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Abstract

The concept of disjunctive ideals is introduced in an Almost Distributive
Lattice (ADL). It is proved that the set of all disjunctive ideals of an ADL
forms a complete lattice. A necessary and sufficient condition is derived
for an inverse homomorphic image of a disjunctive ideal of an ADL to be
again a disjunctive ideal. Later, the concept of strongly disjunctive ideals
is introduced in an ADL and their properties are studied. Some equivalent
conditions are established for the set of all strongly disjunctive ideals to
convert into a sublattice of the ideal lattice.
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1. INTRODUCTION

An Almost Distributive Lattice (ADL) was introduced by Swamy and Rao [8] as a
common abstraction of many existing ring theoretic generalizations of a Boolean
algebra on one hand and the class of distributive lattices on the other. In that

! Corresponding author.


https://doi.org/10.7151/dmgaa.1384

160 N. RAFI1, M. SRUJANA AND T. SRINIVASA RAO

paper, the concept of an ideal in an ADL was introduced analogous to that in a
distributive lattice and it was observed that the set PI(L) of all principal ideals
of L forms a distributive lattice. This provided a path to extend many existing
concepts of lattice theory to the class of ADLs. In [5], Rao and Ravi Kumar
proved that some important results on minimal prime ideals of an ADL. In [4],
Rao and Ravi Kumar, characterized the normal ADL in terms of its prime ideals,
minimal prime ideals and annihilator ideals. In [7], Sambasiva Rao introduced the
concepts of disjunctive ideals, strongly disjunctive ideals and normal prime ideals
in distributive Lattices. In that paper, he derived a set of equivalent conditions
for every ideal of a lattice to become a disjunctive ideal. In this paper, we have
introduced the concept of disjunctive ideals in an ADL, analogous to that in
a distributive lattice. We have proved that the set of all disjunctive ideals of
an ADL can be made into a complete lattice. For any ideal I of an ADL, we
have derived that the extension I¢ is a disjunctive ideal containing I. We have
provided a necessary and sufficient condition for an inverse homomorphic image of
a disjunctive ideal of an ADL to be again a disjunctive ideal. We have introduced
the concept of normal prime ideals in an ADL and studied their properties. We
have given an equivalent condition for every minimal prime ideal to convert into
a normal prime ideal. We have derived a set of equivalent conditions for every
ideal of an ADL to convert into a strongly disjunctive ideal. Finally, we have
established some equivalent conditions for the set of all strongly disjunctive ideals
to convert into a sublattice of the ideal lattice.

2. PRELIMINARIES

In this section we give some important definitions and results that are frequently
used for ready reference.

Definition 2.1 [8]. An Almost Distributive Lattice with zero or simply ADL is
an algebra (L, V,A,0) of type (2,2,0) satisfying:

1. avO=a

2.0Na=0

3. (avb)ANe=(aNnc)V(bAc)
4. aN(bVec)=(anb)V(aAc)
5.aV(bAc)=(aVb)A(aVc)
6. (avb)ANb=b, for all a,b,c € L.

Every nonempty set X can be regarded as an ADL as follows. Let zg € X.
Define the binary operations V, A on X by
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w\/y—{x %fw#xo x/\y—{y if ©#xg

rg if x = x.

Then (X, V, A, xg) is an ADL (where x is the zero) and is called a discrete ADL.
If (L,V,A,0) is an ADL, for any a,b € L, define a < b if and only if a = a A b (or
equivalently, a V b = b), then < is a partial ordering on L.

Theorem 2.2 [8]. If (L,V,A,0) is an ADL, for any a,b,c € L, we have the
following:

l.avb=a<aAb=b

2.avVb=bsaNnb=a

3. A 1is associative in L

4. aNbANc=bANaAc

5. (aVb)Ac=(bVa)Ac

6. aNb=0&bAa=0
7.aN(aVb)=aV(bNa)=(aVb)ANa=aV (aAb)=a and (aAND)Vb=1D
8. a<aVbandaANb<b

9. aNa=aandaVa=a

10. 0OVa=a and aN0=0.

11. Ifa<c¢, b<c, thenaANb=bANa andaVb=0bVa
12. avVb=(aVb)Va.

It can be observed that an ADL L satisfies almost all the properties of a
distributive lattice except the right distributivity of V over A, commutativity of
V, commutativity of A. Any one of these properties make an ADL L a distributive
lattice.

Theorem 2.3 [8]. Let (L,V,A,0) be an ADL with 0. Then the following are
equivalent:

1. (L,V,A,0) is a distributive lattice

2. avb=>bVa, forall a,b € L

3. aNb=0bAa, for all a,b € L

4. (anNb)Ve=(aVe)A(bVe), forall a,b,c € L.

As usual, an element m € L is called maximal if it is a maximal element in
the partially ordered set (L, <). That is, for any a € L, m < a = m = a.

Theorem 2.4 [8]. Let L be an ADL and m € L. Then the following are equiva-
lent:



162 N. RAFI1, M. SRUJANA AND T. SRINIVASA RAO

1. m is mazximal with respect to <
2. mVa=m, foralla € L

3. mAa=a, forallae L
4

. a VvV m is mazimal, for all a € L.

As in distributive lattices [1, 2], a nonempty subset I of an ADL L is called
an ideal of Lif aVvVb € I and aAxz € I for any a,b € I and x € L. Also, a
nonempty subset F' of L is said to be a filter of L ifa Ab € F and x V a € F for
a,be F and x € L.

The set I(L) of all ideals of L is a bounded distributive lattice with least
element {0} and greatest element L under set inclusion in which, for any I,.J €
I(L), I NJ is the infimum of I and J while the supremum is given by IV J :=
{aVb|aelbe J}. A properideal P of L is called a prime ideal if, for any
x,y € LyxANy € P=x € Pory € P. A properideal M of L is said to be maximal
if it is not properly contained in any proper ideal of L. It can be observed that
every maximal ideal of L is a prime ideal. Every proper ideal of L is contained in
a maximal ideal. For any subset S of L the smallest ideal containing S is given
by (5] :=={(Vi;si) Az |s; € S,o € Land n € N}. If S = {s}, we write (s]
instead of (S]. Similarly, for any S C L, [S):={z V (Aj_; s) | si € S,z € L and
n € N}. If S ={s}, we write [s) instead of [5).

Theorem 2.5 [8]. For any xz, y in L the following are equivalent:
L (=] € (y]
2. yhNz ==z
3. yVae =y
4. [y) € [x).
For any x,y € L, it can be verified that (z]V(y] = (zVy] and (z]A(y] = (zAy].

Hence the set PI(L) of all principal ideals of L is a sublattice of the distributive
lattice I(L) of ideals of L.

Definition 2.6 [6]. For any nonempty subset A of an ADL L, define A* = {x €
L|aANxz=0forall a e A}. Here A* is called the annihilator of A in L.

For any a € L, we have {a}* = (a]*, where (a] is the principal ideal generated
by a. For any a € L, we denote ({a})* = (a)*.

Annulets have many important properties. We give some of them in the
following.

Theorem 2.7 [6]. Let L be an ADL. For any x,y € L, we have:

L x<y= (y]" C (z]"
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2. (Ayl = (yNa]”
3. (Vyl = (yVal
4. (z vyl = (z]" N (y]"
5. (@]*V(yl" C(znyl
6. t=0< (2] = L.

Definition 2.8 [5]. A prime ideal of L is called a minimal prime ideal if it is a
minimal element in the set of all prime ideals of L ordered by set inclusion.

Theorem 2.9 [5]. Let L be an ADL. Then a prime ideal P is minimal if and
only if for any x € P, there exist an element y ¢ P such that z Ay = 0.

3. DISJUNCTIVE IDEALS OF ADLS

In this section, we have introduced the concept of disjunctive ideals and normal
prime ideals in an ADL, analogous to that in a distributive lattice. We have
proved that the set of all disjunctive ideals of an ADL can be made into a com-
plete lattice. For any ideal I of an ADL, we have derived that the extension I€ is
a disjunctive ideal containing I. We have derived a necessary and sufficient con-
dition for an inverse homomorphic image of a disjunctive ideal of an ADL to be
again a disjunctive ideal. We have derived that a set of all equivalent conditions
for every ideal to become a disjunctive ideal.

We start this section with the following definition.

Definition 3.1. For any nonempty subset A of an ADL L, define A° = {z €
L|(a)*V(x)* =L, forall aec A}.

For any a € L, we denote ({a})° = (a)°.

Lemma 3.2. Let L be an ADL with maximal element m. For any nonempty
subsets A, B of L, we have:

1. A° is an ideal of L

AN A° C {0}

If A C B, then B° C A°

A C A%

AOOO — AO

A° = L if and only if A ={0}.

S Tk LN

Proof. Let A, B be any two nonempty subsets of L.
1. Clearly, we have that (0)*V(a)* = L, for all a € A. Then 0 € A° and hence
A° is a nonempty set. Let z,y € A°. Then (2)*V(a)* = L and (y)*V (a)* = L, for
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all @ € A. Now (zVy)*V ()" = ((2)"N(5)*)V(@)* = (2)V(@))N((5)"V(a)*) = L.
Therefore zVy € A°. Let x € A°. Then (x)*V (a)* = L, for all a € A. Let r € L.
Since r A x < x, we have that (z)* C (r Az)* = (z Ar)*. Now L = (z)* V (a)* C
(x Ar)* V (a)*. Therefore (x Ar)* V (a)* = L and hence z Ar € A°. Thus A° is
an ideal of L.

2. Let x € AN A°. Then x € A and z € A°. Since z € A°, we have
()*V (a)* = L, for all a € A. Since x € A, we get that (z)* V (z)* = L. That
implies (z)* = L and hence = = 0. Therefore AN A° C {0}.

3. Assume that A C B. Let x € B°. Then (z)* Vv (b)* = L, for all b € B.
Since A C B, we get that (x)* V (a)* = L, for all a € A. Therefore x € A°. Hence
B° C A°.

4. Let x € A and y € A°. Since y € A°, we have that (y)* V (a)* = L, for all
a € A. That implies (y)* V (z)* = L, for all y € A°. Therefore x € A°® and hence
A C A°°.

5. By 4, we have that A C A°° and hence A°°° C A°. Let x be any element of
A°and t € A°°. Then (t)*V (s)* = L, for all s € A°. That implies (z)*V (¢)* = L,
for all t € A°°. That implies x € A°°° and hence A° C A°°°. Therefore A° = A°°°.

6. Assume that A° = L. Let m be any maximal element of L. Then m € A°.
That implies (m)*V (a)* = L, for all a € A. That implies (mAa)* = L and hence
(a)* = L, for all a € A. Therefore a = 0. Thus A = {0}. Conversely assume that
A = {0}. Since (0)* = L, we get that (z)* vV (0)* = L, for all = € L. Therefore
x € A°, for all x € L. Hence A° = L. [ |

Theorem 3.3. Let I,J be any two ideals of ADL L. Then we have the following:
(v =1°nJe

S (InJg)yeecIenge

SIenJgee C(Iv )

I CJ=1IndJ={0}.

=W NN =

Proof. 1. Clearly, we have that (I vV J)° C I° and (I VvV J)° C J°. That implies
(IvJ)yeCI°nJe. Let x € I°NJ°. Then z € I° and x € J°. Then (z)*V (i)* = L,
foralli € I and (x)*V (j)* = L, for all j € J. Now, (z)*V (iVj)* = (x)*V((7)*N
() = (=) v (@©)*) N ((x)*V(j)*) = L. That implies (x)* V (i V j)* = L, for all
iV j €IV J. That implies x € (I V J)° and hence I° N J° C (I V J)°. Therefore
(IvJ)ye=I1°nJe.

2, 3, 4 are Clear. [ |

Corollary 3.4. Let L be an ADL with mazimal elements. If {I; | i € A} is a
family of ideals of L, then ((N;ea 1i)°° = (N;en (Li)°°.

The following result can be verified easily.
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Theorem 3.5. Let L be an ADL with mazximal elements. For any a,b € L, we
have the following:

L ((a)° = (a)°

(0)° = L.

For any mazimal element m of L, (m)° = {0}.
If a < b, then (b)° C (a)°

aVb)® = (a)°n(b)°

b)° C (a AD)°

a =(bVa)°

aAb)® = (bAa)

a)® = L if and only if a = 0.

© 0N e Tt L
s
SN—
o
<
o

Theorem 3.6. Let L be an ADL with mazimal elements. For any nonempty
subset A of L, we have A° = (,c4(a)°.

Proof. Let z € A°. Then (x)* V (a)* = L, for all a € A. That implies € (a)°,
for all @ € A. and hence x € (), 4(a)°. Therefore A° C [, 4(a)°. Conversely let
x € (\yeala)®. Then z € (a)°, for all @ € A. That implies (z)* V (a)* = L, for all
a € A. That implies € A°. Therefore (,c4(a)® € A°. Hence A° =\ c4(a)°. m

Lemma 3.7. Let I be any ideal of an ADL L with maximal elements. Then
I° CTI*.

Proof. Let x € I°. Then (x)* V (i)* = L, for all i € I. Let m be any maximal
element of L such that m € (z)* V (i)*. Then there exist elements y € (z)* and
a € (i)* such that m =y V a. Since y € (z)* and a € (7)*, we have that yAx =0
and aAi=0.NowzAi=mAzANi= (yVa)AzANi=(yAxzAi)V(aANzAi)=0.
Therefore x A ¢ = 0, for all ¢ € I and hence x € I'*. Thus I° C I*. [ |

Example 3.8. Let A = {0,a} be a discrete ADL and B = {0/,d’,¥',c/,1} be a
distributive lattice whose Hasse diagram is given in the following.
1

Take L= A x B = {(0,0'),(0,a'), (0,)), (0,¢),

(0,1),(a,0), (a,a’), (a,¥), (a, ), (a, 1)}.
Then (L, V,A,0) is an ADL with zero 0 = (0,0") under o y

point-wise operations.

0/
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Here
(07 0,)* =L,
(07 a,)* = {(07 O,)v (07 b/)v (a7 b,)v (a7 O,)}7
(07 b,)* = {(07 0,)’ (0’ CL,), (CL, CL,), (av 0,)}7
(O,C/)* = (07 )* = {(07 ,)7 (a7 ,)}7
(CL, 0/)* = {(0’ 0/)7 0, a/)’ (0’ b/)v (07 C,)v (07 1)}7
(a7 a/)* = {(07 0/)7 (07 b,)}7
(CL, b/)* = {(0’0/)7 0, a/)}7
(a7c,)* = (a7 1)* = {(070/)}
Now
(0, 0,)0 =1L,
(0.)° = (0,1)° = (0,¢)° = (0,1)° = {(0,0), (a,0)},
(@ 0)° = {(0,0), (0, a'), (0, 1), (0.}, (0, 1)},
(a,d')° = (a,V)° = (a,d)° = (a,1)° = {(0 0)}

Consider an ideal I = {(0,0'),(0,a’)}. Clearly, we have that I* = {(0,0), (0,%),

(a,b'),(a,0")} and I°

(0,0,

(a,0")}. Hence I° C I* but not I* ¢ I°.

Definition 3.9 [4]. An ADL L is said to be normal if every prime ideal of L
contains unique minimal prime ideal.

Definition 3.10 [4]. Two ideals I, J of an ADL L are said to be co-maximal if
IvJ=L.

Theorem 3.11 [4]. Let L be an ADL with maximal elements. Then the following
are equivalent:

1.
2.
3.

L is normal.

Any two distinct minimal prime ideals are co-mazximal.
For any prime ideal P, O(P) = {x € L | x ANy = 0, for some y ¢ P} is

prime.

4. For any x,y € L, x ANy = 0 implies (x)* V (y)* = L.

5. For any z,y € L, (z)*V

Theorem 3.12. Let L be an ADL with maximal elements.

(y)r =

(x Ay)*.

Now we derive a set of equivalent conditions for every ideal I of L satisfy
I* C I° which is not true in general.

conditions are equivalent:

1.

2
3.
4

L is a normal ADL.

Then the following

. For any ideals I,J of L, I NJ = {0} if and only if I C J°.

For any ideal I of L, I° = I*.

. For any a € L, (a)° = (a)*.
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Proof. 1 = 2: Assume that L is a normal ADL. Let I, J be any two ideals of L.
Now we prove that I N J = {0} if and only if I C J°. Suppose I NJ = {0}. Let
x € I. Then x ANa € I, for all a € J. Since a € J, we have that x A a € J. That
implies x Aa € INJ = {0}. So that x Aa = 0. Since L is a normal ADL, we have
that (z)* V (a)* = L, for all a € J. That implies = € J° and hence I C J°. From
Theorem-3.3(4), we have the converse part.

2 = 3: Assume 2. Clearly, we have that [° C I*. Let x € I*. Then x Ai = 0,
for all ¢ € I. That implies (z A¢] = (0], for all ¢ € I. That implies (z] N (i] = {0},
for all ¢ € I. By our assumption, we get that (z] C (¢]°, for all ¢ € I. That implies
(] € N;er(@]° = I° and hence x € I°. Therefore I* C I°. Thus I° = I*.

3 = 4: Assume 3. We prove that (a)° = (a)*, for all a € L. By our assump-
tion, we have that (a]® = (a]*. Clearly, we have that (a)* = (a]* and (a)°® = (a]°.
Therefore (a)° = (a)*.

4= 1: Assume (a)° = (a)*, for all @ € L. Let x,y € L with x Ay = 0. Then
x € (y)*. By our assumption, we get that « € (y)°. That implies ()* V (y)* = L.
Hence L is a normal ADL. ]

Definition 3.13. An ideal I of an ADL L is said to be disjunctive if for any
x,y € L, (x)° = (y)° and = € I implies y € I.

Lemma 3.14. Let L be an ADL with maximal elements. Then we have the
following:

1. (x)° is a disjunctive ideal of L, for all x € L.

2. If I is an ideal of L such that x € L, x € I implies (x)°° C I, then I is a
disjunctive ideal of L.

Proof. 1. Clearly, (x)° is an ideal of L. Let a,b € L with (a)° = (b)° and a € (x)°.
Since a € (z)°, we have (z)*V(a)* = L. That implies x € (a)® = (b)°. That implies
(x)* vV (b)* = L and hence b € (x)°. Therefore (x)° is a disjunctive ideal of L.

2. Let = be any element of an ideal I with (x)°° C I. We prove that I is a
disjunctive ideal of L. Let a,b € L with (a)° = (b)° and a € I. Then (a)°° = (b)°°
and (a)°® C I. That implies (b)°° C I. Let = € (b)°. Then (z)* V (b)* = L. Since
x € (b)°, we get that b € (b)°°. Therefore I is a disjunctive ideal of L. |

Theorem 3.15. Let L be an ADL and S a multiplicatively closed subset of L
(i.e., a subset S of L in which a Nb € S for all a,b € S). Then the set I = {x €
L | (z)*V(a)" =L, for some a € S} is a disjunctive ideal of L.

Proof. Clearly, 0 € I and hence [ is a nonempty set. Let x,y € I. Then there
exist elements a, b € S such that (z)*V(a)* = L and (z)*V(b)* = L. Since a,b € S,
we have that a Ab € S. Now (zVy)*V (a)*V (b)" = ((z)* N (y)*)V(a)* V (b)* =
((x)*V (a)* vV (b)) N ((y)* V (a)* vV (b)*) = L. Since (a)* V (b)* C (a Ab)*, we get
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that (xVy)*V (aAb)* = L. Since aAb € S, we get that xVy € I. Let « € I. Then
there exists an element a € S such that (z)* V (a)* = L. Let r be any element of
L. Clearly, we have that (x)* V (r)* V (a)* = L. That implies (x Ar)* V (a)* = L
and hence x A r € I. Therefore I is an ideal of L. It can be easily observed that
I = U, g(a]°. Now, let & € I. Then there exists an element a € S such that
r € (a°. That implies (z]°° C (a]°. Hence (z]°° C J,cg(a]® = I. Therefore I is
a disjunctive ideal of L. [

Corollary 3.16. Let L be an ADL. Then for any prime ideal P of L, the set
UP)={ze L | (x)*V(a)* =L, for some a ¢ P} is a disjunctive ideal of L.

Proof. 1t is clear by taking S = L\ P, in the above theorem. [ |
We now prove the following.

Lemma 3.17. Let L be an ADL. If the set-theoretic union of disjunctive ideals
of L is an ideal, then it is also a disjunctive ideal in L.

Proof. Let {J;}iea be an arbitrary family of disjunctive ideals of L. By hypoth-
esis (J;ea Ji is an ideal of L. Let x,y € L with (2)° = (y)° and = € [J;cp Ji-
Since € (J;ca Ji» there exists k € A such that x € J. Since Jj, is a disjunctive
ideal of L and (z)° = (y)°, we get that y € Ji. Therefore y € (J;c Ji- Hence
Uiea i is a disjunctive ideal of L. |

We define an extension of an ideal in an ADL.

Definition 3.18. Let L be an ADL. For any ideal I of L, define I¢ = {x €
L | (a)° C (z)° for some a € I}.

We first prove some elementary properties of I¢ in the following.

Lemma 3.19. Let L be an ADL with maximal elements. Then for any ideals
1,J of L, we have the following:

1. ICI°

2. ICJ=1¢C Je°

3. InJ)yCIenJe

4. Iev Je C(IV J)e°

5. (I°)¢ =1I°.

Proof. 1. Clear.

2. Assume that I C J. Let z € I°. Then there exists an element a € I such
that (a)° C (x)°. Since a € I C J, we get that x € J¢. Therefore I¢ C J°.

3. Clear.
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4. Clear.

5. Clearly, I° C (I°)¢. Let = € (I°)°. Then there exists an element a € I°
such that (a)° C (z)°. Since a € I°, we get that (a)* Vv (i)* = L, for all ¢ € I.
That implies i € (a)° C (z)°, for all i € I. That implies (x)* V (i)* = L, for all
i € I. Therefore x € I° and hence (I°)¢ C I°. Thus (I°)¢ = I°. ]

Theorem 3.20. Let L be an ADL with maximal elements and I an ideal of L.
Then 1€ is a disjunctive ideal of L containing I.

Proof. Clearly, 0 € I° and hence I¢ # (). Let z,y € I¢. There there exist elements
a,b € I such that (a)° C (z)° and (b)° C (y)°. Since a,b € I, we get that aVb € I.
Now, (aVb)° = (a)°N(b)° C (x)°N(y)° = (x Vy)°. Since a V b € I, we get that
x Vy € I° Let x € I°. Then there exits an element a € I such that (a)° C (z)°.
Let r be any element of L. Clearly, we have that (a)° C (2)° C (z A r)°. That
implies x Ar € I¢. Therefore 1€ is an ideal of L. Let € I¢. Then there exists an
element a € I such that (a)° C (x)°. Now we prove that (z)°° C I¢. Let t € (z)°°.
Then (z)° C (¢)° and hence (a)° C (z)° C (¢)°. That implies ¢ € I¢. Therefore
(x)°° C I¢, for all x € I°. Thus I€ is a disjunctive ideal of L containing I. ]

Theorem 3.21. Let I be a disjunctive ideal of an ADL L. Then 1¢ = I.

Proof. Clearly, we have that I C I°. Let x € I°. Then there exists an element
a € I such that (a)° C (z)°. That implies (a)° = (a)° N (z)° = (a V z)°. Since
I is a disjunctive ideal of L and a € I, We get that a V x € I. That implies
(aVzx)Azx el and hence x € I. Therefore ¢ C I. Thus I = I°. ]

Theorem 3.22. Let L be an ADL with mazimal elemnts. Then the set Ip(L)
of all disjunctive ideals of L forms a complete lattice on its own.

Proof. For I,J € Ip(L), define INJ = INJ and IV J = (IVJ)¢. Then INJ isa
disjunctive ideal and the infimum of I and J is in Zp(L). Therefore INJ € Zp(L).
Also IV J is a disjunctive ideal. Clearly I,J C IV J C (IV J)¢ = 1VJ. Let
K be any upper bound for I,J in Zp(L). Hence I V J C K, which implies that
(IvJ)eC K=K (since K € Ip(L)). Therefore IV J is the supremum of both
I and J in Zp(L). Hence (Zp(L),A,V) is a lattice. For I,J € Ip(L), define
I <J&1CJ. Clearly (Zp(L),<) is a partially ordered set. Clearly, (0] and
L are the disjunctive ideals in L and they are the bounds for Zp(L). Let {I; }iea
be a family of disjunctive ideals in Zp(L). Since (;ca 1; is the ideal, we have
NicaLi € (Njea Li)¢. Again, we have (;cp I; € I; for all i € A. That implies
(Niea 1) € (I;)° for all i € A. That implies ((;cp 13)¢ € I; for all i € A(since
I; € Ip(L)). That implies ((;ca 1i)¢ € Niea Li- Hence {(N;cn 1i}¢ = Niea Li-
Clearly (;ca 1i is the infimum of {I; };ea in Zp(L). Therefore Zp(L) is a complete
lattice. [ ]
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Theorem 3.23. Let L be an ADL with mazimal elements. Then the following
conditions are equivalent:

1. Fvery ideal is a disjunctive ideal.

2. FEvery principal ideal is a disjunctive ideal.

3. FEvery prime ideal is a disjunctive ideal.

4. For any a,b e L, (a)° = (b)° implies (a] = (b].

Proof. 1 =-2: Clear.

2 = 3: Assume that every principal ideal is a disjunctive ideal. Let x,y € L
and P, any prime ideal of L with (z)° = (y)° and « € P. Since x € P, we get that
(z] € P. By our assumption, we have that (z] is a disjunctive ideal of L. Since
(x)° = (y)°, we get that y € (z] and hence y € P. Therefore P is a disjunctive
ideal of L.

3 = 4: Assume that every prime ideal is a disjunctive ideal. Let z,y € L
with (2)° = (y)°. Now we prove that (z] = (y]. Suppose (x] # (y]. With out loss
of generality we can assume that (2] € (y]. Then there exists an element a € (z]
such that a ¢ (y|. Since a ¢ (y], there exists a maximal ideal M such that a ¢ M
and (y] € M. Since M is a maximal ideal, we get that M is prime ideal of L. By
our assumption, we get that M is a disjunctive ideal of L. Since (z)° = (y)° and
y € M, we get that x € M. That implies (z] C M and hence a € M, which is a
contradiction to a ¢ M. Therefore (z] = (y].

4 = 1: Assume 4. Let z,y € L and I, any ideal of L with (z)° = (y)° and
x € I. By our assumption, we get that (z] = (y] and = € I. That implies y € I.
Therefore I is a disjunctive ideal of L. [ |

Now we introduce the concept of normal prime ideal to an ADL.

Definition 3.24. Let L be an ADL with maximal elements. A prime ideal P of L
is said to be normal if to each x € P, there exists y ¢ P such that (x)°V (y)° = L.

Theorem 3.25. Every normal prime ideal of an ADL L is a minimal prime
ideal.

Proof. Let P be a normal prime ideal of L. Let x € P. Then there exists an
element y ¢ P such that ()°V (y)° = L. That implies (x Ay)° = L. That implies
x Ay = 0. Therefore P is a minimal prime ideal of L. [ |

In general, the converse of the above theorem is not true. It can see in the
following example.

Example 3.26. From the Example 3.8, we have that I = {(0,0'),(0,a’)} is an
ideal of L. Clearly, I is a minimal prime ideal of L and (0,a')° V (z,y)° # L, for
all (z,y) ¢ I. Hence I is not a normal prime ideal of L.
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We derive a sufficient condition for every minimal prime ideal to become a
normal prime ideal.

Theorem 3.27. Let L be a normal ADL with maximal elements. Then every
minimal prime ideal of L is normal prime ideal.

Proof. Let P be a minimal prime ideal of L with © € P. Then there exists an
element y ¢ P such that x Ay = 0. Since L is normal, we get that (z)*V (y)* = L
and hence (z)° V (y)° = L. Therefore P is a normal prime ideal of L. ]

Theorem 3.28. Let P be a normal prime ideal of an ADL L with mazimal
elements. Then for each x € L, we have x ¢ P if and only if (x)° C P.

Proof. Assume x ¢ P. Let a € (x)°. Then (a)* V (z)* = L. Let m be any
maximal element of L. Then m € (a)* V (x)*. Then there exist elements s € (a)*
and t € (z)* such that m = sV ¢. Since s € (a)* and t € (z)*, we have that
sANa=0and t Az = 0. That implies t Az = 0 € P. Since = ¢ P, we get that
t € P. Since m = sV t, we get that s ¢ P. Since s A a = 0, we get that s Aa € P.
Since s ¢ S, we get that a € P. Therefore (z)° C P. Conversely, assume that
(x)° € P. We prove that x ¢ P. Suppose z € P. Since P is normal prime ideal
of L, there exists an element y ¢ P such that ()°V (y)° = L. That implies
()* V (y)* = L. That implies y € (z)° C P. That implies y € P, which is a
contradiction to y ¢ P. Therefore z ¢ P. |

Corollary 3.29. Let L be an ADL with mazimal elements. Then for any x € L,
(z]° ={P | P is a normal prime ideal and x ¢ P}.

Theorem 3.30. Every normal prime ideal of L is a disjunctive ideal.

Proof. Let x,y € L and P, a normal prime ideal of L with (z)° = (y)° and
x € P. We prove that y € P. Suppose y ¢ P. Then by the above result we get
that (y)° C P. That implies (z)° C P. Again by the above result, we get that
x ¢ P, which is a contradiction. Therefore y € P and hence P is a disjunctive
ideal of L. [

However in the following we derive a necessary and sufficient condition for
the contraction of a disjunctive ideal of an ADL L to become a disjunctive ideal.

Theorem 3.31. Let Ly and Ly be any two ADLs with mazximal elements and
f, a homomorphism from Ly onto Ls. If I is a disjunctive ideal of Ls, then the
following are equivalent:

1. f7Y(I) is a disjunctive ideal of Ly
2. for any x € Lo, f~1((x)°) is a disjunctive ideal of L.
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Proof. 1 = 2: Assume 1. Let x € Lq. Clearly, we have that (x)° is a disjunctive
ideal of Lo. By our assumption, we get that f~!((z)°) is a disjunctive ideal of L.

2 = 1: Assume 2. Clearly, f~!(I) is an ideal of L;. Now we prove that
f~Y(I) is a disjunctive ideal of L;. Let z,y € L with (2)° = (y)° and = € f~1(I).
Since x € f~1(I), we have that f(z) € I. We show that (f(z))° = (f(y))°. Now,

a € (f(x))” e (a)" vV (f(2)" = Lo
& [f(z) € (a)°

S (f(y)" V(a)" = Ly
Sac(f(y)

Therefore (f(z))° = (f(y))°. Since f(z) € I and I is a disjunctive ideal of Lo, we
get that f(y) € I and hence y € f~(I). Therefore f~1(I) is a disjunctive ideal
of L. |

Theorem 3.32. Let L, L' be two ADLs. If f : L — L’ is an epimorphism with
f((a]®) = {f((a])}°, for all a € L, then every disjunctive ideal of L' contracts to
a disjunctive ideal in L.

Proof. Suppose J is a disjunctive ideal of L'. Let a,b € L such that (a]° = (b]°.
Now (a]® = (b]° < f((a]®) = f((0]°) < {f((a])}* = {f((b])}°. That implies
(f(a)]° = (f(b)]°. Suppose a € f~1(J). Then f(a) € J. Since J is a disjunctive
ideal in L', we get f(b) € J. Hence b € f~1(J). Therefore f~1(J) is a disjunctive
ideal in L. [

Corollary 3.33. Let L, L' be two ADLs. If f is an epimorphism with f((a]®) =
{f((a])}°, for all a € L then for any nonempty subset A of L', f~Y(A°) is a
disjunctive ideal of L containing {f~1(A)}°.

Proof. Let A be a nonempty subset of L. Then for any z € A°, we have
(x]°° C A°° = A°. Hence A° is a disjunctive ideal of L’. Therefore by above
theorem, f~1(A°) is a disjunctive ideal of L. Let x ¢ f~1(A°). Then f(z) ¢ A°.
There there exists an element f(y) ¢ A such that (f(z))* V (f(y)*) # L'. That
implies (f(z) A f(y))* # L'. That implies f(z) A f(y) # 0/, where 0 is the zero
element of L. Since f is homomorphism, we have that f(xAy) # 0'. That implies
x Ay # 0, where 0 is the zero element of L. That implies (z A y)* # L, for some
y & f~1(A). Therefore z ¢ (f~1(A))°. Hence {f~1(A4)}° C f1(A4°). |

Corollary 3.34. If f is an epimorphism from L to L' with f((a]®) = {f((a])}°,
for all a € L then Kerf is a disjunctive ideal of L.
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Proof. We have Kerf = f~1({0'}). Since {0’} is a disjunctive ideal in L/,
f71({0'}) is a disjunctive ideal in L. Thus Kerf is a disjunctive ideal of L. m

The following result can be verified easily.

Lemma 3.35. Let Ly and Ly be any two ADLs with mazimal elements. For any
(a,b) € Ly x Lo, we have the following:

1. (a,b)* = (a)* x (b)*
2. (a,b)* V (c,d)* = (aVe, bVd)*
3. (a,b)° = (a)° x (b)°.

We conclude this section with the following theorem.

Theorem 3.36. Let L = L1 x Lo be the product of ADLs L1 and Lo. If I; and I
are disjunctive ideals of L1 and Lo, respectively, then Iy X Is is a disjunctive ideal
of L. Conwversely, every disjunctive ideal of L can be expressed as I = I x I,
where I and Iy are disjunctive ideals of L1 and Lo, respectively.

Proof. Let I; and I be the disjunctive ideals of L1 and Lo, respectively. Clearly,
we have that I; X Iy is an ideal of L. Now we prove that I7 x I is a disjunctive ideal
of L. Let (a,b), (¢,d) € L1 X Ly with ((a,b))° = ((¢,d))° and (a, b) € I1 X I. Then
(@)° x (b)° = (¢)° x (d)° and a € I, b € I5. That implies (a)® = (¢)°, (b)° = (d)°
and a € I1, b € I5. Since I; and I5 are disjunctive ideals of L and Ly, we get that
¢ € I, d € Is. That implies (¢, d) € Iy xI5. Therefore I x I is a disjunctive ideal of
L. Let I be any disjunctive ideal of L. Consider Iy = {a € L; | (a,b) € I, for some
b € Lo}. Clearly, I is an ideal of L. Let x,y € Ly with (2)° = (y)° and x € I;.
Since = € Iy, there exists an element a € Lo such that (z,a) € I. Since (z)° =
(y)°, we get that (z)°x (a)® = (y)° x (a)°. That implies ((z,a))° = ((y,a))°. Since
I is a disjunctive ideal of L and (x,a) € I, we get that (y,a) € I. That implies
y € I;. Therefore I is a disjunctive ideal of L;. Consider Iy = {b € Ly | (a, b) € I,
for some a € L;}. Clearly, I is a disjunctive ideal of Ly. We prove that I = I1 X I5.
We get easily that I C I x Is. Let (a, b) € Iy X I5. Then a € I) and b € I,. Then
there exist elements aj,by € Ly such that (a,a1) € I and (by,b) € I. Since [ is
an ideal of L, we get that (a,0) A (a,a1) € I and (0,b) A (b1,b) € I. That implies
(a,0) € I and (0,b) € I. That implies (a,0) V (0, b) € I. That implies (a,b) € I.
Therefore 11 x Is C I and hence I = I1 x I5. [ ]

4. STRONGLY DISJUNCTIVE IDEALS OF ADLS

In this section, we have introduced the concept of strongly disjunctive ideals in an
ADL and studied their properties. We have derived a set of equivalent conditions
for every ideal of an ADL to become a strongly disjunctive ideal. Finally, A set
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of all equivalent conditions are established for the set of all strongly disjunctive
ideals of an ADL to become a sublattice of the ideal lattice of an ADL.
Now we have the following definition.

Definition 4.1. Let I be an ideal of an ADL L with maximal elements. Define
B(I)={xeL|(z)°VI=L}.

Lemma 4.2. Let L be an ADL with maximal elements. For any ideals I, J of
L, we have the following:
1L pI)c1
CIFTCJ, then B(I) € A(J)
- BUINJT)=B(I)NB(J)
B(I) is an ideal of L.

= W N

Proof. 1. Let x € 5(I). Then (z)° VI = L. That implies (z)* VI = L. Let m be
any maximal element of L. Since (z)* VI = L, we get that m € (x)* V I. Then
there exist elements y € (z)* and a € I such that m =y V a. Since y € (z)*, we
have that yAz =0. Now x =mAz = (yVa) ANz =(yAz)V(aAz)=aAwx.
Since a € I, we get that a A x € I and hence x € I. Therefore 3(I) C I.

2. Suppose I C J. Let x € B(I). Then (z)° VI = L. By our assumption, we
get that (z)°V J = L. That implies € 5(J). Therefore 5(I) C B(J).

3. Clearly, we have that S(I NJ) C B(I)NG(J). Let = € B(I) N B(J). Then
x € B(I) and x € B(J). That implies (2)°V I = L and (z)°V J = L. Now
(x)°v(InJ)=((x)°VvI)N((x)°VJ)= L. That implies x € (I N J). Therefore
B(I) N B(J) C B(IN.J). Hence B(I N J) = B(I) N A(J).

4. Clearly, (0)° VvV I = L. That implies 0 € 3(I) and hence B(I) # 0.
xz,y € B(I). Then (z)°V I =L and (y)°VI = L. Now, (zVy)°VI=((z)
(y)°)VI=((x)VI)N((y)°VI)= L. That implies x Vy € B(I). Let x € 5(I).
Then (x)°V I = L. Let r be any element of L. Now, L = (z)° VI C (x Ar)°V 1.
That implies (z A r)°V I = L and hence x A r € 3(I). Therefore 5(I) is an ideal
of L. ]

Let
°N

Now, we define the concept of strongly disjunctive ideal in an ADL.

Definition 4.3. An ideal I of an ADL L is said to be a strongly disjunctive if
B(I) =1.

Lemma 4.4. FEvery strongly disjunctive ideal of an ADL L is disjunctive.

Proof. Let I be any strongly disjunctive ideal of L. Let z,y € L with (x)° = (y)°
and = € I. Since x € I, we get that x € B(I). Then (z)°V I = L and hence
(y)° VI = L. Therefore y € B(I) = I. Thus I is a disjunctive ideal of L. ]
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Theorem 4.5. If every prime ideal of an ADL L is normal, then every ideal is
strongly disjunctive.

Proof. Assume that every prime ideal of L is normal. Let I be any ideal of L.
Clearly, we have that 5(I) C I. Let « € I. Now we prove that 2 € 5(I). Suppose
x ¢ B(I). Then (x)° Vv I # L. Then there exists a prime ideal P of an ADL L
such that (x)°V I C P. That implies (x)° C P and I C P. Since z € I, we have
x € P. By our assumption, P is a normal prime ideal of L. Since (x)° C P, we
get that = ¢ P, which is a contradiction to z € P. Therefore z € 5(I) and hence
I C B(I). Therefore B(I) = I. Thus I is a strongly disjunctive ideal of L. |

Theorem 4.6. Let P be a prime ideal of a normal ADL L with maximal elements.
If P is strongly disjunctive, then P is normal.

Proof. Assume that P is a strongly disjunctive ideal of L. We prove that P is
normal. Let x € P. Then x € §(P). That implies (z)°V P = L. Let m be any
maximal element of L such that m € (2)°V P. Then there exist elements a € (x)°
and b € P such that m = a V b. Since a € (x)°, we have that (a)* V (z)* = L.
Since L is normal, we get that (a)° V (2)° = L. Since a Vb =m and b € P, we
get that a ¢ P. Therefore P is normal. ]

Theorem 4.7. Let L be an ADL with mazimal elements. Then the following are
equivalent:

1. (x)°V () =L, forallx € L.
2. Fvery ideal I of the form I = I°°, is strongly disjunctive.

3. For each x € L, (x)°° is strongly disjunctive.

Proof. 1 = 2: Assume that ()°V (x)°° = L, for all z € L. Let I be an ideal
of L with I = I°°. We prove that [ is strongly disjunctive. Clearly, we have that
B(I) C I. Let © € I. Then (z)°° C I°° = I. By our assumption, we get that
(x)° VI = L. That implies = € B(I). Therefore I C (I) and hence S(I) = I.
Thus [ is a strongly disjunctive ideal of L.

2 = 3: Clear.

3 = 1: Assume that (z)°° is strongly disjunctive, for all € L. Then §((z)°°)
= (x)°°. Since z € (x)°°, we get that € B((x)°°). Therefore (z)°V (z)*° =L. m

Definition 4.8. For any maximal ideal M of an ADL L, define Q(M) = {z €
L|(x)* & M}.

Lemma 4.9. Let M be a mazimal ideal of an ADL L with mazimal elements.
Then Q(M) is an ideal of L contained in M.
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Proof. Clearly, we have that 0 € Q(M) and hence Q(M) # (). Let z,y € Q(M).
Then (z)° ¢ M and (y)° ¢ M. Since M is prime, we get that (z V y)° =
()° N (y)° ¢ M. Therefore x Vy € Q(M). Let x € Q(M). Then (z)° € M. Let r
be any element of L. Since (z)° C (z Ar)°, we get that (z Ar)° € M. Therefore
z Ar € Q(M). Hence Q(M) is an ideal of L. Let z € Q(M). Then (z)° ¢ M.
Choose an element a € (z)° such that a ¢ M. That implies (a)* V (z)* = L.
Let m be any maximal element of L such that m € (a)* Vv (z)*. Then there exist
elements b € (a)* and y € (x)* such that m = bV y. Since b € (a)* and y € (x)*,
we have that a Ab =0 and y Az = 0. Since a ¢ M and a A b = 0, we get that
b€ M. Since b € M and m = bV y, we get that y ¢ M. Since y A x = 0 and
y ¢ M, we get that € M. Therefore Q(M) C M. ]

We denote the set of all maximal ideals of an ADL by Max L. For any ideal
I of an ADL, K(I) ={M € Max L |I C M}.

Theorem 4.10. Let I be an ideal of an ADL L. Then B(I) = ey QM).

Proof. Let x € () and M € K(I). Then (z)°V I = L and I C M. That
implies (2)°V M = L. Now we prove that (z)° ¢ M. Suppose (2)° C M. Then
M = L, which is a contradiction. Therefore (z)° ¢ M and hence z € Q(M), for
all M € K(I). Thus B(I) € prex ) (M). Conversely, let x € (¢ e(p) 2UM).
Then z € Q(M), for all M € K(I). That implies (z)° € M, for all M € K(I).
We prove that « € B(I). Suppose x ¢ B(I). Then (2)°V I # L. Then there exists
a maximal ideal N of L such that (z)° Vv I C N. That implies (z)° C N, which
is a contradiction to (z)° € M, for all M € K(I). Therefore z € 3(I) and hence

Narer(n M) € B(1.) Thus B(I) = ysex ) LUM). u

Finally, a set of all equivalent conditions are established for the set of all
strongly disjunctive ideals of an ADL to become a sublattice of the ideal lattice
of an ADL.

Theorem 4.11. Let L be an ADL with maximal elements. Then the following
conditions are equivalent:
1. For any M € Maz L, Q(M) is mazimal.
For any ideals I,J of L, IV J = L implies 5(I) Vv B(J) = L.
For any ideals I,J of L, B(IV J) = B(I)V B(J).
If M/N € Max L with M # N, then Q(M)V Q(N) = L.
For any M € Max L, M is the unique member of Max L such that Q(M)
C M.

T o= W N

Proof. 1 = 2: Assume 1. Let I,J be any ideals of L with I V J = L. Now,
we prove that B(I) vV 5(J) = L. Suppose B(I) V 5(J) # L. Then there exists
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N € Max L such that g(I) Vv 5(J) € N. That implies §(I) C N and 5(J) C N.
Since B(I) € N, we we get that (\yecx ) 2(N) S N. Since N is a prime ideal
of L, there exists N; € K(I) such that Q(N;) C N. By our assumption, we get
that N; C N. Since N; € K(I), we get that I C N. Since 8(J) C N, we get that
J C N. That implies I V J C N. Since I V J = L, we get that L = N, which is a
contradiction. Therefore 3(I) V 5(J) = L.

2 = 3: Assume 2. Clearly, we have that 5(I)V3(J) C B(IVJ). Let z € B(IV
J). Then (z)°V(IVJ) = L. That implies (z)°VIV(x)°VJ = L. By our assumption,
we get that B((x)°VI)VEB((x)°VJ) = L. That implies x € B((x)°VI)VE((x)°VJ).
Then there exist elements a € 5((x)°VI) and b € 5((x)°V J) such that x = aVb.
Since a € B((x)°VI), we have that (a)°V (z)°VI = L. Since (a)°V(x)° C (aAx)°,
we get that (aAx)°VI = L and hence aAx € B(I). Similarly, we that bAx € B(J).
Now z = zAz = (aVb)Ax = (aAz)V(bAz) € B(I)VE(J). Therefore x € B(I)VE(J)
and hence S(I'V J) C B(I)V B(J). Thus (I VvV J) = p(I)V B(J).

3=4: Assume 3. Let M, N € Max L with M # N. Then choose elements
x, y € Lsuchthat x € M\N andy € N\ M. Since x ¢ N, we get that NV (z] = L.
Let m; be any maximal element of L such that m; € NV (z]. Then there exists an
element n € N such that nVx = m;. Since y ¢ M, we get that M V (y] = L. Let
ms be any maximal element of L such that my € M V (y]. Then there exists an
element m € M such that m V y = ma. Clearly, we have that (nV ] = (mi] =L
and (mVy] = (mg] = L. That implies (nVov)V (mVy)]=nVz]V(mVy]=L.
That implies S(((nVov)V(mVy)]) = S(L). That implies S((nVz])VE((mVy]) = L.
Since x,m € M and y,n € N, we get that mVx € M and nVy € N. That implies
(mVz] C M and (nVy] € N. That implies M € K((nVz]) and N € K((mVy)).
That f((nVz]) C Q(M) and ((mVy]) C Q(N). Since B((nVz])VE((mVy]) =L,
we get that Q(M) Vv Q(N) = L.

4 = 5: Assume 4. Clearly we have Q(M) C M, for all M € Max L. We prove
that M is unique. Let M, N be any two maximal ideal of L with Q(M) C M
and Q(N) C M. We prove that M = N. Suppose M # N. By our assumption,
we have that Q(M) Vv Q(N) = L and hence M = L, which is a contradiction.
Therefore M = N.

5 = 1: Assume 5. Let M € Max L. Clearly, we have that Q(M) C M.
We prove that (M) is maximal. Suppose N be any maximal ideal of L with
Q(M) C N. Since Q(N) € N and Q(M) C N, we get that M = N. Therefore

Q(M) is maximal. ]
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