignp
is a 2-absorbing quasi-primary ideal of S/1g.

Proof. Let P be a 2-absorbing quasi-primary ideal of S. Then VP is a 2-
absorbing ideal of S. Suppose that ¢1 + I,q2 + I,q3 + I € S/Ig are such that
(1 +1)© (e +1)© (g3 +1I) € P/Ignp such that qiqags +1 C g4 +1 € P/Ignp
where g4 € @ N P is a unique element. Let g1qog3 = q4 + ¢ for some ¢ € I. Since
VP is a 2-absorbing ideal of S and qi1g2q3 € VP, therefore either qig2 € /P or
q2q3 € VP or qiq3 € V/P. Thus, either qi'q2! € P or ¢o"q3™ € P or ¢3"qi" € P
for some I,m,r € Z*. If q1lgs! € P, then (1! + 1) ® (o' + I) € P/Ignp (as
explained in Theorem 2.13 ). Similarly, (g™ + I) ® (3™ + I) € P/Ignp or
(3" +1)© (1" + 1) € P/Ignp. Thus, P/Ignp is a 2-absorbing quasi-primary
ideal of S/Ig.

Conversely, let P/Ignp be a 2-absorbing quasi-primary ideal of S/Ig. Let
abc € P for some a,b,c € S. Since [ is a @Q-ideal of S, therefore there exist
q1,92,493,q4 € Q such that a € ¢y + 1, b € go+ 1 and ¢ € g3+ I. Now, abc €
(@ +1)©(g2+1)®(gs+I)=qs+1I. So, abc = q4+ i € P for some i € I. Since
P is a subtractive ideal of S and I C P, we have g4 € P. So, (1 + 1) ® (g2 +
I)© (g3 +1)=qs+1€ P/Ignp. This implies, (q1 + 1) © (¢2 + I) € /P/Ignp
or (4 1) © (g3 + 1) € \/P/Ignp or (g3 + 1) ® (q1 + 1) € \/P/Ignp, that
is, (@ +1)™ © (g2 +1)™ € Pllgnp or (¢ +1)™ © (g3 + I1)™* € P/Ignp
or (g3 +1)™ © (q1 + I)™ € P/Ignp for some positive integers mq, mg, msz. If
(+I1)™ & (g2+1)™ € P/Ignp, then a™b™ € (1" +1)©(q2" +1) € P/Ignp.
Thus o™ ™t € P. Similarly, ™2c¢"™ € P or a"3c¢™ € P. Hence, P is a 2-
absorbing quasi-primary ideal of S. [

Theorem 3.8. Let S be a semiring, I a Q-ideal of S and P a subtractive ideal
of S such that I C P. If I and P/Ignp are 2-absorbing quasi-primary ideals of S
and S/Iq respectively, then P is a 2-absorbing quasi-primary ideal of S.

Proof. Let a,b,c € S be such that abc € P. If abc € I C +/I, then either
ab e VI C VP orbceVICVPorace VIC \/ﬁ, since I is a 2-absorbing
quasi-primary ideal of S. So, assume that abc ¢ I. Then there are elements
q1,q2,q3 € Q such that a € ¢ + 1, b € go + I and ¢ € g3 + I. Therefore, for some
1,192,113 € I, a = q1 + 11, b = ga +i2 and ¢ = g3 + i3. As abc = q1q2q3 + q1q312 +
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q2q311 + q3i112 + q1Q213 + q1isis + qoi1ts + t129%3 € P and since P is subtractive,
we have g1q2q3 € P. Consider, (q¢1 +1) ® (2 +1) ® (g3 + I) = q4 + I where g4 is
the unique element such that ¢1g2g3 +1 C g4+ I. Since P is subtractive, we have
qa € PNQ, hence q1q2g3+1 C qu+1 € P/Ignp, thatis, (a1+1)0(q2+1)O(g3+1) €
P/Ignp. This gives, either (¢1 +1) ® (q2+1) € \/P/Ignp or (2 +1)O (g3 +1) €
VP/Igap or (1 +1)©® (g3 + 1) € \/P/Ignp, since P/Ignp is 2-absorbing quasi-
primary ideal of S/Ig. Thus, either a't' € (¢! + 1) ® (g2' + 1) € P/Ignp or
b e (" +1) 0 (3™ +1) € Pllgapora'c € (1" +1)®(g3" +1) € Pllgnp
for some positive integers I, m,r. Thus, either a'b' € P or b™c¢™ € P or a"¢" € P
and hence P is a 2-absorbing quasi-primary ideal of S. [ |
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