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Abstract

A regular ordered semigroup S is called right inverse if every principal
left ideal of S is generated by an R-unique positive element of it. We prove
that a regular ordered semigroup is right inverse if and only if any two
inverses of an element a € S are R-related. Furthermore the class of right
Clifford ordered semigroups have been characterized by the class of right
inverse ordered semigroups.
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1. INTRODUCTION

Following Bailes [2], a right inverse semigroup is a regular semigroup with the
property that each element has a unique left unit. Due to Bailes the class of right
inverse semigroups are strictly between the class of orthodox semigroups and the
class of inverse semigroups. Venkatesan [8] studied these semigroups under the
name of right unipotent semigroups. He showed that a semigroup is right inverse
if and only if every principal left ideal has a unique idempotent generator.
Bhuniya and Hansda [1] have deal with ordered semigroups in which any two
inverses of an element are H-related. These ordered semigroups are analogue to
inverse semigroups. So it is a logical step to study ordered semigroups with the
property that any two inverses of an element of it are R-related. So the purpose
of this paper is to characterise such ordered semigroups which we call right in-
verse ordered semigroups. We give a detailed exposition on the characterization
of these ordered semigroups. Here we generalize such ordered semigroups into
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right inverse ordered semigroups. This paper is inspired by the works done by
Venkatesan [8] and Bailes [2].

The presentation of this article is as follows: This section is followed by pre-
liminaries. Definitions and basic properties of ordered semigroups are described
in section 2. Section 3 is devoted to the right inverse ordered semigroups and its
different characterizations.

2. PRELIMINARIES

An ordered semigroup is a partiality ordered set (S, <), and at the same time a
semigroup (S, -) such that for all a,b, z € S, a < b implies za < zb and ax < bz.
It is denoted by (S,-,<). For an ordered semigroup S and H C S, denote the
download closure by

(H]:={te S:t<h, for some h € H}.

Let I be a non-empty subset of S. Then [ is called a left(right) ideal [4] of S,
if SI CI(IS C1I)and (I] CI. If Iis both left and right ideal, then it is called
an ideal of S. We call S a (left, right) simple ordered semigroup if it does not
contain any proper (left, right) ideal. For a € S, the smallest (left, right) ideal of
S that contains a is denoted by (L(a), R(a))I(a).

Following Kehayopulu [4] an ordered semigroup S is said to be regular (re-
spectively, completely regular, right regular) if for every a € S, a € (aSq]
(a € (a?Sa?), a € (a®S]). Due to Kehayopulu [4] Green’s relations on a reg-
ular ordered semigroup given as follows:

alb if L(a) = L(b), aRb if R(a) = R(b), aJb if I(a) = I(b), H = LN R.
These four relations £, R, J, and H are equivalence relations.

An equivalence relation p is called left (right) congruence if for a,b,c € S apb
implies capcb (acpbe). By a congruence we mean both left and right congruence.
A congruence p is called semilattice congruence if for all a,b € S, apa® and
abp ba. By a complete semilattice congruence we mean a semilattice congruence
o such that for a,b € S, a < b implies that acab. An ordered semigroup S is
called complete semilattice of subsemigroups of type 7 if there exists a complete
semilattice congruence p such that (x), is a type 7 subsemigroup of S.

A regular ordered semigroup S is said to be group-like (respectively, left
group-like) [1] ordered semigroup if for every a,b € S, a € (Sb] and b € (aS] (re-
spectively, a € (Sb]). Right group-like ordered semigroup can be defined dually.
A regular ordered semigroup S is called a right (left) Clifford [1] if for all a € S,
(Sa] C (aS], ((aS] C (Sa]). Every right (left) group-like ordered semigroup is a
right (left) Clifford ordered semigroup. An element b € S is said to be an inverse
of a € S'if a < aba and b < bab. We denote the set of all inverses of an element «
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by V<(a). In an ordered semigroup S, an element [7] e € S is said to be positive
element if e < e2. The set of all positive elements of S denoted by E<(S).
Following results are useful for the sake of this paper.

Theorem 1 [1]. Let S be a reqular ordered semigroup. Then the following state-
ments are equivalent.

(1) S is right Clifford ordered semigroup;

(2) for all e € E<(S), (Se] C (eS];

(3) foralla e S, and e € E<(S), there is x € S such that ea < ax;
(4) for all a,b € S, there is x € S such that ba < ax;

(5)

5 LCR onS.

Lemma 2 [1]. Let S be a right Clifford ordered semigroup. Then the following
conditions hold in S.

(1) a € (a®Sal, for every a € S;
(2) ef € (feSef], for every e, f € E<(S).

Theorem 3 [1]. Let S be an ordered semigroup. Then S is right (left) Clifford
ordered semigroup if and only if R(L) is the least complete semilattice congruence
on S.

Theorem 4 [1]. Let S be a regular ordered semigroup. Then S is right (left)
Clifford ordered semigroup if and only if it is a complete semilattice of right (left)
group-like ordered semigroups.

3. RIGHT INVERSE ORDERED SEMIGROUP

Let S be an ordered semigroup and p be an equivalence relation on S. By the
notion p-unique in S we mean the uniqueness in respect to the relation p.

Lemma 5. Every principal left ideal in a reqular ordered semigroup is generated
by a positive element.

Proof. Let S be a regular ordered semigroup. Consider a principal left ideal
J = (Sa] of S for a € S. Since S is regular there is x € S such that a < aza.
Then za € E<(S). Say e = za. Clearly ale. Take y € J. Then y < za for some
z € S, so that y < zaxa = zae. Therefore y € (Se]. Hence J = (Se]. ]

Lemma 6. Let S be a reqular ordered semigroup. Then S is a left group-like
ordered semigroup if and only if any two positive elements of S are L-related.
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Proof. Suppose that S is a left group-like ordered semigroup. Choose e, f €
E<(S). Then eLf.

Conversely, assume that the given condition holds in S. Let a,b € S. Since
S is regular, there exists s,t € S such that a < asa and b < bth. Clearly
as, sa,bt,tb € E<(S). Then by given condition, sa < vtb for some v € S. Then
a < asa < avth. Hence S is left group-like ordered semigroup. [ |

Right group-like ordered semigroup can be characterized dually.

Let S be a regular ordered semigroup and a € S. Then there is z € S such
that a < aza < a(zax)a. Also zax < xarazaz. So there is a’ € V<(a) such that
a < ad’a. Now we have the following theorem.

Theorem 7. Let S be a reqular ordered semigroup. Then any two inverses of an
element of S are L-related if and only if for every e, f € E<(S),ef € (eSfSe].

Proof. First suppose that the given condition holds in S. Let a € S and @/, a” €
V<(a). Now o’ < d'ad’ < d'aa’ad’. Clearly aa’ and aa” € E<(S) so that by the
given condition we have aa”aad’ < aa’raa’taa” for some r,t € S. Therefore
a < d'ad’"rad’tad”, that is, a’ < ma”, where m = d’aa’raa’ta. Similarly a” < na’
for some n € S. Hence a'La”.

Conversely, let a € S and o/, a” € V<(a) such that a’La”. Let e, f € E<(S).
Since S is regular, V<(ef) # ¢. Let v € V<(ef). Thenz < zefz andef < efzef.
Now frze < f(zefz)e < frze(ef)fre and ef < ef(fze)ef. Then ef € V< (fze).
Also fxe € E<(S), and so fre € V<(fxe). This yields that ef € V<(fxe), so
efLfxe by the given condition. Hence ef < ufxe for some u € S. Hence from
above ef < ef?xreufre. Thus ef € (eSfSe]. [ ]

Definition. A regular ordered semigroup S is called right inverse if every prin-
cipal left ideal is generated by an R-unique positive element of S.

Example 3.1. The ordered semigroup S = {a,e, f} defined by multiplication
and order below.

DD D
===

SERSEESEES

~|o e

! SI:: {(a’a)v (a’ 6), (a7 f)’ (6, 6), (fy f)}

(S,-, <) is a right inverse ordered semigroup.
The following lemma is obvious so we omit its proof.

Lemma 8. A regular ordered semigroup S is a right inverse if and only if for
any two positive elements e, f € E<(S), eLf implies eH f.
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Left group-like ordered semigroups are generalizations of group-like ordered
semigroups. Every right inverse and left group-like ordered semigroups are group-
like ordered semigroups.

Lemma 9. FEvery right inverse left group-like ordered semigroup is a group-like
ordered semigroup.

Proof. This follows from Lemma 6 and Lemma 8. [

The characterization of right inverse ordered semigroups by the inverses of
their elements has been given in the following theorem.

Theorem 10. The following conditions are equivalent on a regular ordered semi-
group S.

(1) S is right inverse;

(2) for everya € S and d/,a" € V<(a), a'Ra";

(3) for everye, f € E<(S), ef € (fSeSf];

(4) for everye, f € E<(S), (eS| N (fS] = (efS];

(5) for e € E<(S) and x € (Se| implies «' € (eS], where x € S and 2’ € V< ().

Proof. (1) = (2): Let S be a right inverse semigroup and a € S. Consider
a',a" € V<(a). Then d'a,a"a € E<(S). Say L = (Sa] and let x € (Sa]. Then
there is s € S such that z < sa. Thus = < sad’a, which implies that x € (Sd’a)
and so (Sa] C (Sd’a]. Also (Sd’a] C (Sa]. And thus (Sa] = (Sd’a]. Similarly
(Sa] = (Sa”al]. Since S is right inverse, we have a’aRa”a. Now a” < a"ad” <
a’az1a” for some z; € S. Hence a” < a’t1, where t; = az1a”. Also o’ < d’ad” <
a’azpa’ for some zo € S. Hence a’ < a”’to, where ty = aza’. Hence a’Ra”.

(2) = (3): Suppose that for every a € S and o/,a” € V<(a), we have a'Ra”.
Since S is regular, V<(ef) # ¢. Let x € V<(ef). Thenz < zefx and ef < efzef
and so fze < frefwe < fre(ef)fre and ef < ef?xe?f. Thus

(1) ef <ef(fre)ef

and thus ef € V<(fze). Also fre < (fwe)?, so that is fre € V<(fze). Hence
ef, fre € V<(fze). Then by the condition (2), we have efR fze, so ef < freu
for some u € S. Also ef < freufxe?f from inequality (1). Hence ef € (fSeSf].

(3) = (4): Let x € (eS] N (fS]. Then there are s1,s9 € S such that z <
es; and x < fso. Since S is regular there is z € V<(x) such that z < zzz,
so x < esjzfsg. Also esjz < esjzaz < esjzesyz, thus esjz € E<(S). Now
by condition (3) es1zf € (fSes1zSf], and thus esjzf < fssesjzssf for some
s3,54 € S. Therefore es1zf < fm, where m = szes1zs4f. Finally z < es1zfse <
e(es1zf)sa < efmsa. Thus z € (efS] and hence (eS] N (fS] C (efS].
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Next let y € (efS] then y € (eS]. Also ef € (fSeSf], by given condition.
Now y € (efS] implies that y < efq for some ¢ € S. Then there are sg,s7 € S
such that y < fsges7fq. Thus y € (fS], and so y € (eS] N (fS]. Therefore
(efS] C (eS] N (fS] and hence (eS| N (fS] = (efS].

(4) = (5): Given x € (Se]. Then there is s € S such that x < se. Also z <
za'z and o’ < 2’zz’ for some x’ € V<(z). Now a'se < 2'sex’se, so 2’'se € E<(S).
Then for 2'se, e € E<(S) we have that (2'seeS] = (eS] N (2'seS], by condition
(4). Also from 2’ < 2'za’ we have 2’ < 2’/sea’. Therefore 2’ € (2/SeeS| and
hence 2’ € (eS].

(5) = (1): Since S is regular, by Lemma 5 we have that every principal left
ideal is generated by a positive element. Let e, f € E<(S) such that (Se] = (Sf].
Also e < ee, so e € (Se] = (Sf]. Now e € V<(e). So from the given condition
e € (fS]. Similarly f € (eS] and thus eRf. Hence S is a right inverse ordered
semigroup. ]

Corollary 3.2. Let S be a right inverse ordered semigroup. Then any two positive
elements e, f € E<(S) are H-commutative if and only if (Se] N (Sf] = (Sef].

Proof. This follows from Theorem 10 and ([1], Theorem 3.10). ]

Let S be a regular ordered semigroup. For A C S, denote A’ ={x € S:z €
V<(y) where y € A}, the set of all ordered inverses of the elements of A.

In the following lemma we characterize these subsets A’ in an ordered semi-
group.

Lemma 11. Let S be a reqular ordered semigroup. Then following are true in S.
(1) For any subset R of S, (R') C R.
(2) For any subset A, B of S, A C B implies A’ C B'.

Proof. (1) Let z € (R')'. So there 2’ € R’ such that = € V< (). Also 2’ € V<(z)
which implies that z € R. So (R') C R.

(2) Let x € A’. So there exists y € A such that x € V<(y). Nowy € A
implies y € B. Sox € B'. So A’ C B'. [ ]

In the following theorem we characterize a right inverse ordered semigroup
S by the set of all inverses of elements of R-class of a positive element of S.

Theorem 12. Let S be a regular ordered semigroup. Then S is a right inverse
ordered semigroup if and only if L C (R.)" for any e € E<(S).

Proof. Let e € E<(S). Say R = R, and L = L.. Suppose that S is a right
inverse ordered semigroup. Let x € L, and ' € V<(z). Then 2z’ € (L.) and
¥’z € E<(S). Now 2/z < (2/za’)x and = < z(a’x), which gives that xLa'z.
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Hence 2'z is a positive element in L.. Therefore L = (Se| = (Sz'z]. Since S
is a right inverse ordered semigroup, so eRz’'x, by definition. Also x'Rz’x, then
2’ € R, which implies that z € (R,)" and hence L C R'.

Conversely assume that the given condition holds in S. Since S is regular,
by Lemma 5 we have every principal left ideal is generated by a positive element.
Let e, f € E<(S) such that (Se] = (Sf]. Clearly e, f € L.. Also L. C (R.)
implies (L¢)" € ((Re)") € Re by Lemma 11. Now e, f € L. implies e, f € (L)'
So e, f € R.. Hence S is right inverse ordered semigroup. [ |

Theorem 13. An ordered semigroup S is right Clifford if and only if S is right
inverse and for every a € S, a € (a*Sa).

Proof. First suppose that S is a right inverse ordered semigroup and for every
a €8, ac€ (a®>Sa). Then a < a’za for some x € S. So we have a’x < a?za’w,
which implies that a?z € E<(S). Let e € E<(S). Since S is right inverse,
there are 1,29 € S such that ea’zr < a’zziexsa’c by Theorem 2. Now ea <
ea’ra < a’vriersa’ra = a(axwiersa’ra) = axs, where x3 = arziersa’za.
Thus ea € (aS]. So S is a right Clifford ordered semigroup.

Conversely, assume that S is a right Clifford ordered semigroup. Then from
Lemma 2, a € (a?Sa] and ef € (feSef]. So there is x4 € S such that ef <
fexgef < f(e)e(xge)f = f(e)e(xs)f, where x5 = z4e and thus ef € (fSeSf].

Hence S is right inverse ordered semigroup, by Theorem 10. [ |

Bhuniya and Hansda [1] showed that every Clifford ordered semigroup is a
union of group-like ordered semigroups. Here we have shown that a left Clifford
ordered semigroup is a union of group-like ordered semigroups in right inverse
ordered semigroup.

Theorem 14. Let S be a right inverse ordered semigroup. If S is left Clifford
then S is a union of group-like ordered semigroups.

Proof. Suppose that S is a left Clifford ordered semigroup. Then L is a semi-
lattice congruence on S by Theorem 4. Let a € S and a’ € V<(a). Then a < ad’a
and a’ < d’ad’. Let us denote aa’ = e and a’a = f. Clearly e, f € E<(S). Also
a < ad'a and d’'a < d’ad’a, which implies that aLf. Since £ is a congruence
on S, ealef. Also a < ad’a = ea < eea and ea < eea, so alea. Thus alef
implies that fLef. Similarly it can be shown that a’Le and eLfe. Since L is a
semilattice congrence, so efLfe. Hence efLfeLaLla LfLe.

Also aRe and a'Rf. Hence aHe and o'Hf. Now let x € (Se|. Hence there
are s1, 82 € S such that z < sje < s189f, since eLf.

So z € (Sf]. Hence (Se] C (Sf]. Similarly it can be shown that (Sf] C (Se].
Hence (Se| = (Sf]. Since S is right inverse ordered semigroup, we have eRf.
Hence eH f. So aH fHeHa .
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Since aH f and aHa', so there is x1,x9 € S such that a < ad’a < ad’ad’a =
afd'a < aaxiro0a = a’rix00’.
So, a € (a®Sa?]. Thus S is a completely regular ordered semigroup and hence

S is a union of group-like ordered semigroups by Theorem 4.8 of [1]. [ |

In the following we show that in a right inverse ordered semigroup R is a
congruence if and only if £ = H.

Theorem 15. Let S be a right inverse ordered semigroup. Then following con-
ditions are equivalent.

(1) R is a congruence on S;
(2) L="H;
(3) S is a complete semilattice of right group-like ordered semigroups.

Proof. (1) = (2). Let R be a congruence on S. Since S is right inverse, S is
regular. So for every a € S there is a’ € V<(a). Now a < ad’a and ¢’ < d’ad’.
Denote aa’ = e and a’a = f. Therefore aRe and a’Rf. Since R is a congruence
on S, aa’Ref. That is eRef.

Again a’ < (d’e)e and d’e < d/(ee). Therefore a’Ra’e which implies that
a'Rfe. Thus fRfe. So there is z € S such that f < fez. Since S is right
inverse, there are z,y € S such that ef < freyf < fezzxeyf. Hence ef < fetq,
where t1 = zzeyf. Similarly fe < efto, for some to € S. Therefore efR fe.
Hence aReRefRfeRfRa’. Now a < ad’a < aawa, for some w € S. Hence

€ (a?Sa]. So S is a right clifford ordered semigroup. Hence £ C R. Thus
L=mH.

(2) = (3) and (3) = (1). These implications follows from Theorem 4 and

Theorem 3. [

Our paper ends up with the following corollary which follows from Theorem
15 and Theorem 14. This gives a condition for a right inverse ordered semigroup
to become a completely regular ordered semigroup.

Corollary 3.3. Let S be a right inverse and left reqular ordered semigroup. Then
following conditions are equivalent.

(1) R is a congruence on S;

(2) £

(3) Sisa complete semilattice of right group-like ordered semigroups;

(4)

4) S is completely reqular.
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