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Abstract

The structure space of a semigroup endowed with hull kernel topology is
introduced and studied. Also the structure space of a I'-semigroup is defined
and a homeomorphism has been established between structure space of a I'-
semigroup and the structure space of its left operator semigroup. Moreover,
various properties of structure space of a I'-semigroup are studied via its left
operator semigroup.
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1. INTRODUCTION

A semigroup is an algebraic structure consisting of a non-empty set S together
with an associative binary operation[3]. The notion of a I'-semigroup was in-
troduced by Sen and Saha [13] as a generelisation of semigroup and ternary
semigroup, some works on I'-semigroup may be found in [9, 10, 12, 13].
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The space of prime ideals of a ring was studied by Kohls in [7] and Gillman
studied Rings with Hausdorff structure space in [6]. The structure space of Semi-
ring was studied by Adhikari and Das in [1] while the structure space of uniformly
strongly prime ideals of a I'-semigroup by Chattopadhyay and Kar in [2]. In this
paper we study structure space of prime ideals of a semigroup as well as structure
space of prime ideals of a I'-semigroup via its left operator semigroup.

We consider the collection A of all prime ideals of a semigroup and define
a topology 74 on A in Definition 3.3 on A in terms of closure operator, we call
the topological space (A, T4) as structure space of the semigroup S and studied
various topological properties such as separation axioms in Theorem 3.8, 3.11,
3.13, 3.15, compactness property in Theorem 3.16, 3.17, 3.20. Then we define the
structure space of prime ideals of a I'-semigroup in Definition 4.6 and we establish
a homeomorphism in Theorem 4.8 between structure space of a I'-semigroup and
structure space of its left operator semigroup. Moreover, necessary and sufficient
conditions for the structure space of a I'-semigroup to be 17,75, T3, compact are
obtained via left operator semigroup in Theorem 4.10, 4.12, 4.21, Corollary 4.20,
4.25.

2. PRELIMINARIES

In this section we discuss some elementary preliminaries that we use in the sequel.

Definition 2.1 [13]. Let S = {a,b,¢,...} and T' = {«,3,7,...} be two non-
empty sets. Then S is called a I'-semigroup if there exists a mapping S x I' x S
— S (images to be denoted by aab) satisfying

(1) aybe S,
(2) (apb)ye = aB(byc),Va,b,c € S,¥Vy eT.

Example 2.2. Let S = {—i,0,i} and I' = S. Then S is a I'-semigroup under the
multiplication over complex numbers while S is not a semigroup under complex
number multiplication.

Example 2.3. Let S be the set of all m x n matrices with entries from a field F
and I' be a set of n x m matrices with entries from F. Then S is a I'-semigroup
with the usual product of matrices.

Definition 2.4 [3]. A non-empty subset I of the semigroup S is said to be an
ideal if ST C I and IS C I. An ideal I of S is called a proper ideal if I # S.

Definition 2.5 [11]. A proper ideal P of the semigroup S is said to be a prime
ideal if AB C P then either A C P or B C P for any two ideals A, B of S.
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Definition 2.6 [13]. A non-empty subset I is said to be an ideal of the TI'-
Semigroup S if IT'S C I and ST'I C I where for subsets U,V of S and @ of T,
UQV ={uqu :u € Uyjv € V,q € Q}. An ideal I of S is called a proper ideal if
I+#S.

Definition 2.7 [13]. Let S be I'-semigroup. A proper ideal P of S is called a
prime ideal if for any two ideals I and J of S, IT'J C P implies I C P or J C P.

Definition 2.8 [10]. Let S be a I'-semigroup. Define a relation p on S x I' as
follows: (z,a)p(y, ) <= zas = yBs,Vs € S. Obviously p is an equivalence
relation. Let [z,a] denotes the equivalence class containing (z,a). Let L =
{lx,a] : x € S and a € T'}. Then L is a semigroup under the binary operation
defind as [z, a|[y, 8] = [zay, 5], for all z,y € S and «, 8 € T'. The semigroup L
is called the left operator semigroup of S. Similarly, right operator semigroup R
of a I'-semigroup S is defind as R = {[a, 2] : @ € ',z € S}, where [a, z][3,y] =
[, zBy], for all z,y € S and «, B €T

Let S be a I'-semigroup with left operator semigroup L. For P C L and
Q C S we define Pt = {z € S:[r,a] € Pforalla € T} and Q' = {[z,0] € L :
zas € @ for all s € S}.

Theorem 2.9 [4]. Let S be a I'-semigroup with left and right unities and L be
its left operator semigroup. Then if P is a prime ideal of L then PT is a prime
ideal of S and if Q is a prime ideal of S then Q' is a prime ideal of L. Moreover
P = P and (QH)" = Q.

The proof is same as the proof of Theorem 3.1.11 and 3.1.12 of [4]. So we
omit it.
Theorem 2.10 [4]. Let S be a T'- semigroup with left and right unities and let L
and R be its left operator semigroup and right operator semigroup, respectively.
Then there is an inclusion preserving bijection between the set of all prime ideals
of a T'-semigroup S and that of its left operator semigroup L (respectively, right
operator semigroup R), via the mapping P —s Pt (resp P —s P*), where
P is a prime ideal of S, PY' = {[z,a] € L : zas € P for all s € S} and
P*' = {[a,z] € R: sax € P for all s € S}. The proof is same as Theorem 3.1.13
of [4]. So we omit it.

Definition 2.11 [14]. Let (X, 7) and (Y, 72) be two topological spaces. Then
a bijection f : X — Y is said to be a homeomorphism if both f and f~! are
continuous.

3. STRUCTURE SPACE OF SEMIGROUP

Definition 3.1. Let S be a semigroup and A be the collection of all prime ideals
of the semigroup S. For any subset A of A, we define
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Z—{IeA: N Iag}.

In€A
Throughout this section unless otherwise mentioned the semigroup under consi-
derations denoted by S and A denotes the collection of all prime ideals of S and
for any A C A, A has the meaning as in the definition.

Note: § = 0.
Theorem 3.2. Let A,B be any two subsets of A. Then
(1) ACA
(2) A=A
(3) ACB=ACB

(4) AUB=AUB.
Proof. (1) Clearly, (); ¢4 Io C Io for each a and hence A C A.

(2) By (1), we have A C A. For converse part, let Ig € A. Then Nieila C
Is. Now I, € A implies that nlyeA I, C 1, for all I, € A. Thus

(LS () IaClgie, [ I, CIg

IyeA In€A IyeA

So Ig € A and hence A C A. Consequently, A=A
(3) Suppose that A C B. Let I, € A. Then ﬂIBEA Ig C1,. Since A C B, so

N IS () Is € L
IgeB IgeA

This implies that I, € B and hence A C B.
(4) Clearly, AUB C AU B. For the converse part, let I, € AUB. Then
mIBEAUB Ig C 1,. It is easy to see that

m [5_<ﬂfg>ﬂ<ﬂfg>.
IgcAUB IgeA IgeB
Since ﬂIBEA Ig and ﬂlﬁeB I are ideals of S, We have
()= () () e
IgeA IgeB IgeA IgeB Iz€e AUB

As I, is a prime ideal of S, either ﬂIBEA Igs C I, or ﬂlﬁeB Is C I i.e., either
I,€Aor I, € Bie., I, € AUB. Consequently, AUB C AU B and hence
AUB=AUB. n
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Definition 3.3. The closure operator A — A gives a topology 74 is called the
hull-kernel topology and the topological space (A, 74) is called the structure space
of the semigroup S.

Definition 3.4. Let I be an ideal of a semigroup S. We define
A(Il)={I"e A:ICI'and CA(l)={I"e A: 1 ¢ I'}.

For the results of the rest of this section we use the same notation as of Definition

3.3 and 3.4.

Proposition 3.5. Any closed set in A is of the form A(I), where I is an ideal
of the semigroup S.

Proof. Let A be any closed set in A, where A C A. Let A = {I, : a € A}, where
A is an index set and I = (); c4 lo- Then I is an ideal of S. Let I’ € A. Then
N1,eala € I'. This implies that I C I'. Consequently, I € A(I). So A C A(I).
Again, let I' € A(I). Then I C I"ice., (), c 4 Ia € I'. Consequently, I’ € A and
hence A(l) C A. Thus A = A(I). ]

Corollary 3.6. Any open set in A is of the form CA(I), where I is an ideal
of S.

Let S be a semigroup and a € S. We define Ala) = {I € A:a € I} and
CA(a)={I€A:a¢l}.

Proposition 3.7. {CA(a) : a € S} forms an open base for the hull-kernel topol-
09y T4 on A.

Proof. Let U € 74. Then U = CA(I), where I is an ideal of S. Let J € U =
CA(I). Then I ¢ J. This implies that there exists a € I such that a ¢ J. Thus
J € CA(a). Now it remains to show that CA(a) C U. Let K € CA(a). Then
a ¢ K. This implies that I ¢ K. Consequently, K € U and hence CA(a) C U.
So we find that J € CA(a) C U. Thus CA(a) is an open base for the hull-kernel
topology 74 on A. [

Theorem 3.8. The structure space (A, T4) is a Ty space.

Proof. Let I; and Is be two distinct elements of A. Then there is an element a
either in I;\ Iz or in Is\[;. Suppose that a € I;\Iz. Then C'A(a) is a neighbour-
hood of I not containing I;. Hence (A, 74) is a Ty space. [ |

Example 3.9 [11]. Let S = Zg, the classes of residues of integers modulo 6
ie., S=1{0,1,...,5}. Then S forms a semigroup with respect to multiplication
modulo n. Here P; = {0,2,3,4} is a prime ideal and P, = {0, 3} is another prime
ideal, which is contained in P;. So this two element P; and P» violating the T}
axiom and hence the space (A, 74) is not Tj.
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Example 3.10. Consider the Prime ideal I =< 2 > and J =< 3 > of the
semigroup S of Natural number with usual multiplication. Then I U J is also a
prime ideal of S. So this two element violating the T} axiom and hence the space
(A, 74) is not T.

We derive a necessary and sufficient condition for the space (A, 74) to be T}
as follows.

Theorem 3.11. (A, 74) is a Ty space if and only if no element of A is contained
in any other element of A.

Proof. Let (A,74) be a T} space. Suppose that I; and I, be any two distinct
elements of A . Then each of I; and I has a neighbourhood not containing the
other. Since I1 and Iy are arbitary elements of A, it follows that no element of
A is contained in any other element of A.

Conversely, suppose that no element of A is contained in any other element
of A. Let I; and I» be any two distinct elements of A. Then by hypothesis,
Iy ¢ I and Iy ¢ Iy. This implies that there exists a,b € S such that a € I; but
a ¢ Iyand b€ Iy but b ¢ I;. Consequently, we have I} € CA(b) but I1 ¢ CA(a)
and I € CA(a) but Iy ¢ CA(D) i.e., each of I; and I, has a neighbourhood not
containing the other. Hence (A, 74) is a T3 space. [

Example 3.12 [11]. Let G be a simple semigroup without idempotent. Adjoin
an identity element e and consider the semigroup S = GU{e}. In this semigroup
S every prime ideal is maximal and so the corresponding structure space (A, 74)
is Tl.

The followings are necessary and sufficient condition for a structure space
(A, 74) of a semigroup to be Housdorff and regular, the proofs are analogues to
(Theorem 3.9, 3.11, [2]), hence we omit the proof

Theorem 3.13. (A, 74) is a Housdorff space if and only if for any two distinct
pair of elements I,J of A, there exists a,b € S such that a ¢ I and b ¢ J and
there does not exist any element L such that a ¢ L and b ¢ L.

Theorem 3.14. (A, 74) is a reqular space if and only if for any I € A and a ¢ I,
a € S, there exist an ideal J of S and b € S such that I € CA(b) C A(J) C
CA(a).

The space (A, 74) is a Ty space and every regular Ty space is a T3 space, so
we have the following corollary:

Corollary 3.15. (A, 74) is a T3 space if and only if for any I € A and a ¢ I,
a € S, there exist an ideal J of S and b € S such that I € CA(b) C A(J) C
CA(a).
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Theorem 3.16. (A,74) is a compact space if and only if for any collection
{aa}aer C S (where A is an index set) there exists a finite subcollection {a; : i =
1,2, ...,n} in S such that for any I € A, there exists a; such that a; ¢ I.

Proof. Let (A, 74) be a compact space. Then the open cover {CA(a,) : an € S}
of (A, 74) has a finite subcover {CA(a;) :i=1,2,...,n}. Let I be any element
of A. Then I € CA(a;) for some a; € S. This implies that a; ¢ I. Hence
{a; :i=1,2,...,n} is the required finite subcollection of elements of S such that
for any I € A, there exists a; such that a; ¢ I.

Conversely, suppose that the given condition holds. Let {CA(ay) : an € S}
be an open cover of A. Suppose to the contrary that no finite subcollection of
{CA(ay) : aq € S} covers A. This means that for any finite set {a1,as2,...,a,}
of elements of S, CA(a;) UCA(az)U---UCA(a,) # A.

= A(a1) N Aa2) NN A(ay) # ¢.

= there exists I € A such that I € A(a1) N A(az) N---NA(ay)

= ay,0a2,...,0, € I, which contradicts our hypothesis.
So the open cover {CA(ay) : aq € S} has a finite subcover and hence (A, 74) is
compact. [ |

Corollary 3.17. If S is finitely generated, then (A,T4) is a compact space.

Proof. Let {a; :i=1,2,...,n} be a finite set of generators of S. Then for any
I € A, there exists a; such that a; ¢ I, since I is a proper prime ideal of S. Hence
by Theorem 3.16, (A, 74) is a compact space. [

Definition 3.18. A semigroup S is called a Noetherian semigroup if it satisfies
ascending chain condition on idealsi.e.,if [ C Iy C --- C I, C --- is an ascending
chain of ideals of S, then there exists a positive integer m such that I,, = I,,, for
all n > m.

Theorem 3.19. If S is a Noetherian semigroup, then (A, T4) is countably com-
pact.

Proof. Let {A(I,)}°; be a countable collection of closed sets in A with finite
intersection property(FIP). Let us consider the following ascending chain of
prime ideals of S :< 1 >C< [ UIy >C< [ Ul UI3 >C ---. Since S is a
Noetherian semigroup, there exists a positive integers m such that < I; U Is U
ULy >=<LULU--- Ul >=---.

Thus it follows that < [} UI, U---U I, > (o, A(l,). Consequently,
Ny A(I,) # ¢ and hence (A, 74) is countably compact.

Since countably compact second countable topological space is compact, the
following is an obvious consequence of the above result. [ |

Corollary 3.20. If S is a Noetherian semigroup and (A, T4) is second countable
then (A, T4) is compact.



128 S. MUKHERJEE (GOswAMI), M. MANDAL AND B. KHANRA

4. STRUCTURE SPACE OF I'-SEMIGROUP

Let S be a I'- semigroup with left and right unities and L be its left operator
semigroup. Let Ay be the collection of all prime ideals of L and 77, be the hull-
kernel topology as defined in §3 (Definition 3.3). We call the topological space
(AL, 1) to be the structure space of the operator semigroup L.

Let Ag be the collection of all prime ideals of the I'-semigroup S. Let f :
Ag — Ap be the inclusion preserving bijection defined as f(P) = P*', where
P e Ag and Pt € A, [Theorem 2.10]. We define a map from A to Ag
by f': Q — QF, where Q € Ar and QT € Ag [Theorem 2.9]. Let A =
{Pi,Ps,...,P,,...} C Ag. We define g : p(As) — p(Az) by g(A) = AT =
{Pfr/, ..., P} C AL, where P;L, € Ay are images of P, € Ag by the map
f and p(Ag) and p(Ayr) are power set of Ag and Ay, respectively. In a similar
way, for any B C Ay, we define B* = {Q],Q7,...,Q;,...} C Ag, the images
of Q; € A by the map f'.

Theorem 4.1. There is an inclusion preserving bijection from p(Ag) to p(ArL)
via the mapping defined by g(A) = At where A € p(Ag).

Proof. Let A € p(Ag). we shall now prove that(At")* = A. Let It e (A1),
This implies I € A1’. So there exists J in A such that Jt' = T € A™'. Now
It = (Jt)* = J € A. This implies (AT")* C A.

Let I € A. Then It € A*'. This implies I = (I*)t € (AT)*) ie.,
AC (ATt So (At)T = A.

Similarly we can prove that (B*)*" = B for all B € p(AL). Hence the
mapping g : A — AT’ is a bijection.

Let A C B € p(As). Now I € A implies I € A C B. So It € B and
hence AT" C Bt'. This completes the proof. [ |

Definition 4.2. Let S be a I'-semigroup and Ag denote the set of all prime
ideals of S. For any subset A of Ag, we define A = {I € Ag : Nrcala €I}

Note: 0 = ().

Lemma 4.3. For any A, B C Ay, we have
(1) (AnB)t =AtNnB*

(2) (BF) = (B)*

(3) (AUB)t =AtUB™.

Proof. (1) Let It € AT nB*.
< ITeAtand T eBt <= JcAandI€eB < I ANB
<= IT € (AN B)™". This completes the proof.
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(2) Let I € BF. Then I € Ag and ;e J* C 1 <= (NyepdH)™ =
(Oyeg )" CI¥ Doy (1] <= Myegd C IV = I € B e (IV)*
(B)t e Te (B

B)Let [T € (AUB)Y — I € AUB <= Ic€Aorle€B < [t A"
or [T € Bt —< IT € AT U B™. This completes the proof. ]

Lemma 4.4. Similarly for any A, B C Ag, we can prove the following
(1) (AnB)*' = At'nB*'

(2) (D = (A7)

(3) (AuB)*' = At'uB*.

Theorem 4.5. Let A, B be any two subsets of As. Then

Proof. (1) A*' C AT = (A)t' = (A*)* C (A)Y)* =A=AC4
(2) Let A C B. Then A’ C B = (A+') C (B*') [by Theorem 3.2(3)].
= ((At")* C ((B*))* [by Theorem 4.1].
= (At)* C (Bt)* [by Lemma 4.3(2)].= A C B.

(3) As At € AL, so (AT') = (A*') [by Theorem 3.2(2)].

= (A ) = (A") [by+Lemina 44Q2)] = = (A = (4"
= (@) ((A+/)) A= (A" =4
(4) AUB = (AU B)*™")" [by Theorem 4.1]
= (At'u Bt ) [by Lemma 4.3(2) and 4.3(3)]= (A+' U B+')*[by Theorem
3.2(4)]
_ (AT U (BT = (AV)Fu (BT =4AUB. -

Definition 4.6. The closure operator A — A gives a topology 75 on Ag. This
topology is called the hull-kernel topology and the topological space (Ag,Ts) is
called the structure space of the I'-semigroup S.

Definition 4.7. Let I be an ideal of a I-semigroup S. We define A(I) = {I’ €
Ag : I CTI'} and CA(I) = {I' € Ag : I € I'}. For any a € Ag, we define
Afa)={I € As:a €I} and CA(a) ={l € As:a ¢ I}.

Theorem 4.8. The structure spaces (As,7s) and (Ar,Tr) are homeomorphic.
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Proof. Let f : (As,7s) — (Ap,71) be the map defind by f(P) = Pt where
P € Ag and Pt € A;. We know that f is an inclusion preserving bijection
(Theorem 2.10).
J— / I +/ TN _74,/ — +/
Let AC As. Then ACA= AT C(A)" = At C((A)")={A) =

(A)+/. So f(A) C f(A) = f is a closed map. Since f is closed bijection, so f is
open map. Hence f~!is continuous. Similarly, let B C Ar.

Then B C B = B+ ¢ (B)" = (BY) c (B)") = B)f = (B) ie,
f~1(B) C f~Y(B). Since B is arbitary, f~! is a closed map and also bijection,
so f~1 is an open map, and hence f is continuous.

So f is a homeomorphism. This completes the proof. [ |

Theorem 4.9. The structure space (Ag,Ts) is a Ty space.

Proof. We know the space (A, 77) is Ty and is homeomorphic to (Ag, 7s), so
(Ag, 7s) is a T space. [ ]

Theorem 4.10. (Ag,7s) is a Ty space if and only if no element of Ag is con-
tained in any other element of Ag.

Proof. Let (Ag,Ts) be a T} space, then (Ag,7r) is a 11 space. Then no element
of Ay, is contained in any other element of Ay. Since there is a inclusion preserving
bijection between Ag and Ay, so no element of Ag is contained in any other
element of Ag.

Conversely, let no element of Ag be contained in any other element of Ag.
Then no element of Ay, is contained in any other element of A; which implies
(Ap,7r) is Ty by Theorem 3.11 and so (Ag, 7s) is 3. ]

Lemma 4.11. For P,Q € Ag, P # Q there exist p,q € S such that p ¢ P and
q ¢ Q and there does not exists any element F € Ag such that p ¢ F,q ¢ F.
Then there exist some 1,72 € I such that [p,v1] ¢ P, [q,72] ¢ QT' and there
exist no F' € A such that [p,v1] ¢ F', [q,v2] ¢ F' and conversely.

Proof. Let P,Q € Ag such that P # Q. Then P, Q' € Ay and there exist
some 71,72 € I' such that [p,y1] ¢ Pt [¢,72] ¢ QT'. Hence there exist no
F’ € Ay such that [p,y1] ¢ F' and [q,72] ¢ F’, otherwise (F')* € Ag such that
p & (F')", ¢ ¢ (F')". Similarly we can prove the converse. |

By using the Lemma 4.11, Theorems 4.8 and 3.13 we deduce the following
result.

Theorem 4.12. (Ag,7s) is Ty if and only if P,Q € Ag,P # Q there exists
p,q € S such that p ¢ P, q ¢ Q and there does not exist any element F' € Ag
such that p ¢ F and q ¢ F.
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/

Proposition 4.13. Let I be an ideal of a T-semigroup S. Then (A(I))* =
A(IT.

Proof. Let Pt' € (A(I))™'. Then P € A(I) C Ag which implies P € Ag and
I C P. Thus I*" € Pt € Ay and It is an ideal of L. So Pt e A(It),
Therefore (A(I))*" € A(It"). Similarly we can prove A(It") C (A(I)*" (cf.
Theorem 4.1). Hence the result follows. |

Similarly we can prove that (A(I))" = A(IT).

Proposition 4.14. Any closed set in Ag is of the form A(I) where I is an ideal
of S.

Proof. Let A be any closed set in Ag. Then (Z)+/ is a closed set (cf. Lemma
4.3(2)) in Ay, so (Z)+/ = A(IT) = (A(I))*' (using 4.13)for some ideal I of S.
So ((Z)‘F/)Jr = ((A(I))*")* implies A = A(I). Hence the result follows. ]

In view of the relevant definitions the following is an easy consequence of the
above result.

Corollary 4.15. Any open set in Ag is of the form CA(I), where I is an ideal
of S.

Proposition 4.16. The family of open sets {CA(a) : a € S) forms a base for
the hull kernel topology s on Ag.

Proof. The following result follows by applying arguments similar to those of
semigroup. [ |

Proposition 4.17. Let S be a D-semigroup and a € S, then [CA(a)]t' =
CA([a,7]) for some v €T.

Proof. Let It € [CA(a)]t’. Then I € CA(a), so a ¢ I and hence there
exists some v € I such that [a,] ¢ It implies IT' € CA([a,7]). Therefore
[CA@@)]* € CA([a,7)).

Again let I € CA([a,n]) = [a,y] ¢ I = a ¢ It = It € CA(a) = I €
[CA(a)]T'. So CA([a,7]) C [CA(a)]t'. Therefore [CA(a)]t = CA([a,A]). ]

Corollary 4.18. (CA([a,7]))" = CA(a) where a € S and for some v € T.
Theorem 4.19. (Ag, 1) is a regular space if and only if for any P € Ag and

p & P, p€S, there exists an ideal Q of S and q € S such that P € CA(q) C
A(Q) € CA(p).



132 S. MUKHERJEE (GOswAMI), M. MANDAL AND B. KHANRA

Proof. Let (Ag,7s) is a regular space. Then (Ap,77) is regular. Let P € Ag
and p € S such that p ¢ P. Therefore P*' € Ay and [p,q] ¢ P*’ for some
v € T'. so there exists an ideal K of L and an element [g,v1] € L such that Pt e
CAlg,m] € A(K) C CAlp,7] = P € [CA@Q]Y C A(K) C [CAR)Y = T €
CAlg) € A(Q) € CA(p), where @ = K+

Similarly we can prove the converse. [ |
Since every regular Ty space is a T3 space, we have the following corollary.

Corollary 4.20. (Ag,s) is a T space if and only if for any P € Ag andp ¢ P,
p € S, there exists an ideal Q of S and q € S such that P € CA(q) C A(Q) C
CA(p).

Theorem 4.21. (Ag,7g) is compact space if and only if for any collection
{aa}acn C S, (where A is an index set) there exists a finite subcollection {a; :
i=1,2,...,n} in S such that for any I € Ag, there exists a; such that a; ¢ I.

Proof. Let (Ag,Ts) be compact. So (Ap,7r) is compact. Let {aq}aca be any
collection of subsets of S. Then {[ay 7] : @ € A} is a collection in L. Since (A, 71)
is compact, there exists a finite subcollection {[a;,7] € L : i = 1,2,...,n} such
that for any I € Ag there exists some a; with [a;,~7] ¢ I’ which implies that
a; ¢ I and {a; € S:i=1,2,...,n} is a finite subcollection in S. Converse follows
similarly. [ |

Definition 4.22. A I'-semigroup S is called Noetherian I'-semigroup if it satisfies
ascending chain condition on ideals i.e., if [{y C Iy C --- C I, C ... is an ascending
chain of ideals of S, then there exists a positive integer m such that I,, = I,,, for
all n > m.

Since there exists a inclusion preserving bijection between ideals of S and L,
so we have the following result.

Theorem 4.23. A I'-semigroup S is Noetherian if and only if L is Noetherian.

Theorem 4.24. If S is Noetherian I'-semigroup, then (Ag,Ts) is countably com-
pact.

Proof. Let S is Noetherian I'- semigroup. Then L is Noetherian semigroup.
Then (A, 7r) is countably compact and hence (Ag, 7g) is countably compact. m

Since countably compact second countable topological space is compact, the
following is an obvious consequence of the above result:

Corollary 4.25. If S is Noetherian T'-semigroup and (Ag, Ts) is second countable
then (Ag,Ts) is compact.
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Concluding Remark. We can obtain analogous results on structure space of
I'-semigroup via right operator semigroup instead of left operator semigroup by
applying similar arguments as above and Theorem 2.10.

There is a scope to study the structure space of uniformly strongly prime
ideals of a I'-semigroup via operator semigroup to verify results of S. Kar [2].

If S'is a commutative ['-semigroup, then one can study minimal prime ideal of
a commutative I' -semigroup via operator semigroup by using results of ” Minimal
prime ideal of a commutative semigroup” of J. Kist [§].
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