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Abstract

In this paper, we classify Eulerian posets of small rank which are pleasant
and further show that there is no pleasant Eulerian poset of rank less than
are equal to 7.
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1. Introduction

The concept of pleasant poset was introduced by Stanley [3]. Some specific
pleasant posets were given by Stanley. The study of pleasant posets which are
also Eulerian was done by Vethamanickam [5].

Are initial intervals of a pleasant poset pleasant? The question of finding
all the Eulerian posets which are pleasant will be completely known, if we can
answer the above question in the affirmative.
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We provide the basic definitions and examples of Eulerian lattices that are
needed to study pleasant Eulerian posets.

Definition 1.1. Let P be a finite poset with a unique minimum and a unique
maximum element. The poset P is said to be graded if all the maximal chains in
P have the same length.

Definition 1.2. A function r : P → {0, 1, . . . , n} is said to be the rank function
on P if r(x) = 0 if x is a minimal element of P and r(y) = r(x) + 1 if y covers x
in P . If r(x) = i then we say that x has rank i.

Definition 1.3. TheMöbius function µ on a poset P is an integer-valued function
µ : P × P → Z satisfying the following conditions:

µ(x, y) =















1 if x = y

−
∑

x≤z<y

µ(x, z) if x ≤ y

0 if x ≮ y.

Definition 1.4. A finite graded poset P is said to be Eulerian if its Möbius
function assumes the value µ(x, y) = (−1)l(x,y) for all x ≤ y in P , where l(x, y) =
r(y)− r(x) and r is the rank function on P .

Equivalently, a finite graded poset P is Eulerian if and only if all intervals
[x, y] of length l ≥ 1 in P contain an equal number of elements of odd and even
rank.

Lemma 1.5 [2]. If P is an Eulerian poset of rank d+ 1, then
∑d

i=1(−1)i−1ai =
1 + (−1)d+1, where ai is the number of elements of rank i.

Every Boolean algebra of rank n is Eulerian. We observe that any element
of rank 2 of an Eulerian poset contains exactly two atoms. For the concept of
Eulerian poset refer to [3, 4, 6].

Definition 1.6. Let P be a poset. An order ideal of P is a subset of P , say I

such that, if x ∈ I and y < x then y ∈ I.

The collection of all order ideals of P including empty set forms a lattice
under the usual ordering of inclusion. We will denote it by J(P ). J(P ) is a
ranked poset.

Definition 1.7. Let P be a finite graded poset with rank function r. The rank
generating function F (P, q) of P is defined by F (P, q) =

∑rankP
i=0 aiq

i, where ai is
the number of elements of rank i in P .

Example. For a Boolean algebra of rank n, the rank generating function is
∑n

i=0

(

n
i

)

qi.
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Definition 1.8. Let F (J(P ), q) be the rank generating function of J(P ). A finite

graded poset P is said to be pleasant if F (J(P ), q) = Πx∈P

[

1−qr(x)+2

1−qr(x)+1

]

.

2. Pleasant Eulerian posets

Some examples of pleasant posets are:

(1) Boolean algebras of rank ≤ 2 are pleasant.

(2) Any finite chain is pleasant. Since the only rank 2 Eulerian poset is the
Boolean algebra of rank 2, all Eulerian posets of rank 2 are pleasant.

(3) The diamond lattice M3 is not pleasant.

For, F (J(M3), q) = 1 + q + 3q2 + 3q3 + q4 + q5 but,

(1)

Πx∈P

[

1− qr(x)+2

1− qr(x)+1

]

=

[

1− q2

1− q

][

1− q3

1− q2

]3[1− q4

1− q3

]

=
(1− q3)2(1− q4)

(1− q2)2(1− q)

=
(1 + q + q2)(1 + q2)(1− q3)

1− q2

=
(1 + q + q2)2(1 + q2)

1 + q
6= F (J(M3), q)

in fact, it is not even a polynomial.
In fact, any poset of rank 2 can be pleasant if and only if the number of

elements of rank 1 is ≤ 2, that is, it is either chain or a Boolean algebra.

Now,we consider Eulerian posets of rank 3.

Lemma 2.1. The Boolean algebra of rank 3, that is, B3 is pleasant.

Proof. In B3, the number of order ideals containing 1, 2, 3, 4, 5, 6, 7 and 8 ele-
ments are 1, 3, 3, 4, 3, 3, 1 and 1 respectively. Hence,

F (J(B3), q) = 1 + q + 3q2 + 3q3 + 4q4 + 3q5 + 3q6 + q7 + q8.

Furthermore,

Πx∈B3

(

1− qr(x)+2

1− qr(x)+1

)

=

[

1− q2

1− q

][

1− q3

1− q2

]3[1− q4

1− q3

]3[1− q5

1− q4

]

.

This clearly equals F (J(B3), q). Hence the Lemma.
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Lemma 2.2. The only pleasant Eulerian poset of rank 3 is B3.

Proof. Since the number of elements of rank 1 and rank 2 are equal, let n be
the number of elements of rank 1 and rank 2 in an Eulerian poset P of rank 3.

Clearly, the number of order ideals of P containing 1, 2 and 3 elements are
respectively 1, n and

(

n
2

)

.
So, F (J(P ), q) = 1+q+nq2+

(

n
2

)

q3 + terms containing higher powers. Also,

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

=

[

1− q2

1− q

][

1− q3

1− q2

]n[1− q4

1− q3

]n[1− q5

1− q4

]

=
(1− q2)1−n(1− q4)n−1(1− q5)

(1− q)

= (1 + q2)n−1(1 + q + q2 + q3 + q4)

= 1 + q + nq2 + [(n − 1) + 1]q3 + · · · .

If this P is pleasant as F (J(P ), q) = Πx∈P

[

1−qr(x)+2

1−qr(x)+1

]

,
(

n
2

)

= n and so n = 3.

Hence P = B3. So, the Lemma is proved.
Now, we consider the case of rank 4. In this case, simple calculation shows

that even B4 is not pleasant. Hence, one could come to the conclusion that no
Eulerian poset of rank 4 can be pleasant. This is exactly the content of the next
theorem.

Theorem 2.3. No Eulerian poset of rank 4 is pleasant.

Proof. Let P be an Eulerian poset of rank 4 and let a1, a2 and a3 be the number
of elements of rank 1, 2 and 3, respectively. So,

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

=

[

1− q2

1− q

][

1− q3

1− q2

]a1
[

1− q4

1− q3

]a2
[

1− q5

1− q4

]a3
[

1− q6

1− q5

]

.

Since, by Lemma 1.5, a1 − a2 + a3 = 2, the above is equal to

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

=
(1− q3)2−a3(1− q4)a1−2(1− q5)a3−1(1− q6)

(1− q)(1− q2)a1−1

=
(1 + q2)a1−2(1− q5)a3−1(1 + q3)

(1− q3)a3−3(1− q)(1− q2)
.

Cancel the factor (1− q)a3−1, we get,

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

=
(1 + q2)a1−2(1 + q + q2 + q3 + q4)a3−1(1 + q3)

(1 + q + q2)a3−3(1 + q)

=
(1 + q2)a1−2(1 + q + q2 + q3 + q4)a2−a1+1(1− q + q2)

(1 + q + q2)a3−3
.
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All the factors that appear are irreducible. If this is to be a polynomial equal to
F (J(P ), q), then a3 ≤ 3, a1 ≥ 2, a2 − a1 + 1 ≥ 0. But, a3 > 0 and a3 6= 1, as P
is Eulerian. Hence a3 = 2 or 3.

Case (i): If a3 = 2, a1 = a2 = n (say). Then,

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

= (1 + q + q2)(1 + q2)n−2(1 + q + q2 + q3 + q4)(1− q + q2)

= (1+ q2)n−2(1+ q + 2q2 + 2q3+ 3q4 + 2q5+ 2q6 + q7 + q8)

= 1 + q + nq2 + nq3 +

[

(2n− 1) +

(

n− 2

2

)]

q4(2)

+ higher powers of q.

By considering the order ideals of P having 1, 2, 3 and 4 elements, we find,
the number of such ideals are respectively 1, n,

(

n
2

)

and
(

n
3

)

+ n. So,

(3) F (J(P ), q) = 1 + q + nq2 +

(

n

2

)

q3 +

[(

n

3

)

+ n

]

q4 + higher powers of q.

For P to be pleasant, the equations (2) and (3) must be the same.

Comparing the coefficients q3 and q4 from the above equations we get,
(

n
2

)

= n

and
(

n
3

)

+ n = 2n− 1 +
(

n−2
2

)

this implies n = 3 from the first equation, but this
cannot be satisfied by the second. Hence a3 cannot be 2.

Case (ii): a3 = 3. Since by Lemma 1.5, a1 − a2 + a3 = 2, a1 − a2 = −1.
Hence a1 = n and a2 = n+ 1. Then,

(4)

Πx∈P

(

1− qr(x)+2

1− qr(x)+1

)

= (1 + q2)n−2(1− q + q2)(1 + q + q2 + q3 + q4)2

= (1 + q2)n−2(1 + q + 2q2 + 3q3 + 4q4 + 3q5 + 4q6

+ 3q7 + 2q8 + q9 + q10)

= 1 + q + nq2 + (n+ 1)q3 + higher powers of q.

For P to be pleasant, the equations (4) and (3) must be the same.

Comparing the coefficient of q3, n+1 =
(

n
2

)

, this implies, 2(n+1) = n(n−1),
so, n2 − 3n − 2 = 0. As n is an integer, this is impossible. Hence no Eulerian
poset of rank 4 is pleasant.

Theorem 2.4. No Eulerian poset of rank 5 is pleasant.

Proof. Let P be an Eulerian poset of rank 5 with ai elements of rank i, 1 ≤ i ≤ 4.
Since by Lemma 1.5, a1 − a2 + a3 − a4 = 0. Since F (J(P ), q) = 1 + q + a1q

2 +
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(

a1
2

)

q3+
[(

a1
3

)

+a2
]

q4+ · · · is a polynomial, and P is pleasant, this must be equal
to
[

1− q2

1− q

][

1− q3

1− q2

]a1
[

1− q4

1− q3

]a2
[

1− q5

1− q4

]a3
[

1− q6

1− q5

]a4
[

1− q7

1− q6

]

= (1 + q + q2)a1−a2+a4−1(1 + q2)a1−a4(1− q + q2)a4−1(1 + q + q2

+ q3+q4)a2−a1(1+q+ · · ·+ q6). We observe that the power of q +1becomes zero.

= (1+q + q2)n1(1+ q2)n2(1 + q2 + q4)n3(1 + q + q2 + q3 + q4)n4(1 + q + · · ·+ q6)

where,
n1 = a1 − a2
n2 = a1 − a4
n3 = a4 − 1
n4 = a2 − a1.

Here, the coefficient of q3 is

1 + 2n1 + n2 + n3 + 3n4 + n1n2 + 3n1n4 + n1n3 + n3n4 + n2n4

+

(

n1

2

)

[

3 + n4

]

+

(

n1

3

)

+

(

n4

2

)

[

3 + n1

]

+

(

n4

3

)

= a2.

If the above is to be a polynomial then, a1 − a2 + a4 − 1 ≥ 0, a1 ≥ a4 and
a2 ≥ a1. Assuming these and comparing the coefficient of q3 in F (J(P ), q), we
get, a2 =

(

a1
2

)

. Since a1 − a2 + a4 − 1 ≥ 0 and a1 ≥ a4, we get 2a1 − a2 − 1 ≥ 0.
Therefore 2a1 ≥ a2 + 1. Since a2 =

(

a1
2

)

, 2a1 ≥
(

a1
2

)

+ 1.

This implies 2a1 ≥
a1(a1−1)

2 + 1. That is, 4a1 ≥ a1
2 − a1 + 2.

This implies a21 − 5a1 + 2 ≤ 0. Therefore a1 ≤ 4.

(i) If a1 = 2, then a2 = 1, in which case , P cannot be Eulerian.

(ii) If a1 = 3, then a2 =
(

3
2

)

= 3 a1 = 3 = a2 implies a3 = a4.

Since a4 ≤ a1 = 3 implies a4 ≤ 3. Hence, either a4 = 2 or a4 = 3. If
a4 = a3 = a2 = a1 = 3, the polynomial becomes,

(1 + q2 + q4)2(1 + q + · · ·+ q6) =
[

(1 + 2(q2 + q4) + (q2 + q4)2
]

(1 + q + · · ·+ q6).

The Coefficient of q4 is 6 6= 4 =
(

a1
3

)

+ a2. If a4 = a3 = 2, then the polynomial
becomes,

(1 + q2 + q4)(1 + q2)(1 + q + · · ·+ q6) = (1 + 2q2 + 2q4 + q6)(1 + q + · · ·+ q6).

The Coefficient of q4 is 5 6= 4 =
(

a1
3

)

+ a2. So, there is no such Eulerian poset.
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(iii) If a1 = 4, then a2 = 6, a3 − a4 = 2, a3 = a4 + 2.

The possibilities are:

a1 = 4, a2 = 6, a3 = 4, a4 = 2,
a1 = 4, a2 = 6, a3 = 5, a4 = 3,
a1 = 4, a2 = 6, a3 = 6, a4 = 4,
a4 6= 2, since a1 − a2 + a4 − 1 ≥ 0.

When a4 = 3, the polynomial becomes,

(1− q + q2)2(1 + q2)(1 + q + q2 + q3 + q4)2(1 + q + q2 + · · · + q6)

= (1− 2q + 3q2 − 2q3 + q4)(1 + q2)(1 + 2q + 3q2 + 4q3

+ 5q4 + · · · )(1 + q + q2 + · · · + q6).

The coefficient of q4 is 11 6=
(

a1
3

)

+ a2 = 10. Similarly, when a4 = 4, we get the
coefficient of q4 of the polynomial is 12 6=

(

a1
3

)

+ a2.
Hence, there is no pleasant poset which is Eulerian of rank 5.

Theorem 2.5. No Eulerian poset of rank 6 is pleasant.

Proof. Let P be an Eulerian poset of rank 6 with ai elements of rank i, 1 ≤ i ≤ 5.
Since by Lemma 1.5, a1 − a2 + a3 − a4 + a5 = 2. Since

(5) F (J(P ), q) = 1 + q + a1q
2 +

(

a1

2

)

q3 + [

(

a1

3

)

+ a2]q
4 + · · ·

is a polynomial and P is pleasant, this must be equal to
(6)
(

1− q2

1− q

)(

1− q3

1− q2

)a1
(

1− q4

1− q3

)a2
(

1− q5

1− q4

)a3
(

1− q6

1− q5

)a4
(

1− q7

1− q6

)a5
(

1− q8

1− q7

)

=

(

1 + q

)1−a1+a2−a3+a4−a5
(

1 + q + q2
)n1

(

1 + q2
)n2

(

1 + q + q2 + q3 + q4)n3

(1− q + q2
)n4

(

1 + q + q2 + · · · + q6
)n5

(

1 + q + q2 + · · ·+ q7
)

.

where,
n1 = a1 − a2 + a4 − a5
n2 = a2 − a3 + 1
n3 = a3 − a4
n4 = a4 − a5
n5 = a5 − 1.

In (6),
(

1+ q
)1−a1+a2−a3+a4−a5 =

(

1+ q
)−1

. Since
(

1+ q
)−1

is not a polynomial,
we can not compare the right hand side of (6) with that of (5).

Therefore, we conclude that an Eulerian poset P of rank 6 is not pleasant.
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Remark 2.6. Suppose, the rank of P is even, say 2m, where m is a positive

integer. Then, the power of 1 + q in the expression Πx∈P

(

1−qr(x)+2

1−qr(x)+1

)

is 1− a1 +

a2 − a3 + a4 − a5 + · · ·+ a2m−2 − a2m−1 = −1 , as a1 + a2 − a3 + a4 − a5 + · · ·+
a2m−2 − a2m−1 = 2 which shows that it is not a polynomial.

So, there is no pleasant Eulerian poset of even rank ≥ 6. With this observa-
tion, it is enough to look for pleasant Eulerian posets of odd ranks.

Theorem 2.7. No Eulerian poset of rank 7 is pleasant.

Proof. Let P be an Eulerian poset of rank 7 with ai elements of rank i, 1 ≤ i ≤ 6.
Now, a1 − a2 + a3 − a4 + a5 − a6 = 0, by Lemma 1.5. Since

(7)

F
(

J(P ), q
)

= 1 + q + a1q
2 +

(

a1
2

)

q3

+

[(

a1

3

)

+ a2

]

q4 +

[(

a1

4

)

+ a2(a1 − 2)

]

q5 + · · · .

is a polynomial and P is pleasant, this must be equal to

(8)

(

1− q2

1− q

)(

1− q3

1− q2

)a1
(

1− q4

1− q3

)a2
(

1− q5

1− q4

)a3

(

1− q6

1− q5

)a4
(

1− q7

1− q6

)a5
(

1− q8

1− q7

)a6
(

1− q9

1− q8

)

=
(

1 + q + q2
)n1

(

1 + q2
)n2

(

1 + q + q2 + q3 + q4
)n3

(

1 + q2 + q4
)n4

(

1 + q + q2 + q3 + q4 + q5 + q6
)n5

(

1 + q4
)n6

(

1 + q3 + q6
)

where,
n1 = a1 − a2 + 1
n2 = a2 − a3 + a6 − 1
n3 = a3 − a4
n4 = a4 − a5
n5 = a5 − a6
n6 = a6 − 1.

If the above is to be a polynomial, then

(9)
a1 − a2 + 1 ≥ 0, a2 − a3 + a6 − 1 ≥ 0, a3 − a4 ≥ 0,

a4 − a5 ≥ 0, a5 − a6 ≥ 0 and a6 − 1 ≥ 0.

This implies that a1 − a2 ≥ −1, a2 − a3 + a6 ≥ +1 and a3 ≥ a4 ≥ a5 ≥ a6 ≥ 1.
Assuming these and computing the coefficient of q and q2 in the right hand

side of (8), we get, n1 + n3 + n5 = a1 − a2 + a3 − a4 + a5 − a6 + 1 = 1, as the
coefficient of q and
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n1 + n2 + n3 + n4 + n5 +

(

n1

2

)

+

(

n3

2

)

+

(

n5

2

)

+ n1n5 + n1n3 + n3n5 = a1,

as the coefficient of q2, which are same as the coefficients of q and q2 respectively
in the right hand side of (7).

Since P is Eulerian, a1−a2+a3−a4+a5−a6 = 0, which implies a1−a2 ≤ 0,
as a3 − a4 ≥ 0 and a5 − a6 ≥ 0, by (9). This together with the inequality
a1−a2 ≥ −1, imply that, either a1−a2 = 0 or a1−a2 = −1. If a1−a2 = 0, then
(a3−a4)+(a5−a6) = 0. This implies a3−a4 = 0 and a5−a6 = 0, as a3−a4 ≥ 0
and a5 − a6 ≥ 0. If a1 − a2 = −1, then (a3 − a4) + (a5 − a6) = 1, which implies
that (a3 − a4) = 1− (a5 − a6), implies 0 ≤ (a3 − a4) ≤ 1 as a5 − a6 ≥ 0. Hence,
(a3 − a4) = 0 or 1 according as (a5 − a6) = 1 or 0.

Hence, we have three possibilities:

(i) a1 − a2 = 0, a3 − a4 = 0 and a5 − a6 = 0.

(ii) a1 − a2 = −1, a3 − a4 = 1 and a5 − a6 = 0.

(iii) a1 − a2 = −1, a3 − a4 = 0 and a5 − a6 = 1.

In Case (i), when a1 − a2 = 0, a3 − a4 = 0 and a5 − a6 = 0, the polynomial
becomes,
(10)

(

1 + q + q2
)(

1 + q2
)n2

(

1 + q2 + q4
)n4

(

1 + q4
)n6

(

1 + q3 + q6
)

=
[

1 + q + q2
]

[

1 + (n2 + n4)q
2 + q3 +

(

n4 + n6 +

(

n2

2

)

+

(

n4

2

)

+ n2n4

)

q4

+ (n2 + n4)q
5 + · · ·

]

.

The coefficient of q3 is 1 + n2 + n4 = a1.

Comparing this with the coefficient of q3 in F (J(P ), q), we get, a1 =
(

a1
2

)

.
On solving we get, a1 = 3. The coefficient of q4 in (10) is

1 + n2 + 2n4 + n6 +

(

n2

2

)

+

(

n4

2

)

+ n2n4 = 1 + n2 + 2n4 + n6 + 1

= a3 + 3, by substituting a1 = 3.

Comparing this with the coefficient of q4 in F (J(P ), q), we get, a3+3 =
(

a1
3

)

+a2 =
1 + 3 = 4, then a3 = 1, in which case, P cannot be Eulerian.

In Case (ii), when a1 − a2 = −1, a3 − a4 = 1 and a5 − a6 = 0, the polynomial
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becomes,

(11)

(

1 + q2
)n2

(

1 + q + q2 + q3 + q4
)(

1 + q2 + q4
)n4

(

1 + q4
)n6

(

1 + q3 + q6
)

=
(

1 + q2
)n2

[

1 + q + (1 + n4)q
2 + (1 + n4)q

3

+
(

2 + 2n4 +

(

n4

2

)

+ n6

)

q4 + · · ·

]

The coefficient of q3 is 1 + n2 + n4 = a1, which is the same as that of Case (i).
Therefore, again we have a1 = 3. The coefficient of q4 in (11) is

2 + n2 + 2n4 + n6 +

(

n2

2

)

+

(

n4

2

)

+ n2n4 = 2 + n2 + 2n4 + n6 + 1

= a4 + 4, by substituting a1 = 3.

On comparing this with the coefficient of q4 in F (J(P ), q), we get, a4 + 4 =
(

a1
3

)

+ a2 = 1 + 4 = 5 then a4 = 1, in which case P cannot be Eulerian. In Case
(iii), when a1 − a2 = −1, a3 − a4 = 0 and a5 − a6 = 1, the polynomial becomes,

(12)

(

1 + q2
)n2

(

1 + q + · · ·+ q6
)(

1 + q2 + q4
)n4

(

1 + q4
)n6

(

1 + q3 + q6
)

=
(

1 + q2
)n2

[

1 + q + (1 + n4)q
2 + (2 + n4)q

3 +
(

2 + 2n4 +

(

n4

2

)

+ n6

)

q4

+
(

3n4 +

(

n4

2

)

+ n6

)

q5 + · · ·

]

.

Here, the coefficient of q3 is 2 + n2 + n4 = a1 + 1. Comparing this with the
coefficient of q3 in F (J(P ), q), we get, a1 + 1 =

(

a1
2

)

= (a1)(a1−1)
2 . Which implies

a1
2 − 3a1 − 2 = 0, whose solution a1 is not even an integer. So, we conclude that

there exist no such Eulerian poset P in this case. Hence, there is no pleasant
poset which is Eulerian of rank 7.

3. Conclusion

The road ahead is not so clear. In this paper, the Eulerian posets up to rank
7 have been investigated for pleasantness. It is a challenging task to find out
coefficients for higher ranks. But we strongly believe that there could be no
pleasant Eulerian posets of ranks greater than 7 which is still open.
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