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Abstract

In this paper, the notions of n-fold positive implicative prefilter and
n-fold implicative prefilter in FQ-algebras are introduced and several prop-
erties, characterizations and equivalent conditions are provided. It is proved
that the quotient EQ-algebra induced by an n-fold positive implicative pre-
filter is n-idempotent. Also, it is proved that in an n-idempotent EQ-algebra,
any filter is an n-fold positive implicative filter. In the sequel, we investi-
gate the relationships between these two types of prefilters. Finally, some
characterizations of n-fold implicative prefilters in bounded EQ-algebras are
given.
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1. INTRODUCTION

EQ-algebras were proposed by Novak and De Baets [9] to introduce a special
algebra as the correspondence of truth values for higher-order fuzzy logic (or
fuzzy type theory). Fuzzy type theory itself, is a generalization of classical type
theory having only ‘equality’ as a connective. Another motivation arose from the
equational style of proof in logic. EQ-algebras are a generalization of residuated
lattices. It has three connectives meet (A), product (®) and fuzzy equality (~).
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https://doi.org/10.7151/dmgaa.1382

32 A. PaaDp, M. BAKHSHI, A. JAFARI AND M. RAHIMI

Unlike residuated lattices in which the implication operation is derived from the
product, in EQ-algebras the implication operation is derived the fuzzy equality.
Then in EQ-algebras, the implication operation and the product no longer strictly
form an adjoint pair in general. So, it is natural to extend some notions of
residuated lattices to EQ-algebras and study their properties.

The filter theory plays a fundamental role in studying algebras of logic. From
logical point of view, various filters correspond to various sets of provable formu-
las. In residuated lattices [11], several types of filters have been introduced, say
[6, 9] and some important results have been obtained. For EQ-algebras, the
notions of prefilters (which coincide with filters in residuated lattices) were pro-
posed and some of their properties were obtained [2]. Furthermore, the notions
of implicative and positive implicative prefilters in EQ-algebras were studied in
[2].

As a generalization of (positive) implicative filters, the notion of n-fold (pos-
itive) implicative filters in some classes of residuated lattices such as BL-algebras
and MTL-algebras were proposed [5, 12]. This motivates us to introduce the no-
tions of n-fold implicative and n-fold positive implicative prefilters in EQ-algebras
and investigate the properties and characterized them as it was done in residuated
lattices.

This paper is organized as follows. In Section 2, the basic definitions, proper-
ties and theorems of EQ-algebras are reviewed. In Section 3, the notion of n-fold
positive implicative prefilters of an EQ-algebras are defined and characterized.
In Section 4, the notion of n-fold implicative prefilters of an EQ-algebras are
introduced and characterizations of them are presented. Finally, some results
which are proved directly in [8] for positive implicative prefilters and implicative
prefilters in E(Q-algebras are obtained.

2. PRELIMINARIES

In this section, we give some fundamental definitions and results from the litera-
ture. For more details, we refer to the references.

Definition 2.1 [2, 9]. An EQ-algebra is an algebra (L, A, ®, ~, 1) of type (2,2,2,0)
satisfying the following axioms:

(E1) (L,A,1) is a A-semilattice with top element 1. We set x < y if and only if
TANYy=ux,

E2
E3
E4
E5

(L,®,1) is a commutative monoid and © is isotone with respect to <,
T~z =1,

(@AYy)~2)O(s~a) =2~ (sAy),

@~y O (s~ i) < (z~s)~ (y~1),

(E2)
(E3)
(E4)
(E5)
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(E6) (zAyAz)~z < (zAy)~ux,
(E7) zoy<z~y.

In any EQ-algebra L, the auxiliary operation ‘—’ (implication) is defined as
r—=y=(xAy)~z.

Also, if L is bounded with the bottom element 0, the unary operation — is
defined as -z = x ~ 0. In this case, it is obvious that -z =z ~ 1 and -0 = 1.

Definition 2.2 [9]. An EQ-algebra L is said to be
(i) separated, if x ~y =1 implies z = y for all z,y € L,

(ii) residuated, if for all z,y, z € L it satisfies
(Res) (zo0y)Ahz=20y & zA((yNz)~y) =z
Classically, (Res) can be written as x Oy <z <z <y — 2.

(iii) idempotent, if x ©® x =z for all x € L.

Lemma 2.3 [2]. Let L be an EQ-algebra. The following properties hold for any
x,y,z € L.

(1) z~y=y~zz~y<z—y,

(2) 0y <z Ay < z,y. Particularly, for natural number n, ™ < x, where
2" =x0- - O (n times).

Theorem 2.4 [9]. In any EQ-algebra L, the following are equivalent:

(1) L is residuated.

(2) L is separated and satisfies (x @ y) = z =2z — (y — 2).

(3) L is separated and satisfies x < (z — y) — y for any x,y € L.

Definition 2.5 [2, 8]. Let L be an EQ-algebra and F' be a nonempty subset of
L satisfying 1 € F.

(i) F is called a prefilter if it satisfies
(F2) z,x -y € F imply y € F.

(ii) F is called a filter if it satisfies (F2) and
(F3)ifx >y € F, then (x®2) = (y®2) € F for any x,y,z € L.
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(iii) F is called a positive implicative prefilter (resp. filter) if it satisfies (F2)
(resp. (F2) and (F3)) and
(F4) z—=(y—z2)eFx—yeF=x—zecF, forall z,y,z€ L.

(iv) F is called an implicative prefilter (resp. filter) if it satisfies (F2) (resp. (F2)
and (F3)) and
(F5) z—= (zr—y)—ax)eF,zeF=xecF, forall z,y,z€ L.

Remark 2.6. Obviously, any residuated EQ-algebra satisfies the property
(WEP) z — (y — 2z) = y — (¢ — z), while it may not be true in general.
However, an EQ-algebra may contain those prefilters satisfying (WEP). Such a
prefilters are said to satisfies the weak exchange principle. More general, EQ-
algebra L is said to satisfies exchange principle if it satisfies (WEP) (see [8,
Example 2.3].

Lemma 2.7 [2]. Any prefilter F' of EQ-algebra L satisfies the following: for all
x,Y,z € L,

1) fx € Fand x <y, theny € F.

2)

3) fr~yeFandy~z€ F,thenz ~z€ F.
4)

(
(2) fx,z ~y € F, theny e F.

(

(4) fx—wyeFandy — 2z € F,thenz — z € F.

In an EQ-algebra L, any prefilter F' induces an equivalence relation =g as
follows:

Vx,ye L) r=py<ax~ycF.

If F'is afilter of L, =F is a congruence in L and so %, the set of all equivalence
classes together with those operations induced from L forms an EQ-algebra, which
is also separated (see [2]).

From now on, in this paper L = (L,A\,®,~,1) is an EQ-algebra, unless
otherwise stated.

3. m-FOLD POSITIVE IMPLICATIVE PREFILTERS

In this section, we introduce the notion of n-fold positive implicative prefilter and
give some related results.

Definition 3.1. A prefilter (resp. filter) F' of L is called an n-fold positive impli-
cative prefilter (filter) if

(F5) 2" — (y = 2) € F, 2™ -y € F imply 2" — z € F, for all z,y,z € L.
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Example 3.2. Let L = {0,a,b,¢,d, 1} be a chain with the ordering 0 < a < b <
¢ < d < 1. Then L together with the operations ® and ~ as shown in Tables 1
and 2 forms an EQ-algebra [9].

©

— Q0 9 O
O OO O O oo
QOO OO O
T OO O ol
0O Q 9 OO o0
QUL Q@ @ © O
— Q0 o9 O

Table 1. Cayley table of ®.

=0 e O
O O Q O =IO
Q2 OO
SRS IS A e SRk~ S
O 0 RS9 90

QU — O e Ol
— Q0 o Q Ol

Table 2. Cayley table of ~.

P—‘&‘OQ‘QO\L
OO Q T 0O =IO
Q@ Q Q@ o e
SIS S L
A O = = = =0
Q=== =Y
e e e

Table 3. Cayley table of —.

One can see that F' = {1,d} is a 3-fold positive implicative prefilter of L,
while it is not a 2-fold positive implicative prefilter, because ¢ — (a — 0) =
(coc)wc=a—c=1€Fandc® va=(c®c)—va=a—a=1¢€F, but
2—0=a—0=c¢F.

Theorem 3.3. Let F be an n-fold positive implicative prefilter of L. Then for
any z,y € L,

(3.1) ("o (x —y)") >y €EF.
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Particularly, (1 — z)" - x € F.

Proof. Let F be an n-fold positive implicative prefilter of L and x,y € L. Since
"o -y <z"<zand 2" O (x = y)" < (z — y)" <z — y, so by Lemma
2.3(6) we have

o@—-y)"'w2z=@"0@@—>y")—mz=1€F
and

(zo@—=y)" = @—=y) =0@"0@—=y)") =@y
=1€eF

Now, since F' is an n-fold positive implicative prefilter we conclude that
"ox—=y)")—my=(xo(r—=y)" —>yeF.
For the second part, it suffices in (3.1) we take x = 1 and y = «. [ |

Theorem 3.4. Let F' be a prefilter of L. Then the following are equivalent:
(1) F is an n-fold positive implicative prefilter of L,
(2) 2™ = (2" = y) € F imply 2™ — y € F, for any x,y € L.

Proof. (1)=(2) Let F' be an n-fold positive implicative prefilter of L and 2" —
(2" —y) € F, for x,y € L. Since 2™ — 2" =1 € F we have 2" — y € F.

(2)=(1) Let F be a prefilter of L, 2" — (y — 2) € F and 2™ — y € F, for
x,y,z € L. From Lemma 2.3(4) we get

"= (y—2)<(y—=2) = (@"—=2) =@ = (2" —2),
whence
(3.2) (y—2)—= (@" —=2) = (" — (2" — 2)) € F.
Again by Lemma 2.3(4), we get 2" — y < (y — 2z) — (2" — z), whence
(3.3) (y = 2) = (2" — 2) € F.

Now, since F is a prefilter, by (3.2) and (3.3) we conclude that " — (2" — z) € F
and by (2), " — z € F. Therefore, F' is an n-fold positive implicative prefilter
of L. [

Corollary 3.5. If F' is an n-fold positive implicative prefilter of L satisfying
" ~ (2" > y) € F, for any x,y € L, then 2" — y € F.
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Proof. Tt follows from Lemma 2.3(1) and Theorem 3.4. ]

Theorem 3.6. Let F' be a prefilter of L and satisfies the weak exchange principle.
Then the following are equivalent:

(1) F is an n-fold positive implicative prefilter of L,
(2) If 2™ — (y — 2) € F, then (2" — y) — (2" — z) € F, for any z,y,z € L.

Proof. (1)=(2) Let F' be an n-fold positive implicative prefilter of L and 2" —
(y = z) € F, for x,y,z € L. Then by Lemma 2.3(4),

(@ —=y)=y<(y—2) = ((a" >y —2)
and so by Lemma 2.3(4),
" = ((@" = y) = y) <" = ((y = 2) = (@" —y) = 2)).

Since (2" — y) — (2" — y) =1 € I and F satisfies the weak exchange principle,
we get that 2" — ((z" - y) - y) =1 € F and so we have

"= ((y—2) = (2" - y) = 2)) € F.

Now, since 2 — (y — z) € F and F is an n-fold positive implicative prefilter,
we get that 2" — ((2" - y) — 2z) € F and so (z" — y) — (2" — 2) € F.

(2)=(1) Suppose that 2" — (y — 2z) € F and 2" — y € F, for x,y,z € F.

By (2), (" — y) — (2™ — z) € F and since F is a prefilter of L and 2™ — y € F,

we have 2" — z € F. Therefore, F' is a n-fold positive implicative prefilter of L.

|

Corollary 3.7. Let L be a residuated EQ-algebra and F' be a prefilter of L. Then
the following are equivalent:

(1) F is an n-fold positive implicative prefilter,

(2) ifa™ — (2" - y) € F, thena™ -y € F,

(3) ifa™ — (y — z) € F, then (2™ — y) — (2" — z) € F for any x,y,z € L.
Proof. The proof follows from Theorems 3.4 and 3.6 and Remark 2.6. [ |

Theorem 3.8. Let F C Q be two prefilters of L and L has exchange principle.
If F' is an n-fold positive implicative prefilter, then so is Q.

Proof. Let ' C @ and F' be an n-fold positive implicative prefilter of L. If
" = (2" — y) € Q, for x,y € L, then since L has exchange principle, we get
that
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" — (3:" = (2" = (2" = y)) — y))
=" - ((x" = (2" = vy)) = (2" — y))
=@" = @" —y) = @" = @" —y)
=1¢€F.

Hence, 2" — (2" — (2" — ((z" — y) — y))) € F. Since F is an n-fold positive
implicative prefilter of L, by Theorem 3.4, we get that

" = (" = (2" —y) sy e FCQ.

And so we have
(" = (2" —y)) = (2" - y) € F CQ.

Now, since z" — (2" — y) € @, we conclude that 2™ — y € Q. Therefore, by
Theorem 3.4, @ is an n-fold positive implicative prefilter of L. [ |

Theorem 3.9. Let L be an EQ-algebra satisfying
(3.4) Ty —>z<z—(y—2)

and F be an n-fold positive implicative prefilter of L. Then for any x € L,
" >z c F.

Proof. Let F be an n-fold positive implicative prefilter filter of L. From (3.4) it
follows that
2" ez 2" oz <z" — (2" = (2" © "))

and since
O "o =2 52 =1€F,

we get that 2" — (2" — (2" ®z™)) € F. Since F is an n-fold positive implicative
prefilter, by Theorem 3.4, we conclude that 2" — 22" = 2" - 2" ©Oa2" € F. =

Theorem 3.10. Let F be a filter satisfying the weak exchange principle such that
for any x,y € L, 2" = 2" € F and (2" ® (2" = y)) =y € F. Then F is an
n-fold positive implicative filter of L.

Proof. Suppose that F' is a filter satisfying the weak exchange principle, " —
(y—z2) € Fand 2™ — y € F, for z,y,2z € L. Then y — (z" — 2) € F and so
by (F3) we get that 2" Oy — 2" @ (2" — 2) € Fand 2" 02" - 2" 0y € F.
By Lemma 2.7(4), 2" ©® 2" — 2™ ® (2" — z) € F and since 2" — 2" @ z™ € F,
we get that 2 — (2" @ (2 — 2)) € F. On the other hand, by hypothesis we
have (z" ® (2" — 2)) — z € F and so by Lemma 2.7(4) we get that 2 — z € F.
Therefore, I’ is an n-fold implicative filter of L. [ |
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As a result of Theorems 3.9 and 3.10, we provide the following theorem which
is proved in [8] directly.

Theorem 3.11. Let L be an EQ-algebra satisfying (3.4) and F be a filter of L.
Then the following are equivalent:

(1) F is a positive implicative filter,

(2) foranyx,ye L,z — 2> € F and (x® (z — y)) »y € F.

Theorem 3.12. Let F' be a filter of residuated EQ-algebra L. Then F is an
n-fold positive implicative filter of L if and only if 2™ — x?" € F, for any x € L.

Proof. Let F be an n-fold positive implicative filter of residuated EQ-algebra L.
Then L satisfies in (3.4) and so by Theorem 3.9, 2™ — z?® € F, for any = € L.
Conversely, let 2" — (2" — y) € F, for ,y € L. Then 2" ® 2" — y = 2°" —
y € F, and so by Lemma 2.7(4), 2™ — y € F. Therefore, F' is an n-fold positive
implicative filter of L. [ |

Theorem 3.13. In an EQ-algebra satisfying (3.4), any n-fold positive implicative
prefilter is an (n + 1)-fold positive implicative prefilter.

Proof. Let L be an EQ-algebra satisfying (3.4) and F' be an n-fold positive
implicative prefilter of L. Also, assume that 2"*! — (y — 2) € F and 2" —
z € F, for z,y,2 € L. Since 22" = 2" < 2"*! by Lemma 2.3(7) we have
2" (y — 2) < 2" — (y — 2) and 2" — y < 2" — y. Hence

(xz)"—>(y—>z):w"+"—>(y—>z)€F

and (22)" — y = 2" — y € F. Now, since F is an n-fold positive implicative
prefilter of L, we get that #?" — z = (22)" — 2z € F. From Theorem 3.9 we
know that 2" — x?" € F, whence by Lemma 2.7(4), 2" — z € F. Again from
2"t < 2" we get that 2" — 2z < 2"t — 2, whence 2" — z € F. Thus F is
an (n + 1)-fold positive implicative prefilter of L. [

Theorem 3.14. Let F be a filter of residuated EQ-algebra L. Then F is an n-fold
positive implicative filter of L if and only if x"T' — y € F implies 2" — y € F,
for any z,y € L.

Proof. Assume that F is an n-fold positive implicative filter of L and z"*! —
y € F, for x,y € L. Then 2" — (x — y) € F and since 2" -z =1€ F and F
is an n-fold positive implicative filter, we conclude that ™ — y € F'. Conversely,
Let 2™ — (2" — y) € F for x,y € L. Then

xn+1 N (wnfl — y) — (anrl @xnfl) —y= (xn @xn) = F
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and so by hypothesis we get 2" — (2" ! — ) € F. Continuing this process we
conclude that "T! — y € F, whence by hypothesis, it follows that 2" — y € F.
Therefore, by Theorem 3.4, F' is an n-fold positive implicative filter. [ |

Definition 3.15. Let L be an EQ-algebra. Then L is called an (n-fold implica-
tive) n-idempotent EQ-algebra if 2™ = 2™ @ z™, for all x € L.

Obviously, any idempotent EQ-algebra a 1-idempotent EQ-algebra.

Example 3.16. Let L = {0,a,b,1} be a chain with the ordering 0 < a < b < 1.
Then L together with the operations ® and ~ as shown in Tables 4 and 5 forms
an EQ-algebra. Routine calculations show that L an n-idempotent EQ-algebra,
for any natural number n.

= o e QOl0
OO O OO
>N Q O
_ St Ol

Q2 O

Table 4. Cayley table of ®.

= o e O
O OO =IO
ISESEN R el s
= = Q OIS
— = Q O+

Table 5. Cayley table of ~.

»—t@QO\L
o O O o
SEESEN
=R | o
e e

Table 6. Cayley table of —.

Theorem 3.17. Let L be a residuated EQ-algebra and F' be a filter of L. Then
the following are equivalent:

(1) F is an n-fold positive implicative filter,
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(2) % is a residuated n-idempotent EQ-algebra.

Proof. (1)=(2) Let F be an n-fold positive implicative filter of residuated FQ-
algebra L. Then % is a residuated EQ-algebra. By Theorem 3.12, 2" — 2" ®z" €
F, for any x € L. Hence, [z]} < [2]% ® [z]% and so [z]3 = [z]% and so by
Definition 3.15, % is an n-idempotent EQ-algebra.

(2)=-(1) Let % be a residuated n-idempotent FQ-algebra. Then [z]}%® (x| =
[z]% and for any [z]p € £. Hence 2" — 2™ ® 2™ € F, for any x € L. Therefore,
by Theorem 3.12, F' is an n-fold positive implicative filter. [ |

Theorem 3.18. Let L be a residuated EQ-algebra and F' be o filter of L. Then
the following are equivalent:

1) F is an n-fold positive implicative filter,

(

(2) If (a"©y) > z€ F, then (x ANy)" — z € F, for any x,y,z € L,

(3) If 2™ — (2" = y) € F, then 2" — y € F, for any x,y € L,

(4) If 2™ — (y — 2) € F, then (2" — y) — (2" — z) € F, for any z,y,z € L,
(5) If 2"t —y € F, then 2™ — y € F, for any x,y € L,

(6) 2™ = 2" ©a™ € F, for any x € L,

(7) % is a residuated n-idempotent EQ-algebra.

Proof. (1)=(2) Let F be an n-fold positive implicative filter and (2" © y) —
z € F, for x,y € L. Then

(@"oy) —mz=2">y—z2)=y— (2" —z) € F.
By Lemma 2.3(7) we have
y—=> @ —=z2)<zAhy—= @ —z2)=2"— (zAy—2)
< (@A) = ((@Ay) = 2).
Hence, (x Ay)" = ((x ANy) — 2z) € F and since (zx Ay)" — (x Ay) =1 € F, we

get that (z Ay)” — z € F.

(2)=(1) Let 2™ — (2™ — y) € F, for x,y € L. Then 2" ©®z" — y € F and so
by (1), (™ Ax)" — z € F and since z" < x, we get that 2™ — z € F. Therefore,
F' is an n-fold positive implicative filter of L.

By Theorems 3.4, 3.6, 3.12, 3.14 and 3.17, the parts (1), (3), (4), (5), (6) and
(7) are equivalent. |

Since any residuated lattice (and so any BL-algebra [7], MV-algebra [1],
MT L-algebra [4], Ry-algebra [10]) is a residuated EQ-algebra, by Theorem 3.18,
we have the following corollary.
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Corollary 3.19. Let F be a filter of residuated lattice L. Then the following are
equivalent:

(1) F is an n-fold positive implicative filter,
(2
(3
(4
(
(
(

if (" Oy) =z €F, then (x Ny)" — z € F, for any x,y,z € L,

if 2" — (2" —y) € F, then 2" — y € F, for any x,y € L,

if " — (y = z) € F, then (z" — y) = (2" — z) € F, for any z,y,z € L,
)
6
7

if a"tl >y € F, then 2™ — y € F, for any x,y € L,
" =" ox" e F, for any x,y € L,

% is an n-idempotent residuated lattice.

)
)
)
)
)
)

From Theorems 3.8 and 3.18 and that any residuated EQ-algebra satisfies
the weak exchange principle we get

Corollary 3.20. Let L be residuated EQ-algebra. Then the following are equiv-
alent:

(1) L is an n-idempotent EQ-algebra,
(2) Ewery filter of L is an n-fold positive implicative filter,
(3) {1} is an n-fold positive implicative filter.

4. n-FOLD IMPLICATIVE PREFILTERS

In this section, we introduce the notion of n-fold implicative prefilter and we give
some related results.

Definition 4.1. Let L be an EQ-algebra and F' be a nonempty subset of L. Then
F is called an n-fold implicative prefilter (resp. filter) if 1 € F' and it satisfies

(F6) z— ((z" —y) > x) € Fand z € F imply z € F, for any z,y,z € L.

Example 4.2. Consider the following Cayley tables (Tables 7 and 8) showing
an EQ-algebra structure on the chain L = {0,a,b,c, 1} with the order 0 < a <
b<c<1.

It is not difficult to verify that the set F' = {a,b, ¢, 1} is an n-fold implicative
prefilter, for any natural number n.

Theorem 4.3. In an EQ-algebra, any n-fold implicative prefilter is a prefilter.

Proof. By Definition 4.1, 1 € F. Let x — y € F and x € F. Then by Lemma
233)and (7), y<l—oyandz sy<z—-> 11—y =z— ((y" = 1) = vy),
whence x — ((y" — 1) — y) € F and since = € F, we get that y € F. Therefore,
F' is a prefilter. [ |
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=0 Soe OlG
S OO O OO
QOO OO
SO OO O
O OO OO0
_ 0 o Q Ol

Table 7. Cayley table of ®.

= o S e O
[ eBelNol s 1=
> = O
o0~ ool
—_= 0 o OO
— — 0 SOl

Table 8. Cayley table of ~.

Theorem 4.4. Let F' be a prefilter of L. Then the following are equivalent:
(1) F is an n-fold implicative prefilter of L,
(2) (2™ = y) = x € F implies, x € F for any x,y € L.

Proof. (1)=(2) Suppose that F' is an n-fold implicative prefilter and (2" — y)
— x € F. Since by Lemma 2.3(3), (z" - y) -2 <1 — ((2" — y) — =) we get
that 1 — ((z™ — y) — ) € F and since 1 € F', we conclude that = € F.

(2)=-(1) Suppose that F' is a prefilter. Then 1 € F, if z = ((z" — y) = y) €
F and z € F, then (2" — y) — « € F and by (2), we get that = € F. Therefore,
F' is an n-fold implicative filter. [ |

Theorem 4.5. Let F' be an n-fold implicative filter of residuated EQ-algebra L.
Then F' is an n-fold positive implicative filter of L.

— 0 o Q O\L
(=N eleololl SSi=
S S R
QO 0 = =S
e i K S)
— o e

Table 9. Cayley table of —.
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Proof. Let I be an n-fold implicative filter of residuated F(Q-algebra L such
that 2"t! — ¢y € F, for 2,y € L. Then

(2" = y)" = (2" = y)

Now, we prove that
@ =)t = @ = y) 2 (@ = y)? = (@ =y @ o y)).
Since 2" — y =12 — (2" = y), so 2 ® (z" = y) < (2" — y) and so

(2" = y) o (2" =yt oant

=(@" =) O @@ =)o @@ sy oz o

=@" >y o @ 5y 2o 2oz06 (2" —y)

<@ =y o @t =y 20" 20 (2" = y)
( )

= (" — y 2 ( n+1 SN y)n—2 @xn—Z‘

Hence, by Lemma 2.3(7),

(2" = y)? o @™ sy 2oa"?) -y
< (" = y) © (@t syt oz ) =y
Now,
(@ = ) = (@41 = 5)"2 = (272 5 )
<((@" = y) = (" =yt = @ = ).

Since
(2" = y) = (@ = )"t = (" =)

< (@ =)t = (2" = y).
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We get that
((wn N y)2 ® (wn-i-l — y)n—2 ® wn—2) =y

< (@™ = y)" = (2" = y).
By repeating this process we conclude that
(@ =y e @t =y "o ") =y

< (@™ =)t = (2" = y).

Hence,
(" = y)" =y < @ > y)" = @" —y)
and so
(2" = y)" = y) — ((JU"Jrl —y)" = (2" = y))=1€F,
whence

@ =) = (@" = y)" = y) o (@ > y) EF

and since F is a filter and (2"t — y) € F, we get that (z"*! — y)” € F. Hence
((@" =y)" =y) = @" =y)eF

Now, since F' is an n-fold implicative filter of L, by Theorem 4.4, 2™ — y € F
and so by Theorem 3.14, F' is an n-fold positive implicative filter of L. [ |

Theorem 4.6. Let L be a bounded EQ-algebra and F' a prefilter of L. Then F
is an n-fold implicative prefilter if and only if ~z"™ — x € F implies, x € F.

Proof. Let F be a prefilter. Then by Lemma 2.3(6), from 0 < y we have 2" =
2" - 0 < 2" — y. Hence, (2" — y) —» x < —2" — z. Now, if (z" — y) —
x € F, then -2™ — x € F and by hypothesis x € F'. Therefore, F' is an n-fold
implicative filter. Conversely, if =z" — x € F, then (2" — 0) — x € F and since
F' is an n-fold implicative prefilter, by Theorem 4.4, it follows that = € F. [ |

Theorem 4.7. Let F' and G be two prefilters of L such that F C G. If F is an
n-fold implicative prefilter with the weak exchange principle, then G is an n-fold
implictive prefilter.

Proof. Let F be an n-fold implicative prefilter of L and u = (2" — y) — = € G,
for x,y € L. Then by Lemma 2.3(3) and (7), z < u — x and so 2" < (u — x)"
and (v — x)" — y < 2™ — y. Hence

u=@" -y szrz<(u—z)" >y -z
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and so u = ((u = )" - y) - x = 1 € F and since F' has weak exchange
principle, we get that (v — )" - y) - (u — z) = 1 € F. Now, since F' is an
n-fold implicative prefilter, by Theorem 4.4, we conclude u — x € F' C G and by
u € G, we get that x € G. Therefore, G is an n-fold implicative prefilter of L. m

Theorem 4.8. Let F' be a prefilter of L. If F' is an n-fold implicative prefilter,
then F' is an (n + 1)-fold implicative prefilter.

Proof. Let F be an n-fold implicative prefilter of L and (z"*! — ) — x € F, for
x,y € L. From 2" < 2" by Lemma 2.3(7) we get (2"} — ) =z < (2™ — y)
— x, whence (z" — y) — x € F. Now, by Theorem 4.4 we get that = € F,
means that F' is an (n + 1)-fold implicative prefilter of L. ]

Theorem 4.9. Assume that L is bounded and let F' be a prefilter satisfying the
weak exchange principle. Then F' is an n-fold implicative prefilter if and only if
x— (mz"—sy)eFandy—z€ Fimplyxz — z € F.

Proof. Suppose that F' is an n-fold implicative prefilter and © — (—z" — y) € F
and y — z € F, for z,y,z € L. By Lemma 2.3(4) we have

2" ==y <(z—=y) —(r—=2)— (2" = (x—2)

and
y—z<(z—-vy) = (z—2),

whence from =2" — (z - y) =2 — (2" — y) € F and y — z € F it follows that
(x—=y)—=(r—=2) = ("= (r—2)elF

and (x — y) - (r — 2) € F and so =2" — (x — z) € F. Now, since
z < x — z, we get that 72" — (v — 2) < =(x — 2)" — (z — z), whence
—(z = 2)" = (x — z) € F. Hence, by Theorem 4.6, z — z € F.

Conversely, let -2 — 2z € F, for x € L. Then by Lemma 2.3(3), -z —
r<1— (-2" - z)and so 1 - (-z" — z) € F and since x — = = 1, we get
that 1 - x € I and since 1 € F, we have x € F. Therefore, by Theorem 4.6, F’
is an n-fold implicative prefilter of L. [ |

Theorem 4.10. Let F' be an n-fold implicative prefilter with the weak exchange
principle. Then (2" — y) — y € F implies (y — x) = x € F, for any x,y € L.

Proof. Let F be an n-fold implicative prefilter of L and (2" — y) — y € F. Put
u= (y - z) - x. By Lemma 2.3(3), (2" - y) -y < (y = z) = ((z" = y)
— ) and since F' is a prefilter with the weak exchange principle, we get that
(y—z)— (2" —y) »>z) € Fandso (2" —y) = (y = z) > z) = (2" = y)
— u € F. By Lemma 2.3(2), 2 < (y — ) — = = u and so z" < u". Hence,
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by Lemma 2.3(6), v" — y < z" — y and so (2" — y) - u < (u" = y) = w.
Therefore, (v — y) — u € F and since F' is an n-fold implicative prefilter, by
Theorem 4.4, we get that u € F' and so (y — x) - x € F. ]

Theorem 4.11. Let F' be an n-fold positive implicative prefilter of L. If (x — y)"
— y € F implies (y —» ) - x € F, for any x,y € L, then F is an n-fold
implicative prefilter of L.

Proof. Let (2" — y) » x € F, for x,y € L. Then by Lemma 2.3(4), (2" — y)
—sz<y—zand (2" -y) vz<(r—y) — (" ->y) >y)andsoy >z € F
and (x — y) = ((z" - y) = y) € F. Since (z — y)" < (x — y), by Lemma
2.3(6), we get that

(z—=y) = ((@" =y =y <(z—-y)" = (@" =y >y

Since F' is a prefilter, we conclude that (r — y)" — ((z" — y) — y) € F. Since
2" < x, we have x — y < 2" — y and since (x — y)" < z — y, we get that
(x > y)" <z™ —yandso (xr —y)" — (" - y)=1¢€ F. Now, since F is an
n-fold positive implicative prefilter of L and (z — y)* — ((z" — y) = y) € F,
we get that (z — y)" — y € F and so by hypothesis (y — ) — x € F and since
y — x € F, we conclude that x € F'. Therefore, by Theorem 4.4, F' is an n-fold
implicative prefilter of L. [ |

As a result of Theorems 4.10 and 4.12, we provide the following theorem
which is proved in [8] directly.

Theorem 4.12. Let F be a positive implicative prefilter of L with the weak
exchange principle. Then the following are equivalent:

(1) F is an implicative prefilter,
(2) (x = y) =y € F implies (y - z) > x € F, for any x,y € L.

Theorem 4.13. Let L be a bounded EQ-algebra and F be an n-fold positive
implicative prefilter of L. If =(—x)™ € F implies © € F, for any x € L, then F
is an n-fold implicative prefilter of L.

Proof. Let =2 — x € F, for x € L. Then by Lemma 2.3(2), 2" — z <
-z — (2" — 0). Since (—z)" < =z, by Lemma 2.3(2), we get -z — (—z™ — 0)
< (m2)" = (—2™ — 0). Hence, -2 — = < (—z)" — (-2" — 0) and since F'
is a prefilter, we get that (—z)" — (-2"™ — 0) € F. Now, since z" < z, we
have ~z < —z™ and by (—z)" < —z we conclude that (—z)" < —z™. Therefore,
(mx)" — —z™ = 1 € F and since F is an n-fold positive implicative prefilter of
L, we get that =(—z)" = (-z)"™ — 0 € F' and so by hypothesis we conclude that
x € F. Therefore, by Theorem 4.6, F' is an n-fold implicative prefilter of L. m
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Theorem 4.14. Let L be a bounded EQ-algebra and F be an n-fold implicative
prefilter of L. Then ——x™ € F implies x € F.

Proof. Suppose that F' is n-fold implicative prefilter and ——z™ € F, then by
Lemma 2.3(7), ==z = =2" — 0 < 2" — 2. Hence, =2" — = € F and so by
Theorem 4.6, x € F. [ |

As a result of Theorems 4.13 and 4.14, we provide the following theorem
which is proved in [8] directly.

Theorem 4.15. Let L be a bounded EQ-algebra and F be a positive implicative
prefilter of L. Then F is an implicative prefilter if and only if ~—x € F implies
reF.

5. CONCLUSIONS

The results of this paper are devoted to study two new classes of prefilters in
EQ-algebras which so-called n-fold positive implicative prefilters and n-fold im-
plicative prefilters. We investigated and characterized the properties and charac-
terizations of these prefilters. In particular, the extension theorem for n-fold pos-
itive implicative and n-fold implicative prefilters are obtained. Also, we studied
the relation between n-fold positive implicative prefilters and n-fold implicative
prefilters in (residuated) FQ-algebras and we provided some results which are
proved directly in [8] for positive implicative prefilters and implicative prefilters
in EQ-algebras. In future work, we will introduce other types of n-fold prefilters
in EQ-algebras and study the relation between them.
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