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Abstract

The bihyperbolic numbers are extension of hyperbolic numbers to four
dimensions. In this paper we introduce and study the Fibonacci and Lucas
bihypernomials, i.e., polynomials, which are a generalization of the bihyper-
bolic Fibonacci numbers and the bihyperbolic Lucas numbers, respectively.
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1. INTRODUCTION

Let F,, be the nth Fibonacci number defined recursively by F,, = F,,_1 + Fj_o
for n > 2 with Fy = 0, F1 = 1. The nth Lucas number L,, is defined recursively
by L, = Lp_1+ Ly_o for n > 2 with Ly = 2, L1 = 1. The direct formulas for the
nth Fibonacci number and the nth Lucas number are named as Binet formulas

and have the form

s L 1+v5) 1 [1-vB\"
"5 2 NG 2

1+v5\" [(1-v5\"
)

For any variable quantity x, the Fibonacci polynomial F;,(z) is defined as F,(x) =
x-F,_1(z)+ Fh—2(x) for n > 2 with Fy(z) = 0, Fi(x) = 1. The Lucas polynomial
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L, (x) is defined as L, (z) = 2+ Ly,—1(x) + Ly—2(z) for n > 2 with the initial terms
Lo(x) = 2, Li(x) = x. For z = 1 the Fibonacci and Lucas polynomials give the
Fibonacci and Lucas numbers, respectively.

Based on the properties of sequences defined by the second-order linear re-
currence relations we can give Binet formulas for F,,(xz) and L, (z). Then

a”(x) — 8" (x)

@ B0 = = B
and
) Lo(x) = o(z) + B"(z),

where a(z) = 3 (x + Va2 +4> and B(z) = 3 <w — Va2 +4)

Fibonacci polynomials were first studied by Bicknell, see for details [1] and
next the theory of Fibonacci type polynomials were developed among others
in [2,6,11,14,19,20]. The interest in investigations of Fibonacci polynomials
properties follows from their connections with the Chebyshev polynomials and
from their applications in distinct branches of science, see [12,13,18].

Hyperbolic numbers are two dimensional number system. Hyperbolic imag-
inary unit, so-called unipotent, introduced in 1848 by James Cockle (see [7-10]),
is an element h such that h? = 1 and h # £1. The set of hyperbolic numbers is
defined as

H:{x—l—yh:w,yER,hZ:l}.

Hyperbolic numbers can be used for describing the bidimensional space-time set-
ting of the theory of relativity, details of this applications can be found in [15].
Some algebraic properties of hyperbolic numbers were given among others in
[16,17].

Bihyperbolic numbers are a generalization of hyperbolic numbers. Let Hs be
the set of bihyperbolic numbers ¢ of the form

¢ =zo + j171 + Jaz2 + J33,
where zg, 21, 22,23 € R and j1, j2, j3s ¢ R are operators such that
(3)  Ji=45=1745 =1, jujz = jaj1 = js, jijs = Jsjr = J2. Jojs = jsjo = jr.

From the above rules the multiplication of bihyperbolic numbers can be made
analogously to the multiplication of algebraic expressions. The addition and the
subtraction of bihyperbolic numbers is done by adding and subtracting corre-
sponding terms and hence their coefficients.
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The addition and multiplication on Hy are commutative and associative.
Moreover, (Hy, 4+, -) is a commutative ring.

For the algebraic properties of bihyperbolic numbers, see [3].

A special kind of bihyperbolic numbers, namely bihyperbolic Fibonacci num-
bers, were introduced in [4] as follows.

The nth bihyperbolic Fibonacci number BhF,, is defined as

(4) BhEF, = F, + j1Fni1 + joFnye + j3Fngs.

In the same way we define bihyperbolic Lucas numbers. The nth bihyperbolic
Lucas number BhL,, is defined as

(5) BhLy = Lp+ j1Lny1 + joLnyo + j3Llns.

Note that some combinatorial properties of bihyperbolic numbers of the Fibonacci
type we can find in [5].

In this paper we introduce the Fibonacci and Lucas bihypernomials, i.e.,
polynomials, which can be considered as a generalization of the bihyperbolic
Fibonacci numbers and the bihyperbolic Lucas numbers.

For n > 0 the Fibonacci and Lucas bihypernomials are defined by

(6) BhFn(x) = Fu(2) + j1 B (@) + jaFusa() + jaFaya(a)
and
(7) BhLn(@) = La(@) + j1Ln11(2) + j2Lunsa(2) + jaLass(@),

where F,(x) is the nth Fibonacci polynomial, L, (z) is the the n-th Lucas poly-
nomial and ji, jo, j3 are bihyperbolic units satisfy (3).

For = 1 we obtain the bihyperbolic Fibonacci numbers and the bihyperbolic
Lucas numbers, respectively.

We recall selected theorems related to Fibonacci and Lucas polynomials,
which will be used in the next part of this paper.

Theorem 1 [1]. Let m > 2, n > 1 be integers. Then
(8) Fr1(2) Fo(2) + Fip (@) Fpy1(2) = Fingn(2).
Theorem 2 [11]. Let n > 2 be an integer. Then

Fn(.’L') + Fn_l(ac) — 1.

n—1
(9) > Fx) =
=1

Theorem 3 [11]. Let n > 2 be an integer. Then

n—1
(10) ZLl(x) _ Ln(w)+Ln;1($) —2—1"
=1
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2. MAIN RESULTS

Theorem 4. For any variable quantity x, we have
(11) BhF,(z) =z - BhF,,_1(z) + BhF,_2(x) for n > 2
with BhFy(z) = j1+ jo - o + js - (22 + 1)
and BhFy(z) =14 j1 -z +jo - (22 + 1) + j3 - (2% 4 22).
Proof. If n = 2 we have
BhF5(z) = x - BhFy(x) + BhFy(x)
= z-(1+ji-z+j2- (@4 1) + j3 - (2°+ 22)) + 1 + Jo - w4z - (274 1)
= o+ 1 (@® +1) + 52 (2% +22) +j3 - (2% + 327 + 1)
= Fy(x) + j1F3(2) + joFu(z) + js k5 ().
If n > 3 then using the definition of the Fibonacci polynomials we have
BhE,(z) = Fp(z) + j1Fnt1(x) + j2Fota(r) + jsFhis(z)
— (@ Fu1(@) + Fas(@)) + i (@ - Ful@) + Fu1 ()
+ Jo(@ - Fpga(z) + Fo()) + j3(z - Foyo (@) + Foya ()
=z (Foo1(2) + j1 - Fa(2) + j2 - Fos1(2) + J3 - Faya(2))

+ Fn2(z) + 1+ Foo1(z) + j2 - Fo() + Jj3 - Foga ()
= x - BhF,_1(z) + BhF,_2(x),

which ends the proof. [ |
In the same way we obtain the next result for Lucas bihypernomials.
Theorem 5. For any variable quantity x, we have
BhL,(z) =x - BhL,_1(x) + BhL,_s(x) for n > 2

with BhLo(z) =2+ j1 -z + jo - (2?2 +2) + j3 - (2° + 32)
and BhLi(z) = x + j1 - (22 4+ 2) + jo - (2% + 32) + js - (z* + 422 + 2).
Theorem 6. Let n > 0 be an integer. Then

BhF,(x) — j1BhE,+1(x) — joBhF,o(x) + jsBhF,13(x)

(12)
= Fn(2) = Foyo(2) — Faga(@) + Frpe(),

BhLy(x) — j1BhLyps1(2) — joBhLyio(x) + jsBhLy 3(x)

(13)
= Ly(2) — Lny2(z) — Lpta(®) + Lnte(2),
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Bth({L') - leth+1({L') - ngth+2(.’L') - ngth+3(.’L')
= F(x) — Frqo(x) — Frqa(x) + Frqe(x) — 253 BhF,3(2),

BhLn(2) — j1 BhLni1(2) — joBhLnsa(x) — jsBhLpys(z)
= Ln(2) = Lnt2(x) = Lnta(@) + Lnge(x) — 2j3BhLyi3(x).
Proof. By formula (6) we get

BhF,(x) — j1BhF,, (x) — joBhF,1o(x) + jsBhF, 3(x)

= Fp(2) + j1Fn1(2) + j2Foya(2) + jaFoys(2)

= 1Fni1(x) — Fpgo() — jsFnis(z) — joFhia(w)

= JoFni2(2) — jsFnys(x) — Fapa(@) — j1Fats(2)

+ JaFni3(@) + joFnsa(x) + jiFnis(@) + Frie(2)

= Fn(2) — Foy2(2) — Fopa(z) + Frpe(2)

and we obtain (12). By the same method we can prove formulas (13)—(15). m

(15)

Now we give the Binet formulas for the Fibonacci and Lucas bihypernomials.

Theorem 7 (Binet formulas for Fibonacci and Lucas bihypernomials). Letn > 0
be an integer. Then

BUF(a) = — 5 (14 jraa) + jao(o) + a0’ (0)
(16) n (s
- ﬁ(;(@ (14 718(z) + 128%(x) + ja B () ,
an BhLyn(z) = a™(z) (14 jioz) + joo? () + jza® (x))
+ 8"(2) (1 + j18(x) + j28%(2) + j3f°(x))
where a(m):%( > %(x— x2—i—4).
Proof. Using (1), (4) and (6) we have
BhE,(z) = Fo(2) + j1Fp1(z) + joFuga(z) + j3Fots()
a™(x) = fM(z) . a"(z) - BT (2)
o(x)— p@) ' alw) - B@)
' a”+2(x) _ ﬁ"+2(x) ) an+3(x) _ ﬁ"”(w)
TP AP el - A

and after calculations the result (16) follows. In the same way, using (2), (5) and
(7), we obtain the Binet formula (17) for the Lucas bihypernomials. |
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Fibonacci identities are the bases in finding Fibonacci sequence properties.
Among them we can distinguish the well-known identities such as Catalan iden-
tity, Cassini identity and d’Ocagne identity and to give corresponding identities
for Fibonacci and Lucas bihypernomials.

For simplicity of notation let

éf(w) =1+ j1a(x) + jac?(z) + jsad(z),
Bla) =1+ 51B(z) + j2B8*(x) + jsf° ().

Then we can write (16) and (17) as

RN (R
B ) = S 3@~ s - p
and
BhLy(x) = a"(2)é(z) + 5" (x)B(x),
respectively.
Moreover,
a(r) - f(z) = -1,
alz) + B(z) = =,
alz) — B(z) = Va2 +4
and

ax) - B(z) = B(x) - a(x)

=1+ j18(x) + 528%(z) + j3B° () + ra(z) — 1 = jsf() — j28° (x)

+ j20”(x) = jza(z) + 1+ j18(x) + jza’(x) — j2a®(z) + jra(z) — 1

=J1 (2a(z) +28(2)) + js (*(2) = a(z) + F(x) - B())

=j1 -2z + j3- (2° + 22) .
Theorem 8 (Catalan type identity for Fibonacci bihypernomials). Let n > 0,
r > 0 be integers such that n > r. Then

BhF,_(2) - BhFyy,(z) — (BhF,(z))?

() () - @)
=T @ p@yr @A
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=12 (4 (o4 V) - (3 (- vET)) )
) 2?4+ 4 J1

(—1)n—r+l (gg3+2gg) ((% <w+\/xz—+4))r_ (5 <x—\/x?—+4))r)2
x% 44

_|_

J3-
Proof. Applying Theorem 7 we have

BhF,_(z) - BhFyy,(z) — (BhFy(z))?

@) )
= "o 5@ aw — s

)
* e s

BTL*T(I.)
alw) - f()
) g a"@)

so the result follows. []

In the same way one can easily prove the next theorem, which gives Catalan
type identity for the Lucas bihypernomials.

Theorem 9 (Catalan type identity for Lucas bihypernomials). Let n >0, r > 0
be integers such that n > r. Then

BhLy_p(z) - BhLyr(x) — (BhLy,(x))?
= (-1)""(a"(z) — B"(2))? - &(z)B(x).

Note that for » = 1 we get the Cassini type identities for the Fibonacci and
Lucas bihypernomials.

Corollary 10 (Cassini type identities for Fibonacci and Lucas bihypernomials).
Let n > 1 be an integer. Then
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18 BhE,_1(z) - BhFyy1(x) — (BhE,(z))?
=(=1)" (j1 -2x 4 g3 - (x3 + 2x)) ,
19) BhLy_1(z) - BhLyy1(x) — (BhLy,(x))?

= ()" (2?+4) (j1 - 2z + j3 - (z +22)) .

Theorem 11 (d’Ocagne type identity for Fibonacci bihypernomials). Let m > 0,
n > 0 be integers such that m >n. Then

BhFp(2) - BhFpi1(x) — BhFpii(z) - BhF,(z)

Y@@ - A s
ECCEEE Do)

Proof. Applying Theorem 7 we have

BhFp(2) - BhFpi1(x) — BhFpyy(z) - BhF,(z)

- ) - S )i
—%5( 2)lw) + %5% 2)
s+ )i
S g eIete -~ e
- (o) gt _ et D
- LI (amn(a) - mr(a) )30
C T TOR T
so the result follows. []

In the same way we can prove the next theorem.

Theorem 12 (d’Ocagne type identity for Lucas bihypernomials). Let m > 0,
n > 0 be integers such that m >n. Then

BhLy,(z) - BhLypy1(z) — BhLyyy1(x) - BhL,(x)
= (=1)"(a(x) = B(x)) (8" " (x) — ™ "(x)) &) B ().
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Theorem 13. Let m >0, n > 0 be integers. Then
BhF,,(z) - BhL,(x) — BhL,,(z) - BhF,(x)

2 @ ) - ) s
ENCCELT D)
Proof. Applying Theorem 7 we have
BhF,,(z) - BhL,(x) — BhL,,(x) - BhF,(x)

am(z)a"(z) o (z)

e + S @)
e b wat) - 2 )
) SR+ gy )
- e b wat) + L )
2= )
A =) 5
so the result follows. [ ]

Theorem 14 (Convolution identity for Fibonacci bihypernomials). Let m > 2,
n > 1 be integers. Then

BhFp_1(z) - BhFy(z) + BhFp(z) - BhFpi1 (z)
= 2BhFpin(x) + 2j3 B Fpins(2)
- Fm+n($) + Fm+n+2($) + Fm+n+4(x) - Fm+n+6(x)-
Proof. Using (4) we have
BhF,,—1(z) - BhF,(x) + BhF,,(z) - BhF,11(x)
= Fin—1(2) Fo(7) + j1 Fin—1(2) Fyga (@ )+j2Fm 1(z) Frga()
+ J3Fim—1(2) Frt3(x) + 1 F (2) Fo () + Fip(2) Frg1 ()
+ J3Fn () Fng2(2) + jo b (2) Foys(@) + joFimgr (2) ()
+ 3Pt 1(2) Fos1 (%) + Frg1 (2) Fos2 (@) + 1P (@) Foys(2)
+ j3Fmta(z)F, (96)+32Fm+2( VFns1(2) + j1Fmg2(w) Frpa(z)
+ Frg2(2) Fry3(2) 4+ Fin(2) Fog (2) + j1 B (@) Frga ()
+ joFm(2) Fuy3(z) + j3Fon (@) Frya(w) + j1Fmg1 (2) Fugr (2)
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+ Fon1(2) Frga () + jsFm1 () Frgs(2) + joFmg (#) Frya(2)

+ o Fim2(2) Fp1 (@) + Ja Bt (@) Fnta () + Frnso () Frgs ()

+ 1 Fmt2(2) Foya(®) + J3Fm3(2) Faga () + j2Fgs () Py ()

+ j1Fmt3(2) Foss(®) + Frgs(2) Foa()

= Finn(2) + Fingns2(2) + Fninta(@) + Fngnge(@)
+2J1Fmin+1(2) 4 251 Fongnts () + 252 Fongnt2(@) + 252 Fingnya (@)
+ 2j3Fmn+3(2) + 2j3 Fngn+3().

Using convolution identity for Fibonacci polynomials (8) we obtain

BhF,,—1(z) - BhF,(x) + BhF,,(x) - BhF,11(x)

=2 (Frgn () + 1 Fngns1(2) + joFnng2(x) + 53 Fminy3(z))

+ 273 (Fintn+3(2) + j1Fmin+4(2) + J2Fmints(®) + j3Fmini6(T))
= Finn (%) + Fingna2(2) + Finanga(®) = Frgnte(2)

= 2BhFpin(2) + 2j3BhFini3(2)

- Fm—l—n(x) + Fm+n+2 (1’) + Fm+n+4(w) - Fm+n+6(x)a
which ends the proof. [ |
Corollary 15. Let n > 2 be an integer. Then

(BhF,(2))? + (BhFp41())°
= QBhFQnJrl(x) + 2j3BhF2n+4($)
— Fopg1 () + Fong3 () + Fopys(x) — Fopyr().

Next we shall give the generating function for the Fibonacci bihypernomials.

Theorem 16. The generating function for the Fibonacci bihypernomial sequence
{BhF,(x)} is

:jl+j2'l“+j3'($2+1)+(1+j2+j3'$)75
1—at—12 ’

G(t)

Proof. Assume that the generating function of the Fibonacci bihypernomial se-
quence {BhF,(x)} has the form G(t) = > 7, BhF,(x)t". Then

G(t) = BhFy(z) + BhFy(x)t + BhFy(z)t2 + . ..
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Multiply the above equality on both sides by —zt and then by —t? we obtain
— G(t)at = —BhFy(x)xt — BhFy(x)xt? — BhFy(z)xt® —
— G(t)t* = —BhFy(z)t* — BhF(z)t3 — BhFy(x)t* — ...
By adding the three equalities above, we will get
G(t)(1 — at — t*) = BhFy(2) + (BhFy(z) — BhEFy(x)x)t

since BhF, (x) = x - BhF,_1(z) + BhF,_2(x) (see (11)) and the coefficients of
t" for n > 2 are equal to zero. Moreover, BhFy(x) = j1 + jo - ¢ + j3 - (2% + 1),
BhF(x) — BhFy(xz)x = 1+ jo + js - x, and the result follows. ]

In the same way we obtain the next theorem.

Theorem 17. The generating function for the Lucas bihypernomial sequence
{BhF,(x)} is

BhLo(x) + (BhLy(x) — BhLo(z)z)t
1—at —t2 ’

g(t) =

where BhLo(x) =2+ j1 - @+ jo - (22 +2) + j3 - (23 + 32)
and BhLi(x) — BhLo(x)x = —x 4 2j1 + jo - © + js - (—32% + 4z + 2).

Theorem 18. Let n > 2 be an integer. Then

Z BhEj(x) = BMF(@) + BhF,_1(x) = BhEFy(x) - BhFy (x)

Proof. Let consider the sum 3 7' BhFj(z). Then

> BhFj(z) = BhFi(x) + BhFy(x) + - - + BhFy_1(x)
= Fi(z) + j1Fa(z) + joF3(x) + jsFu()

+ F2( ) + 1 Fs(x) + j2 Fu(x) + jaks(x) +

n—1(7) + j1F0(z) + j2Foy1(2) + j3Foia()

—Fl(w)—FFz( )+ '+Fn_1(m

+j1(Fa( )+ Fy(z
(
(
) —

(Fa(z) + F3(x
+jo(F3(w) + Fy(x) +
(Fa(z) + F5(

) —

)

)+ Fi(z) — Fi(z))

1(z) + Fi(z) + Fa(z) — Fi(2) — Fa(x))
(

+Fn+ )
+j3(Fu(x) + F5(z) + -+ + Fopa(2) + Fi(z) + Fa(z) + F3()
Fy(x

2

- Fi(x Fy(x)).
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Using (9) we have

. (Fopi(z)+ Fu(z)—1—2
+31< " )

s Fio +Fn+1($)—1—x—$2>

EFM?, ,h;m) —; —z— 22— z(z? + 1))
_ Fa(@) + 1 Faa (@) + jaFnia(x) + jsFnis(x)
Fuos(@) + 31 Pole) + P (@) + isFasa(a)
—(0+1)—j1(1 +x) sz(a: + (22 + 1)) — j3((@® + 1) + (23 + 27))

_ BhFy(x) + BhF, () — BhFy(z) — BhFj(x)

)

+
.
w

_l’_

X

thus the Theorem is proved. [ |

Theorem 19. Let n > 2 be an integer. Then

Z BhLy(x) — BhEn(@) + BhLy1(x) = BhLo(z) = BhLi(z)

Proof. Using (10) and proceeding in the same way as in the Theorem 18 the
result follows. ]

Let consider the matrix generator of the Fibonacci bihypernomials.

Theorem 20. Let n > 0 be an integer. Then

BhFyya(x) BhFupi(x) | _ [ BhFy(x) BhFi(z) ] [z 1]"
[BthH(w) BhF,(z) } [BhFl(ac) BhFo(x)} {1 o]

Proof. (by induction on n)
If n = 0 then assuming that the matrix to the power 0 is the identity matrix the
result is obvious. Now assume that for any n > 0 holds

BhFyya(x) BhFupi(x) | _ [ BhFy(x) BhFi(z) ] [z 11"
[BthH(w) BhF,(z) } [BhFl(ac) BhFo(x)} {1 o]
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We shall show that

[ BhFE,,5(z) BhF, s(z) ] _ [ BhFy(z) BhF(z) ] ' [ z 1 }”* !
BhFpio(x) BhF4i(z) BhF\(z) BhFy() 10 '

By simple calculation using induction’s hypothesis we have

B R e

BhF,2(x) BhF,;1(x) } . [ x 1 ]
| BhF,11(x) BhF,(x) 10

_ [ - BhF,42(z) + BhFy1(x) BhEF,io(z)
| - BhFy41(z) + BhFy(x)  BhF,(x)

[ BhF,u3(x) BhFys(z)
o L Bth+2($) Bth+1(fE) ’

which ends the proof. n

In the same way we obtain the matrix generator for the Lucas bihypernomials.

Theorem 21. Let n > 0 be an integer. Then

BhLyo(x) BhL, () } _ [ BhLy(x) BhLi(x) ] ' [ z 1 }”
BhL,,1(x) BhLy(x) ~ | BhLi(x) BhLy(z) 1 0] -

Due to the commutation of multiplication determinant properties can be
used in the set of bihypernomials the Cassini type formula (18) for Fibonacci
bihypernomials follows.

For integer n > 1 we have

BhE, 1 (z) - BhF,_1(z) — (BhE,(z))?

- (Bth(w) - BhFy(z) — (BhF (w))2> (=1t

= [(z+71- @+ 1) +ja- (2% +22) + js - (2" + 32" + 1))
i+ g2z 43 (22 +1))

— (e (@ 4D+ (@ +20)°) - (-1

= (j1- (—22) +j3 - (—2® = 2z)) - (-1)"!

= (=1)" (j1 - 2z + js - (2 + 22)).

In the same way we can obtain the Cassini type formula (19) for the Lucas
bihypernomials.
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