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Abstract

In this paper, the concepts of f-prime ideals and f-semiprime ideals on
a ternary semigroup are considered as a generalization of pseudo prime ide-
als and pseudo semiprime ideals, respectively. Then such ideals introduced
are used to describe left (respectively, right) f-primary ideals on a ternary
semigroup.
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1. INTRODUCTION

A ternary semigroup is a nonempty set T together with a ternary operation
[]:T xT xT — T written as (a,b,c) — [abc| satisfying the associative law of
the first kind:

[[abcuv] = [a[beu)v] = [ab[cuv]]

for all a,b,c,u,v € T. Yet prior, the structures was contemplated by Kasner [9]
who give the possibility of n-ary algebras. In [6], Hewitt and Zuckerman studied
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the concept of ternary semigroups and showed that every semigroup can be con-
sidered as a ternary semigroup but there is an example of a ternary semigroup
which does not reduce to a semigroup. Recently, ternary semigroups have been
widely studied (see, [1, 2, 3, 4, 11, 13]).

Let (T,[]) be a ternary semigroup. For nonempty subsets A, B,C of T, the
set product [ABC] is defined by

[ABC]| = {[abc] |a€ A, be B, ce C}.
If A= {a}, we write [ABC] as [aBC]. The cases [A{b}C] and [AB{c}| can be

written similarly.

For convenience, we shall write T for a ternary semigroup (7,[]), and write
ABC for the product [ABC].

Let T be a ternary semigroup. A nonempty subset A of T is said to be

(1) aleft ideal of T it TTA C A;

(2) a right ideal of T if ATT C A;

(3) a lateral ideal (or middle ideal) of T if TAT C A;

(4) a two-sided ideal of T if it is both a left and a right ideal of T
(5) an ideal of T if it is a left, a right and a lateral ideal of T'.

For any a € T, it is clear that the intersection of all ideals of T containing a
is an ideal of T'. It is called the principal ideal of T' generated by a and denoted
by (a).

There are many authors considered m-systems and n-systems on semigroups
being related to pseudo prime ideals and pseudo semiprime ideals of the semi-
groups. By amplifying these concepts, Rao and Sarala [10] introduced an m-
system and an n-system on ternary semigroups and then presented properties of
pseudo prime ideals and pseudo semiprime ideals on ternary semigroups by these
systems. The following definitions we refer to [10] (see also [7]).

Definition. Let T be a ternary semigroup and P a proper ideal of T'. Then P
is said to be a pseudo prime ideal of T if for any ideals A, B,C of T,

ABC C P implies AC P, BCPor CCP.

Lemma 1 [7]. Let P be a proper ideal of a ternary semigroup T. Then P is
pseudo prime if and only if for any a,b,c € T, aTbTc C P, aTTVTTc C P,
TaTbVTTc C P and aTTHVTCT C P implya € P,be P orce P.

Definition. Let T be a ternary semigroup and P a proper ideal of T'. Then P
is said to be a pseudo semiprime ideal of T if for any ideal A of T,

AAA C P implies A C P.
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Remark 2. Let P be a proper ideal of a ternary semigroup 7. Then P is
pseudo semiprime if and only if for any a € T, aTalTa C P, aTTaTTa C P,
TaTaTTa C P and aTTaTaTl C P imply a € P.

Definition. Let T be a ternary semigroup. Then a subset A of T is called an
m-system of T if for any a,b,c € A,

(@TVTecUaTTObTTcUTaTbTTcUaTTbTcT) N A # 0.

Definition. Let T be a ternary semigroup. Then a subset A of T is called an
n-system of T if for any a € A,

(aTaTaUaTTaTTaUTaTaTTaUaTTaTaT)N A # (.

2. f-PRIME IDEALS AND f-PRIME RADICALS

The notion of f-prime ideals on a ring was introduced to be a generalization of
prime ideals by Murata, Kurata and Marubayashi [8]. Then such concept was
extended to semirings by Sardar and Goswami [12]. After that, it appear on
ordered algebraic structures having one operation, called ordered semigroups, by
Gu [5]. In this section, we extend this concept to ternary semigroups.

Definition. Let A(T') denote the set of all ideals of a ternary semigroup 7. A
mapping f: T — A(T) is called a good mapping on T if

(i) VaeT,a € f(a) ;
(ii) Vae TVAe A(T),z € f(a)UA= f(z) C f(a) UA.

Definition. Let f be a good mapping on a ternary semigroup 7. A subset F' of
T is called an f-system of T if F' contains an m-system F™* of T" such that

Vt € F, f(t)NF* # 0.
Here, F* is called the kernel of F.

Remark 3. Every m-system of a ternary semigroup 7T is an f-system of T with
kernel itself.

Definition. Let T be a ternary semigroup and f a good mapping on T'. An ideal
A of T is called an f-prime ideal of T if its complement C'(A) is an f-system.

Remark 4. Let T be a ternary semigroup. Then the following statements hold:
(1) if P is a pseudo prime ideal of T, then C(P) is an m-system of T
(2) if P is a pseudo prime ideal of T, then P is an f-prime ideal of T.
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Proof. (1) Assume that P is a pseudo prime ideal of T" and let a,b,c € C(P).
Since P is pseudo prime,

alblTc L P, aTTbTTc L P, TaTbTTcZ P or aTTVTcT € P.

Thus
(aTbTcU aTTVTTc U TaTVTTcU aTTHTcT) N C(P) # 0.

Therefore C'(P) is an m-system of T'.
(2) It is obtained directly from (1) and Remark 3. ]

Lemma 5. Let P be an f-prime ideal of a ternary semigroup T'. For any a,b,c €
T, if

f@TfO)Tf(c) € P, Tf(a)Tf(O)TTf(c) S P and f(a)TTfO)Tf(c)T C P,
then a € P,b€ P orcé€ P.

Proof. Let a,b,c € T. Suppose contrary that a,b,c € C(P). Since C(P) is an
f-system of T,

fla)n (C(P))" # 0, f(b) N (C(P))" # 0 and f(c) N (C(P))" # 0.

Let 1 € f(a) N (C(P))*,x2 € f(b) N (C(P))* and z3 € f(c) N (C(P))*. Since
(C(P))* is an m-system of T,

(x1TxoTr3 U1 TTaoTTas UTe1TeoyTTes Ux\TTasTasT) N (C(P))* # 0.
Consequently,
x1TxoTxs € PoyTTxoTTaxs € P, Te1TxoTTaxs £ P, or x1TTxsTxsT C P. m
Definition. Let T be a ternary semigroup and

fS(T) = the set of all f-systems of T
fPI(T) = the set of all f-prime ideals of T'.

For any ideal A of T, the f-prime radicals of A is defined by
ri(A) ={aeT|VF e fS(T),ac F = FnA#0}.

Theorem 6. Let T be a ternary semigroup and A be an ideal of T. Then
ri(A)=[{P|AC Pe fPI(T)}.

Proof. Suppose that x ¢ (({P | A C P € fPI(T)}. Then x ¢ P for some
P e fPI(T) with A C P. Since C(P) is an f-system of 7' and C'(P)N A = 0,
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then ¢ r¢(A). Hence rp(A) C (\{P| A C P € fPI(T)}. On the other hand,
suppose that = ¢ rg(A). Then there exists F' € fS(T') such that z € F and
FNA=(. Thus C(F) is an f-prime ideal of T' containing A. Then = ¢ C(F)
implies x ¢ (\{P | AC P € fPI(T)}. Therefore

(P ACPe fPIT)} Crs(A)

3. f-SEMIPRIME IDEALS

Definition. Let T be a ternary semigroup. A subset E of T is said to be an
fn-system of T if
E=JF
el
where {F; |i € T'} C fS(T).

Definition. An ideal P of a ternary semigroup 7' is said to be an f-semiprime
ideal of T if its complement C(P) in T is an fn-system of T.

Remark 7. Let T be a ternary semigroup. Then the following statements hold:
(1) every f-system of T is an fn-system of T’

(2) every f-prime ideal of T is an f-semiprime ideal of T'.

The following example shows that f-prime need not be pseudo prime and
f-semiprime need not be pseudo semiprime.

Example 8. Consider the ternary semigroup 7' = {a, b, ¢} defined by:

a‘abc b‘abc c‘abc
ala a a ala a a ala a a
bla a a bla a a bla a b
cla a a cla a b cla b ¢

The ideals of T" are {a},{a,b} and T.

Define f(a) = {a}, f(b) = f(c) = T then f is a good mapping. Let A = {a}.
Then C(A) = {b,c} is an f-system with kernel F* = {c}. Hence, A is f-prime
and f-semiprime. However, A is not pseudo prime and not pseudo semiprime.
Indeed {a,b}{a,b}{a,b} C A, but {a,b} Z A.

Lemma 9. Let T be a ternary semigroup. Then the following statements hold:
(1) if P is a pseudo semiprime ideal of T, then C'(P) is an n-system of T';

(2) if N is an n-system of T, then N is the union of some m-systems of T'.
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Proof. (1) Assume that P is a pseudo semiprime ideal of 7. Let a € C(P).
Then aTaTa € P, aTTaTTa ¢ P, TaTaTTa ¢ P or aTTaTaT € P. Thus,

(aTaTaUaTTaTTaUTaTaTTaUaTTaTaT)NC(P) 0.
(2) Assume that N is an n-system of 7. Let a € N. Then
(aTaTaUaTTaTTaUTaTaTTaUaTTaTaT)NN # 0.

Given
a1 € (aTaTaUaTTaTTaUTaTaTTaUaTTaTal)NN.

We have that
(a1Ta;Tay Ua TTa1TTay UTa Ta TTay UaTTa TaT) NN # ().
Then there exists
az € (a1Ta1Tay UaTTa;TTay UTaTayTTay UaTTa;TaT) N N.
Continue in the same manner, we obtain the set
M, ={ag = a,ay,as,...}.

Next, we will show that M, is an m-system of T". Let a;,a;,ar € M,.

If i = max{4, j, k}, we have
ai+1 € a;T'a;Ta; Ua;TTa;TTa; UTa;Ta;TTa; Ua;TTa;Ta; T
Ca;Ta; 1Ta;—1Ua;TTa; 1TTa;1UTa;Ta; 1TTa;—1Ua;TTa;_1Ta;_ 1T

Ca;TajTarUa;TTa;TTa UTa;TajTTa,Ua;TTa;jTa,T.
If j = max{i, j, k} or k = max{i,j, k}, we obtain that

aj11 € a;TajTayUa;TTa;TTa,UTa;TajTTa,Ua;TTa;Ta,T
and

ag41 € aiTajTapUa;TTajTTa, UTa;Ta;TTa,Ua;TTa;Ta,T,
respectively. Thus

(a;Ta;TapUa,TTa;TTa, U Ta;Ta;TTa, U a;TTa;jTaiT)N M, # 0.

Therefore M, is an m-system of T'. Hence

N = U M,
aceEN

is the union of m-systems of T [
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Lemma 10. Let T be a ternary semigroup. If A is a pseudo semiprime ideal of
T, then A is an f-semiprime ideal of T.

Proof. Assume that A is a pseudo semiprime ideal of T. By Lemma 9(1) and
(2), C(A) is the union of some m-systems of 7. By Remark 3, C'(A) is the union
of some f-systems of 7. Hence C(A) is an fn-system of 7. Therefore A is an
f-semiprime ideal of T'. [ |

Lemma 11. Let P be an f-semiprime ideal of a ternary semigroup T and a € T.
If f(@)Tf(a)T f(a) € P, Tf(a)Tf(a)TTf(a) € P and f(a)TTf(a)T f(a)T C P,
then a € P.
Proof. Given

o) =~r,

el

where {F; | i € I'} C fS(T). Let a € C(P). Then a € F; for some i € I'. Since
F; is an f-system of T, it follows that f(a) N F* # 0. Let € f(a) N F}*. Since
F is an m-system of T', we obtain

0 # (xT2Tx U aTT2xTTe U TeTeTTx UxTT2T2T)NF C FF C F; C C(P).

These imply that aTaTx € PaTTxTTx € P, TaTxTTx € P or TTxTxT
¢ P. This proof is complete. [

Lemma 12. Let P be an f-semiprime ideal of a ternary semigroup T. Then
ri(P)=P.

Proof. 1t is clear that P C r¢(P). We will show that r¢(P) C P, by proving
that C(P) C C(r(P)). Let x € C(P). Since C(P) is an fn-system of T,

cp)=JF,
el

where {F; | i € T'} C fS(T'). This implies « € F; for some ¢ € I'. Since x ¢ P and
F; is an f-system of T' such that F;N P = (), then « ¢ r¢(P). Thus z € C(r(P)).
The proof is complete. [ |

Theorem 13. Let A be an ideal of a ternary semigroup T. Then r¢(A) is the
smallest f-semiprime ideal of T containing A.

Proof. 1t is clear that A C r¢(A). By Theorem 6,

ri(A)=({P|AC Pe fPI(T)}.

Then
C(rp(A)) = J{C(P) | AC P e fPI(T)}.
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Thus C(rf(A)) is an fn-system of T'. Therefore r¢(A) is an f-semiprime ideal of
T. Let P be an f-semiprime ideal of T' containing A. Then

rf(A) S ry(P) = P.
Thus 7¢(A) is the least f-semiprime ideal of T containing A. [

Definition. Let f be a good mapping of a ternary semigroup 7. For a € T and
A € A(T), define the set A : a to be

Ara:={zeT| fla)Tf(a)Tf(x) CATf(a)Tf(a)TTf(x) and
F@)TTf(a)Tf(z)T C A}.

This set is called the left f-quotient of A by a. Moreover, for any B € A(T), the
left f-quotient of A by B is defined by

A:B:ﬂ(A:b).
beB

We note that A : a may be empty. See the following example.

Example 14. We consider the ternary semigroup T of Example 8. If we define
f(a) = f(b) = f(c¢) =T, then the mapping f is a good mapping. Let A = {a}.
Then A:a,A:band A: c are all empty.

Lemma 15. Let f be a good mapping on a ternary semigroup T. Let A, Ay, Ao,
B,By1,By € A(T) anda € T.

(1) A1§A2:>A1:agA2:a.

(2) A1§A2:>A1:BQA2:B.

(3) BlgB2:>A:B12A:B2.

(4) (A1 ﬂAg) ra = (A1 : a) N (A2 : a).
(5) (A1 ﬂAg) : B = (Al : B) N (A2 : B)

Lemma 16. Let f be a good mapping on a ternary semigroup T. For any A €
A(T) and a € T, A : a is either empty or an ideal of T containing A.

Proof. Let A be an ideal of T and a € T. Suppose that A : a # (). We will show
that A : a is an ideal of T. Let x € A : a and r1,79 € T. Then the following
inclusions hold:

F@TF@)Tf(wrirs) C F@)TF(@)Tf(x) C A
T ()T f(a)TT{ (erirs) € Tf(@)T (@) TTf(x) C A;
F@TTf(@)Tf(arira)T € f(a)TT ()T f(2)T C A.
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Thus xrir9 € A : a. We can show on the same way that ryzry € A: aand rirex €
A:a. Letye A:aand d € A. Then f(a)Tf(a)Tf(a") C f(a)Tf(a)T(f(y)U
A) = f(a)T f(a)T f(y) U f(a)T f(a)TAC A.

Similarly,
Tf(a)Tf(a)TTf(a) C A
and
F@TTf()Tf()T C A.
Thus @’ € A : a. Therefore A : a is an ideal of T' containing A. [

Let f be a good mapping on a ternary semigroup 7. Denote the following
condition by («):

VF e fS(TWAe€ A(T),FNA#0)=F*"NA#(.
Remark 17. If f(a) = (a) for every a € T, then T satisfies the condition («).

(
Proof. Assume f(a) = (a) for every a € T. Let F' € fS(T) and A € A(T) such
that FN A # (. Let a € FN A. Since F is an f-system, F* N f(a) # (. By

assumption,

0+ F*Nf(a)=F*N(a) C F*NA. u
Lemma 18. Let f be a good mapping on a ternary semigroup T and A, B € A(T).
Then the following statements hold:
(1) AC B=rp(A) Cry(B);
(2) rp(rs(A)) = rs(A);
(3) if T satisfies the condition («), then r(ANB) =1rr(A) Nrs(B).
Proof. (1) Assume that A C B. Then

ri(A)=({PIACPe fPI(T)}C({P|BCPe fPI(T)} =rB).

(2) Tt is clear that r¢(A) C rf(rf(A)). Let a € rf(rs(A)) and F be an
f-system of T containing a. Then

Fn T‘f(A) # (.

This implies
FNA#Q).

Thus a € r¢(A).

(3) Assume that T" satisfies the condition (c). It is clear by (1) that r(A
B) C r¢(A) Nry(B). To prove the composite inclusion, let = € r¢(A) N rf(B)
For any f-system F of T containing x, we have that FN A # () and F' N B # 0.
By the condition («),
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F*NA#0and F*N B # .
Let a € F*NAand b € F* N B. Since F* is an m-system of T,

0 # (aTF*TbU aTTF*TTh U TaTF*TTh U aTTF*THT) N F*
C(ANB)NF.

Thus z € r(AN B). ]

4. f-LEFT PRIMARY DECOMPOSITIONS

Definition. Let f be a good mapping on a ternary semigroup 7'. An ideal P of
T is called left f-primary if, for a,b,c € T,

f@)Tf®)Tf(c) € P, Tf(a)Tf(O)TTf(c) C P and f(a)TTf(0)Tf(c)T S P

imply
acri(P),beryP)orceP.

Remark 19. Every f-prime ideal of a ternary semigroup 7T is a left f-primary
ideal of T.

Theorem 20. Let T be a ternary semigroup satisfying the condition («). If Py
and Py are left f-primary ideals of T' such that r§(P1) = r¢(Ps), then P = PN Py
is also a left f-primary ideal of T' such that ry(P) =r(P) = r¢(P).

Proof. Assume that P; and P are left f-primary ideals of T" such that r¢(P;) =
T'f(Pg). Let P= P, NP,. Then # PTP, C PPN P, and

ri(P) =rp(Pr0Pr) =rp(Pr) Nrp(Pe) =rp(Py) Orp(Pr) = ().
Let a,b,c € T be such that f(a)Tf(b)Tf(c) C P, Tf(a)Tf(b)TTf(c) C P and

f@)TTf()Tf(c) C P. Since Py and P, are left f-primary, a € r§(P),b € rp(P)
orce PLN P, =P. Thus P is a left f-primary ideal of T [ |

Let T be a ternary semigroup and f a good mapping on 7. Denote the
following condition by (3):

VA,Be A(T),BZr¢(A)=A:B#0.

Theorem 21. Let T be a ternary semigroup satisfying the condition (). If an
ideal A of T is left f-primary, then A: B = A for every ideal B € r¢(A).



RADICALS OF GENERALIZED PRIME IDEALS IN TERNARY SEMIGROUPS 405

Proof. Assume that A is a left f-primary ideal of T. Let B be an ideal of T not
contained in r¢(A). Since A : B # (),

A:b#0

for all b € B. Therefore A C A:bfor all b € B. Hence A C A : B. To show the
opposite inclusion, let a € A: B and ¢ € B\ r¢(A). Then A: ¢ # () and

OTF(Tf(a) € A, THOTH(OTT(a) C A and fOTTS(AT f(a)T C A,
Since A is left f-primary and ¢ ¢ rf(A), then a € A. Thus A: B C A. |

Definition. If an ideal P of a ternary semigroup 1" can be written as
P=PNhkhnNn---N~k,

where each P; is a left f-primary ideal, then this is called a left f-primary de-
composition of T and each F; is called the left f-primary component of the de-
composition.

Definition. Let P = (),.; P; be a left f-primary decomposition of a ternary
semigroup T'. Then P is called irredundant if

(| PePp
i€7\{j}

for all j € Z. Moreover, an irredundant left f-primary decomposition is called a
normal decomposition if

ry(B) # re(P))
for all i, j € Z such that i # j.

Let f be a good mapping on a ternary semigroup 7. Denote the following
condition by () :

for any left f-primary ideal P of T', we have P: P =1T.

Remark 22. Let T be a ternary semigroup. If f(a) = (a) for all @ € T, then T
satisfies the condition (7).

Proof. Let P be a left f-primary ideal of T. For any x € T and a € P,
f(@)Tf(a)Tf(z) = (a)T(a)T(x) C P;
Tf(a)Tf(a)TTf(x) = T(a)T()TT(z) C P;
f@)TTf(a)Tf(z)T = (a)TT(a)T(z)T C P.
Hence TC P : P. [ ]



406 N. SAaTvonNG, T. CHANGPHAS AND P. LUANGCHAISRI

Theorem 23. Let T be a ternary semigroup satisfying the conditions («), ()
and (7). If an ideal K of T has two normal left f-primary decompositions

n

m
K=(\P=():
=1 i=1

then n=m and 7¢(P;) = r¢(Q;) for 1 <i <n =m by a suitable ordering.

Proof. This proof is a modification of the proof of Theorem 4.7 in [5]. It is easy
to see that the result holds in the case K = T. Next we assume that K # T,
where all left f-primary components Pi,..., P, Q1,...,Q,, are proper ideals of
T. We may assume that 7¢(P;) is maximal in the set

{re(Pr)se o srp(Ba)srp(Q1)s -1 (Qm) b

Now we prove that r¢(Py) = 7¢(Q;) for some 1 < i < m. It is enough to show that
Py Crg(Q;). Suppose that P € r¢(Q;) for all 1 <4 < m. Then, by Theorem 21,
we have

Qi P =Q;
forall1 <i<m. Then K : P =(Q1NQ2N--NQpm):PL=(Q1:P)N(Q2:
Pl)ﬂ"'ﬂ(Qm:Pl):QlﬂQgﬂ---ﬂQm:K.

Case 1. n = 1. By the condition (7), we obtain
T=P :P=K:P =K,

which is a contradiction.

Case 2. n > 1. By the condition () and the fact that P; Z r¢(F;) for all
2 <1 <n, we have

K=K:P = (Plﬂpgﬂ"'ﬂpn)Ipl :(Pl Ipl)ﬂ(Pgtpl)ﬂ---ﬂ(Pnt
Pl) = Tﬂ(PQ : Pl)ﬂ- . -ﬂ(Pn : Pl) = (P2 : Pl)ﬂ' . 'ﬂ(Pn : Pl) =PNPN---NPk,.

This is also a contradiction. Thus, r¢(Py) C r(Q;) for some 1 <i < m. By
a suitable ordering, we assume r¢(P;) = r(Q1).

We use an induction on the number n of left f-primary components. For
n =1, we have

K=P = ﬂ Q;.
j=1
Suppose that m > 1. Then P; Z r¢(Q;) for all 2 < j < m. It follows that

T=P:P=(Q1:P)N(Q2:P)N---N(Qm: P1) CQm: Pr = Qn.
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This is a contradiction. Thus m = 1 = n. Now let us suppose that the con-
clusion hold for the ideals which are represented by fewer than n of f-primary
components. Let P = Py N Q. Then P is a left f-primary ideal such that

ri(P) =r(P1) =rs(Q1).

By the condition (7),
T'=P:PACP:P

and thus P, : P =T. From the fact that P Z r¢(F;) for all 2 < i < n, we obtain
P, :P=P forall2<i<n. Hence K : P = (' {(P;: P)= (P, : P)N (P, :
P)n---N(P,: P)=TNPNP;N---NP, =", .

Similarly, we can show that

K:P=()Q;

Jj=2

Since both decompositions are normal, n — 1 =m — 1 implies n = m. Moreover,
by a suitable ordering, we have r¢(P;) = r¢(Q;) for all 2 <i <n =m. ]
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