Discussiones Mathematicae
General Algebra and Applications 43 (2023) 161-171
https://doi.org/10.7151 /dmgaa.1407

ON PLEASANT EULERIAN POSETS

R. SUBBARAYAN

Department of Mathematics
Ramakrishna Mission Vivekananda College

Chennai, Tamilnadu, India 60000

e-mail: rsubbarayan2010@Qgmail.com
A. VETHAMANICKAM

AND

V. GLADYS MANO AMIRTHA!

PG and Research Department of Mathematics
Rani Anna Government College for Women
Tirunelveli, Tamilnadu, India, 627008

e-mail: dr_vethamanickam@yahoo.co.in

Abstract

In this paper, we classify Eulerian posets of small rank which are pleasant
and further show that there is no pleasant Eulerian poset of rank less than
are equal to 7.

Keywords: posets, lattices, Eulerian lattices, pleasant poset.
2020 Mathematics Subject Classification: 06A06, 06A07, 06A11.

1. INTRODUCTION

The concept of pleasant poset was introduced by Stanley [3]. Some specific
pleasant posets were given by Stanley. The study of pleasant posets which are

also Eulerian was done by Vethamanickam [5].

Are initial intervals of a pleasant poset pleasant? The question of finding
all the Eulerian posets which are pleasant will be completely known, if we can

answer the above question in the affirmative.
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We provide the basic definitions and examples of Eulerian lattices that are
needed to study pleasant Eulerian posets.

Definition 1.1. Let P be a finite poset with a unique minimum and a unique
maximum element. The poset P is said to be graded if all the maximal chains in
P have the same length.

Definition 1.2. A function r: P — {0,1,...,n} is said to be the rank function
on P if r(x) = 0 if x is a minimal element of P and r(y) = r(z) + 1 if y covers =
in P. If r(z) = ¢ then we say that x has rank q.

Definition 1.3. The Mdobius function pon a poset P is an integer-valued function
i P x P — Z satisfying the following conditions:

1 ifr=y
pla,y) =~ x<§<yﬂ(fﬂ, z) ifa<y
0 ifx £ y.

Definition 1.4. A finite graded poset P is said to be Eulerian if its Mobius
function assumes the value p(z,y) = (—=1)"@¥) for all 2 < y in P, where I(z,y) =
r(y) —r(x) and r is the rank function on P.

Equivalently, a finite graded poset P is Eulerian if and only if all intervals
[x,y] of length [ > 1 in P contain an equal number of elements of odd and even
rank.

Lemma 1.5 [2]. If P is an Eulerian poset of rank d+ 1, then E?Zl(—l)i_lai =
1+ (=)™ where a; is the number of elements of rank i.

Every Boolean algebra of rank n is Eulerian. We observe that any element
of rank 2 of an Eulerian poset contains exactly two atoms. For the concept of
Eulerian poset refer to [3, 4, 6].

Definition 1.6. Let P be a poset. An order ideal of P is a subset of P, say I
such that, if x € I and y < x then y € I.

The collection of all order ideals of P including empty set forms a lattice
under the usual ordering of inclusion. We will denote it by J(P). J(P) is a
ranked poset.

Definition 1.7. Let P be a finite graded poset with rank function r. The rank
generating function F(P,q) of P is defined by F(P,q) = Efigkp a;q*, where a; is
the number of elements of rank ¢ in P.

Example. For a Boolean algebra of rank n, the rank generating function is

2iso ()4
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Definition 1.8. Let F(J(P), q) be the rank generating function of J(P). A finite

graded poset P is said to be pleasant if F'(J(P),q) = ,ep [%}.

2. PLEASANT EULERIAN POSETS

Some examples of pleasant posets are:

(1) Boolean algebras of rank < 2 are pleasant.

(2) Any finite chain is pleasant. Since the only rank 2 Eulerian poset is the
Boolean algebra of rank 2, all Eulerian posets of rank 2 are pleasant.

(3) The diamond lattice Ms is not pleasant.
For, F(J(Ms),q) = 1+ q+3¢* +3¢* + ¢* + ¢° but,

0 1_qr(m)+2 _ 1—(]2 1_q331_q4
zeP 1— g@+1 Tl—q||1-¢| |1-¢3

_ (-1 -q"

(1-¢*)?2*(1—-4q)
(1+q+A01+¢H0 -4

1—¢?

I+ g+») 1+
1+gq

# F(J(Ms), q)

in fact, it is not even a polynomial.
In fact, any poset of rank 2 can be pleasant if and only if the number of
elements of rank 1 is < 2, that is, it is either chain or a Boolean algebra.
Now,we consider Eulerian posets of rank 3.

Lemma 2.1. The Boolean algebra of rank 3, that is, Bs is pleasant.

Proof. In Bj, the number of order ideals containing 1,2,3,4,5,6,7 and 8 ele-
ments are 1,3,3,4,3,3,1 and 1 respectively. Hence,

F(J(B3),q) =1+ q+3¢* +3¢> +4¢" +3¢° +3¢° + ¢" + ¢°.
Furthermore,
- 1_qr(:v)+2 1_q2 1_q331_q431_q5
M&Q—w@“>_[bw}L—f]L—@]L—¢}

This clearly equals F'(J(Bs3),q). Hence the Lemma.
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Lemma 2.2. The only pleasant Eulerian poset of rank 3 is Bs.

Proof. Since the number of elements of rank 1 and rank 2 are equal, let n be

the number of elements of rank 1 and rank 2 in an Eulerian poset P of rank 3.
Clearly, the number of order ideals of P containing 1,2 and 3 elements are

respectively 1, n and (72‘)
So, F(J(P),q) = 14+q+ng*>+ (Z) q> + terms containing higher powers. Also,

0 1_qr(:v)+2 _ 1_q2 1_q3 n 1—(]4 n 1_q5
veP\ 1T qr@)+1 1—q||1-¢2 1—¢3 1— ¢
(1-¢*)'""1-¢")" (1= ¢°)

(1-q)
=1+ " 'A+qg++¢*+4q"

=14+qg+n@+[n-1)+1F+---.

If this P is pleasant as F(J(P),q) = Il,ep [%], (;) = n and so n = 3.

Hence P = Bs. So, the Lemma is proved.

Now, we consider the case of rank 4. In this case, simple calculation shows
that even By is not pleasant. Hence, one could come to the conclusion that no
Eulerian poset of rank 4 can be pleasant. This is exactly the content of the next
theorem.

Theorem 2.3. No Fulerian poset of rank 4 is pleasant.

Proof. Let P be an Eulerian poset of rank 4 and let a1, as and ag be the number
of elements of rank 1,2 and 3, respectively. So,

1_qr(m)+2 1_q2 1_q3 ai 1_(]4 a 1_(]5 as 1—(]6
H$EP<1—qT($)“>_[1—<JH1—<12} [1—q3} [1—q4} {1—q5}

Since, by Lemma 1.5, a1 — a2 + ag = 2, the above is equal to

1— qr(:v)+2 (1 _ q3)2—a3(1 o q4)a172(1 _ q5)a371(1 _ q6)
H’CEP<1 — qr(x>+1> B (1-q)(1—g*)nt
A+ A=) (1 +¢7)
(=)0 -1 - ¢?)

Cancel the factor (1 — q)®~!, we get,

erp<1 - q“”“) 0+ P+ g+ P+ P+ ) 1+ 6P

1— gt (1+aq+¢*)=s3(1+q)

A+ (A +g+d®+¢° +¢) (1 —g+¢°)
(I+q+g?)e? '
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All the factors that appear are irreducible. If this is to be a polynomial equal to
F(J(P),q), then azg <3, a1 > 2,a2 —a; +1 > 0. But, a3 >0 and a3 # 1, as P
is Eulerian. Hence a3 = 2 or 3.

Case (i): If ag = 2,a1 = a2 = n (say). Then,
L— gt 2 2\n—2 2., 3 4 2
Woer| T rr ) = O+ g+ )0+ )" (A +a+ ¢+ + )1 —q+7)
= (1+ )" 21+ g+ 2¢* + 2¢°+ 3¢* + 26"+ 2¢° + ¢" + ¢¥)

(2) :1+q+nq2+nq3+[(2n—1)+<n;2>]q4

+ higher powers of q.

By considering the order ideals of P having 1, 2, 3 and 4 elements, we find,
the number of such ideals are respectively 1, n, (g) and (g) + n. So,

(3) F(J(P),q) =1+q+ng+ <Z> ¢+ [(Z) + n} ¢* + higher powers of g.
For P to be pleasant, the equations (2) and (3) must be the same.

Comparing the coefficients ¢® and ¢* from the above equations we get, (g) =n
and (3) +n=2n—1+ ("52) this implies n = 3 from the first equation, but this
cannot be satisfied by the second. Hence a3z cannot be 2.

Case (ii): ag = 3. Since by Lemma 1.5, a1 —as + a3 = 2, a1 —az = —1.
Hence a1 = n and as = n + 1. Then,

1 — ¢'@+2 2\ n—2 2 2, 3, 42
erp<7> =(1+¢)"*1—qg+¢)A+q+¢+¢ +q¢")

1— qr(x)—l—l
n = (1+¢*)" 21+ q+2¢° + 3¢° + 4¢* + 3¢° + 4¢°
+3¢" +2¢° + ¢° + ¢'Y)

= 14 q+ng®+ (n+ 1)¢® + higher powers of q.

For P to be pleasant, the equations (4) and (3) must be the same.

Comparing the coefficient of ¢3, n+1 = (g), this implies, 2(n+1) = n(n—1),
so, n? —3n —2 = 0. As n is an integer, this is impossible. Hence no Eulerian
poset of rank 4 is pleasant.

Theorem 2.4. No Fulerian poset of rank 5 is pleasant.

Proof. Let P be an Eulerian poset of rank 5 with a; elements of rank ¢, 1 < i < 4.
Since by Lemma 1.5, a; — as + ag — aq = 0. Since F(J(P),q) = 1+ q+ a1¢> +
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(a21)q3 + [(%1) + ag] ¢*+--- is a polynomial, and P is pleasant, this must be equal
to

1_q2 1—(]3 ai 1_q4 a2 1_q5 as 1_q6 a4 1_q7
[1—(1”1—(12] [1—(13] [1—(14] [1—(15] [1—(16]

=(14+q+g) 2t (14 ¢)" %1 —q+¢)“ ' (1+q+¢*

+ q3+q4)aT“1 (I4+q+---+ q6). We observe that the power of ¢ +1 becomes zero.
=(1+g+ )1+ )1+ + )1+ g+ @+ + )™ (1 +q+- +¢°%)
where,

ny =ap — az

Ng = a1 — a4

ng = a4 — 1

ng = as — as.

Here, the coefficient of ¢° is

14 2n1 4+ ng +n3 + 3ng +ning + Ining + ning + nang + nongy

+ <n21> [3+n4] + (7;1> + <n24> [3+m1] + (7;4) = a.

If the above is to be a polynomial then, a; —as +a4 —1 > 0, a1 > a4 and
as > a;. Assuming these and comparing the coefficient of ¢® in F(J(P),q), we
get, ag = (“21) Since a1 —as + a4 —1 > 0 and a1 > a4, we get 2a; —as — 1 > 0.
Therefore 2a; > as + 1. Since ag = (“21), 2a1 > (‘121) + 1.

This implies 2a; > w + 1. That is, 4a1 > a1%2 — a1 + 2.
This implies a% —5a1 + 2 < 0. Therefore a; < 4.
(i) If a3 = 2, then az = 1, in which case , P cannot be Eulerian.
(ii) If a3 = 3, then as = (g) =3 a1 = 3 = ag implies ag = a4.

Since a4 < a7 = 3 implies a4 < 3. Hence, either a4y = 2 or a4 = 3. If
a4 = a3z = ag = a1 = 3, the polynomial becomes,

I+¢+aq ) (L +g+-+4°) = [1+2(¢" + ") + (@ + )] L+ g+ +°).

The Coefficient of ¢* is 6 # 4 = (“31) + as. If ay = a3 = 2, then the polynomial
becomes,

I+ +dHYA+P) M +qg++¢°) =1+2¢*+2¢" + )1+ g+ +¢°).

The Coefficient of ¢* is 5 # 4 = (agl) + a9. So, there is no such Eulerian poset.
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(i) If g =4, then as = 6,a3 — ag = 2,a3 = a4 + 2.
The possibilities are:

a1:4, a2:6, a3:4, a4:2,
a1:4, a2:6, CL3:5, a4:3,
a1:4, a2:6, a3:6, a4:4,
a4 # 2, since ay —ags+aq4 —1>0.

When a4 = 3, the polynomial becomes,
1-g¢+P?0+P)A+a+P+ @ +¢")PA+a+¢ +-+4°)
= (1-2¢+3¢* = 2¢° + ¢*)(1 + ¢*)(1 + 2¢ + 3¢* + 4¢°
+5¢ +- )1+ g+ ¢+ +¢°%.

The coefficient of ¢* is 11 # (%1) + as = 10. Similarly, when a4 = 4, we get the
coefficient of ¢* of the polynomial is 12 # (‘g) + as.
Hence, there is no pleasant poset which is Eulerian of rank 5.

Theorem 2.5. No Fulerian poset of rank 6 is pleasant.

Proof. Let P be an Eulerian poset of rank 6 with a; elements of rank 7, 1 <4 < 5.
Since by Lemma 1.5, a1 — ag + az — a4 + a5 = 2. Since

® P =terad+ () +1(G) vadt o

3

is a polynomial and P is pleasant, this must be equal to
(6)

1_q2 1_q3 al 1_q4 az 1_q5 as 1_q6 aq 1_q7 as 1_q8

<1—q><1—q2> (1—q3> (1—q4> (1—q5> (1—q6> (1—q7>
l1—aj+ags—asz+aqg—as ni n2

:<1+q> <1+q+q2> <1+q2> <1+q+q2+q3+q4)"3

n4 ns
(1—q+q2> <1+q+q2+~-+q6> <1+q+q2+~-+q7>.

where,

ny=ay —az+a4—as
no =as —az+1
ng =az — a4
N4y = a4 — as
ns = a5 — 1.
l1—ai1+ags—asz+aqg—as —1 . —1. .
In (6), (1 +q) = (1 + q) . Since (1 +q) is not a polynomial,

we can not compare the right hand side of (6) with that of (5).
Therefore, we conclude that an Eulerian poset P of rank 6 is not pleasant.
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Remark 2.6. Suppose, the rank of P is even, say 2m, where m is a positive

. . . —g"(@) .
integer. Then, the power of 1 4 ¢ in the expression Il,cp (%) isl—a; +
ag—az+ags—as+---+agm-2 —am—1=-1l,asa1+ax—az+as—as+---+

a2m—2 — G2m—1 = 2 which shows that it is not a polynomial.

So, there is no pleasant Eulerian poset of even rank > 6. With this observa-
tion, it is enough to look for pleasant Eulerian posets of odd ranks.

Theorem 2.7. No Fulerian poset of rank 7 is pleasant.

Proof. Let P be an Eulerian poset of rank 7 with a; elements of rank ¢, 1 < i < 6.
Now, a1 — a2 + ag — a4 + a5 — ag = 0, by Lemma 1.5. Since

F(J(P),q) = 1+q+ag*+ (%)

! () relat o [(5) £ oton 2]

is a polynomial and P is pleasant, this must be equal to
1_q2 1_q3 ai 1_q4 a2 1_q5 as
(1—q><1—q2> <1—q3> <1—q4>
1—®\“[(1—¢"\"(1-\"(1-¢°

(8) (1—q5> (1—q6> (1—q7> <1—q8>

— (1+q+q2)n1 (1+q2)n2(1+q+q2+q3+q4)n3(l+q2+q4)n4

(1+q+q2+q3+q4+q5+q6)”5(1+q4)”6(1+q3+q6)

where,
ni=a —asg+1
ng =as —az+ag — 1
n3g = ag — a4
ngy = a4 — ays
Ny = a5 — Gg
’I’L6:CL6—1.

If the above is to be a polynomial, then

©) ap—az+1>0, ap—az+as—12>0, ag —ayq >0,
ag—as >0, as —ag >0 and ag—1> 0.
This implies that a; — a2 > —1, ag —agz +ag > +1 and a3 > a4 > a5 > ag > 1.
Assuming these and computing the coefficient of ¢ and ¢? in the right hand
side of (8), we get, n; + ng+ns =ay; —as +as —ag +as —ag + 1 = 1, as the
coefficient of ¢ and
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n n3 ns
n1+n2+n3+n4+n5+<2>+<2>+<2> + mins + ning + n3ns = ay,

as the coefficient of ¢2, which are same as the coefficients of ¢ and ¢? respectively
in the right hand side of (7).

Since P is Eulerian, a1 —as + a3 — a4+ a5 —ag = 0, which implies a1 —ag < 0,
as a3 —aq > 0 and a5 —ag > 0, by (9). This together with the inequality

a1 —ag > —1, imply that, either a; —ags =0 or a1 —as = —1. If a1 — a9 = 0, then
(a3 —aq)+ (a5 —ag) = 0. This implies a3 —ay = 0 and a5 —ag = 0, as a3 —aq > 0
and a5 —ag > 0. If a; —ag = —1, then (a3 — a4) + (a5 — ag) = 1, which implies

that (a3 — aq) = 1 — (a5 — ag), implies 0 < (ag — aq) < 1 as a5 — ag > 0. Hence,
(ag —aq) =0 or 1 according as (a5 —ag) = 1 or 0.

Hence, we have three possibilities:

(i) a1 —ag =0,a3 —aq =0 and a5 — ag = 0.
(ii) a1 —ag = —1,a3 —ag =1 and a5 — ag = 0.

(i) a1 —ag =—1,a3 —ag =0 and a5 — ag = 1.

In Case (i), when a1 — as = 0,a3 — a4 = 0 and a5 — ag = 0, the polynomial
becomes,
(10)

Cta+a?)(1+)" 0+ +d)" (1 +d)" 1+ +4°)

n n
= [1+q¢+¢* [1+(n2+n4)q2+q3+ (n4+n6—l— (;) + <24> +n2n4>q4

Y

The coefficient of ¢> is 1 + ng + n4 = a;.
Comparing this with the coefficient of ¢* in F(J(P),q), we get, a1 = (“21)
On solving we get, a; = 3. The coefficient of ¢* in (10) is

n n
1+no+2n4 4+ ng + (;) + <24> +nong=1+n9+2n4+ng+1

= a3 + 3, by substituting a; = 3.

Comparing this with the coefficient of ¢* in F(J(P), q), we get, a3+3 = (‘131) +ag =
1+ 3 =4, then ag = 1, in which case, P cannot be Eulerian.
In Case (ii), when a1 —as = —1,a3 — a4 = 1 and a5 — ag = 0, the polynomial
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becomes,
(1+q2)"2(1+q—|—q2+q3+q4)(1+q2+q4)"4(1+q4)n6(1+q3—|—q6)
1y =0+d)" [1+q+ (1 +n4)g® + (1 +na)g®

+ (24 204 + <n;> +n6)q4+~l

The coefficient of ¢ is 1+ ny + n4 = a1, which is the same as that of Case (i).
Therefore, again we have a; = 3. The coefficient of ¢* in (11) is

n n
2+ ng + 204 + ng + <22> + (24> T ngny = 2+ n9+ 204 +ng + 1

= a4 + 4, by substituting a; = 3.

On comparing this with the coefficient of ¢* in F(J(P),q), we get, ay + 4 =
(‘g) 4+ a9 =144 =5 then a4 = 1, in which case P cannot be Eulerian. In Case
(iii), when a3 — ag = —1,a3 — agy = 0 and a5 — ag = 1, the polynomial becomes,

()™ (1 gt )10+ )™ ()™ (150 )
(12) = (1+¢*)™ [1 +q+ (1+n)g> + 2+ n4)g + (2+2ng + <n4> +ng) gt

2
+ (3na + <”24> +n6)q5+-~}

Here, the coefficient of ¢ is 2 + ny + ng = a; + 1. Comparing this with the
coefficient of ¢3 in F(J(P),q), we get, a; +1 = (“21) = % Which implies
a1? — 3a; — 2 = 0, whose solution a; is not even an integer. So, we conclude that
there exist no such Eulerian poset P in this case. Hence, there is no pleasant
poset which is Fulerian of rank 7.

3. CONCLUSION

The road ahead is not so clear. In this paper, the Eulerian posets up to rank
7 have been investigated for pleasantness. It is a challenging task to find out
coefficients for higher ranks. But we strongly believe that there could be no
pleasant Eulerian posets of ranks greater than 7 which is still open.
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