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Abstract

As a generalization of the concept of a weakly prime ideal, we introduce
the concepts of a fuzzy weak prime ideal, a fuzzy weakly 2-absorbing ideal of
a lattice. Some results of fuzzy weakly 2-absorbing ideals and fuzzy weakly
primary ideals are proved. We also introduce and study fuzzy weakly 2-
absorbing ideals in a product of lattices.
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1. Introduction

Anderson and Smith [3] introduced the concept of a weakly prime ideal in a
commutative ring. Badawi [4] introduced the concept of a 2-absorbing ideal
and a weakly 2-absorbing ideal of a commutative ring. A proper ideal I of a
commutative ring R is said to be weakly 2-absorbing, if whenever a, b, c ∈ R,
0 6= abc ∈ I, then either ab ∈ I or ac ∈ I or bc ∈ I. Anderson and Badawi [2]
introduced and studied n-absorbing ideals in a commutative ring. Payrovi and
Babaei [10], Badawi and Darani [5] have studied 2-absorbing ideals in commuta-
tive ring. Wasadikar and Gaikwad [11] introduced the concept of a 2-absorbing
ideal in a lattice.

Zadeh [13] developed the concept of a fuzzy set. Ajmal and Thomas [1]
defined a fuzzy lattice and fuzzy sublattice as a fuzzy algebra. Koguep et al. [8]
have studied fuzzy prime ideals in lattices.
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In this paper, we introduce the concept of a fuzzy weakly 2-absorbing ideal of
a lattice. This is a generalization of the concept of a fuzzy prime ideal of a lattice.
Also we define a weakly fuzzy primary ideal and the fuzzy radical of a fuzzy ideal
of a lattice. Some properties of fuzzy weakly 2-absorbing ideals and fuzzy weakly
primary ideals are proved. We also study these concepts in a product of lattices.

2. Preliminaries

Throughout in this paper, L = (L,∧,∨) denotes a lattice with 0. We recall some
known concepts and results.

Definition 2.1. A fuzzy subset µ of L is a function µ : L → [0, 1].

Definition 2.2. A fuzzy subset µ of L is called proper if it is a non-constant
function.

Definition 2.3 [8]. For any α ∈ [0, 1] the set µα = {x ∈ X/µ(x) ≥ α} is called
the α-cut of µ or α-level set.

Definition 2.4 [8]. A fuzzy subset µ of L is called a fuzzy sublattice of L if
µ(x ∧ y) ∧ µ(x ∨ y) ≥ min{µ(x), µ(y)} for all x, y ∈ L.

Definition 2.5 [8]. A fuzzy sublattice µ of L is called a fuzzy ideal of L if
µ(x ∨ y) = µ(x) ∧ µ(y) for all x, y ∈ L.

Definition 2.6. For fuzzy subsets µ, η of L, µ ⊆ η means µ(x) ≤ η(x) for all
x ∈ L.

The following result is well-known.

Lemma 2.1. Let µ be a fuzzy sublattice of L. Then µ is a fuzzy ideal of L if and

only if µ(x) ≤ µ(y), whenever, x ≥ y for all x, y ∈ L.

3. Fuzzy prime ideals of a lattice

The following concept is well-known in lattice theory, see Grätzer [7].

Definition 3.1. A nonempty subset I of a lattice L is called an ideal, if for
a, b ∈ L, the following conditions hold.

(i) If a, b ∈ I, then a ∨ b ∈ I and

(ii) if a ≤ b and b ∈ I, then a ∈ I.

A proper ideal I (i.e., I 6= L) is called a prime ideal, if a∧ b ∈ I implies that
either a ∈ I or b ∈ I.
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Wasadikar and Gaikwad [11] have introduced the concept of a weakly prime
ideal in a lattice.

Definition 3.2. A proper ideal I of a lattice L is called a weakly prime ideal, if
for a, b ∈ L, a ∧ b 6= 0, a ∧ b ∈ I implies that either a ∈ I or b ∈ I.

Koguep et al. [8], have defined a fuzzy prime ideal as follows.

Definition 3.3. A proper fuzzy ideal µ of L is called a fuzzy prime ideal, if for
all a, b ∈ L, µ(a ∧ b) ≤ µ(a) ∨ µ(b).

In fact, a proper fuzzy ideal µ of L is fuzzy prime if and only if for all a, b ∈ L,
µ(a ∧ b) = µ(a) ∨ µ(b).

We define a fuzzy weakly prime ideal as follows.

Definition 3.4. A proper fuzzy ideal µ of L is called a fuzzy weakly prime ideal,
if a, b ∈ L, a ∧ b 6= 0, then µ(a ∧ b) ≤ µ(a) ∨ µ(b).

We have the following theorem.

Theorem 3.1. An ideal I of L is a weakly prime ideal if and only if the charac-

teristic function χI of I is a fuzzy weakly prime ideal of L.

Proof. Clearly, χI is a fuzzy ideal of L. Suppose that I is a weakly prime ideal
of L. Let a, b ∈ L be such that a ∧ b 6= 0. If a ∧ b ∈ I, then as I is weakly prime,
either a ∈ I or b ∈ I. Hence we have

χI(a ∧ b) = 1 = χI(a) ∨ χI(b).

If a ∧ b /∈ I, then neither a ∈ I, nor b ∈ I and we have

χI(a ∧ b) = 0 = 0 ∨ 0 = χI(a) ∨ χI(b).

Thus χI is fuzzy weakly prime.
Conversely, suppose that χI is a fuzzy weakly prime ideal of L. Let a, b ∈ L,

a ∧ b 6= 0. Suppose that a ∧ b ∈ I. If none of a, b ∈ I, then

χI(a ∧ b) = 1 6= 0 = 0 ∨ 0 = χI(a) ∨ χI(b).

This contradicts the assumption that χI is weakly prime. Hence either a ∈ I or
b ∈ I. Thus I must be weakly prime.

The following example shows that the condition of “weakly prime”in Theorem
3.1 is necessary.

Example 3.1. Consider the lattice L shown in Figure 1. We note that the ideal
I = (a] is not a weakly prime ideal of L, as d ∧ e = a ∈ I but neither d ∈ I, nor
e ∈ I.
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We have d ∧ e = a ∈ I. Hence χI(d ∧ e) = 1. But χI(d) = χI(e) = 0. Thus
χI(d ∧ e) � χI(d) ∨ χI(e) = 0. Hence χI is not a fuzzy weakly prime ideal of L.

The following result is from Nimbhorkar and Patil [9].

Theorem 3.2. An ideal I of a lattice L is a prime ideal if and only if χI , the

characteristic function of I is a fuzzy prime ideal of L.

The proof of the following lemma follows from the definition of a fuzzy prime
ideal.

Lemma 3.1. If µ is a fuzzy prime ideal of L, then µ is a fuzzy weakly prime

ideal of L.

The following example shows that the converse of Lemma 3.1 does not hold.

Example 3.2. Consider the lattice L shown in Figure 1. We note that the ideal
I = (c] is a weakly prime ideal of L but is not a prime ideal. Hence by Theorem
3.1, χI is a fuzzy weakly prime ideal and by Theorem 3.2, χI is not fuzzy prime.

4. Fuzzy weakly 2-absorbing ideals

The following definition is from Wasadikar and Gaikwad [11].

Definition 4.1. An ideal I of L is called a weakly 2-absorbing ideal, if for
a, b, c ∈ L, a ∧ b ∧ c 6= 0, a ∧ b ∧ c ∈ I implies that either a ∧ b ∈ I or b ∧ c ∈ I or
c ∧ a ∈ I.

We extend the concept of a weakly 2-absorbing ideal, in the context of a
fuzzy ideal of a lattice and prove some properties of fuzzy weakly 2-absorbing
ideals. We denote by FI(L), the set of all fuzzy ideals of L.

The following definition and result are from Nimbhorkar and Patil [9].
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Definition 4.2. A proper fuzzy ideal µ of L is called a fuzzy 2-absorbing ideal
of L if for all a, b, c ∈ L,

µ(a ∧ b ∧ c) ≤ max{µ(a ∧ b), µ(b ∧ c), µ(c ∧ a)}.

Lemma 4.1. An ideal I of L is a 2-absorbing ideal if and only if χI is a fuzzy

2-absorbing ideal of L.

We define a fuzzy weakly 2-absorbing ideal as follows.

Definition 4.3. A proper fuzzy ideal µ of L is called a fuzzy weakly 2-absorbing
ideal of L if for all a, b, c ∈ L, a ∧ b ∧ c 6= 0, then

µ(a ∧ b ∧ c) ≤ max{µ(a ∧ b), µ(b ∧ c), µ(c ∧ a)}.

Since µ(a∧b), µ(b∧c), µ(c∧a) are nonnegative real numbers, the definition of
a fuzzy weakly 2-absorbing ideal is equivalent to µ is a fuzzy weakly 2-absorbing
ideal iff for all a, b, c ∈ L, a ∧ b ∧ c 6= 0, implies that

µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a).

Lemma 4.2. An ideal I of L is a weakly 2-absorbing ideal if and only if χI is a

fuzzy weakly 2-absorbing ideal of L.

Proof. Suppose that I is a weakly 2-absorbing ideal of L. Let a, b, c ∈ L be such
that a∧ b∧ c 6= 0. If a∧ b∧ c ∈ I, then as I is weakly 2-absorbing, either a∧ b ∈ I
or b ∧ c ∈ I or c ∧ a ∈ I. Thus in this case,

χI(a ∧ b ∧ c) ≤ χI(a ∧ b) ∨ χI(b ∧ c) ∨ χI(c ∧ a).

If a ∧ b ∧ c /∈ I, then clearly, a ∧ b /∈ I, b ∧ c /∈ I and c ∧ a /∈ I.
Thus in this case also,

χI(a ∧ b ∧ c) ≤ χI(a ∧ b) ∨ χI(b ∧ c) ∨ χI(c ∧ a).

Hence χI is a fuzzy 2-absorbing ideal of L.
Conversely, suppose that χI is a fuzzy 2-absorbing ideal of L. Let a, b, c ∈ L

be such that a∧ b∧ c 6= 0. Suppose that a∧ b∧ c ∈ I, but a∧ b /∈ I, b∧ c /∈ I and
c ∧ a /∈ I. This implies that

χI(a ∧ b ∧ c) = 1 and χI(a ∧ b) = χI(b ∧ c) = χI(c ∧ a) = 0.

Hence
χI(a ∧ b ∧ c) � χI(a ∧ b) ∨ χI(b ∧ c) ∨ χI(c ∧ a),

a contradiction.
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It is obvious that every fuzzy 2-absorbing ideal of L is a fuzzy weakly 2-
absorbing ideal of L. The following example shows that a fuzzy weakly 2-
absorbing ideal of L need not be a fuzzy 2-absorbing ideal of L.

Example 4.1. Consider the lattice shown in Figure 2.
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Figure 2

The ideal I = (0] is trivially a weakly 2-absorbing ideal. It is not 2-absorbing
as d∧ e∧ f = 0 ∈ I but neither d∧ e = a ∈ I, nor e∧ f = c ∈ I nor f ∧ d = b ∈ I.
It follows from Lemma 4.2 that χI is a fuzzy weakly 2-absorbing ideal and by
Lemma 4.1, χI is not a fuzzy 2-absorbing ideal.

The following lemma shows that any level set of a fuzzy weakly 2-absorbing
ideal of L is a weakly 2-absorbing ideal of L.

Lemma 4.3. Let µ be a fuzzy weakly 2-absorbing ideal of L. Then the level ideal

µt is a weakly 2-absorbing ideal of L for each t ∈ Image(µ).

Conversely, if each level ideal µt, for t ∈ Image(µ) is a weakly 2-absorbing
ideal of L, then µ is a fuzzy weakly 2-absorbing ideal of L.

Proof. Let µ be a fuzzy weakly 2-absorbing ideal of L. Let t ∈ Image(µ). Let
a, b, c ∈ L be such that a ∧ b ∧ c 6= 0 and a ∧ b ∧ c ∈ µt. Then t ≤ µ(a ∧ b ∧ c).
Since µ is a fuzzy weakly 2-absorbing ideal,

(4.1) t ≤ µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a).

Since t, µ(a ∧ b), µ(b ∧ c), µ(c ∧ a) are nonnegative real numbers, µ(a ∧ b) < t,
µ(b ∧ c) < t and µ(c ∧ a) < t, will imply that

(4.2) µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a) < t.
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Then (4.1) and (4.2) lead to t < t, which is not possible. Hence t ≤ µ(a ∧ b) or
t ≤ µ(b ∧ c) or t ≤ µ(c ∧ a). Thus either a ∧ b or b ∧ c or c ∧ a ∈ µt; i.e., µt is a
weakly 2-absorbing ideal of L.

Conversely, assume that µt is a weakly 2-absorbing ideal of L for each t ∈
Image(µ). Let a, b, c ∈ L, a ∧ b∧ c 6= 0 and µ(a ∧ b∧ c) = t. Then a∧ b∧ c ∈ µt.
Since µt is a weakly 2-absorbing ideal of L, either a ∧ b or b ∧ c or c ∧ a ∈ µt.
Thus either µ(a ∧ b) ≥ t or µ(b ∧ c) ≥ t or µ(c ∧ a) ≥ t. This implies that

t = µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a).

Thus µ is a fuzzy weakly 2-absorbing ideal of L.

Now we show that every fuzzy weakly prime ideal of L is a fuzzy weakly
2-absorbing ideal.

Lemma 4.4. Let µ be a fuzzy weakly prime ideal of L. Then µ is a fuzzy weakly

2-absorbing ideal of L.

Proof. Let µ be a fuzzy weakly prime ideal of L. Then for all a, b ∈ L, a∧ b 6= 0
implies that,

µ(a ∧ b) ≤ µ(a) ∨ µ(b).

Hence for all a, b, c ∈ L, for which a ∧ b ∧ c 6= 0, we have

µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(c),

µ(a ∧ b ∧ c) ≤ µ(b ∧ c) ∨ µ(a),

µ(a ∧ b ∧ c) ≤ µ(c ∧ a) ∨ µ(b).

Hence

(4.3) µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(c) ∨ µ(b ∧ c) ∨ µ(a) ∨ µ(c ∧ a) ∨ µ(b).

By the definition of a fuzzy ideal, (see Koguep et al. [8]), it follows that for any
a, b ∈ L, µ(a) ≤ µ(a ∧ b). Hence (4.3) reduces to

µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a).

Thus µ is a fuzzy weakly 2-absorbing ideal of L.

The following example shows that the converse of Lemma 4.4 does not hold.

Example 4.2. Consider the lattice L shown in Figure 3. We note that I = (c] is a
weakly 2-absorbing ideal but it is neither prime, nor weakly prime as f∧g = c ∈ I
but f /∈ I, g /∈ I. Hence by Lemma 4.2, χI is fuzzy weakly 2-absorbing and by
Theorem 3.1, χI is not fuzzy weakly prime.
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Lemma 4.5. The intersection of any two distinct fuzzy weakly prime ideals of L
is a fuzzy weakly 2-absorbing ideal of L.

Proof. Let µ, θ be two distinct fuzzy weakly prime ideals of L. We know that
for any a ∈ L, (µ ∩ θ)(a) = µ(a) ∧ θ(a). Let a, b, c ∈ L, a ∧ b ∧ c 6= 0. We have

(4.4) (µ ∩ θ)(a ∧ b ∧ c) = µ(a ∧ b ∧ c) ∧ θ(a ∧ b ∧ c)

By Lemma 4.4, every fuzzy weakly prime ideal is fuzzy weakly 2-absorbing.
Hence from (4.4), we get

(µ ∩ θ)(a ∧ b ∧ c)

≤ [µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a)] ∧ [θ(a ∧ b) ∨ θ(b ∧ c) ∨ θ(c ∧ a)].
(4.5)

Since µ and θ are fuzzy weakly prime ideals, we can write

µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a) ≤ µ(a) ∨ µ(b) ∨ µ(c)

and
θ(a ∧ b) ∨ θ(b ∧ c) ∨ θ(c ∧ a) ≤ θ(a) ∨ θ(b) ∨ θ(c).

We note that all the terms on the right hand side of (4.5) belong to the distributive
lattice [0, 1]. Hence we can write

(µ ∩ θ)(a ∧ b ∧ c) ≤ [µ(a) ∨ µ(b) ∨ µ(c)] ∧ [θ(a) ∨ θ(b) ∨ θ(c)]

= [µ(a) ∧ θ(a)] ∨ [µ(a) ∧ θ(b)] ∨ [µ(a) ∧ θ(c)]

∨ [µ(b) ∧ θ(a)] ∨ [µ(b) ∧ θ(b)] ∨ [µ(b) ∧ θ(c)]

∨ [µ(c) ∧ θ(a)] ∨ [µ(c) ∧ θ(b) ∨ [µ(c) ∧ θ(c)].

(4.6)
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For any fuzzy ideal σ, we have σ(x) ≤ σ(x ∧ y), for all x, y ∈ L. Hence µ(x) ≤
µ(x ∧ y) and θ(y) ≤ θ(x ∧ y) for all x, y ∈ L. This implies

µ(x) ∧ θ(y) ≤ µ(x ∧ y) ∧ θ(x ∧ y) = (µ ∩ θ)(x ∧ y).

Applying this to the R. H. S. of (4.6), we get

(µ ∩ θ)(a ∧ b ∧ c) ≤ (µ ∩ θ)(a) ∨ (µ ∩ θ)(a ∧ b) ∨ (µ ∩ θ)(b ∧ c)

∨ (µ ∩ θ)(c ∧ a) ∨ (µ ∩ θ)(b) ∨ (µ ∩ θ)(c).
(4.7)

Since µ ∩ θ is a fuzzy ideal, for all x, y ∈ L, we have

(µ ∩ θ)(x) ≤ (µ ∩ θ)(x ∧ y).

Applying this to the R. H. S. of (4.7), we get

(µ ∩ θ)(a ∧ b ∧ c) ≤ (µ ∩ θ)(a ∧ b) ∨ (µ ∩ θ)(b ∧ c) ∨ (µ ∩ θ)(c ∧ a).

Thus µ ∩ θ is a fuzzy 2-absorbing ideal of L.

The following example shows that the condition of “weakly primeness”in
Lemma 4.5 is necessary. This example also shows that in general the intersection
of two fuzzy weakly 2-absorbing ideals need not be a fuzzy weakly 2-absorbing
ideal.
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Example 4.3. Consider the lattice shown in Figure 4. We know that for any
two ideals I, J of L, χI ∩χJ = χI∩J . We note that the ideals I = (d] and J = (f ]
are not weakly prime and I ∩J = (c] is not 2-absorbing. By Theorem 3.1, χI and
χJ are not fuzzy weakly prime and by Lemma 4.2, χ(c] is not fuzzy 2-absorbing.
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5. Fuzzy primary ideals

The following definition is from Wasadikar and Gaikwad [11].

Definition 5.1. Let L be a lattice with 0. An ideal I of L is called a weakly
primary ideal, if for a, b ∈ L, a ∧ b 6= 0, a ∧ b ∈ I implies that either a ∈ I or
b ∈

√
I, where

√
I denotes the radical of I (i.e., the intersection of all prime ideals

containing I). If there does not exist a prime ideal containing an ideal I in a
lattice L, then we define

√
I = L.

We note the following.
Let I be an ideal of L. Let A denote the set of all prime ideals P of L such that
I ⊆ P . Let B denote the set of all weakly prime ideals Q of L such that I ⊆ Q.
Since every prime ideal is a weakly prime ideal, but not conversely, it follows that
A ⊆ B. Let a ∈ ⋂

(Q|Q ∈ B). We note that if P is a prime ideal containing I,
then a ∈ P . Thus a ∈ ⋂

A. Hence
⋂{P ∈ B} ⊆ ⋂{P ∈ A}.

This motivates us to define the weakly prime radical of I as follows.

Definition 5.2. Let I be an ideal of L. We define the weakly prime radical of I
as the intersection of all weakly prime ideals of L containing I. We denote it by√

wI. If there does not exist any weakly prime ideal containing I, we define
√

wI
as L.

Example 5.1. Consider the lattice shown in Figure 5. We note that I = (c]
is not a weakly prime ideal and so is not a prime ideal. The ideal J = (e] is a
weakly prime ideal and not a prime ideal. We note that the weakly prime radical
of I i.e.,

√
wI = J . Since there is no proper prime ideal containing I, the prime

radical of I, i.e.,
√
I = L. Thus the concepts of the prime radical and the weakly

prime radical of an ideal are different.
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In this section we define the fuzzy weakly radical of a fuzzy ideal.
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Definition 5.3. Let µ be a fuzzy ideal of L. We define the fuzzy weakly radical
of µ as the intersection of all fuzzy weakly prime ideals containing µ and we
denote it by

√
wµ.

We note that for a fuzzy ideal µ of L always µ ⊆ √
wµ. It can be shown that

for an ideal I of L,
√

wχI = χ√
wI
.

Definition 5.4. A proper fuzzy ideal µ of L is called a fuzzy weakly primary
ideal if for a, b ∈ L, a ∧ b 6= 0 implies that µ(a ∧ b) ≤ µ(a) ∨ √

wµ(b).

Lemma 5.1. A proper ideal I of L is a weakly primary ideal of L if and only if

χI is a fuzzy weakly primary ideal of L.

Proof. Suppose that I is a weakly primary ideal of L. Let a, b ∈ L, a ∧ b 6= 0.

(i) If a ∧ b ∈ I, then as I is a weakly primary ideal of L, either a ∈ I or
b ∈

√
wI. Hence χI(a ∧ b) ≤ χI(a) ∨

√
wχI(b).

(ii) If a ∧ b /∈ I, then clearly a /∈ I and b /∈ I. In this case also χI(a ∧ b) ≤
χI(a) ∨

√
wχI(b).

Thus χI is a fuzzy weakly primary ideal of L.

Conversely, suppose that χI is a fuzzy weakly primary ideal of L. Let a∧b ∈ I,
a ∧ b 6= 0. Then 1 = χI(a ∧ b) ≤ χI(a) ∨

√
wχI(b), implies that either χI(a) = 1

or
√

wχI(b) = 1. Thus either a ∈ I or b ∈
√

wI.

Now we give a relationship between a fuzzy weakly prime ideal and a fuzzy
weakly primary ideal.

Lemma 5.2. If µ is a fuzzy weakly prime ideal of L, then µ is a fuzzy weakly

primary ideal of L.

Proof. Let µ be a fuzzy weakly prime ideal of L. Let a, b ∈ L, a ∧ b 6= 0. We
have µ(a ∧ b) ≤ µ(a) ∨ µ(b). Since µ ⊆ √

wµ, we get the result.

The following example shows that the converse of Lemma 5.2 does not hold.

Example 5.2. Consider the ideal I = (c] of the lattice shown in Figure 5.
We have noted that

√
wI = J = (e]. We know that for any ideal A of L,√

wχA = χ√
wA

. Hence
√

wχI = χ√
wI

= χJ . Since J is a weakly prime ideal, χJ

is a fuzzy weakly prime ideal and so χI is a fuzzy weakly primary ideal. We have
χI(e ∧ f) = χI(c) = 1 but χI(e) ∨ χI(f) = 0 as e, f /∈ I. Thus χI is not fuzzy
weakly prime.

Theorem 5.1. A fuzzy ideal µ of L is fuzzy weakly primary if and only if the

level set µt, t ∈ Image(µ) is a weakly primary ideal of L.
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Proof. Suppose that µ is a fuzzy weakly primary ideal of L. Let a, b ∈ L be
such that a ∧ b 6= 0, a ∧ b ∈ µt and a /∈ µt, b /∈ √

wµt. Then we have

t ≤ µ(a ∧ b), µ(a) < t,
√

wµ(b) < t.

Since µ is fuzzy primary, we have

µ(a ∧ b) ≤ µ(a) ∨ √
wµ(b).

Thus we get t < t, which is not possible. Hence µt is a weakly primary ideal of L.

Conversely, suppose that µt is a weakly primary ideal of L. Let a, b ∈ L be
such that a∧b 6= 0 and µ(a∧b) � µ(a)∨√

wµ(b). Let µ(a∧b) = t. Then µ(a) < t
and

√
wµ(b) < t. Since µt is a weakly primary ideal, a∧ b ∈ µt implies that either

a ∈ µt or b ∈
√

wµt
, i.e. either µ(a) ≥ t or

√
wµ(b) ≥ t, a contradiction.

Definition 5.5. A proper fuzzy ideal µ of L is called a fuzzy weakly 2-absorbing
primary ideal of L, if for a, b, c ∈ L, a ∧ b ∧ c 6= 0, then

µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ √
wµ(b ∧ c) ∨ √

wµ(c ∧ a).

Lemma 5.3. A proper ideal I of L is a weakly 2-absorbing primary ideal, if and

only if χI is a fuzzy weakly 2-absorbing primary ideal of L.

Proof. Suppose that I is a weakly 2-absorbing primary ideal of L. Let a, b, c ∈ L,
a ∧ b ∧ c 6= 0. Consider χI(a ∧ b ∧ c). If a ∧ b ∧ c ∈ I, then χI(a ∧ b ∧ c) = 1.
As I is weakly 2-absorbing primary, we have either a ∧ b ∈ I or b ∧ c ∈

√
wI or

c ∧ a ∈
√

wI. Hence either χI(a ∧ b) = 1 or χ√
wI
(b ∧ c) =

√
wχI(b ∧ c) = 1 or

χ√
wI
(c ∧ a) =

√
wχI(c ∧ a) = 1. Thus

χI(a ∧ b ∧ c) ≤ χI(a ∧ b) ∨ χ√
wI
(b ∧ c) ∨ χ√

wI
(c ∧ a).

If a ∧ b ∧ c /∈ I, then χ(a ∧ b ∧ c) = 0. Clearly, a ∧ b /∈ I.
Hence χI(a ∧ b ∧ c) ≤ χI(a ∧ b) ∨ χ√

wI
(b ∧ c) ∨ χ√

wI
(c ∧ a). Thus χI is a

fuzzy weakly 2-absorbing primary ideal.

Conversely, suppose that χI is a fuzzy weakly 2-absorbing primary ideal. Let
a ∧ b ∧ c ∈ I, a ∧ b ∧ c 6= 0. Then χI(a ∧ b ∧ c) = 1. Suppose that a ∧ b /∈ I,
b ∧ c /∈

√
wI and c ∧ a /∈

√
wI. Since χI is a fuzzy 2-absorbing primary ideal, we

have

1 = χI(a ∧ b ∧ c) ≤ χI(a ∧ b) ∨ χ√
wI
(b ∧ c) ∨ χ√

wI
(c ∧ a).

Since each of χI(a ∧ b), χ√
wI
(b ∧ c), χ√

wI
(c ∧ a) belongs to [0, 1], at least one of

these numbers must be 1. This implies that either a ∧ b ∈ I or b ∧ c ∈
√

wI or
c ∧ a ∈

√
wI.

Thus I is a weakly 2-absorbing primary ideal.
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Lemma 5.4. If µ is a fuzzy weakly primary ideal of L, then µ is a fuzzy weakly

2-absorbing primary ideal of L.

Proof. Let µ be a fuzzy weakly primary fuzzy ideal of L. Let a, b, c ∈ L, a ∧ b
∧ c 6= 0. As µ is a fuzzy weakly primary ideal, we have

µ(a ∧ b ∧ c) = µ(a ∧ b ∧ b ∧ c)

≤ µ(a ∧ b) ∨ √
wµ(b ∧ c)

≤ µ(a ∧ b) ∨ √
wµ(b ∧ c) ∨ √

wµ(c ∧ a).

Thus µ is a fuzzy weakly 2-absorbing primary ideal.

The following example shows that a fuzzy weakly 2-absorbing primary ideal
of L need not be a fuzzy weakly primary ideal.

Example 5.3. Consider the ideal I = (a] of the lattice L shown in Figure
6. We note that (h] = {0, a, b, c, e, f, g, h} is the only prime ideal containing I
and (e], (f ] are the only weakly prime ideals of L containing I. Hence

√
wI =

(h]∩ (e]∩ (f ] = (a] = I. We note that I is a weakly 2-absorbing primary ideal as
for any x, y, z ∈ L, x ∧ y ∧ z ∈ I implies that either x ∧ y ∈ I or y ∧ z ∈

√
wI or

z∧x ∈
√

wI. Hence by Lemma 5.3, χI is a fuzzy weakly 2-absorbing primary ideal
of L. We note that χI(e ∧ f) = χI(a) = 1 but χI(e) = 0 as well as

√
wI(f) = 0.

Thus χI(e ∧ f) � χI(e) ∨
√

wI(f). Hence χI is not a fuzzy weakly primary ideal
of L.

1
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c d
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e f
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Figure 6

Lemma 5.5. If µ is a fuzzy weakly 2-absorbing ideal of L, then µ is a fuzzy

weakly 2-absorbing primary ideal of L.
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Proof. Let µ be a fuzzy weakly 2-absorbing ideal of L. Let a, b, c ∈ L, a∧b∧c 6= 0.
Since µ is a fuzzy weakly 2-absorbing ideal, we get

µ(a ∧ b ∧ c) ≤ µ(a ∧ b) ∨ µ(b ∧ c) ∨ µ(c ∧ a).

Since µ ⊆ √
wµ, we get the result.

The following figure is from Gaikwad [6, p. 91]. We use it to show that the
converse of Lemma 5.5 need not hold.

Example 5.4. Consider the lattice shown in Figure 7. The only weakly prime
ideal (in fact the only prime ideal) of L containing the ideal I = (f ] is J = (p].
We have

√
wI = (p]. Also

√
wχI = χ√

wI
= χJ . We note that I is a 2-absorbing

primary ideal of L. Hence by Lemma 5.3, χI is a fuzzy 2-absorbing primary ideal
of L. We note that I is not a weakly 2-absorbing ideal of L, as n∧ o∧ p = a ∈ I,
but n ∧ 0 = j /∈ I, n ∧ p = e /∈ I and o ∧ p = l /∈ I. We have

χI(n ∧ o ∧ p) = 1 � χI(n ∧ o) ∨ χI(n ∧ p) ∨ χI(o ∧ p) = 0.

Thus χI is not a fuzzy weakly 2-absorbing ideal of L.

1

pon

mlkji

hgfed

cba

0

Figure 7

Lemma 5.6. If for a fuzzy ideal µ of L,
√

wµ is a fuzzy weakly prime ideal, then

µ is a weakly 2-absorbing primary ideal.
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Proof. Suppose that
√

wµ is a fuzzy weakly prime ideal for some fuzzy ideal µ
of L. If µ is not a weakly 2-absorbing primary ideal, then there exist a, b, c ∈ L,
a ∧ b ∧ c 6= 0 and

(5.1) µ(a ∧ b ∧ c) � µ(a ∧ b) ∨ √
wµ(b ∧ c) ∨ √

wµ(a ∧ c).

This implies that

µ(a ∧ b) ∨ √
wµ(b ∧ c) ∨ √

wµ(a ∧ c) < µ(a ∧ b ∧ c).

Since
√

wµ is fuzzy weakly prime, we have

√
wµ(a ∧ b ∧ c) =

√
wµ(b ∧ c) ∨ √

wµ(a) =
√

wµ(a ∧ c) ∨ √
wµ(b).

Hence

√
wµ(b ∧ c) ∨ √

wµ(a ∧ c) =
√

wµ(b ∧ c) ∨ √
wµ(a) ∨

√
wµ(c)

=
√

wµ(a ∧ b ∧ c) ∨ √
wµ(c)

Thus from (5.1) we get,

µ(a ∧ b) ∨ √
wµ(a ∧ b ∧ c) ∨ √

wµ(c) < µ(a ∧ b ∧ c).

This implies that √
wµ(a ∧ b ∧ c) < µ(a ∧ b ∧ c),

which is not possible. Hence µ is weakly 2-absorbing primary.

The following example shows that the converse of Lemma 5.6 does not hold.

Example 5.5. Consider the lattice L shown in Figure 8. The only weakly prime
ideals of L containing the ideal I = (c] are (h] and (i]. Hence

√
wI = (h]∩(i] = (f ].

For any x, y, z ∈ I, x ∧ y ∧ z 6= 0, x ∧ y ∧ z ∈ I implies that either x ∧ y ∈ I or
y ∧ z ∈

√
wI or x ∧ z ∈

√
wI. Hence I is a weakly 2-absorbing primary ideal and

so by Lemma 5.3, χI is a fuzzy weakly 2-absorbing primary ideal. We note that
d ∧ e = a ∈

√
wI but d /∈

√
wI and e /∈

√
wI. Thus

√
wI is not a weakly prime

ideal of L. Hence by Theorem 3.1,
√

wχI = χ√
wI

is not a fuzzy weakly prime
ideal of L.

We omit the easy proof of the following lemma.

Lemma 5.7. Let µ be a fuzzy ideal of L. Then
√

wµ =
√

w

√
wµ.

Theorem 5.2. Let µ be a fuzzy ideal of L. Then
√

wµ is fuzzy weakly prime if

and only if
√

wµ is fuzzy weakly primary.
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Proof. It follows from Lemma 5.2, that if
√

wµ is fuzzy weakly prime, then
√

wµ
is fuzzy weakly primary.

The converse follows form the definition of a fuzzy weakly primary ideal and
Lemma 5.7.

The proof of the following theorem follows from the definition of a fuzzy
weakly 2-absorbing ideal, a fuzzy weakly 2-absorbing primary ideal and Lemma 5.7.

Theorem 5.3. Let µ be a fuzzy ideal of L. Then
√

wµ is fuzzy weakly 2-absorbing
if and only if

√
wµ is fuzzy weakly 2-absorbing primary.

6. Fuzzy ideals in a direct product of lattices

In this section, we consider fuzzy ideals in a direct product of lattices. It is known
that if L1, . . . , Lk are lattices, then their Cartesian product L = L1×L2×· · ·×Lk is
a lattice under componentwise operations of meet and join and if a = (a1, . . . , ak),
b = (b1, . . . , bk), then a ≤ b iff ai ≤ bi for i = 1, . . . , k.

Definition 6.1. Let L = L1 × L2 × · · · × Lk be a direct product of lattices
L1, . . . , Lk. A mapping µ : L → [0, 1] is called a fuzzy set of L.

We note the following.

Theorem 6.1. Let L = L1×L2×· · ·×Lk be a direct product of lattices L1, . . . , Lk.

If µi, 1 ≤ i ≤ k are fuzzy ideals of Li respectively, then µ : L → [0, 1] defined by

µ(a1, . . . , ak) = µ1(a1) ∧ · · · ∧ µk(ak) is a fuzzy ideal of L.

Proof. The proof follows from the definition of the lattice operations in a direct
product of lattices and that of µ.
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Notation. We call the fuzzy set µ in Theorem 6.1 as a product of the fuzzy sets
µi, 1 ≤ i ≤ k and write µ = µ1 × · · · × µk.

The following theorem is from Nimbhorkar and Patil [9].

Theorem 6.2. Let L = L1 × L2 be a direct product of lattices L1, L2. If µ :
L → [0, 1] is a fuzzy ideal of L, then there exist fuzzy ideals µ1, µ2 of L1 and L2

respectively, such that µ = µ1×µ2. Moreover, if µ is fuzzy prime, then so are µ1

and µ2.

The following lemma shows that Theorem 6.2 holds for fuzzy weakly prime
ideals also.

Lemma 6.1. Let L = L1 × L2 be a direct product of lattices L1, L2. If µ is a

fuzzy weakly prime ideal of L, then the fuzzy ideals µ1, µ2 in Theorem 6.2 are

weakly prime.

Proof. Let x, y ∈ L1, x ∧ y 6= 0. We have

µ1(x ∧ y) = µ(x ∧ y, 0)

= µ[(x, 0) ∧ (y, 0)]

≤ µ[(x, 0)] ∧ µ[(y, 0)]

= µ1(x) ∧ µ1(y).

Thus µ1 is a fuzzy weakly prime ideal of L1.
Similarly, we can show that µ2 is a fuzzy weakly prime ideal of L2.

The following example shows that a product of fuzzy weakly prime ideals
need not be fuzzy weakly prime.

Example 6.1. Let L = L1×L2 be a direct product of lattices L1, L2. Let µ1, µ2

be fuzzy weakly prime ideals of L1 and L2 respectively. Then µ = µ1 × µ2 need
not be a fuzzy weakly prime ideal of L. Consider the lattices L1 and L2 as shown
in Figure 9. The ideal I = (e] is a weakly prime ideal of L1 and J = (x] that
of L2. However, the ideal I × J = ((e, x)] is not a weakly prime ideal of L as
(c, x) ∧ (d, x) = (0, x) ∈ I × J but (c, x) /∈ I × J and (d, x) /∈ I × J .

Remark 6.1. From Example 6.1, we conclude that in general,
√

w(µ× θ) 6=√
wµ×

√
wθ.

Theorem 6.3. Let L = L1 ×L2 be a direct product of lattices L1, L2. Let µ1, µ2

be fuzzy ideals of L1 and L2 respectively. Suppose that µ1(01) = µ2(02) = 1,
where 01 is the least element of L1 and 02 that of L2. If µ = µ1 × µ2 is a fuzzy

weakly 2-absorbing ideal of L, then µ1 is a fuzzy weakly 2-absorbing ideal of L1

and µ2 that of L2.
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Proof. Let a, b, c ∈ L1, a∧ b∧ c 6= 0. Since µ is a fuzzy weakly 2-absorbing ideal
of L, we have

µ(a ∧ b ∧ c, 02) ≤ µ(a ∧ b, 02) ∨ µ(b ∧ c, 02) ∨ µ(a ∧ c, 02).(6.1)

By the definition of µ, we can write (6.1) as

µ1(a ∧ b ∧ c) ∧ µ2(02)

≤ [µ1(a ∧ b) ∧ µ2(02)] ∨ [µ1(b ∧ c) ∧ µ2(02)] ∨ [µ1(a ∧ c) ∧ µ2(02).

By using µ2(02) = 1, we get

µ1(a ∧ b ∧ c) ≤ µ1(a ∧ b) ∨ µ1(b ∧ c) ∨ µ1(a ∧ c).

Thus µ1 is a fuzzy weakly 2-absorbing ideal of L1. Similarly, we can prove that
µ2 is a fuzzy weakly 2-absorbing ideal of L2.

By using similar steps, we can prove the following theorem.

Theorem 6.4. Let L = L1×L2×· · ·×Lk be a direct product of lattices L1, . . . , Lk.

Let µi, 1 ≤ i ≤ k be fuzzy ideals of Li, respectively. Suppose that for each i =
1, . . . , k, µi(0i) = 1, where 0i is the least element of Li. If µ = µ1 × · · · × µk is

a fuzzy weakly 2-absorbing ideal of L, then µi, is a fuzzy weakly 2-absorbing ideal

of Li, i = 1, . . . , k.

The following example shows that the converse of Theorem 6.3 need not hold.

Example 6.2. Consider the lattices L1, L2 and L = L1 ×L2 as shown in Figure
10. We note that the ideals I = (a] and J = (x] are weakly 2-absorbing ideals.
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However, the ideal K = I × J is not a weakly 2-absorbing ideal of L, as (b, 1) ∧
(c, y)∧(1, x) = (a, 0) ∈ K but (b, 1)∧(c, y) = (a, y) /∈ K, (c, y)∧(1, x) = (c, 0) /∈ K
and (b, 1) ∧ (1, x) = (b, x) /∈ K. By Lemma 5.3, χI and χJ are fuzzy 2-absorbing
and χK = χI × χJ is not fuzzy weakly 2-absorbing.

0

a

b

1

dc
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0

x y z

p q r

0

1

L2

Figure 10

Theorem 6.5. Let L = L1 ×L2 be a direct product of lattices L1, L2. Let µ1, µ2

be fuzzy ideals of L1 and L2 respectively. Suppose that (i) µ1(01) = µ2(02) = 1,
where 01 is the least element of L1 and 02 that of L2 and (ii) µ1(11) = µ2(12) = 0,
where 11 is the greatest element of L1 and 12 that of L2. If µ = µ1×µ2 is a fuzzy

weakly 2-absorbing ideal of L, then µ1 is a fuzzy weakly prime ideal of L1 and µ2

that of L2.

Proof. Suppose that µ1 is not a fuzzy weakly prime ideal of L1. Then there
exist a, b ∈ L1, a∧ b 6= 0 such that µ(a∧ b) � µ(a)∨ µ(b). Consider the elements
x = (a, 1), y = (1, 0), z = (b, 1) from L. Then x ∧ y ∧ z 6= 0. We note the
following.

µ(x ∧ y ∧ z) = µ(a ∧ b, 0) = µ1(a ∧ b) ∧ µ2(0) = µ1(a ∧ b).
µ(x ∧ y) = µ(a, 0) = µ1(a) ∧ µ2(0) = µ1(a).
µ(y ∧ z) = µ(b, 0) = µ1(b) ∧ µ2(0) = µ1(b).
µ(z ∧ x) = µ(a ∧ b, 1) = µ1(a ∧ b) ∧ µ2(1) = 0.

Since µ is a fuzzy weakly 2-absorbing ideal, we have
µ(x ∧ y ∧ z) ≤ µ(x ∧ y) ∨ µ(y ∧ z) ∨ µ(z ∧ x),

i.e., µ1(a ∧ b) ≤ µ1(a) ∨ µ1(b) ∨ 0 = µ1(a) ∨ µ1(b), a contradiction. Hence µ1 is a
fuzzy weakly prime ideal. Similarly, we can show that µ2 is a fuzzy weakly prime
ideal.
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Theorem 6.6. Let L = L1 ×L2 be a direct product of lattices L1, L2. Let µ1, µ2

be fuzzy weakly prime ideals of L1 and L2 respectively and µ = µ1 × µ2. Then µ
is a fuzzy weakly 2-absorbing ideal of L.

Proof. Let x1 = (a, x), x2 = (b, y), x3 = (c, z) be elements in L such that
x1 ∧ x2 ∧ x3 6= 0. To show µ is fuzzy weakly 2-absorbing, we need to show that

µ[(a, x) ∧ (b, y) ∧ (c, z)] ≤ µ[(a, x) ∧ (b, y)] ∨ µ[(b, y) ∧ (c, z)] ∨ µ[(a, x) ∧ (c, z)],

i.e., to show that

(6.2) µ(a ∧ b ∧ c, x ∧ y ∧ z) ≤ µ(a ∧ b, x ∧ y) ∨ µ(b ∧ c, y ∧ z) ∨ µ(a ∧ c, x ∧ z)

We have

µ(a ∧ b ∧ c, x ∧ y ∧ z) = µ1(a ∧ b ∧ c) ∧ µ2(x ∧ y ∧ z).

As µ1, µ2 are fuzzy weakly prime ideals, we can write

µ1(a ∧ b ∧ c) = µ1(a) ∨ µ1(b) ∨ µ1(c)

and
µ2(x ∧ y ∧ z) = µ2(x) ∨ µ2(y) ∨ µ2(z).

Also we have

(6.3)
µ(a ∧ b, x ∧ y) ∨ µ(b ∧ c, y ∧ z) ∨ µ(a ∧ c, x ∧ z)

= [µ1(a ∧ b) ∧ µ2(x ∧ y)] ∨ [µ1(b ∧ c) ∧ µ2(y ∧ z)] ∨ [µ1(a ∧ c) ∧ µ2(x ∧ z).

Since µ1, µ2 are fuzzy weakly prime ideals, we can write the R. H. S. of (6.3)
as

{[µ1(a) ∨ µ1(b)] ∧ [µ2(x) ∨ µ2(y)]} ∨ {[µ1(b) ∨ µ1(c)] ∧ [µ2(y) ∨ µ2(z)]}
∨ {[µ1(a) ∨ µ1(c)] ∧ [µ2(x) ∨ µ2(z)]}.

(6.4)

By applying distributivity, (6.4) can be written as

(6.5) [µ1(a) ∨ µ1(b) ∨ µ1(c)] ∧ [µ2(x) ∨ µ2(y) ∨ µ2(z)].

Thus (6.2) holds and µ is fuzzy weakly 2-absorbing.

Definition 6.2. A lattice L is called an integral lattice, if for nonzero x, y ∈ L,
x ∧ y 6= 0.

Theorem 6.7. Let L = L1 × L2 be a direct product of lattices L1, L2 with 0.

Suppose that L1 is an integral lattice and µ is a nonconstant fuzzy ideal of L1

such that µ(0) = 1. The following statements are equivalent.
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(1) µ× χL2
is a fuzzy 2-absorbing ideal of L.

(2) µ× χL2
is a fuzzy weakly 2-absorbing ideal of L.

(3) µ× χL2
is a fuzzy 2-absorbing ideal of L.

(4) µ is a fuzzy 2-absorbing ideal of L.

(5) µ is a fuzzy weakly 2-absorbing ideal of L.

Proof. (1)⇒(2): Obvious.

(2)⇒(3): Let x = (a1, b1), y = (a2, b2) and z = (a3, b3) be elements of L.

Case 1. Suppose that x ∧ y ∧ z 6= 0. Then clearly,

(µ × χL2
)(x ∧ y ∧ z) ≤ (µ × χL2

)(x ∧ y) ∨ (µ × χL2
)(y ∧ z) ∨ (µ × χL2

)(x ∧ z).

Case 2. Suppose that x ∧ y ∧ z = 0. Then a1 ∧ a2 ∧ a3 = 0. Since L1 is an
integral lattice, at least one of ai must be 0. Without loss of generality, we may
assume that a1 = 0. We have to show that

(6.6) (µ×χL2
)(x∧y∧z) ≤ (µ×χL2

)(x∧y)∨ (µ×χL2
)(y∧z)∨ (µ×χL2

)(x∧z).

The L. H. S. of (6.6) can be written as

(µ × χL2
)(x ∧ y ∧ z) = (µ × χL2

)(a1 ∧ a2 ∧ a3, b1 ∧ b2 ∧ b3)

= µ(a1 ∧ a2 ∧ a3) ∧ χL2
(b1 ∧ b2 ∧ b3)

= 1.

(6.7)

Since we have assumed that a1 = 0, we have

(6.8) (µ× χL2
)(x ∧ y) = (µ× χL2

)(0, b1 ∧ b2) = µ(0) ∧ χL2
(b1 ∧ b2) = 1.

Hence the R. H. S. of (6.6) is equal to 1. Thus from (6.7), it follows that
(6.6) holds.

(3)⇒(4): Let a1, a2, a3 ∈ L1. Let b ∈ L2. We have

µ(a1 ∧ a2 ∧ a3) = µ(a1 ∧ a2 ∧ a3) ∧ 1

= µ(a1 ∧ a2 ∧ a3) ∧ χL2
(b)

= (µ× χL2
)((a1, b) ∧ (a2, b) ∧ (a3, b)

≤ (µ× χL2
)((a1, b) ∧ (a2, b)) ∨ (µ× χL2

)((a2, b) ∧ (a3, b)

∨ (µ× χL2
)((a1, b) ∧ (a3, b)

= [µ(a1 ∧ a2) ∧ χL2
(b)] ∨ [µ(a2 ∧ a3) ∧ χL2

(b)] ∨ [µ(a1 ∧ a3) ∧ χL2
(b)

= µ(a1 ∧ a2) ∨ µ(a2 ∧ a3) ∨ µ(a1 ∧ a3) as χ(b) = 1.

Thus µ is fuzzy 2-absorbing.
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(4)⇒(5): Obvious.

(5)⇒(1): To show that µ×χL2
is fuzzy 2-absorbing. Let (a1, b1), (a2, b2), (a3, b3)

∈ L.

Case 1. Suppose that a1 ∧ a2 ∧ a3 6= 0. We have

(µ× χL2
)((a1, b1) ∧ (a2, b2) ∧ (a3, b3))

= (µ × χL2
)(a1 ∧ a2 ∧ a3, b1 ∧ b2 ∧ b3)

= µ(a1 ∧ a2 ∧ a3) ∧ χL2(b1 ∧ b2 ∧ b3)

= µ(a1 ∧ a2 ∧ a3) as χL2(b1 ∧ b2 ∧ b3) = 1

≤ µ(a1 ∧ a2) ∨ µ(a2 ∧ a3) ∨ µ(a1 ∧ a3) as µ is fuzzy 2-absorbing

≤ [µ(a1 ∧ a2) ∧ χL2
(b1 ∧ b2)] ∨ [µ(a2 ∧ a3) ∧ χL2

(b2 ∧ b3)]

∨ [µ(a1 ∧ a3) ∧ χL2
(b1 ∧ b3)]

= (µ × χL2
)((a1, b1) ∧ (a2, b2)) ∨ (µ × χL2

)((a2, b2) ∧ (a3, b3))

∨ (µ × χL2
)((a1, b1) ∧ (a3, b3)).

Case 2. Suppose that a1 ∧ a2 ∧ a3 = 0. Since L is an integral lattice, at least
one ai = 0. Without loss of generality, we assume that a1 = 0. We have

(µ× χL2
)((a1, b1) ∧ (a2, b2) ∧ (a3, b3))

= (µ× χL2
)(a1 ∧ a2 ∧ a3, b1 ∧ b2 ∧ b3)

= (µ× χL2
)(0, b1 ∧ b2 ∧ b3)

= µ(0) ∧ χL2(b1 ∧ b2 ∧ b3)

= 1.

We have

(µ × χL2
)((a1, b1) ∧ (a2, b2)) = (µ× χL2

)((a1 ∧ a2, b1 ∧ b2))

= (µ× χL2
)((0, b1 ∧ b2))

= µ(0) ∧ χL2(b1 ∧ b2)

= 1.

Hence

(µ × χL2
)((a1, b1) ∧ (a2, b2)) ∨ (µ × χL2

)((a2, b2) ∧ (a3, b3)) = 1.

Thus

(µ × χL2
)((a1, b1) ∧ (a2, b2) ∧ (a3, b3))

≤ (µ × χL2
)((a1, b1) ∧ (a2, b2)) ∨ (µ × χL2

)((a2, b2) ∧ (a3, b3)).

Thus µ× χL2
is fuzzy 2-absorbing.
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