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INTRODUCTION

The concept of BFE-algebras was introduced and extensively studied in [7]. The
class of BF-algebras was introduced as a generalization of the class of BC K-
algebras of Iseki and Tanaka [5]. Some properties of filters of BFE-algebras were
studied by Ahn and Kim in [1] and by Meng in [9]. The notion of dual ideals in
BC K-algebras was introduced by Deeba [3] in 1979. Later 2000, Sun [11] investi-
gated the homomorphism theorems via dual ideals in bounded BC' K-algebras. In
[8], Meng introduced the notion of BC K-filters in BC K-algebras and presented
a description of the BC K-filter generated by a set. In this paper, he discussed
prime decompositions and irreducible decompositions. In [6], Jun, Hong and
Meng, considered the fuzzification of the concept of BC K-filters, and investigate
their properties.

In this work, we initially study some properties of ideals and the ideals gen-
erated by an arbitrary set. The notions of maximal ideals and prime ideals are
introduced in transitive B FE-algebras and they are characterized with the help
of principal ideals. Properties of a prime ideal containing an arbitrary ideal are
investigated. A necessary and sufficient condition is obtained for every proper
ideal of a transitive BF-algebra to become a prime ideal. The famous prime
ideal theorem of many algebraic structures is generalized to the case of prime
ideals of transitive B F-algebras. Finally, some properties of prime ideals of tran-
sitive B F-algebras are derived with respect to inverse homomorphic images and
cartesian products.

The concept of minimal prime ideals is introduced in transitive B E-algebras.
Some properties of minimal prime ideals belonging to a proper ideal are investi-
gated. Decomposition of a proper ideal as the intersection of all minimal prime
ideals belonging to that proper ideal is derived. Another version of prime ideal
theorem is derived with respect to a finite N-structure. Minimal prime ideals are
characterized with the help of finite N-structures.

1. PRELIMINARIES

In this section, we present certain definitions and results which are taken mostly
from the papers [1, 2, 7, 9] and [10] for the ready reference of the reader.

Definition 1.1 [7]. An algebra (X,*,1) of type (2,0) is called a BFE-algebra if
it satisfies the following properties:

(1) zxx =1,

(2) xx1=1,

(3) 1xz =z,
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(4) zx(y*2) =yx*(xxz) for all x,y,z € X.

A BE-algebra X is called self-distributive if = % (y * 2) = (x * y) % (x % z) for
all x,y,z € X. A BE-algebra X is called transitive if y x z < (z % y) * (z * z) for
all x,y,z € X. Every self-distributive B F-algebra is transitive. A BF-algebra
X is called commutative if (x xy) xy = (y*x) xx for all z,y € X. We introduce
a relation < on a BFE-algebra X by x <y ifand only if zxy =1 for all z,y € X.
Clearly < is reflexive. If X is commutative, then < is both anti-symmetric,
transitive and so it is a partial order on X.

Theorem 1.2 [9]. Let X be a transitive BE-algebra and x,y,z € X. Then
(1) 1 <z implies x =1,

2 < zimpliesxxy<x*xzandzxx <yx*x.
(2) vy P Y Y

Definition 1.3 [1]. A non-empty subset F' of a BE-algebra X is called a filter
of X if, for all x,y € X, it satisfies the following properties:

(1) 1eF,
(2) x € Fand x xy € F imply that y € F.

For any a € X,(a) = {x € X | a" xxz = 1 for some n € N} is called the
principal filter generated a. If X is self-distributive, then (a) ={z € X |axx =
1}. For a commutative BE-algebra, define z Vy = (y * x) x « for any z,y € X.
Then zVy =y V x and the suprimum of x and y is = V y for all z,y € X. Hence
(X, V) will become a semilattice which is called a B E-semilattice.

A BE-algebra X is called bounded [2], if there exists an element 0 satisfying
0 <z (or0xz =1) for all z € X. Define an unary operation N on a bounded
BE-algebra X by N =z 0 for all x € X.

Theorem 1.4 [2]. Let X be a transitive BE-algebra and x,y,z € X. Then
(1) IN=0 and ON =1,

(2) 2 <zNN,

(3) zxyN =y=*zN.

An element z of a bounded BE-algebra X is called dense [10] if N = 0.We
denote the set of all dense elements of a BFE-algebra X by D(X).A BE-algebra
X is called a dense BE-algebra if every non-zero element of X is dense (i.e.,
xN =0 for all 0 # z € X). Let X and Y be two bounded BE-algebras, then
a homomorphism f : X — Y is called bounded if f(0) = 0. If f is a bounded
homomorphism, then it is easily observed that f(xN) = f(z)N for all x € X.
For any bounded homomorphism f : X — Y, define the dual kernel of the
homomorphism f as Dker(f) = {z € X | f(z) = 0}. It is easy to check that
Dker(f) = {0} whenever f is an injective homomorphism.
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2. IDEALS OF TRANSITIVE BE-ALGEBRAS

In this section, some properties of ideals of a transitive B FE-algebra are studied
and the notion of maximal ideals is introduced in transitive B FE-algebras. Some
properties of maximal ideals are studied.

Definition 2.1. A non-empty subset I of a BFE-algebra X is called an ideal of
X if it satisfies the following conditions for all z,y € X:
(I1) 0 e 1,
(I12) z € I and (zN *yN)N € I imply that y € I.

Obviously the single-ton set {0} is an ideal of a BFE-algebra X. For, suppose
z € {0} and (N * yN)N € {0} for z,y € X. Then z = 0 and yNN =

(ON x*yN)N € {0}. Hence y < yNN =0 € {0}. Thus {0} is an ideal of X. In
the following example, we observe non-trivial ideals of a B FE-algebra.

Example 2.2. Let X ={1,a,b,c,d,0}. Define an operation * on X as follows:

O U O S | *
e e T = =
_ QR = QR
— Qe o R Q oo
R R, Q o 0O &
R Q o" 0 QOO

— == a o 0|0

Clearly (X,x*,0,1) is a bounded BE-algebra. It can be easily verified that the
set I ={0,¢,d} is an ideal of X. However, the set J = {0,a,b,d} is not an ideal
of X, because of a € J and (aN xc¢cN)N = (d*xb)N =aN =d € J but c ¢ J.

Lemma 2.3. Let X be a transitive BE-algebra X. For any x,y,z € X, we have

(1) xtNNN < zN,

(2) zxy <yN *zN,

(3) zxyN <xzNN *xyN,

(4) (x*yNN)NN <z +xyNN,
(5) (xN xyN)NN < xN *yN,
(6) x <y implies yN < zN,
(7)

7) x <y impliesy*xzN < x*xzN.

Proof. (1) Let z € X. Then 1 = (xx0)* (x%0) =xx ((xx0)%0) =xxaNN <
T*tNNNN = xNNNxxN. Hence tNNNxxN = 1, which gives tNNN < xN.
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(2) Let z,y € X. Since X is transitive, we get yN = y*0 < (x*y)* (xx0) =
(xxy)*xN. Hence 1 = yN xyN < yN x ((z xy) *xN) = (x *y) x (yN x zN).
Thus, we get (xz *x y) *x (yN xxN) = 1. Therefore z xy < yN xzN.

(3) Let 2,y € X. Then, we get x xyN =y+xaN <yxxNNN =xzNN xyN.

(4) Let z,y € X. Clearly (z * yNN)N < (x x yNN)NNN. Since X is
transitive, we get yN * (z x yNN)N < yN * (x x y NN)NNN and so = * (yN *
(xxyNN)N) <z * (yN x (x «xyNN)NNN). Hence, we get

1= (x*xyNN)x (zxyNN)
x ((xxyNN)*yNN)
(yN x (x * yNN)N)
(
(

*

IN

yN x (zx yNN)NNN)
(x *yNN)NN « yNN
= (xxy * (T xy .

NN)NN NN

X
X
X
X

*
*

Thus (2 * yNN)NN x (x *yNN) = 1. Therefore (x x yNN)NN < (zxyNN).

(5) Form (4), it can be easily verified.

(6) Let x,y € X be such that < y. Then by (2), we get 1 = xxy < yN*xN.
Hence yN «* N = 1. Therefore yN < zN.

(7) Let z,y € X be such that z <y. Then by (6), we get yN < xN. Since
X is transitive, we get z * yN < z * xN. Therefore y x zN < x % zN. [ |

Proposition 2.4. Let I be an ideal of a transitive BE-algebra X. Then we have:
(1) For any z,y € X,z €I andy < x implyy € I,

(2) For any z,y € X,oN =yN,z € I implyy € I,

(3) For any x € X,z € I if and only if tNN € I.

Proof. (1) Let x,y € X. Suppose z € [ and y < z. Then N < yN, which
implies N « yN = 1. Hence (zN *yN)N =0 € I. Since x € I, we get y € I.
(2) Let 2,y € X. Assume that tN = yN. Suppose z € I. Then we get
(xN «yN)N = 1N =0 € I. Since I is an ideal of X, we get y € I.
(3) Let x € X. Suppose € I. Then we get (xN x tNNN)N = (NN x
xNN)N = 1IN =0 € I. Since z € I, it yields zkNN € I. Conversely, let
xNN € [ for any x € X. Since z < NN, by property (1) we get that x € . =

We denote by Z(X) the set of all ideals of a BFE-algebra X and F(X) the
set of all filters of X. Let A be a non-empty subset of X, then the set

[Al=N{IeZ(X) | AC T}

is called the ideal generated by A, written [A]. In the following proposition, we
characterize the elements of a principal ideal generated by a set.
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Theorem 2.5. Let X be a transitive BE-algebra and ) # A C X. Then

[Al={z € X | a1 N * (agN * (--- (an N xxN)--+)) = 1 for some
ai,az,...,a, € A and n € N}.

Proof. 1t is enough to show that [A] is the smallest ideal of X containing the
set A. Clearly 0 € [A]. Let z € [A] and (xN *« yN)N € [A]. Then there exist
1,02, ..., Gp,b1,b2, ... by, € A such that a1 N * (agN * (- (a,N xaxN)---)) =1
and by N x (baN # (- -+ (b, N % (xN x yN)NN)---)) = 1. Hence we get

1 =byuNx(---x(byN*x (N xyN)NN)---)
< by N* (% (byN * (zN xyN))--+)

= by N % (- (xN * (by N xyN))---)

= &N * (b N * (-« % (g N x yN)) - --).

Hence N < b, N % (+-+ % (byN x yN)---). Since X is transitive, we get 1 =
anN*(-+ % (g NxxN)---) < apN*(-- -k (ay N*(byy Nx(-- - (byN*yN)---)))---).

Hence
anN # (- % (1N # (b N % (++ % (BN 5 yN)--))) ) =1

where ay,a,...,a,,b1,b2,...,b, € A. From the structure of [A], it yields that
y € [A]. Therefore [A] is an ideal of X. For any = € A, we get xN * (--- % (zN
xN)---) = 1. Hence = € [A]. Therefore A C [A].

Let I be an ideal of X containing A. Let x € [A]. Then there exists
ay,ag,...,a, € A C I such that a,N % (--- * (ayN * N)---) = 1. Hence
(anN % (-+-x (e N *xzN)-- )NN)N < (apN * (- *x (agN xzN)---))N =0 € I.
Thus by Proposition 2.4(1), we get (a,N*(---*(a;N*xxN)---)NN)N € I. Since
an € I and I is an ideal, we get (ap,—1 N *(---*(ayN*xN)---))N € I. Continuing
in this way, we finally get © € I. Hence [A] C I. Therefore [A] is the smallest
ideal containing A. [

For A = {a}, we then denote [{a}], briefly by [a]. We call this ideal by
principal ideal generated by a and is represented by [a] = {x € X | (aN)"xxN =
1 for some n € N }. We can easily observe, if X is self-distributive and a € X,
then [a] = {z € X | aN xzN = 1}.

The following is a direct consequence of the above theorem.

Corollary 2.6. Let X be a transitive BE-algebra. For any a,b € X, and A, B C
X, we have
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1) [0

2) [X

3) A C B implies [A] C

4) a < b implies [a] C [b],

5)
)

6

if A is an ideal, then [A] = A,

(
(
(
(
(
(6) if A is an ideal and a € A, then [a] C A.

Proof. (1) Let x € [0]. Then (ON)™ x* zN = 1 for some n € N. Hence zN = 1.
Thus < NN = 1N = 0. Therefore = 0, which means [0] = {0}.

(2) For all z € X, we get INxzN =1=0%xN = 1. Hence [1] = X.

(3) Suppose A C B and let x € [A] then a1 N * (agN * (- (a, N xxN)---)) =
1 for some aq,as9,...,a, € Aandn € N. Since A C B implies a1 N * (agN x*
(- (apN *2zN)---)) = 1 for some ay,as,...,a, € Band n € Nywe get x € [B]
and hence [A4] C [B].

(4) Suppose a < b. By Lemma 2.3(6), we get bN < aN. Again by Lemma
2.3(7), we get aN x xN < DN % N for any x € X. Since X is transitive,
we get (DN)"~! % (aN x xN) < (bN)" ! % (bN * 2N) = (bN)" *+ «N. Thus

= (bN)""1 %1 < (bN)™ % N, which gives x € [b]. Therefore [a] C [b].

(5) From the construction of [4], it is obvious.

(6) Let A be an ideal and a € A. Suppose x € [a]. Then there exists n € N
such that (aN)" * N = 1. Hence 1 = aN * ((aN)" ' x 2N) < aN * ((aN)"! «
xN)NN. Hence aN * ((aN)""! x xN)NN = 1, which gives (aN * ((aN)"~! x
tN)NN)N =0 € A. Sincea € A and A is an ideal, we get ((aN)" " 1xzN)N € A.
Now

(aN * ((aN)" 2% zN)NN)N < (aN * ((aN)""2 % 2N))N
= ((aN)" 1% zN)N € A.

which yields (aN * ((aN)""2 % zN)NN)N € A. Since a € A, we get (aN)"~
xN)N € A. Continuing in this way, we finally get x € A. Therefore [a] C A.

Corollary 2.7. Let X be a transitive BE-algebra and a € X. For any A C X,
the set [AU{a}] is the smallest ideal of X that contains both A and a.

Proposition 2.8. Let I an ideal of a transitive BE-algebra X and A C X.
Then,

[TUA]={x € X | (a1 N * (aaN * (- (an, N xxN))))N € I
for some ayj,ag,...,a, € A and n € N}.

Proof. Let us consider B = {x € X | (a1 N * (aaN * (- -+ (ap, N *xN))))N € [ for
some ag,az,...,a, € A and n € N}. It is enough to show that B is the smallest
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ideal of X containing both I and A. Clearly 0 € B. Let x,y € X be such that
x € Band (tN*yN)N € B. Then there exists m,n € N such that (a; N * (aaN *
(- (anN*x2zN))))N € I and (b1 N * (baN % (- -+ (b, N % (xtN xyN)NN))))N € I.
By Lemma 2.3(5), we have

(b1N % (byN % (- - - (b N % (zN * yN)NN))))
< (1N * (boN % (- -+ (b, N % (xN x yN)))))
= (zN * (b N = (ng( Tk (me * yN)))))

By Lemma 2.3(6), we get (zN % (byN % (boN(--- % (b N * yN)))))N < (01N x
(baN % (- (byyN % (xN x yN)NN))))N € I. Therefore (zN * (byN * (ba N (- - *
(b N yN)))))N € I.

By applying the transitivity of X and Lemma 2.3(2), we get

(xN % (byN * (ba N (- -+ % (b N xyN))))) < (a1 N * (agN % (- - (ap, N xxN)))) *
(a1 N * (agN * (- -+ (apN * (b1 N % (boN (- - - % (b, N xyN)))))))) < (a1 N * (agN x*
(- (anN % N))))NN % (a1 N * (agN * (--- (anN % (01N * (boN(--+ * (b, N
yN))))NN.

By Lemma 2.3(6), ((a1N * (aaN x (--- (@, N * xN))))NN x (a1 N * (agN x*
(- (anN * (by N % (baN (- - - (b N %yN))))))) ) NN)N < ((xN * (byN * (ba N (- - - %
(b N xyN))))))N € I. Therefore ((a1N * (agN * (- (an, N *xxN))))NN * (a1 N *
(agN * (- -+ (anN % (byN * (bo N (- -+ % (b, N xyN)))))))) NN)N € I. Since (a1 N x*
(agN*(--- (apN*xN))))N € I and I is an ideal, we get (a1 N * (aaN * (- - - (an, N *
(b1 N % (baN (- - - % (b N %xyN))))))))N € I. Hence y € B. Therefore B is an ideal
of X. Let z € I. Clearly (a1 N x (agN * (--- (ap,N x xN)))) < (a1 N * (aaN *
(+++(anN xxN))))NN. Then by Lemma 2.3(6), we get

(@N * ((a1N * (a2N = (-~ (an N * zN))))) NN)N
< (N * (a1 N * (agN * (--- (@ N x xN)))))N

— (1N % (@ # (- (anN % (&N % 2N)))))N

= (a1 N x (agN * (- (anN = (1)))))N

=0.

Hence (zN*((a1 N *(aaN (- (an N*xN))))) NN)N =0 € I. Since x € I and |
is an ideal, we get ((a1 N * (agN * (- - (ap,N xxN)))))N € I. Therefore x € B and
hence I C B. Since for any a € A, (aN *aN)N =0 € I, we get a € B. Therefore
A C B. Thus B is an ideal of X containing both I and A.

Suppose K is an ideal of X such that I C K and A C K. Let x € B. Then
(a1 N * (agN (- (apnN*xN))))N € I C K and ay,ag,...,a, € A C K for some
n € N. Since (a1 N * (agN * (- -+ (ap, N xxN)))NN)N < (a1 N * (agN * (- - - (ap N *
xN))))N € K. Therefore (a1 N * (agN * (- (ap, N *xN)))NN)N. Since a1 € K
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and K is an ideal, we get (agN x (--- (a, N * xN)))N € K. Continuing in this
way, we get (a, N *xN))N € K and hence z € K. Hence B C K. Thus B is the
smallest ideal of X containing both I and A. [

The following corollaries are direct consequence of the above proposition.

Corollary 2.9. Let X be a transitive BE-algebra and I an ideal of X. For any
a€ X,

[TU{a}]={x € X | (aN)"*xN)N €I for some n € N}.
Corollary 2.10. Let X be a self-distributive BE-algebra and I an ideal of X.
Then, for any a € X, [[U{a}] ={x € X | (aN xxN)N € I}.

Definition 2.11. An ideal I of a BFE-algebra X is said to be proper if I # X.

Definition 2.12. A proper ideal M of a BFE-algebra X is said to be mazimal
if M is not properly contained in any other proper ideal of X (i.e., M C T C X
implies M = I or I = X for any ideal I of X).

Example 2.13. Let X = {0,a,b,¢,d,1}. Define an operation * on X as follows:

*x|1 a b ¢ d 0
111 a b ¢ d 0
all 1 1 1 d d
b1l ¢ 1 ¢ d c
c|ll b b 1 d b
d|{l a b ¢ 1 a
0j1 1 1 1 1 1

Clearly (X,%,0,1) is a bounded BFE-algebra. It is easy to check that I; = {0},
I, = {0,a},I3 = {0,b},14 = {0,¢}, Is = {0,a,b} and Is = {0,a,c} are ideals of
X in which Is, I3, I4, Is and Ig are proper ideals. Also here we can easily observe
that I5 and Ig are only maximal ideals of X.

Theorem 2.14. A proper ideal M of a transitive BE-algebra X is mazimal if
and only if [ M U{z}] = X for any x € X — M.

Proof. Let M be a proper ideal of X. Assume that M is maximal. Let z €
X — M. Suppose [M U{z}|] # X. Hence M C [M U {x}] C X. Since M
is maximal, we get M = [M U {z}]. Then x € M, which is a contradiction.
Therefore [M U {z}] = X.

Conversely, assume the condition. Suppose there exists an ideal I of X such
that M C I C X. Let M # I. Then M C I. Choose x € I such that x ¢ M.
By the assumed condition, we get [M U{z}] = X. If a € X, then a € [M U {z}].
Hence ((xN)" «*aN)N € M C I for some n € N. Then
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(xN)*sxaN = 2N * (zN)" 1 xaN) <aN x (xN)" ! xaN)NN.

By Lemma 2.3(6) and Proposition 2.4(1) we get (N * ((xN)" "1 xaN)NN)N <
((zN)*xaN)N € I. Since x € I, implies ((xN)""! * aN)N € I. Continuing in
this way, finally we get a € I. Hence I = X. Therefore M is a maximal ideal
of X. ]

3. PRIME IDEALS OF BE-ALGEBRAS

In this section, the notion of prime ideals is introduced in transitive B E-algebras.
A necessary and sufficient condition is derived for every proper ideal of a BFE-
algebra to become a prime ideal. Prime ideal theorem is stated and derived
analogous to that in a distributive lattice.

Definition 3.1. A proper ideal P of a BFE-algebra X is said to be prime if for
any two ideals I and J of X, INJ C P implies I C Por J C P.

Example 3.2. Let X ={0,a,b,c,d,1}. Define an operation * on X as follows:
d 0

SO QUL O T %
o= = = P
HQ o0 = el
— oy O O o
_ 0 P o = OO0
—= = Q&

—Q o0 Q O

Clearly (X,%,0,1) is a bounded BFE-algebra. It is easy to check that I; = {0},
I, = {0,a},I3 = {0,b},14 = {0,¢}, Is = {0,a,b} and Is = {0,a,c} are ideals of
X in which Is, I3, I4, Is and Ig are proper ideals. Also here we can easily observe
that I5 and I are prime ideals of X.

Theorem 3.3. A proper ideal P of a transitive BE-algebra X is prime if and
only if for any x,y € X, [z]N[y] C P implies x € P ory € P

Proof. Let P be a proper ideal of X. Assume that P is prime. Let z,y € X.
Suppose [z]N[y] € P. By the definition of prime ideal, we get [z] C P or [y] C P.
Hence z € [x] C P or € [y] C P. Therefore x € P or y € P.

Conversely, assume the condition. Suppose I and J are two ideals of X
such that 7N J C P. Let x € I,y € J. Then [z] C I and [y] € J. Hence
[z]N[y] CINJC P. By the assumed condition, we get x € P or y € P. Thus
I C PorJCP. Therefore P is a prime ideal of X. []

Theorem 3.4. Let I be an ideal of a transitive BE-algebra X. For any A, B C
X,
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[A]N[B] C I if and only if [UAN[TUB]=1.

Proof. Let I be an ideal of X. Suppose [[UA]N[IUB] =1 for A,B C X. Since
AC[ITUA]and B C[IUB]. Hence [A|N[B] C [IUA]N[IUB]=1I. Therefore
[A]N[B] C I.

Conversely, assume that [A]N[B] C I for any A, B C X. Clearly I C [TUA]N
[TUB]. Let z € [TUA]N[IUB]. Then (a1 N x(agN*(- -+ (a; NxxN))))N € I and
(BN (bgN (- (byN*xN))))N € I where ay,aq,...,an, € A; by,bay,..., b, € B
for some m,n € N. Then there exist mj, mg € I such that m; = (a1 N * (aaN *
(- (amN*xN))))N € I and mo = (byN * (bgN * (- - (b, N xxN))))N € I. Now,
Lemma 2.3(5) gives

1 =mNxmN
= miN * ((a1N * (agN * (- - - (@ N * zN))
< miN * ((a1N * (aaN * (- - (ay N x xN))
= a1 N * (agN * (- - (N * (m1 N x zN)))
< a1N * (agN * (- - (@ N * (mN x xN)NN))).

NN
)
)

Therefore ay N *(agN # (- -+ (@ N*(m1N*xxzN)NN))) = 1. Then (miN*xxzN)N €
[A]. Similarly, we get (moN * zN)N € [B]. Observe

(miN xzN) < mgaN * (miN *xN) = miN x (maN xxN)
and  (moN xzN) < miN % (maN xxN).
Then by Lemma 2.3(6), we obtain the following:
(m1N % (maN xxN))N < (miN «xN)N
and (mi1N % (maN xxN))N < (magN xxN)N.
Since (miN x xN)N € [A], (moN xxN)N € [B] and [A], [B] are ideals, we get
(miN % (maN «xN))N € [A] and (m1N % (maN xxN))N € [B].

Hence (miNx(maN*xxN))N € [A]N[B] C I. Since (mi N *(maN+xxN)NN)N <
(m1N x (maN x2xN))N, we get (m1N x (maNxxN)NN)N € I. Since m; € I, we
get (maNxxN)N € I. Since mg € I, we get x € I. Hence [[UA|N[IUB]CI. m

Corollary 3.5. Let I be an ideal of a transitive BE-algebra X. For any a,b € X,
[a] N [b] C I if and only if [[U{a}]N[IU{b}] =1.

Theorem 3.6. Every maximal ideal of a transitive BE-algebra is prime.
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Proof. Let M be a maximal ideal of a transitive BFE-algebra X. Let z,y € X.
Suppose [z]N[y] C M. If 2 ¢ M and y ¢ M, then by Theorem 2.14, we have
[MU{z}] = X and [M U{y}] = X. Hence [M U{z}|N[MU{y}] = X # M.
Thus [z] N [y] € M, which is a contradiction. So z € M or y € M. Therefore M
is prime. [ ]

Theorem 3.7. Let X be a transitive BE-algebra and a € X. If I is an ideal of
X such that a ¢ I, then there exist a prime ideal P such that a ¢ P and I C P.

Proof. Suppose I is an ideal of X such that a ¢ I. Let T = {G € Z(X) | a ¢
G,I C G}. Clearly I € T. Then T # (. By Zorn’s lemma, 7 has a maximal
element say M. Clearly a ¢ M. Now we prove that M is a prime ideal. Let z,y €
X such that [z] N [y] € M. By Corollary 3.5, we get [M U{z}|N[M U{y}] = M.
Since a ¢ M, we get either a ¢ [M U{x}] or a ¢ [M U{y}]. Since M is maximal,
we get [M U{z}] = M or [M U{y}] = M. Hence x € M or y € M. Therefore M
is a prime ideal such that a ¢ M and I C M. |

Corollary 3.8. Let I be a proper ideal of a transitive BE-algebra X. Then
I =n{P / P is a prime ideal of X such that I C P}.

Proof. Clearly I CN{P / P is a prime ideal of X such that I C P}. Conversely,
let = ¢ I. Then by the above theorem 3.7, there exist a prime ideal P, such that
x ¢ P, and I C P,. Hence ¢ N{P / P is a prime ideal of X such that I C P}.
Therefore N{P / P is a prime ideal of X such that I C P} C I.

Hence I = N{P / P is a prime ideal of X such that [ C P}. |

Corollary 3.9. Let X be a transitive BE-algebra and 0 # © € X. Then there
exist a prime ideal P such that x ¢ P.

Proof. Let 0 # z € X and I = {0}. Then I is an ideal and = ¢ I. By the above
theorem 3.7, there exist a prime ideal P such that x ¢ P. [ |

Corollary 3.10. The intersection of all prime ideals of a transitive BE algebra
is equal to {0}.

Theorem 3.11. Let X,Y be two transitive BE algebras and f : X — Y is
homomorphism such that f(X) is an ideal of Y. If I is a prime ideal of Y and
I # X, then f~Y(I) is a prime ideal of X.

Proof. Let f : X — Y is homomorphism such that f(X) is an ideal of Y.
Suppose [ is an ideal of Y. Let z € f~'(I) and (zN x yN)N € f~(I). Then
f(z) € I'and f(xN*yN)N € I. Hence (f(z)N*f(y))N = (f(zN)xf(yN))N € I.
Since f(x) € I and I is an ideal, we get f(y) € I. Hence y € f~1(I). Therefore
f71(I) is an ideal of X.
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Let z,y € X such that [z]N[y] C f~Y(I). Let u € [f(z)]N[f(y)] where u € Y.
Then there exist m,n € N such that (f(z)N)™ *uN—land( (y)N)"*uN = 1.
Hence ((f(z)N)™ «uN)N = 1N =0 € I and ((f(y)N)" «uN) =1N =0 € [.
Since f(z) € f(X) and f(X) is an ideal, we get u € f(X ) Then u = f(a) for
some a € X. Now, we have
(f@)N)" * fla)N =1 = f((zN)" xaN) =
= f((zN)"xaN)N=0¢€1
= ((zN)™ xaN)N e f~4I)

= a € [f7H () U{z}].
Similarly, we get a € [f~1(I) U {y}] Hence a € [f~1(I) U {z}) N [f~1(1) U {y}].
Since [z] N [y] € f7H(I), we get [fTH(I) U{a}] N[ (1) U{y}] = f'(1). Hence

a € f~Y(I), which means u = f(a) € I. Therefore [f(z)] N [f(y)] € I. Since
I is a prime ideal of Y, we get f(x) € [f(x)] C I or f(y) € [f(y)] € I. Hence
x € f~YI) or y € f~1(I). Therefore f~1(I) is a prime ideal of X. ]

Theorem 3.12. Let X be a transitive BE-algebra. Then Z(X) is a totally or-
dered set or a chain if and only if every proper ideal of X is a prime ideal.

Proof. Assume that Z(X) is a totally totally ordered set. Suppose I is a proper
ideal of X. Choose a,b € X such that [a] N [b] C I. Since [a] and [b] are ideals of
X, we get [a] C [b] or [b] C [a]. Hence a € I or b € I, which implies [ is prime.
Conversely, assume that every proper ideal of X is a prime ideal. Let I and
J be two proper ideals of X. Then I N J is a proper ideal of X. Hence I N J is
a prime ideal of X. Thus I CINnJor J C INJ, which implies I C J or J C I.
Therefore Z(X) is a totally ordered set. ]

Theorem 3.13. For any two ideals I and J of a transitive BE-algebra, IV J =
{z € X| aN % (bN xxN) = 1 for some a € I,b € J} is the smallest ideal that
is containing both I and J. Hence the set (Z(X),N,V) is a complete lattice with
smallest element {0} and the greatest element X .

Theorem 3.14. Let Z(X) be the set of all ideals of a transitive BE-algebra X .
Then the algebraic structure (Z(X),N,V) forms a distributive lattice.

Proof. Let I, J, K be three ideals of X. Clearly (INJ)V(INK)CIN(JVK).
Conversely, let z € IN(JVK). Thenz € I and x € JVK. Hence aN*(bNxxN) =
1 for some a € J and b € K. Now, let d; = (bN xxzN)N and ds = (dyN xxN)N.
Since a € J, we get dj = (BN xxN)N € I and dy = (di N *2N)N € I. Then
(aN xdyN)N = (aN % (bN xxtN)NN)N

< (aN % (DN xxzN))N

= 1IN

=0eJ
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Since a € J, we get (DN xxN)N =d; € J. Hence d; € I NJ. Again

(BN % dsN)N = (bN # (1 N % zN)NN)N

< (bN % (diN *xN))N

= (ON * (BN * cN)NN %« zN))N
((bN xxN)NN x (bN « xN))N
1N

=0¢€e K.

Therefore (DN x*de N)N =0 € K. Since b € K implies ds € K. Hence ds € INK.
Now

diN % (daN *«xN) = (DN x tN)NN x* (

> (BN x N)NN x (
(N x xN)NN x (((bN x xtN)NN x xN) x xN)
(bN x xN)NN x xN) * (bN * tN)NN % zN)
1

dyN «xxN)NN % zN)

(
(diN xxN)xxN)

Hence diN % (doN xxN) = 1. Since dj € INJ and dy € I N K, we get x €
(INJ)V(INK). Hence IN(JVK)C (INJ)V(INK). Therefore IN(JVK) =
(INJ)V(INK). Thus (Z(X),N,V) is a distributive lattice. |

We now generalise the famous prime ideal theorem of various algebraic structures
in transitive B F-algebras. Let us define a N-closed subset of a B FE-algebra as the
subset S of X in which [a] N [b] C S for all a,b € S.

Proposition 3.15. Let P be a prime ideal of a transitive BE-algebra X and
a € X. Then the set S ={x € X | [z] C [a] V J for some ideal J with J ¢ P} is
a N-closed subset of X.

Proof. Let P be a prime ideal of X and x,y € X. Suppose x,y € S. Then there
exist ideals J; and Jy of X with J; € P,Jo € P such that [z] C [a] V J; and
[y] C [a] V J;. Hence

[z] 0 fy] € (fa] v ) N ([a] vV o) = [a] v (J1 0 Ja).

Since P is prime, we get J1 NJy € P. Let t € [z] N [y]. Then [t] C [z] N ]y] C
[a] V (J1NJ2). Hence t € S, which gives [z]N[y] C S. Therefore S is N-closed. ®

Theorem 3.16 (Prime ideal theorem). Let I be an ideal and S be a N-closed
subset of a transitive BE-algebra X such that I NS = (). Then there exists a
prime ideal P of X such that I C P and PNS = 0.
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Proof. Let I be an ideal and S be a N-closed subset of a transitive B E-algebra
X such that INS = 0. Consider F ={J € Z(X) | I C J and JNS = 0}. Clearly
I € Fand so F # 0. Let {Jo}aca be a chain of elements of F. Then clearly
Uaea Ja is an upper bound of {J,}aca. Hence the hypothesis of Zorn’s lemma
is satisfied. Thus F has a maximal element, say M. Clearly M is an ideal such
that I € M and M NS = (). We now prove that M is prime. Let z,y € X be
such that x ¢ M and y ¢ M. Then M C M V [z] and M C M V [y]. By the
maximality of M, we should have (M V [z])NS # 0 and (M V [y]) NS # 0. Choose

eMviz))nSand b e (MV]y])NS. Since a,b € S, we get [a]N[b] C S
because of S is N-closed. Now

[aln o] € (M Vv [z]) N (M V [y]) = MV ([«] N [y]).

If [x] N [y] € M, then [a] N [b] C M. Hence [a] N [b] € M N S, which is a
contradiction. Thus [a] N [b] € M. Therefore M is a prime ideal of X. |

In the following, some properties of prime ideals are discussed with respect to
cartesian products or direct products of BF-algebras. For this, we first observe
the following basic properties.

Lemma 3.17. Let Xy and X be two transitive BE-algebras. For anya € X1,b €
Xs, we have

(1) [(a,b)] = [a] x [b
(2) (lal x [o]) N ([e] > [d]) = (la] N [e]) > ([ N [d]),
(3) [(a;0)] N [(e;d)] = ([a] N [e]) x ([b] N [d]).

Proof. (1) Let z € X; and y € Xo. Then (z,y) € X1 x Xo. Hence we have

~

Y
(z,y) € [(a,0)] & ((a,0)N)" * (2,y)N = (1,1) for some n € N
& ((aN,bN))" * (zN,yN) = (1,1)
& ((@N)" 2N, (bN)" xyN) = (1,1)
& (aN)"+«xN =1and (bN)" xyN =1
< x € [a] and y € [b]
& (z,y) € [a] x [b].
Therefore [(a,b)] = [a] x [b].
(2) Let z € X7 and y € Xs. Then (z,y) € X7 x X5. Hence we have
(z,y) € ([a] x [b]) N ([c] x [d]) & (z,y) € [a] x [b] and (z,y) € [¢] x [d]
< x € la],y € [a] and = € [¢],y € [d]
< x € [a]N]c] and y € [b] N [d]

& (2,9) € ([a]N[d) > ((b] N [d))-
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Therefore ([a] x [b]) N ([¢] x [d]) = ([a] N []) > (6] N [d])-
(3) It is straight forward from (1) and (2). |

Theorem 3.18. Let X, and Xy be two transitive BE-algebras, P, and Py be the
prime ideals of X1 and Xy respectively. Then Py X X9 and X1 X Py are prime
ideals of X1 x Xo

Proof. Let P, and P, be the prime ideals of X; and X5 respectively. It is easy to
verify that Py x X9 and X3 X P are ideals of X7 x Xo. Let (a,b), (¢,d) € X1 X Xo.
Suppose [(a,b)] N [(¢,d)] € P, x X3. Then by the above lemma 3.17, we get
([a]N[e]) x ([b]N[d]) € P x X5. Hence [a]N[c] C P;. Since P, is a prime ideal of
X1, we get a € Py or ¢ € Py. Thus (a,b) € P, x X5 or (¢,d) € Py x X5. Therefore
P; x X5 is a prime ideal of X7 x X5. Similarly, we can prove that X; x P is also
a prime ideal of X7 x Xo. [ ]

Theorem 3.19. Let X; and Xo be two transitive BE-algebras and P be a prime
ideal of X1 x Xo. Then P is of the form Py x Xo or X1 X Py, where P; is a prime
ideal of X; fori=1,2.

Proof. Let P be a prime ideal of X; x Xs. Consider the projections 71 (P) and
mo(P) of P as

Py =m(P)={x1 € X1 | (x1,22) € P, for some x93 € X5}
Py =my(P) = {2 € Xo | (x1,22) € P, for some x; € X1}.

It is easy to verify that P; and P, are ideals of X; and Xs respectively. We
first show that P; and P, are prime ideals of X; and Xs respectively. Suppose
P, = X; and P, = Xs. Let (a,b) € X7 X Xo. Then there exist © € X; and y € Xy
such that (a,y) € P and (z,b) € P. Since (a,0) < (a,y) and (0,b) < (z,b), we
get (a,0) € P and (0,b) € P. Since (0,b) € P, (0,bNN) = (0,b)NN € P. Now

((a,0)N * (a,b)N)N

(aN,0ON) * (aN,bN))N
aN xaN,0N « bN)N
1,bN)N

0,bNN) € P.

o~ o~ o~ o~

Since (a,0) € P and P is an ideal, it gives (a,b) € P. Hence P = X; x X5, which
is a contradiction to that P is proper. Next suppose that P; # X7 and Py # Xo.
Choose a € X1 — P, and b € X3 — P». Then (a,0) ¢ P and (0,b) ¢ P. Since P

is prime, we get

[(0,0)] = [0] x [0} = ([a] N [0]) x ([0] N [B]) = [(a,0)] N[(0,0)] £ P
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which is a contradiction. From the above observations, we get that either P, = X
and P2 75 X2 or P1 75 X1 and P2 = XQ.
Case (i) Suppose P = X7 and P # Xs. Let z2,y2 € X5 and [z2]N[y2] C P.
Then there exists a € X1 = P; such that [a] x ([z2] N [y2]) € P. Therefore
[(a, z2)] N [(a, y2)] = (la] N a]) x ([z2] N [y2])
= o] x ([z2] N [g2]) € P
Since P is prime, we get (a,z2) € P or (a,y2) € P. Hence x9 € Py or ys € Ps.
Therefore P, is a prime ideal of X5. We now show that P = X; x P,. Clearly
P C X x P5. On the other hand, suppose (a,y) € X1 x P,. Since P, = X3, there
exists b € Xo such that (a,b) € P and there exists x € X; such that (z,y) € P.
Since (a,0) < (a,b) and (0,y) < (z,y), we get (a,0) € P and (0,y) € P. Since
(0,y) € P, we get (0,yNN) = (0,y)NN € P. Now
((a,0)N * (a,y)N)N = ((aN,0N)  (aN,yN))N
(aN xaN,ON x yN)N
(LyN)N
= (0,yNN) € P.
Since (a,0) € P and P is an ideal, it gives (a,y) € P. Hence X3 x P, C P.
Therefore P = X1 x Ps.

Case (ii) Suppose P; # X; and P, = X5. Similarly, we can prove that P is
prime ideal of X7 and P = P; x Xs. [ ]

The following corollary is an extension of the above theorem.

Corollary 3.20. Let {X;}I' | be a finite family of transitive BE-algebras. Let P
be an ideal of [[;—, Xi. Then P is prime if and only if P is of the form [[i—, P,
where P; = X; for all except one i,in this case P; is a prime ideal of X;.

Theorem 3.21. Let X be a subalgebra of a transitive BE-algebra X and Py is a
prime ideal of X1. Then there exists a prime ideal P of X such that PNX{ = P;.

Proof. Let P; be a prime ideal of X;. Then X; — P; is a N-closed subset of
X. Write I = [Py], the ideal generated by P;. Then P; C I N X;. Suppose
IN(Xy—P) #0. Choose x € IN(Xy; — P;). Then z € [ and = € (X1 — Py).
Since z € I = [P], there exists aj,as,...,a, € P;,n € N such that a; N * (ag N *
(- (anN *xxN)---)) = 1. Then

(a1 N x (agN % (- -+ (apN xxN)--+)))N

= (a1 N * (agN % (- (ay N xxN)---))NN)N
=1N

=0¢€ P.
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Since a; € Py, we get (agN*(-+- (ap, N*xN)---))N € P;. Continuing in this way,
finally we get © € P;. Since x € (X; — P;), we have arrived at a contradiction.
Hence I N (X; — P;) = 0. Then by Prime ideal theorem, there exists a prime
ideal P of X such that I C P and PN (X; — P1) = 0. Since I C P, we get
INX; € PNnX;. Since PN(X; —P;) = 0, we get P C P;. Hence both

observations lead to
PPCINXiCPNX,CPNX;CAHh.
Therefore P = PN X;. [ ]

4. MINIMAL PRIME IDEALS

In this section, the notion of minimal prime ideals is introduced in transitive
BFE-algebras. It is derived that every proper ideal of a transitive BF-algebra
can expressed as a decomposition of distinct minimal prime ideals. The notion
of finite N-structure is introduced and investigated its relation with the minimal
prime ideal.

Definition 4.1. Let I be an ideal and P a prime ideal of a transitive B F-algebra
X such that I € P. Then P is called a minimal prime ideal belonging to [ if
there exists no prime ideal @ such that I C @ C P.

Example 4.2. Let X ={0,a,b,c,d,1}. Define an operation * on X as follows:

*x|1 a b ¢ d 0
111 a b ¢ d 0
all 1 1 1 d d
b1l ¢ 1 ¢ d c
c|ll b b 1 d b
d|{l a b ¢ 1 a
0j1 1 1 1 1 1

Clearly (X, x,0,1) is a bounded BFE-algebra. Clearly Iy = {0}, I = {0,a},I3 =
{0,b},I4 = {0,¢},Is = {0,a,b} and Is = {0,a,c} are ideals of X, in which
I, I3, 14, I5 and I are proper ideals. Here I5 and Ig are prime ideals of X. Also
I5 is a minimal prime ideal of I, I3 and Ig is a minimal prime ideal of Is, I4.

In a BFE-algebra X, the minimal prime ideals belonging to {0} are simply
called minimal prime ideals of X. In the other version, a minimal prime ideal of
a BF-algebra is the minimal element of the partial order set of all prime ideals.
Thus a prime ideal P of X is a minimal prime ideal if for any prime ideal I of
X such that I C P, then P = I. Using the Zorn’s lemma, we have the following
proposition.
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Proposition 4.3. Let I be a proper ideal of a transitive BE-algebra X. Then
every prime ideal of X, containing I, contains at least a minimal prime ideal
belonging to 1.

Proof. Let P be a prime ideal of X such that I C P. Consider the collection
T ={Q | Q is a prime ideal of X such that I C Q C P}.

Clearly P € T and hence T # (. Let {Qa}aca be a chain of elements in ¥.
Since {Qa}aca is a chain, we get that () ,ca Qo is a prime ideal of X. Since
I CQqyCPforall ae€A,itis clear that 1 C (,cp Qo € P. Hence (e Qa
is a lower bound for {Qu}aca. Therefore by Zorn’s lemma, ¥ has a minimal
element, say (Qy. Therefore ()¢ is a minimal prime ideal such that I C Qo C P. m

By taking I = {0}, we get the following easy consequence.

Corollary 4.4. Fvery prime ideal of a transitive BE-algebra X contains at least
a minimal prime ideal.

Proposition 4.5. Let I be a proper ideal of a transitive BE-algebra X. Then I
is the intersection of all minimal prime ideals of X, belonging to I.

Proof. Since I is contained in every minimal prime ideal of X, belonging to [
and so contained in the intersection of all minimal prime ideals belonging to I.
To prove the converse, let © ¢ I. Then by Corollary 3.9, there exists a prime
ideal P of X such that I C P and = ¢ P. Then there exists a minimal prime
ideal M of X such that I C M C P. Since x ¢ P, we get « ¢ M. Hence M is a
minimal prime ideal of X, belonging to I, such that = ¢ M. Thus z is not in the
intersection of all minimal prime ideals of X, belonging to I. [ |

If we take I = {0} in the above proposition, the following is a direct conse-
quence.

Corollary 4.6. Let X be a transitive BE-algebra. Then the intersection of all
minimal prime ideals of X is equal to {0}.

Corollary 4.7. Let I be a proper ideal of a transitive BE-algebra X. Then the
intersection of all minimal prime ideals of X, belonging to I, coincides with that
of all prime ideals of X, containing I.

By considering I = {0} in the above corollary, we get the following.

Corollary 4.8. In any transitive BE-algebra X, the intersection of all minimal
prime ideals of X coincides with that of all prime ideals of X.

By Corollary 3.8, it is observed that every proper ideal of a BFE-algebra X
can be decomposed as the intersection of all minimal prime ideals of X, belonging
to I.
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Theorem 4.9 (Unique decomposition theorem). Let I be a proper ideal of a
transitive BE-algebra X . If there exist positive integers m and n such that

I=PNPnN---NP, and I=Q1NQ2N---NQ,

are two representations of distinct minimal prime ideals of X, belonging to I,
then m = n, and for any P; in the first expression there is Q; in the second
expression such that P; = Q;.

Proof. Let P;j(i =1,2,...,m) be a minimal prime ideal in the first representa-
tion. Clearly I C P;. By the second representation, we have Q1N (Q2N---NQy,) C
P;. Since P, is prime, we get

Qi CF or Q2N---NQ, CPH.

If Q1 C P, then the minimality of P; provides that P, = Q1. If Q1 € P, then
Q2N---NQ, C P;. Repeating the same argument, we finally get that there exists
Jj €142,3,...,m} such that P, = @;. It remains to show that m = n. Note that

Py, P, ..., P, are distinct, the preceding argument actually implies m < n. If
we begin with the second representation, by the entirely similar argument, we
will obtain n < m. Therefore m = n. []

Corollary 4.10. If a proper ideal I of a transitive BE-algebra X can be expressed
as the intersection of a finite number of distinct minimal prime ideals of X,
belonging to I, then such representation is unique except their occurring order.

Corollary 4.11. If the ideal {0} of a transitive BE-algebra X can be expressed
as the intersection of a finite number of distinct minimal prime ideals of X, then
such representation is unique except their occurring order.

Definition 4.12. A nonempty subset S of a BF-algebra X is called a finite
N-structure, if ([z] N [y]) NS # 0 for all z,y € S.

Example 4.13. Let X = {0,a,b,¢,d,1}. Define an operation * on X as follows:

*|1 a b ¢ d 0
111 a b ¢ d 0
all 1 a ¢ ¢ d
b1 1 1 ¢ ¢ ¢
c|ll a b 1 a b
dil 1 a 1 1 a
0({1 1 1 1 1 1

Clearly (X,*,0,1) is a bounded B FE-algebra.
Recall that [a] = {z € X | (aN)" *xN =1 for some n € N }. Then we have
[a] = {0,a,b,d}, [b] = {0,b},[c] = {0,c,d}, [d] = {0,d},[0] = {0} and [1] = X.
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Also [a]N[b] = {0, b}, [a]Nc] = {0, d}, [a]N[d] = {0, d}, [b]n[c] = {0}, [b]N[d] =
{0}, [ N[d] = {0, d}.

Take S; = {1,a,b} then ([a] N [b]) N ST = {b},([a) N [1]) N S; = {a,b} and
([1] N [6]) NSy = {b}. Therefore ([x] N[y]) N S1 # O for all x,y € S;. Hence S is
a finite N-structure. Similarly we can observe that the set Sy = {0,¢,d} is also a
finite N-structure.

However the set S3 = {a,c} is not a finite N-structure, because of ([a]N[c]) N

S3 = (.
Lemma 4.14. Fvery ideal of a transitive BE-algebra is o finite N-structure.

Proof. Let I be an ideal of a transitive BFE-algebra X. Let x,y € X. Suppose
that z,y € I. Then [z] C I and [y] C I. Hence [z]N[y] C I. Thus ([z]N[y])NI # 0.
Therefore I is a finite N-structure. [ |

Example 4.15. From the above Example 4.13, we can easily observe that Sy =
{0,¢,d} is an ideal and also a finite N-structure.

Proposition 4.16. Let P be a proper ideal of a transitive BE-algebra X. Then
P is prime if and only if X — P is finite N-structure.

Proof. Let P be an ideal of X. Assume that P is prime. Let z,y € X — P.
Then x ¢ P and y ¢ P. Suppose ([z] N [y]) N (X — P) = 0. Then [z]N[y] C P.
Since P is prime, we get x € P or y € P, which is a contradiction. Hence
(N fy) N (X = P) #0.

Conversely, assume that X — P is finite N-structure. Let x,y € X be such
that [z] N [y] € P. Suppose x ¢ P and y ¢ P. Then z,y € X — P. Since X — P
is finite N-structure, we get ([z] N [y]) N (X — P) # (. Hence [z] N [y] € P, which
is a contradiction. Thus x € P or y € P. Therefore P is a prime ideal of X. m

Example 4.17. From the above Example 4.13, we can easily observe that Sy =
{0,¢,d} is a prime ideal and X — Sy = {1,a,b} = Sj is a finite N-structure.

Theorem 4.18 (Prime ideal theorem). Let I be an ideal of a transitive BE-
algebra X. If S is a finite N-structure such that I NS = 0, then there exists a
prime ideal P of X such that I C P and PNS = 0.

Proof. Let I be an ideal of X and S be a finite N-structure such that 7 NS = (.
Consider F ={J € Z(X) | I C J and JNS = 0}. Clearly I € F and so F # 0.
Let {Ja}aca be a chain of elements of F. Then clearly |J,ca Jo is an upper
bound of {J,}aeca. Hence the hypothesis of Zorn’s lemma is satisfied. Thus F
has a maximal element, say M. Clearly M is an ideal such that I C M and
M NS = 0. We now prove that M is prime. Let I and J be two ideals of X
such that I ¢ M and J ¢ M. Then M C [M UI] and M C [M U J]. By the
maximality of M, we should have [M UI| NS # ) and [M U J] NS # 0. Choose
ac[MUIINSand be [MUJ|NS. Since a € [M UI] and b € [M U J], we get
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[a] N [b] C[MUIIN[MU.J].
Since a,b € S, we get ([a] N [b]) NS # B because of S is finite N-structure. Hence
(MUIlN[MUJ])NS#0.

Since M € F, we get M NS = (). Comparing this with the last relation, we get
M # [MUI|N[MUJ]. By Theorem 3.4, it gives I N J € M. Therefore M is
prime. [ |

Proposition 4.19. Let I be an ideal and P a prime ideal of a transitive BE-
algebra X such that I C P. Then P is a minimal prime ideal belonging to I if
and only if X — P is a mazimal finite N-structure with respect to the property
that (X — P)NI=4.

Proof. Assume that P is a minimal prime ideal belonging to /. Then by Propo-
sition 4.16, X — P is a finite N-structure such that (X — P) NI = (). Suppose
Q is another finite N-structure such that Q NI = ) and X — P C Q. Hence
I C X —Q@Q C P. By the minimality of P, we get X — () = P. Hence X — P is a
maximal N-structure with respect to the property (X — P)N I = (.

Conversely, assume that X — P be a maximal finite N-structure with respect
to the property (X — P)N I = (). Suppose @ is a prime ideal of X such that
I C @Q C P. Then by Proposition 4.16, we get that X — @ is a finite N-structure
such that X — P C X —Q and (X — Q) NI = ), which contradicts the maximality
of X — P. Hence P is the minimal prime ideal belonging to I. [ |
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