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Abstract

As a generalization of the concept of a weakly prime ideal, we introduce
the concepts of a fuzzy weak prime ideal, a fuzzy weakly 2-absorbing ideal of
a lattice. Some results of fuzzy weakly 2-absorbing ideals and fuzzy weakly
primary ideals are proved. We also introduce and study fuzzy weakly 2-
absorbing ideals in a product of lattices.
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1. INTRODUCTION

Anderson and Smith [3] introduced the concept of a weakly prime ideal in a
commutative ring. Badawi [4] introduced the concept of a 2-absorbing ideal
and a weakly 2-absorbing ideal of a commutative ring. A proper ideal I of a
commutative ring R is said to be weakly 2-absorbing, if whenever a,b,c € R,
0 # abc € I, then either ab € I or ac € I or bc € I. Anderson and Badawi [2]
introduced and studied n-absorbing ideals in a commutative ring. Payrovi and
Babaei [10], Badawi and Darani [5] have studied 2-absorbing ideals in commuta-
tive ring. Wasadikar and Gaikwad [11] introduced the concept of a 2-absorbing
ideal in a lattice.

Zadeh [13] developed the concept of a fuzzy set. Ajmal and Thomas [1]
defined a fuzzy lattice and fuzzy sublattice as a fuzzy algebra. Koguep et al. [8]
have studied fuzzy prime ideals in lattices.
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In this paper, we introduce the concept of a fuzzy weakly 2-absorbing ideal of
a lattice. This is a generalization of the concept of a fuzzy prime ideal of a lattice.
Also we define a weakly fuzzy primary ideal and the fuzzy radical of a fuzzy ideal
of a lattice. Some properties of fuzzy weakly 2-absorbing ideals and fuzzy weakly
primary ideals are proved. We also study these concepts in a product of lattices.

2. PRELIMINARIES

Throughout in this paper, L = (L, A, V) denotes a lattice with 0. We recall some
known concepts and results.

Definition 2.1. A fuzzy subset u of L is a function p: L — [0, 1].

Definition 2.2. A fuzzy subset p of L is called proper if it is a non-constant
function.

Definition 2.3 [8]. For any « € [0, 1] the set pu, = {z € X/u(z) > a} is called
the a-cut of u or a-level set.

Definition 2.4 [8]. A fuzzy subset p of L is called a fuzzy sublattice of L if
u(@ Ay) A p(xVy) = min{u(z), u(y)} for all z,y € L.

Definition 2.5 [8]. A fuzzy sublattice p of L is called a fuzzy ideal of L if
u(x Vy) = p(x) A p(y) for all z,y € L.

Definition 2.6. For fuzzy subsets p,n of L, p C n means u(x) < n(z) for all
x € L.

The following result is well-known.

Lemma 2.1. Let u be a fuzzy sublattice of L. Then u is a fuzzy ideal of L if and
only if p(x) < u(y), whenever, x >y for all z,y € L.

3. FUzzY PRIME IDEALS OF A LATTICE

The following concept is well-known in lattice theory, see Grétzer [7].

Definition 3.1. A nonempty subset I of a lattice L is called an ideal, if for
a,b € L, the following conditions hold.

(i) If a,b e I, then a Vb € I and
(ii) ifa<band b€ I, thena € I.

A proper ideal I (i.e., I # L) is called a prime ideal, if a Ab € I implies that
eithera € T or be I.
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Wasadikar and Gaikwad [11] have introduced the concept of a weakly prime
ideal in a lattice.

Definition 3.2. A proper ideal I of a lattice L is called a weakly prime ideal, if
fora,be L, aNb#0,aAbe I implies that eithera e I or b € I.

Koguep et al. [8], have defined a fuzzy prime ideal as follows.

Definition 3.3. A proper fuzzy ideal p of L is called a fuzzy prime ideal, if for
all a,b € L, plaAb) < u(a) Vv u(b).

In fact, a proper fuzzy ideal p of L is fuzzy prime if and only if for all a,b € L,

u(a Ab) = p(a) V p(b).
We define a fuzzy weakly prime ideal as follows.

Definition 3.4. A proper fuzzy ideal p of L is called a fuzzy weakly prime ideal,
if a,b € L, aNb#0, then p(a Ab) < p(a) V u(b).

We have the following theorem.

Theorem 3.1. An ideal I of L is a weakly prime ideal if and only if the charac-
teristic function x1 of I is a fuzzy weakly prime ideal of L.

Proof. Clearly, x is a fuzzy ideal of L. Suppose that [ is a weakly prime ideal
of L. Let a,b € L be such that aAb#0. If a Ab € I, then as I is weakly prime,
either a € I or b € I. Hence we have

xr(aAb) =1=xs(a) vV xr(b).
If a Ab ¢ I, then neither a € I, nor b € I and we have
xr(aAb)=0=0V0=xz(a)V xr(b).

Thus ¥y is fuzzy weakly prime.
Conversely, suppose that x is a fuzzy weakly prime ideal of L. Let a,b € L,
a Ab# 0. Suppose that a Ab € I. If none of a,b € I, then

x1(anb)=1#0=0V0=x(a)V xr(b).

This contradicts the assumption that x; is weakly prime. Hence either a € I or
b € I. Thus I must be weakly prime. [ |

The following example shows that the condition of “weakly prime”in Theorem
3.1 is necessary.

Example 3.1. Consider the lattice L shown in Figure 1. We note that the ideal
I = (a] is not a weakly prime ideal of L, as d A e = a € I but neither d € I, nor
ecl.
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Figure 1

We have d ANe =a € I. Hence x7(d Ae) = 1. But x7(d) = xr(e) = 0. Thus
xr(dAe) £ xr(d) V xr(e) = 0. Hence xr is not a fuzzy weakly prime ideal of L.

The following result is from Nimbhorkar and Patil [9)].

Theorem 3.2. An ideal I of a lattice L is a prime ideal if and only if x1, the
characteristic function of I is a fuzzy prime ideal of L.

The proof of the following lemma follows from the definition of a fuzzy prime
ideal.

Lemma 3.1. If u is a fuzzy prime ideal of L, then u is a fuzzy weakly prime
ideal of L.

The following example shows that the converse of Lemma 3.1 does not hold.

Example 3.2. Consider the lattice L shown in Figure 1. We note that the ideal
I = (c] is a weakly prime ideal of L but is not a prime ideal. Hence by Theorem
3.1, x7 is a fuzzy weakly prime ideal and by Theorem 3.2, x is not fuzzy prime.

4. Fuzzy WEAKLY 2-ABSORBING IDEALS

The following definition is from Wasadikar and Gaikwad [11].

Definition 4.1. An ideal I of L is called a weakly 2-absorbing ideal, if for
a,bce L,aNbAc#0,aNbAc € I implies that either a Abe I or bAc € I or
chNael.

We extend the concept of a weakly 2-absorbing ideal, in the context of a
fuzzy ideal of a lattice and prove some properties of fuzzy weakly 2-absorbing
ideals. We denote by FI(L), the set of all fuzzy ideals of L.

The following definition and result are from Nimbhorkar and Patil [9].
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Definition 4.2. A proper fuzzy ideal u of L is called a fuzzy 2-absorbing ideal
of L if for all a,b,c € L,

pla ANbAce) <max{p(a Ab),u(bAc),ulcAa)}.

Lemma 4.1. An ideal I of L is a 2-absorbing ideal if and only if x1 is a fuzzy
2-absorbing ideal of L.

We define a fuzzy weakly 2-absorbing ideal as follows.

Definition 4.3. A proper fuzzy ideal p of L is called a fuzzy weakly 2-absorbing
ideal of L if for all a,b,c € L, a Ab A ¢ # 0, then

pla ANbAce) <max{u(aAb),u(bAc),ulcAa)}.

Since p(aAb), u(bAc), p(cAa) are nonnegative real numbers, the definition of
a fuzzy weakly 2-absorbing ideal is equivalent to p is a fuzzy weakly 2-absorbing
ideal iff for all a,b,c € L, a Ab A c # 0, implies that

planbAe) <pland)VulbAc)VuleNa).

Lemma 4.2. An ideal I of L is a weakly 2-absorbing ideal if and only if x1 is a
fuzzy weakly 2-absorbing ideal of L.

Proof. Suppose that I is a weakly 2-absorbing ideal of L. Let a,b,c € L be such
that aAbAc# 0. If aAbAc € I, then as I is weakly 2-absorbing, either aAb € T
orbAcelorcAa€l. Thus in this case,

xr(aAbAc) <xrlanb)Vxr(bAc)V xi(cAa).

IfanbAc ¢, then clearly, aAb¢ I, bAc¢ I and cAha ¢ 1.
Thus in this case also,

xr(aAnbAc) < xr(anb)Vxr(bAc)V xi(cAa).

Hence x7 is a fuzzy 2-absorbing ideal of L.

Conversely, suppose that x7 is a fuzzy 2-absorbing ideal of L. Let a,b,c € L
be such that a AbAc # 0. Suppose that aAbAc € I, butaAb¢ I, bAc ¢ I and
c¢Aa ¢ I. This implies that

xr(aAbAc)=1and xr(aAb)=xr(bAc)=xr(cNha)=0.

Hence
xr(@aNbAe) £ xr(anb)Vxr(bAc)V xi(eAa),

a contradiction. []
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It is obvious that every fuzzy 2-absorbing ideal of L is a fuzzy weakly 2-
absorbing ideal of L. The following example shows that a fuzzy weakly 2-
absorbing ideal of L need not be a fuzzy 2-absorbing ideal of L.

Example 4.1. Consider the lattice shown in Figure 2.

1
a
(&
0
Figure 2

The ideal I = (0] is trivially a weakly 2-absorbing ideal. It is not 2-absorbing
asdAeA f=0¢& I but neitherd\e=a€l,noreANf=celInor fAd=bel.
It follows from Lemma 4.2 that x; is a fuzzy weakly 2-absorbing ideal and by
Lemma 4.1, x7 is not a fuzzy 2-absorbing ideal.

The following lemma shows that any level set of a fuzzy weakly 2-absorbing
ideal of L is a weakly 2-absorbing ideal of L.

Lemma 4.3. Let u be a fuzzy weakly 2-absorbing ideal of L. Then the level ideal
e is a weakly 2-absorbing ideal of L for each t € Image(u).

Conversely, if each level ideal py, for t € Image(u) is a weakly 2-absorbing
ideal of L, then u is a fuzzy weakly 2-absorbing ideal of L.

Proof. Let p be a fuzzy weakly 2-absorbing ideal of L. Let t € Image(u). Let
a,b,c € L be such that aAbAc# 0and aAbAc € . Then t < pla AbAc).
Since p is a fuzzy weakly 2-absorbing ideal,

(4.1) t<ulanbAc)<pulandb)VulbAc)VulcAa).

Since t, u(a A b), (b A ¢), u(c A a) are nonnegative real numbers, p(a A b) < t,
pu(bAc) <tand p(cAa)<t, will imply that

(4.2) plaNbAe) <planb)VulbAc)Vulena)<t.
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Then (4.1) and (4.2) lead to t < t, which is not possible. Hence t < p(a A D) or
t <pubAc)ort<pu(cAa). Thus either a Abor bAcor cAa € p;ie., uis a
weakly 2-absorbing ideal of L.

Conversely, assume that p; is a weakly 2-absorbing ideal of L for each ¢t €
Image(p). Let a,b,c € LyaANbAc#0and ulaAbAc)=t. Then aAbAc € py.
Since p; is a weakly 2-absorbing ideal of L, either a Abor bAcor cAa € py.
Thus either pu(a Ab) >t or u(bAc) >t or u(cAa)>t. This implies that

t=wulaNbAc)<ulanbdb)VulbAc)VulcAa).
Thus p is a fuzzy weakly 2-absorbing ideal of L. [ |

Now we show that every fuzzy weakly prime ideal of L is a fuzzy weakly
2-absorbing ideal.

Lemma 4.4. Let p be a fuzzy weakly prime ideal of L. Then w is a fuzzy weakly
2-absorbing ideal of L.

Proof. Let u be a fuzzy weakly prime ideal of L. Then for all a,b € L, aAb # 0
implies that,
ula Ab) < pla) vV p(b).

Hence for all a,b, ¢ € L, for which a A b A ¢ # 0, we have

pla AbAc) < plaAb)V p(c),
pla NbAce) < pbAc)V p(a),
wlanbAc) <puleNa)V ub).
Hence
(4.3) planbAce) < pland)Vule)VubAc)Vula)VulceAa)V ub).

By the definition of a fuzzy ideal, (see Koguep et al. [8]), it follows that for any
a,b € L, p(a) < p(a Ab). Hence (4.3) reduces to

planbAe) <pland)VubAc)Vulena).
Thus p is a fuzzy weakly 2-absorbing ideal of L. [ |
The following example shows that the converse of Lemma 4.4 does not hold.

Example 4.2. Consider the lattice L shown in Figure 3. We note that I = (] is a
weakly 2-absorbing ideal but it is neither prime, nor weakly prime as fAg=c¢€ [
but f ¢ I, g ¢ I. Hence by Lemma 4.2, xy is fuzzy weakly 2-absorbing and by
Theorem 3.1, x; is not fuzzy weakly prime.
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Figure 3
Lemma 4.5. The intersection of any two distinct fuzzy weakly prime ideals of L
18 a fuzzy weakly 2-absorbing ideal of L.

Proof. Let u,0 be two distinct fuzzy weakly prime ideals of L. We know that
for any a € L, (un@)(a) = u(a) AN 6(a). Let a,b,c € L, a AbAc#0. We have

(4.4) (LN (aANbAc)=plaNbAc)ANO(aNbAc)

By Lemma 4.4, every fuzzy weakly prime ideal is fuzzy weakly 2-absorbing.
Hence from (4.4), we get

(LNB)(aNnbAc)

(4:5) <[uland)VubAce)VuleNa)AN[@(anb)VEObACc)VO(cAa)l.

Since p and 0 are fuzzy weakly prime ideals, we can write

plaAb) Vb Ac)V (e Aa) < p(a) V u(d) V p(c)

and
Olanb)VObAc)VO(cAha)<BO(a)VEDb)Voc).

We note that all the terms on the right hand side of (4.5) belong to the distributive
lattice [0,1]. Hence we can write

(nn0)(anbne) <[ua)Vub)Vu(e)] Albla)Vob) Vo)
(4.6) = [u(a) AO(@)] V [u(a) AOB)]V [p(a) A 6(c)]
V [u(®) AO(@)] V (D) AO(B)] V [1(b) A B(c)]
V [u(e) AB(@)] V [1(e) AO(B) V [ule) A ()]
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For any fuzzy ideal o, we have o(x) < o(z Ay), for all x,y € L. Hence p(x) <
pu(x Ay) and 0(y) < O(x Ay) for all x,y € L. This implies

(@) NO(y) < plzAy) Az Ay) = (pN6)(zAy).
Applying this to the R. H. S. of (4.6),
(pnB)anbAe) < (unb)(a)V (uNO)aAb)V (LNnb)(bArc)
V(pnb)(cna) Vv (pno)(b)V (nno)(c).
Since p N 0 is a fuzzy ideal, for all z,y € L, we have
(kNo)(z) < (wNo)(xAy).

Applying this to the R. H. S. of (4.7), we get

(unB)anbAe) < (pN@)(anb)V(pNO)(bAc)V (LNb)(cAa).

we get

(4.7)

Thus p N6 is a fuzzy 2-absorbing ideal of L. [

The following example shows that the condition of “weakly primeness”in
Lemma 4.5 is necessary. This example also shows that in general the intersection
of two fuzzy weakly 2-absorbing ideals need not be a fuzzy weakly 2-absorbing
ideal.

Figure 4

Example 4.3. Consider the lattice shown in Figure 4. We know that for any
two ideals I, J of L, x; N xj = x1nJ. We note that the ideals I = (d] and J = (f]
are not weakly prime and I NJ = (] is not 2-absorbing. By Theorem 3.1, x; and
X are not fuzzy weakly prime and by Lemma 4.2, x(q is not fuzzy 2-absorbing.
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5. FUzzY PRIMARY IDEALS

The following definition is from Wasadikar and Gaikwad [11].

Definition 5.1. Let L be a lattice with 0. An ideal I of L is called a weakly
primary ideal, if for a,b € L, a Ab # 0, a Ab € I implies that either a € I or
b € VI, where v/T denotes the radical of I (i.e., the intersection of all prime ideals
containing I). If there does not exist a prime ideal containing an ideal I in a
lattice L, then we define VI=L.

We note the following.
Let I be an ideal of L. Let A denote the set of all prime ideals P of L such that
I C P. Let B denote the set of all weakly prime ideals @ of L such that I C Q.
Since every prime ideal is a weakly prime ideal, but not conversely, it follows that
A CB. Let a € (Q|Q € B). We note that if P is a prime ideal containing I,
then a € P. Thus a € [ A. Hence ({P € B} C{P € A}

This motivates us to define the weakly prime radical of I as follows.

Definition 5.2. Let I be an ideal of L. We define the weakly prime radical of T
as the intersection of all weakly prime ideals of L containing I. We denote it by

vwl. If there does not exist any weakly prime ideal containing I, we define v/,,1
as L.

Example 5.1. Consider the lattice shown in Figure 5. We note that I = (]
is not a weakly prime ideal and so is not a prime ideal. The ideal J = (] is a
weakly prime ideal and not a prime ideal. We note that the weakly prime radical
of I i.e., /oI = J. Since there is no proper prime ideal containing I, the prime
radical of I, i.e., v/I = L. Thus the concepts of the prime radical and the weakly
prime radical of an ideal are different.

1
d f
a
c
0
Figure 5

In this section we define the fuzzy weakly radical of a fuzzy ideal.
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Definition 5.3. Let u be a fuzzy ideal of L. We define the fuzzy weakly radical
of pu as the intersection of all fuzzy weakly prime ideals containing g and we

denote it by /.

We note that for a fuzzy ideal p of L always p C |/t It can be shown that
for an ideal I of L, \/uwXT = X/7-

Definition 5.4. A proper fuzzy ideal p of L is called a fuzzy weakly primary
ideal if for a,b € L, a A b # 0 implies that p(a A b) < p(a) V /wr(b).

Lemma 5.1. A proper ideal I of L is a weakly primary ideal of L if and only if
X1 18 a fuzzy weakly primary ideal of L.

Proof. Suppose that [ is a weakly primary ideal of L. Let a,b € L, a Ab # 0.

(i) If a Ab € I, then as I is a weakly primary ideal of L, either a € I or
b € Vwl. Hence x7(a Ab) < xr(a)V \/wxi(b).

(ii) If a Ab ¢ I, then clearly a ¢ I and b ¢ I. In this case also xr(a Ab) <
31(@) V \/axT(b).

Thus x7 is a fuzzy weakly primary ideal of L.

Conversely, suppose that 7 is a fuzzy weakly primary ideal of L. Let anb € I,
aAb#0. Then 1 = xr(a Ab) < x1(a) V \/wx1(b), implies that either xr(a) =1
or \/wxi(b) = 1. Thus either a € I or b € v/, 1. ]

Now we give a relationship between a fuzzy weakly prime ideal and a fuzzy
weakly primary ideal.

Lemma 5.2. If p is a fuzzy weakly prime ideal of L, then u is a fuzzy weakly
primary ideal of L.

Proof. Let u be a fuzzy weakly prime ideal of L. Let a,b € L, aANb # 0. We
have p(a A b) < p(a) V u(b). Since u C \/wit, we get the result. |

The following example shows that the converse of Lemma 5.2 does not hold.

Example 5.2. Consider the ideal I = (c] of the lattice shown in Figure 5.
We have noted that v/, = J = (¢J. We know that for any ideal A of L,

VwXA = Xyoa- Hence /X1 = X,/77 = XJ- Since J is a weakly prime ideal, x
is a fuzzy weakly prime ideal and so x7 is a fuzzy weakly primary ideal. We have

xr(e A f) = xi(c) =1 but xr(e) Vxi(f) =0as e, f ¢ I. Thus xs is not fuzzy
weakly prime.

Theorem 5.1. A fuzzy ideal p of L is fuzzy weakly primary if and only if the
level set pg, t € Image(u) is a weakly primary ideal of L.
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Proof. Suppose that u is a fuzzy weakly primary ideal of L. Let a,b € L be
such that a Ab#0,aAb € puy and a ¢ py, b ¢ \/wpe. Then we have

t <pland), pla) <t, \/wp(d) <t.

Since p is fuzzy primary, we have

i@ Ab) < afa) V /uhi(b).

Thus we get t < t, which is not possible. Hence p; is a weakly primary ideal of L.

Conversely, suppose that p; is a weakly primary ideal of L. Let a,b € L be
such that aAb # 0 and u(aAb) £ p(a)V /wi(b). Let p(aAb) =t. Then p(a) <t
and /,t(b) < t. Since ju; is a weakly primary ideal, a Ab € y; implies that either
a € pg or b € \/uwft,, i-e. either p(a) >t or \/,u(b) > t, a contradiction. ]

Definition 5.5. A proper fuzzy ideal u of L is called a fuzzy weakly 2-absorbing
primary ideal of L, if for a,b,c € L, a Ab A ¢ # 0, then

plaNbAc) < plaNb)V/ui(bAc)V /uilcAa).

Lemma 5.3. A proper ideal I of L is a weakly 2-absorbing primary ideal, if and
only if x1 is a fuzzy weakly 2-absorbing primary ideal of L.

Proof. Suppose that I is a weakly 2-absorbing primary ideal of L. Let a,b,c € L,
aANbAc#0. Consider x;(aANbAc). IfanbAc e, then xj(aANbAc) = 1.
As I is weakly 2-absorbing primary, we have either a Ab € I or bA ¢ € /I or
cAa € /I Hence either xr(a Ab) =1 or x /7(bAc) = \fuxi(bAc)=1or
Xo7(cANa) = \/uxi(cAa) = 1. Thus

xr(aNbAe) <xi(anb)Vx bAc)Vx 7(cAa).

IfanbAcgl, then xylaAbAc)=0. Clearly, a Ab ¢ I.

Hence xr(a AbAc) < xi(aAb)Vx, 50bAc)Vx,7(cAa). Thus x; is a
fuzzy weakly 2-absorbing primary ideal.

Conversely, suppose that x7 is a fuzzy weakly 2-absorbing primary ideal. Let
aNbANcel, aNbANe#0. Then xr(a AbAc) =1. Suppose that a Ab ¢ I,
bAcé¢ wl and cAa ¢ /1. Since Y is a fuzzy 2-absorbing primary ideal, we
have

L=xr(aNbAc) <xi(anb)Vx 7(bAc)V X 7(cAa).
Since each of xr(a Ab), x,/7(bAc), x,/7(c Aa) belongs to [0, 1], at least one of
these numbers must be 1. This implies that either a Ab € I or bA ¢ € /1 or

cANa €yl

Thus I is a weakly 2-absorbing primary ideal. [ |
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Lemma 5.4. If pu is a fuzzy weakly primary ideal of L, then w is a fuzzy weakly
2-absorbing primary ideal of L.

Proof. Let u be a fuzzy weakly primary fuzzy ideal of L. Let a,b,c € L, a A b
A c#0. As p is a fuzzy weakly primary ideal, we have

wlaANbAc)=pulaNbAbAC)
< ula Ab)V (b A )
< pla Ab)V /wit(bAc) V \/wp(c A a).

Thus p is a fuzzy weakly 2-absorbing primary ideal. [ |

The following example shows that a fuzzy weakly 2-absorbing primary ideal
of L need not be a fuzzy weakly primary ideal.

Example 5.3. Consider the ideal I = (a] of the lattice L shown in Figure
6. We note that (h] = {0,a,b,c,e, f,g,h} is the only prime ideal containing I
and (e], (f] are the only weakly prime ideals of L containing I. Hence v/, =
(h)N(e] N (f] = (a] = I. We note that I is a weakly 2-absorbing primary ideal as
for any x,y,2 € L, x Ay A z € I implies that either x Ay € I or y A z € /I or
2Ax € /1. Hence by Lemma 5.3, x; is a fuzzy weakly 2-absorbing primary ideal
of L. We note that xr(e A f) = xs(a) =1 but xs(e) = 0 as well as v/, I(f) = 0.
Thus xs(e A f) £ x1(e) V VwI(f). Hence x; is not a fuzzy weakly primary ideal
of L.

Figure 6

Lemma 5.5. If p is a fuzzy weakly 2-absorbing ideal of L, then p is a fuzzy
weakly 2-absorbing primary ideal of L.
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Proof. Let ube a fuzzy weakly 2-absorbing ideal of L. Let a,b,c € L, aAbAc # 0.
Since p is a fuzzy weakly 2-absorbing ideal, we get

planbAe) <pland)VulbAc)Vulena).
Since pu C /wit, we get the result. [

The following figure is from Gaikwad [6, p. 91]. We use it to show that the
converse of Lemma 5.5 need not hold.

Example 5.4. Consider the lattice shown in Figure 7. The only weakly prime
ideal (in fact the only prime ideal) of L containing the ideal I = (f] is J = (p].
We have /,,T = (p]. Also \/uXT = X,/;7 = XJ- We note that I is a 2-absorbing
primary ideal of L. Hence by Lemma 5.3, x; is a fuzzy 2-absorbing primary ideal
of L. We note that I is not a weakly 2-absorbing ideal of L, asnAoAp=a € I,
but nANO=j¢I,nAp=e¢land oAp=1¢ I. We have

xi(nAoAp)=1¢£ xi(nAo)V xr(nAp)V xr(oAp)=0.

Thus x7 is not a fuzzy weakly 2-absorbing ideal of L.

Figure 7

Lemma 5.6. If for a fuzzy ideal i of L, \/wit is a fuzzy weakly prime ideal, then
wis a weakly 2-absorbing primary ideal.
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Proof. Suppose that /1 is a fuzzy weakly prime ideal for some fuzzy ideal u
of L. If y is not a weakly 2-absorbing primary ideal, then there exist a,b,c € L,
aANbAc+#0 and

(5.1) pla ANbA ) £ pla Ab)V /wi(bAe) V wp(a A c).

This implies that

plaAb)V \/w(bA )V /wi(a Ae) < pla ANbAc).

Since /i is fuzzy weakly prime, we have

Vali(a AbA ) = ali(b A ) V ali(a) = Vafi(a A c) V y/ari(b).

Hence

Valilb A )V Vali(a A e) = (b A ) V yali(a) V Vai(c)
— Vafi(a AbA SV y/ori(e)

Thus from (5.1) we get,

u(a Ab)V /wp(a AbAc)V /wp(c) < plaANbAc).

This implies that
Vwitla NbAc) < pulaNbAc),

which is not possible. Hence p is weakly 2-absorbing primary. [ |
The following example shows that the converse of Lemma 5.6 does not hold.

Example 5.5. Consider the lattice L shown in Figure 8. The only weakly prime
ideals of L containing the ideal I = (] are (h] and (i]. Hence v/, I = (h]N(i] = (f].
For any z,y,z € I, x AyAz# 0, x Ay A z € I implies that either x Ay € I or
YAz €wlorxAz€ /I Hence I is a weakly 2-absorbing primary ideal and
so by Lemma 5.3, x7 is a fuzzy weakly 2-absorbing primary ideal. We note that

dNe=a €yl butd ¢ /I and e ¢ /,,I. Thus v/,,1 is not a weakly prime
ideal of L. Hence by Theorem 3.1, \/yX1 = X7 1s not a fuzzy weakly prime

ideal of L.
We omit the easy proof of the following lemma.

Lemma 5.7. Let p be a fuzzy ideal of L. Then \/wit = v/wry/wlt-

Theorem 5.2. Let p be a fuzzy ideal of L. Then /up is fuzzy weakly prime if
and only if \/wlt s fuzzy weakly primary.
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Figure 8

Proof. Tt follows from Lemma 5.2, that if |/, 1 is fuzzy weakly prime, then \/,p
is fuzzy weakly primary.

The converse follows form the definition of a fuzzy weakly primary ideal and
Lemma 5.7. [

The proof of the following theorem follows from the definition of a fuzzy
weakly 2-absorbing ideal, a fuzzy weakly 2-absorbing primary ideal and Lemma 5.7.

Theorem 5.3. Let i be a fuzzy ideal of L. Then \/wit is fuzzy weakly 2-absorbing
if and only if \/up s fuzzy weakly 2-absorbing primary.

6. FUzzY IDEALS IN A DIRECT PRODUCT OF LATTICES

In this section, we consider fuzzy ideals in a direct product of lattices. It is known
that if Ly, ..., Ly are lattices, then their Cartesian product L = L1 X LoX---X L is
a lattice under componentwise operations of meet and join and if a = (aq, ..., ax),
b= (b1,...,bg), thena <biff a; <b; fori=1,... k.

Definition 6.1. Let L = L; X Ly x --- X L be a direct product of lattices
Ly,...,Lx. A mapping u: L — [0,1] is called a fuzzy set of L.

We note the following.

Theorem 6.1. Let L = Ly X LoX---X Ly be a direct product of lattices Ly, ..., Ly.
If pi,1 <i < k are fuzzy ideals of L; respectively, then p: L — [0,1] defined by
plar, ... ar) = pi(ar) A+ A ug(ag) is a fuzzy ideal of L.

Proof. The proof follows from the definition of the lattice operations in a direct
product of lattices and that of u. [
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Notation. We call the fuzzy set p in Theorem 6.1 as a product of the fuzzy sets
i, 1 <4<k and write g = 1 X -+ X .
The following theorem is from Nimbhorkar and Patil [9)].

Theorem 6.2. Let L = Ly X Lo be a direct product of lattices Ly, Lo. If p :
L — [0,1] is a fuzzy ideal of L, then there exist fuzzy ideals p1, pe of L1 and Lo
respectively, such that pu = py X pe. Moreover, if i is fuzzy prime, then so are
and po.

The following lemma shows that Theorem 6.2 holds for fuzzy weakly prime
ideals also.

Lemma 6.1. Let L = L1 X Ly be a direct product of lattices L1, Lo. If p is a
fuzzy weakly prime ideal of L, then the fuzzy ideals py, e in Theorem 6.2 are
weakly prime.

Proof. Let x,y € L1, x ANy # 0. We have

pi(r Ay) = p(z Ay,0)

[(z,0) A (y,0)]
[(z, 0)] A l(y, 0)]
pa () A pa(y).

7
<u

Thus pq is a fuzzy weakly prime ideal of L.
Similarly, we can show that us is a fuzzy weakly prime ideal of Ls. [

The following example shows that a product of fuzzy weakly prime ideals
need not be fuzzy weakly prime.

Example 6.1. Let L = Ly X Ly be a direct product of lattices L1, Ls. Let uy, po
be fuzzy weakly prime ideals of L; and Ls respectively. Then pu = p1 X po need
not be a fuzzy weakly prime ideal of L. Consider the lattices L1 and Lo as shown
in Figure 9. The ideal I = (e] is a weakly prime ideal of L; and J = (x] that
of Ly. However, the ideal I x J = ((e,x)] is not a weakly prime ideal of L as
(c,x) AN(d,z) = (0,z) € I x J but (¢,x) ¢ I x J and (d,x) ¢ I x J.

Remark 6.1. From Example 6.1, we conclude that in general, \/,(u x 0) #
Vot X V.

Theorem 6.3. Let L = L1 X Lo be a direct product of lattices L1, Lo. Let iy, po
be fuzzy ideals of L1 and Lo respectively. Suppose that pi(01) = p2(02) = 1,
where 01 is the least element of L1 and Oy that of Lo. If u = 1 X us is a fuzzy
weakly 2-absorbing ideal of L, then w1 is a fuzzy weakly 2-absorbing ideal of Ly
and po that of Lo.
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1
1
°
e
a d o
°
0 0
Ly Lo

Figure 9

Proof. Let a,b,c € L1, aANbAc # 0. Since u is a fuzzy weakly 2-absorbing ideal
of L, we have

(6.1) wlaANbAce,00) < pu(and,03)Vu(bAc,0)Vpu(aAe0s).
By the definition of y, we can write (6.1) as

ui(a AbAc) A ua(02)
< [ (a Ab) A p2(02)] V [ (b A €) A pa(02)] V [pa(a A €) A pia(02).

By using u2(02) = 1, we get
ui(aNbAe) <p(anb)Vpr(bAe)V pi(aAc).

Thus 1 is a fuzzy weakly 2-absorbing ideal of Lq. Similarly, we can prove that
wo is a fuzzy weakly 2-absorbing ideal of Ls. [ |

By using similar steps, we can prove the following theorem.

Theorem 6.4. Let L = Ly X LoX---X Ly be a direct product of lattices Ly, ..., Ly.
Let p;, 1 < i < k be fuzzy ideals of L;, respectively. Suppose that for each i =
1,...,k, 1;(0;) = 1, where 0; is the least element of L;. If p = pg X -+ X pj i
o fuzzy weakly 2-absorbing ideal of L, then u;, is a fuzzy weakly 2-absorbing ideal
OfLi, 1= 1,...,]{3.

The following example shows that the converse of Theorem 6.3 need not hold.

Example 6.2. Consider the lattices L1, Lo and L = L1 X Ly as shown in Figure
10. We note that the ideals I = (a| and J = (z] are weakly 2-absorbing ideals.
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However, the ideal K = I x J is not a weakly 2-absorbing ideal of L, as (b,1) A
(e, 9)A(L,z) = (a,0) € K but (b, )A(e,9) = (a,9) & K, (e 9)A(Lz) = (¢,0) ¢ K
and (b,1) A (1,z) = (b,z) ¢ K. By Lemma 5.3, x; and x are fuzzy 2-absorbing
and yx = x7 X XJ is not fuzzy weakly 2-absorbing.

1 1
b d p r
a T z

0 0

L Loy

Figure 10

Theorem 6.5. Let L = L1 X Lo be a direct product of lattices L1, La. Let iy, po
be fuzzy ideals of L1 and Lo respectively. Suppose that (i) p1(01) = p2(02) = 1,
where 01 is the least element of L1 and Oy that of Ly and (ii) u1(11) = pe(le) =0,
where 11 is the greatest element of L1 and 1o that of Lo. If i = 1 X po is a fuzzy
weakly 2-absorbing ideal of L, then w1 is a fuzzy weakly prime ideal of L1 and uo
that of L.

Proof. Suppose that pp is not a fuzzy weakly prime ideal of L;. Then there
exist a,b € Ly, a Ab # 0 such that u(a Ab) £ p(a)V pu(b). Consider the elements
x = (a,1), y = (1,0), z = (b,1) from L. Then x Ay A z # 0. We note the
following.

@Ay Az)=p(anb,0)=pi(aAb)Ap2(0) = pi(aAb).

u(x Ay) = p(a,0) = pi(a) A pz(0) = p(a).

1y A z) = (b, 0) = p1(b) A p2(0) = (D).

u(z A ) = p{a Ab,1) = pa(a Ab) A pa(1) = 0.
Since u is a fuzzy weakly 2-absorbing ideal, we have

Ay Nz) < pleAy)Vply Az)Va(zAz),
e, ur(and) <pi(a)Vur(db) VO =pui(a)V pui(b), a contradiction. Hence py is a
fuzzy weakly prime ideal. Similarly, we can show that s is a fuzzy weakly prime
ideal. [
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Theorem 6.6. Let L = L1 X Lo be a direct product of lattices L1, Lo. Let iy, po
be fuzzy weakly prime ideals of Ly and Lo respectively and p = p1 X po. Then p
18 a fuzzy weakly 2-absorbing ideal of L.

Proof. Let ©1 = (a,z), z2 = (b,y), ©3 = (c¢,2) be elements in L such that
21 A xo A xg # 0. To show p is fuzzy weakly 2-absorbing, we need to show that

pul(a,z) A (b,y) A (e, 2)] < pl(a, ) A (b, y)] vV p[(b,y) A e, 2)] V pl(a, x) A (e, 2)],
i.e., to show that
(6.2) wlaANbAc,xAyAz) <plaNbz Ay)VubAce,yAz)VulaNc,xAz)
We have
wlaNbAc,x AyANz)=pu(aNbAc)Aps(x Ay A z).
As p1, po are fuzzy weakly prime ideals, we can write

pi(a AbAc) = p(a) V pa(b) V pa(c)
and

p2(z Ay A z) = pa(x) V pa(y) V pe(z).
Also we have
wlaNb,x Ay)Viu(bAc,y ANz)VulaNex A z)

B3 @A 8) Aiale AV (b A c) A paly A D]V [ (0 A.€) A ol A 2).

Since p1, po are fuzzy weakly prime ideals, we can write the R. H. S. of (6.3)
as

(6.4) {lra(a) vV pr (D)) A [p2(@) V pa ()]} V {2 (0) V pa ()] A [p2(y) V pa(2)]}
. VA{ua(a) vV i ()] A lpz(x) V p2(2)]}-

By applying distributivity, (6.4) can be written as
(6.5) [ka(a) vV pa (D) V pa ()] A [pz(@) V pa(y) V pa(2)]-
Thus (6.2) holds and u is fuzzy weakly 2-absorbing. [

Definition 6.2. A lattice L is called an integral lattice, if for nonzero x,y € L,
x ANy #0.

Theorem 6.7. Let L = Ly x Lo be a direct product of lattices L1, Lo with 0.
Suppose that L1 is an integral lattice and p is a nonconstant fuzzy ideal of Ly
such that 1(0) = 1. The following statements are equivalent.
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1
2

(1) p X X1, is a fuzzy 2-absorbing ideal of L.
(2)
(3) 1 X XL, is a fuzzy 2-absorbing ideal of L.
(4)
(5)

WX XLy @8 a fuzzy weakly 2-absorbing ideal of L.

4
)

W 18 a fuzzy 2-absorbing ideal of L.
118 a fuzzy weakly 2-absorbing ideal of L.

Proof. (1)=(2): Obvious.
(2)=(3): Let z = (a1,b1), y = (az,b2) and z = (as3, bs) be elements of L.
Case 1. Suppose that x A y A z #£ 0. Then clearly,
(X xp)(@ Ay N 2) < (X X)) (@ AY)V (1 X XL) (Y A 2) V(X XL,) (@ A 2).

Case 2. Suppose that x Ay Az =0. Then a; Aas Aag = 0. Since Ly is an
integral lattice, at least one of a; must be 0. Without loss of generality, we may
assume that a; = 0. We have to show that

(6.6) (X XL )(®AYA2) < (WX XL)(@AY)V (X XL)(YA2)V (1L X XL, ) (T A 2),

The L. H. S. of (6.6) can be written as

(X xp) (@AY Az)= (X xL,) (a1 Aag Aas,by Aby A bs)
(6.7) = ,u(a1 N az N\ ag) AN XLs (b1 A by A bg)
=1.

Since we have assumed that a; = 0, we have
(6.8) (b X xLo)(®@ Ay) = (X XL)(0,01 Ab2) = p1(0) A XL, (b1 Ab2) =1

Hence the R. H. S. of (6.6) is equal to 1. Thus from (6.7), it follows that
(6.6) holds.

(3)=(4): Let ay,a2,a3 € L. Let b € Ly. We have

u(ay Nag A ag) = plag Aags Aas) A1l
= ,u(a1 Nag N\ ag) A XLg(b)

= (M X XLz)((al’ ) (a27 ) A (CL3, )
< (M X XLz)((al’ ) (a27b)) (:u X XLz)((CL?’b) A (a?nb)
V(1 X XL2)( )

(al, ) (a3,b
= [p(ar Aaz) A xr, ()] V [plaz Aag) A xr,(0)] V [plar Aas) A xi,(b)
= p(ar Nag) V u(ag Aag) V u(ay A as) as x(b) = 1.

Thus p is fuzzy 2-absorbing.
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(4)=(5): Obvious.
(5)=-(1): To show that p x xr, is fuzzy 2-absorbing. Let (a1, b1), (a2, b2), (a3, bs)
e L.

Case 1. Suppose that a1 A as A az # 0. We have

(1 % xL,)((a1,b1) A (az, b2) A (a3, b3))

= (1 X XLy)(a1 A az A az, by Aba Abs)

= p(ag A ag Aas) A xLa(by A by A bs)

= p(ay ANag Nas) as xLa(by Aby Abg) =1

< plag Aag) V plaz Aas) V u(ar Aas) as p is fuzzy 2-absorbing
< [p(ar AN ag) A xr, (b Abg)] V [u(ag Aag) A XL, (ba A bs)]

V [u(ay A as) A xr,(by Abs)]

= (1 X xr)((a1,b1) A (a2,b2)) V (1 X X1,)((az, b2) A (a3, b3))
V(X xLo)((a1,b1) A (a3, b3)).

Case 2. Suppose that a; Aas Aag = 0. Since L is an integral lattice, at least
one a; = 0. Without loss of generality, we assume that a; = 0. We have

~—

A
A\

TN N —

(1 % XLy)((a1,01) A (az, b2) A (a3, bs))
= (1 X x1,)(a1 AN a2 Aas, by Aby Abs)
= (1 X X12)(0,b1 A'bg A b3)

= M(O) VAN XLQ(bl Aby A bg)

= 1.

We have

(1t X xL5)((a1,01) A (ag,b2)) = (1 X x1,)((a1 A ag, b1 A bz))
= (X x£,)((0,01 A ba))
= 11(0) A xLa(b1 A b2)

1.

Hence
(1t % xL,)((a1,01) A (az,b2)) V (1 X XL,)((az,b2) A (a3, b3)) = 1.
Thus

(1 % xL2)((a1,b1) A (az,b2) A (as, bs))
< (1 X xry)((a1,b1) A (az,b2)) V (10 X X15)((a2,b2) A (a3, b3)).

Thus p % xr, is fuzzy 2-absorbing. [
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