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Abstract

In this paper, the notions of commutator and derivation in additively
regular Γ-semirings with (A2,Γ)-condition are introduced. We also charac-
terize Jordan product for additively regular Γ-semiring and establish some
results which investigate the relationship between commutators, derivations
and inner derivations. In 1957, E.C. Posner has shown that if there exists a
non-zero centralizing derivation in a prime ring R, then R is commutative.
This result is extended in the frame work of derivations of prime additively
regular Γ-semirings.
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1. Introduction

The concept of derivation is quite old and plays vital role in algebraic geome-
try and algebra. The algebraists in this direction have studied the concept of
derivation in semirings, Γ-rings and Γ-semirings. It is pertinent to note here
that the results which are true for rings motivated the researchers to generalize
the analogous results for derivations in Γ-rings and Γ-semirings. The concept of
derivation in a prime Γ−ring was first introduced by Yang [12] in 1991. Over the
years, the researchers studied the concept of derivation in Γ-rings and other al-
gebraic structures [2, 3, 6]. The algebraic structure additively regular Γ-semiring
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is a generalization of semirings [9, 10, 11], additively regular semirings [5], and
Γ-rings.

There are some algebraic structures in which binary operation “multiplica-
tion” fails. For instance, let R be the set of all m × n matrices over a boolean
semiring under usual addition and multiplication of matrices. One can easily
examine that R is not closed under multiplication. This problem has attracted
the attention of various mathematicians for a long period. Therefore, another
algebraic structure Γ was introduced; for example, consider A is an additive
semigroup consisting of all homomorphisms from a semiring R1 to semiring R2

and Γ is an additive semigroup consisting of all homomorphisms from R2 to R1.

Here the product g1hg2 belongs to A for any arbitrary elements g1, g2 of A and
h of Γ. So, A is closed under multiplication. The importance of aforementioned
algebraic structure Γ motivated us to explore the structure of Γ-semirings.

Rao [7, 8] introduced the notion of Γ-semirings and additively inverse Γ-
semirings. According to Rao, if RΓ and Γ are additive commutative semigroups
with identity elements 0RΓ

and 0Γ respectively, then RΓ is said to be a Γ-semiring
if there exists a map RΓ × Γ×RΓ −→ RΓ, defined as (x, γ, y) 7−→ xγy such that
xα(y + z) = xαy + xαz; (x + y)αz = xαz + yαz; x(α + β)y = xαy + xβy;
(xαy)βz = xα(yβz); xγ0RΓ

= 0RΓ
γx = 0RΓ

and xγ0Γ = 0Γγx = 0Γ ∀ x, y, z ∈
RΓ, α, β, γ ∈ Γ. Further, a Γ-semiring RΓ is said to be additively regular if
for each element x ∈ RΓ there exists an element x′ ∈ RΓ such that x = x +
x′ + x. If in addition the element x′ is unique and x′ = x′ + x + x′, then RΓ

is called an additively inverse Γ-semiring. Such an element x′ is called pseudo
inverse of x. Consider M = {0, 1, 2, . . . , 50} and RΓ = Z × M = {(a, r) : a ∈
Z, r ∈ M}. We define binary operations of addition ⊕ and multiplication ⊙
by (a, r) ⊕ (b, s) = (a + b,max(r, s)) and (a, r) ⊙ (b, s) = (ab,min(r, s)) for all
(a, r), (b, s) ∈ RΓ. Take Γ = {(0,m) : m ∈ M} with same binary operations
defined as above. One can easily check that RΓ and Γ are additive commutative
semigroups. Moreover, define map RΓ×Γ×RΓ −→ RΓ by (a, r)⊙(0,m)⊙(b, s) =
(0,min(r,m, s)). ThenRΓ is a Γ-semiring. Further, if we define the pseudo inverse
of an element (a, r) of RΓ by (a, r)′ = (−a, r). Then RΓ is an additively inverse
Γ-semiring. Throughout this article, additively inverse Γ-semiring along with 1
has been intensively explored and represented as “additively regular Γ-semiring”
which will persuade the readers in its accuracy and truthfulness.

In present paper, we introduce and characterize the concept of derivations
for additively regular Γ-semirings with (A2,Γ)-condition. Here (A2,Γ)-condition
means that the sum of an element x of RΓ and its pseudo inverse x′ ∈ RΓ lies in
the centre of RΓ. For example, let B = {0, 1} and Γ = {a, b}, where 0, 1 and a, b

are additively idempotent elements of RΓ and Γ, respectively. Further, addition
in B is defined by 0 + 1 = 1 = 1 + 0 and in Γ by a+ b = b = b+ a. Moreover, a
map B × Γ× B −→ B is defined as 0a0 = 0a1 = 1a0 = 0b0 = 0b1 = 1b0 = 0 and
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1a1 = 1b1 = 1. Then B is an additively regular Γ-semiring with (A2,Γ)-condition.
Throughout this paper, RΓ will denote an additively regular Γ-semiring with
(A2,Γ)-condition. In continuation, the study of commutators for additively reg-
ular Γ-semirings is also initiated which is the generalization of the commutators
of rings. In section 3, some fundamental identities for commutators of additively
regular Γ-semiring with (A2,Γ)-condition are proved which are the generaliza-
tion of some fundamental results of commutators in ring theory. The last section
of this paper deals with the study of derivations and inner derivations. Also,
some results are proved which establish the relationships between commutators
and derivations. Finally, we extend Posner’s second theorem for prime additively
regular Γ-semirings with (A2,Γ)-condition.

2. Additively regular Γ-semiring with (A2,Γ)-condition

In this section, we prove some basic results and examples of additively regular
Γ-semirings with (A2,Γ)-condition. First we define commutativity and primeness
of additively regular Γ-semiring RΓ.

Definition 2.1. An additively regular Γ-semiring RΓ is said to be commutative
if xγy = yγx ∀ x, y ∈ RΓ, γ ∈ Γ.

Definition 2.2. An additively regular Γ-semiring RΓ is said to be prime if
xΓRΓΓy = 0 implies that either x = 0 or y = 0.

Now, we give an example of an additively regular Γ-semiring which is both
commutative as well as prime.

Example 2.3. Let RΓ = {0, 1, u} and Γ = {α, β}. We define operations with the
help of following tables:

+ 0 1 u

0 0 1 u

1 1 1 u

u u u u

+ α β

α α β

β β β

α 0 1 u

0 0 0 0
1 0 1 u

u 0 u u

β 0 1 u

0 0 0 0
1 0 1 u

u 0 u u

ThenRΓ is an additively regular Γ-semiring with (A2,Γ)-condition and a′ = a

for all a ∈ RΓ. From the tables, it is clear that additively regular Γ-semiring RΓ

is prime and commutative.

Note that every additively regular semiring S is an additively regular Γ-
semiring with Γ = S.

Next two examples show that every additively regular Γ-semiring may not
satisfy (A2,Γ)-condition.
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Example 2.4. Let RΓ be the set of all 2× 2 matrices over boolean semiring B,

i.e., M2×2(B) and Γ =

{

(

a 0
0 a

)

: a ∈ B

}

. Define a map RΓ ×Γ×RΓ → RΓ by

(x, γ, y) 7−→ xγy for all x, y ∈ RΓ, γ ∈ Γ. We define pseudo inverse of an element

of RΓ as

(

a b

c d

)′

=

(

a′ b′

c′ d′

)

. Then RΓ is an additively regular Γ-semiring which

do not satisfy (A2,Γ)-condition under the usual multiplication of matrices.

Example 2.5. Let R be a non commutative ring and S be an additively regu-
lar semiring. Then the set K = {(a, α) : a ∈ R,α ∈ S} is a non commutative
additively regular semiring with operations pointwise addition and pointwise mul-
tiplication. We define pseudo inverse of an element of K as (a, α)′ = (−a, α′).
Take Γ = {(0, β) : 0 ∈ R, β ∈ S} with operations pointwise addition and point-
wise multiplication. Then Γ is an additive commutative semigroup. Further,
define a map K × Γ×K → K by (x, γ, y) = xγy for all x, y ∈ K, γ ∈ Γ. Then K

is an additively regular Γ-semiring.

Note that K satisfies (A2,Γ)-condition only if S is commutative.

Throughout this paper, we consider an assumption (∗) xαyβz = xβyαz for
all x, y, z ∈ RΓ and α, β ∈ Γ.

Lemma 2.6 [(Theorem 12, [8])]. Let RΓ be an additively regular Γ-semiring and

a, b ∈ RΓ, γ ∈ Γ. Then we have the following:

(i) a
′′

= a,

(ii) (a+ b)
′

= a
′

+ b
′

,

(iii) (aγb)
′

= a
′

γb = aγb
′

,

(iv) a
′

γb
′

= (a
′

γb)
′

= (aγb)
′′

= aγb.

Definition 2.7. The centre of an additively regular Γ-semiring RΓ is the set
Z(RΓ) = {x ∈ RΓ : xγy = yγx ∀ y ∈ RΓ, γ ∈ Γ}.

Proposition 2.8. The centre of an additively regular Γ-semiring RΓ is again an

additively regular Γ-semiring.

Proof. Let RΓ be an additively regular Γ-semiring and Z(RΓ) be its centre. The
map Z(RΓ)× Γ× Z(RΓ) −→ Z(RΓ) defined by (a, α, b) 7−→ aαb ∀ a, b ∈ Z(RΓ),
α ∈ Γ is well defined map. Clearly, Z(RΓ) is an additive commutative semigroup
and satisfies all the properties of Γ-semiring and hence Z(RΓ) is a Γ-semiring.
Further, let a ∈ Z(RΓ). Then aγx = xγa ∀ x ∈ RΓ, γ ∈ Γ implies that (aγx)′ =
(xγa)′, i.e., a′γx = xγa′ ∀ x ∈ RΓ, γ ∈ Γ and hence a′ ∈ Z(RΓ). This completes
the proof.



Study of additively regular Γ-semirings and derivations 205

Remark 2.9. Let RΓ be an additively regular Γ-semiring and X be a non-
empty set. If Map(X,RΓ) is the set of all mappings from X into RΓ, then
define ‘+’ in Map(X,RΓ) as (f + g)(x) = f(x) + g(x) ∀ f, g ∈ Map(X,RΓ)
and Map(X,RΓ)× Γ×Map(X,RΓ) −→ Map(X,RΓ) as (f, γ, g) 7−→ fγg where
fγg : X −→ RΓ is defined by (fγg)(x) = f (x)γg(x) ∀f, g ∈ Map(X,RΓ),
γ ∈ Γ, x ∈ X. Then Map(X,RΓ) is a Γ-semiring. Define f ′ : X −→ RΓ by
f ′(x) = (f(x))′ for each f ∈ Map(X,RΓ). Then it can be easily checked that f ′

is pseudo inverse of f and f ′ ∈ Map(X,RΓ) for each f ∈ Map(X,RΓ). Thus,
Map(X,RΓ) is an additively regular Γ-semiring.

The proofs of the next two propositions are quite easy so we omit the proofs.

Proposition 2.10. If RΓ is an additively regular Γ-semiring, then RΓ[x] the set

of all polynomials over RΓ is an additively regular Γ-semiring.

Proposition 2.11. Let RΓ1
be an additively regular Γ1-semiring and RΓ2

be an

additively regular Γ2-semiring. Then RΓ = RΓ1
× RΓ2

= {(r, s) : r ∈ RΓ1
, s ∈

RΓ2
} is an additively regular Γ = Γ1 × Γ2-semiring.

3. Commutators of additively regular Γ-semirings

In this section, we introduce the concept of α-commutator for additively regular
Γ-semirings and generalize some results of commutators of rings.

Definition 3.1. Let RΓ be an additively regular Γ-semiring and α be a fixed
element of Γ. We define α-commutator as a mapping [, ]α : RΓ × Γ× RΓ → RΓ

by [x, y]α = xαy + (yαx)′ = xαy + y′αx = xαy + yαx′ for all x, y ∈ RΓ. Then
[x, y]α is called α- commutator of x, y.

For convenience, we denote x + x′ by x◦ for each x ∈ RΓ. Then clearly
x◦ + x◦ = x◦ = x′

◦
; x+ x◦ = x and x′ + x◦ = x′.

Lemma 3.2. If RΓ is an additively regular Γ-semiring, then (xγy)◦ = x◦γy =
xγy◦ = x◦γy◦ = y◦γx◦ = (yγx)◦ ∀ x, y ∈ RΓ, γ ∈ Γ.

Proof. By using Lemma 2.6, we have (xγy)◦ = xγy + x′γy = x◦γy. Similarly,
(xγy)◦ = xγy◦. Now, x◦γy◦ = (x + x′)γ (y + y′) = xγy + xγy′ + x′γy + x′γy′ =
xγy+xγy′+x′γy+xγy = xγy+x′γy = x◦γy. Similarly, yγx◦ = y◦γx = y◦γx◦ =
(yγx)◦. By (A2,Γ)-condition, we have x◦ = x+ x′ ∈ Z(RΓ). Thus x◦γy = yγx◦.

Hence (xγy)◦ = x◦γy = xγy◦ = x◦γy◦ = y◦γx◦ = (yγx)◦.

In the next Theorem, we generalize some basic commutator identities of rings
for additively regular Γ-semirings.
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Theorem 3.3. Let RΓ be an additively regular Γ-semiring. Then for all x, y, z, x1,

x2, y1, y2 ∈ RΓ and α, β ∈ Γ, the following identities hold:

(i) [x+ y, z]α = [x, z]α + [y, z]α.

(ii) [x, y + z]α = [x, y]α + [x, z]α.

(iii) [x, 0RΓ
]α = [0RΓ

, x]α = 0RΓ
.

(iv) [x1 + x2, y1 + y2]α = [x1, y1]α + [x1, y2]α + [x2, y1]α + [x2, y2]α.

(v) ([x, y]α)
′ = [y, x]α = [x, y′]α = [x′, y]α. (Anti-commutativity)

(vi) [[x, y]α, z]β = [x, y]αβz + zβ[y, x]α.

(vii) [nx, y]α = n[x, y]α, for any positive integer n.

Proof. One can easily prove the identities (i) to (iv) by using Definition 3.1.

(v) By Lemma 2.6 and Definition 3.1, we have ([x, y]α)
′ = (xαy + y′αx)′ =

x′αy + yαx = [y, x]α. Again, ([x, y]α)
′ = (xαy + y′αx)′ = xαy′ + y′αx′ = [x, y′]α.

Now, [x′, y]α = x′αy + yαx′′ = x′αy + yαx = [y, x]α.

(vi) Using Definition 3.1 and (v), we have [[x, y]α, z]β = [x, y]αβz+zβ([x, y]α)
′

= [x, y]αβz + zβ[y, x]α.

(vii) By Lemma 2.6 and Definition 3.1, we have [nx, y]α = nxαy + y′αnx =
n (xαy + y′αx) = n[x, y]α.

Theorem 3.4. Let RΓ be an additively regular Γ-semiring. Then for all x, y, z,

u ∈ RΓ and α, β, γ ∈ Γ, the following identities are valid:

(i) [x, yβz]α = [x, y]αβz + yβ[x, z]α.

(ii) [xβy, z]α = xβ[y, z]α + [x, z]αβy.

(iii) [xβy, zγu]α = xβ[y, z]αγu+ [x, z]αβyγu+ zγxβ[y, u]α + zγ[x, u]αβy.

Proof. (i) By assumption (*) and Definition 3.1, we have [x, yβz]α = xαyβz +
yβzαx′ = xαyβz+ yβzα (x′ + x)+ yβzαx′ = xαyβz+ yβ (x′ + x)αz+ yβzαx′ =
xαyβz + yβx′αz + yβxαz + yβzαx′ = xαyβz + yαx′βz + yβxαz + yβzαx′ =
[x, y]αβz + yβ[x, z]α.

Similarly we can prove (ii).

(iii) By using Definition 3.1, Lemma 2.6, Lemma 3.2 and assumption (∗) we
have [xβy, zγu]α = xβyαzγu + z′γuαxβy = xβyαzγu + (z′ + z + z′)γuαxβy +
z◦γuαxβy = xβyαzγu + z′γuαxβy + z◦γuαxβy + (zγu)◦αxβy = xβyαzγu +
z′γuαxβy + (zγu)◦αxβy + xβ(zγu)◦αy = xβyαzγu + z′γuαxβy + zγu◦αxβy +
xβzγu◦αy = xβyαzγu + z′γuαxβy + zγxαu◦βy + xβzα(yγu)◦ = xβyαzγu +
z′γuαxβy+zγxαuβy+zγxα(u′+u◦)βy+xβzαy◦γu = xβ[y, z]αγu+zγuαx′βy+
zγxαuβy + zγxβu′αy + zγxβyαu + zγxβyαu′ + xβzαyγu = xβ[y, z]αγu+
zγ[x, u]αβy + zγxβ[y, u]α + zαx′βyγu+ xαzβyγu = xβ[y, z]αγu+ [x, z]αβyγu+
zγxβ[y, u]α + zγ[x, u]αβy.
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Note that by assumption (∗), we have [x, y]αβz = [x, y]βαz and xα[y, z]β =
xβ[y, z]α for all x, y, z ∈ RΓ, α, β ∈ Γ.

Now, we generalize the Jacobian identity of rings for additively regular Γ-
semirings which might be useful to develop Lie type theory for additively regular
Γ-semirings.

Theorem 3.5. If RΓ is an additively regular Γ-semiring, then [x, [y, z]α]β +
[y, [z, x]α]β = [[x, y]α, z]β holds for all x, y, z ∈ RΓ, α, β ∈ Γ.

Proof. Using Lemma 2.6, Lemma 3.2, Definition 3.1 and Theorem 3.3(v), we
have [x, [y, z]α]β = ([[y, z]α, x]β)

′ = [z, y]αβx+xβ[y, z]α for all x, y, z ∈ RΓ, α, β ∈
Γ. Similarly [y, [z, x]α]β = [x, z]αβy+yβ[z, x]α. Therefore, [x, [y, z]α]β+[y, [z, x]α]β
= [z, y]αβx+xβ[y, z]α+[x, z]αβy+yβ[z, x]α = zαyβx+y′αzβx+xβyαz+xβz′αy+
xαzβy + z′αxβy + yβzαx + yβx′αz = (xβyαz + yβx′αz + zαyβx + z′αxβy) +
(y′αzβx+ yβzαx)+ (xβz′αy+xαzβy) = (xβyαz+ yβx′αz+ zαyβx+ zαxβy′)+
y◦βzαx+xβz◦αy = (xβyαz+xβz◦αy)+(zαyβx+y◦βzαx)+(yβx′αz+zαxβy′) =
(xβyαz+xβyαz◦)+(zαyβx+zαy◦βx)+(yβx′αz+zαxβy′) = xβyαz+zαyβx+
yβx′αz + zαxβy′ = xαyβz + yαx′βz + zβyαx+ zβxαy′ = [[x, y]α, z]β .

Theorem 3.6. If RΓ is an additively regular Γ-semiring, then for all x, y, z ∈ RΓ

and α, β, γ ∈ Γ, the following identities hold:

(i) [xαy, z]β + [yαz, x]β + [zαx, y]β = [x, [y, z]α]β + [y, [z, x]α]β + [z, [x, y]α]β.

(ii) [xαyβz, u]γ = xαyβ[z, u]γ + xα[y, u]γβz + [x, u]γαyβz.

(iii) [x, yβzγu]α = [x, y]αβzγu+ yβ[x, z]αγu+ yβzγ[x, u]α.

Proof. (i) By using Definition 3.1, Theorem 3.3(v) and Theorem 3.4(ii),
[x, [y, z]α]β + [y, [z, x]α]β + [z, [x, y]α]β = xβ[y, z]α + ([y, z]α)

′βx + yβ[z, x]α +
([z, x]α)

′βy+zβ[x, y]α+([x, y]α)
′βz = xα[y, z]β+[z, y]βαx+yα[z, x]β+[x, z]βαy+

zα[x, y]β + [y, x]βαz = [xαy, z]β + [yαz, x]β + [zαx, y]β .

(ii) By Definition 3.1 and Lemma 3.2 we have xαyβ[z, u]γ + xα[y, u]γβz +
[x, u]γαyβz = xαyβzγu+xαyβu′γz+xαyγuβz+xαu′γyβz+xγuαyβz+u′γxαyβz

= xαyβzγu + xαyβu◦γz + xαu◦γyβz + u′γxαyβz = xαyβzγu + xαyβzγu◦ +
u◦αxγyβz + u′γxαyβz = xαyβzγu + u′γxαyβz = [xαyβz, u]γ .

Similarly we can prove (iii).

Theorem 3.7. If RΓ is an additively regular Γ-semiring, then for all x, y, x1, x2,

. . . , xn, y1, y2, . . . , yn ∈ RΓ and α, β1, β2, . . . , βn−1 ∈ Γ, the following identities

are valid:

(i) [x, y1β1y2β2 · · · βn−1yn]α = [x, y1]αβ1y2β2 · · · βn−1yn + y1β1[x, y2]αβ2 · · ·
βn−1yn + · · · + y1β1y2β2 · · · βn−1[x, yn]α

(ii) [x1β1x2β2 · · · βn−1xn, y]α = x1β1x2β2 · · · βn−1[xn, y]α + x1β1x2β2 · · ·
βn−2[xn−1, y]αβn−1xn + · · ·+ [x1, y]αβ1x2β2 · · · βn−1xn.
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Proof. (i) We will prove the result by using induction on n, the result is al-
ready true for n = 2, 3 from Theorem 3.4(i) and Theorem 3.6(iii). Now as-
sume that the result is true for n = k − 1, i.e., [x, y1β1y2β2 · · · βk−2yk−1]α =
[x, y1]αβ1y2β2 · · · βk−2yk−1 + y1β1[x, y2]αβ2 · · · βk−2yk−1 + · · · + y1β1y2β2 · · ·
βk−2[x, yk−1]α. For n = k, by using Theorem 3.4(i) and induction hypoth-
esis, we have [x, y1β1y2β2 · · · βk−1yk]α = [x, (y1β1y2β2 · · · βk−2yk−1)βk−1yk]α =
[x, y1β1y2β2 · · · βk−2yk−1]αβk−1yk + y1β1y2β2 · · · βk−2yk−1βk−1[x, yk]α = [x, y1]α
β1y2β2 · · · βk−1yk + y1β1[x, y2]αβ2 · · · βk−1yk + · · ·+ y1β1y2β2 · · · βk−1[x, yk]α.

Similarly we can prove (ii).

The following identities are generalizations of commutator identities of ring
theory (c.f. [1, 4]).

Proposition 3.8. Let RΓ be an additively regular Γ-semiring. Then for all

x, y, z ∈ RΓ, α, β, γ ∈ Γ, the following identities hold:

(i) [xαy, z]β + [yαz, x]β = [y, zαx]β

(ii) [xαyβz, u]γ + [yαzβu, x]γ + [zαuβx, y]γ = [z, uαxβy]γ .

Proof. (i) By using Lemma 2.6, Definition 3.1 and Lemma 3.2, (i) becomes
[xαy, z]β+ [yαz, x]β = xαyβz + z′βxαy + yαzβx+ xβyαz′ = z′βxαy + yαzβx+
xβyαz◦ = z′βxαy + yαzβx + z◦βxαy = yαzβx + z′βxαy = yβzαx + z′αxβy =
[y, zαx]β .

(ii) By Lemma 2.6, Definition 3.1 and Lemma 3.2, (ii) reduces to [xαyβz, u]γ+
[yαzβu, x]γ+ [zαuβx, y]γ = xαyβzγu + u′γxαyβz + yαzβuγx + xγyαzβu′ +
zαuβxγy + y′γzαuβx = xαyβzγu◦ + u′γxαyβz + zαuβxγy + y◦αzβuγx =
u◦γxαyβz + u′γxαyβz + zβuγxαy◦ + zβuγxαy = u′γxαyβz + zβuγxαy =
u′αxβyγz + zγuαxβy = [z, uαxβy]γ .

Definition 3.9. Let α be a fixed element of Γ. Then we define α-Jordan product
as (x ◦ y)α = xαy + yαx for all x, y ∈ RΓ.

Proposition 3.10. Let RΓ be an additively regular Γ-semiring. Then for all

x, y, z ∈ RΓ, α, β ∈ Γ, the following α-Jordan identities hold:

(i) (x ◦ y)α = (y ◦ x)α

(ii) ((x+ y) ◦ z)α = (x ◦ z)α + (y ◦ z)α

(iii) [(x ◦ y)α, z]β + [(y ◦ z)α, x]β = [y, (z ◦ x)α]β .

Proof. The proofs of identities (i) and (ii) are quite obvious.

(iii) By Lemma 2.6, Definition 3.1, Lemma 3.2 and Definition 3.9, we have
[(x◦y)α, z]β+[(y◦z)α, x]β = (xαy+yαx)βz+zβ(xαy′+y′αx)+(yαz+zαy)βx+
xβ(y′αz + zαy′) = yαzβx + yαxβz + xαyβz + xαy′βz + zβy′αx + zβyαx +
zβxαy′ + xαzβy′ = yαzβx + yαxβz + xαy◦βz + zβy◦αx + zαxβy′ + xαzβy′ =
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yβzαx+y◦βzαx+yβxαz+y◦βxαz+(z ◦x)αβy
′ = yβ(zαx+xαz)+(z ◦x)αβy

′ =
[y, (z ◦ x)α]β .

Proposition 3.11. Let RΓ be an additively regular Γ-semiring. Then for all

x, y, z ∈ RΓ and α, β ∈ Γ, the α-Jordan identity (x ◦ [y, z]β)α + ([x, z]β ◦ y)α =
[(x ◦ y)α, z]β holds.

Proof. By Lemma 2.6, Definition 3.1 and Definition 3.9, the left hand side re-
duces to (x◦ [y, z]β)α+([x, z]β ◦y)α = (x◦ (yβz+ z′βy))α+((xβz+ z′βx)◦y)α =
xαyβz+xαz′βy+yβzαx+z′βyαx+xβzαy+z′βxαy+yαxβz+yαz′β = (xαy+
yαx)βz+xα(z+z′)βy+yβ(z+z′)αx+z′βyαx+z′βxαy = ( x◦y)αβz+z◦βxαy+
z◦βyαx+ z′βxαy + z′βyαx = ( x ◦ y)αβz + z′β(xαy + yαx) = [(x ◦ y)α, z]β .

4. Derivations of additively regular Γ-semiring

In this section, we introduce the concept of derivation and inner derivation in
additively regular Γ-semiring. Also, we establish the relationships between com-
mutators and derivations of additively regular Γ-semirings.

Definition 4.1. A map d : RΓ → RΓ is called a derivation of additively regular
Γ-semiring RΓ if d is additive and d satisfies d(xγy) = d(x)γy + xγd(y) for all
x, y ∈ RΓ, γ ∈ Γ.

Example 4.2. Let R be an additively regular Γ-semiring. Take RΓ =

{

(

a b

0 c

)

:

a, b, c ∈ R

}

and Γ =

{

(

a 0
0 a

)

: a ∈ R

}

. Define a map RΓ × Γ × RΓ → RΓ

by (x, γ, y) 7−→ xγy ∀ x, y ∈ RΓ, γ ∈ Γ. Then RΓ is an additively regular Γ-
semiring under the usual multiplication of matrices. Define d : RΓ → RΓ by

d

(

a b

0 c

)

=

(

0 b

0 0

)

, then d is a derivation on RΓ.

Example 4.3. Let RΓ be an additively regular Γ-semiring. Then by Proposition
2.10, RΓ[x] is also an additively regular Γ-semiring. We define d : RΓ[x] →
RΓ[x] by d(a0 + a1x + a2x

2 + a3x
3 + · · · ) = a1 + 2a2x + 3a3x

2 + · · · for all
a0 + a1x+ a2x

2 + a3x
3 + · · · ∈ RΓ[x]. Then d is a derivation on RΓ[x].

Definition 4.4. Let RΓ be an additively regular Γ-semiring and a be a fixed
element of RΓ and α be a fixed element of Γ. Define d : RΓ → RΓ by d(x) =
[a, x]α, for all x ∈ RΓ. The function d so defined can be easily checked to be
additive and d(xγy) = [a, xγy]α = xγ[a, y]α + [a, x]αγy = xγd(y) + d(x)γy for all
x, y ∈ RΓ, γ ∈ Γ. Thus, d is a derivation which is called inner derivation of RΓ

determined by a and α.
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Remark 4.5. For our convenience, we denote d([x, y]β) = [a, [x, y]β ]α by [x, y]dβ .

Proposition 4.6. If RΓ is an additively regular Γ-semiring and d is a derivation

on RΓ, then

(i) d(x′) = (d(x))′ ∀ x ∈ RΓ.

(ii) d′ : RΓ → RΓ is also a derivation on RΓ.

Proposition 4.7. If RΓ is an additively regular Γ-semiring and d is a derivation

on RΓ, then d(xγy) = d(x′γy′), ∀ x, y ∈ RΓ, γ ∈ Γ.

Proof. Let x, y ∈ RΓ, γ ∈ Γ. Then by using Lemma 2.6 and Proposition 4.6(i), we
have d(x′γy′) = d(x′)γy′+x′γd(y′) = (d(x))′γy′+x′γ(d(y))′ = d(x)γy+xγd(y) =
d(xγy).

Theorem 4.8. If RΓ is an additively regular Γ-semiring, a ∈ RΓ, α ∈ Γ and d is

an inner derivation determined by a and α, i.e., d(x) = [a, x]α, for all x ∈ RΓ,

then [xβy, z]dγ+ [yβz, x]dγ = [y, zβx]dγ for all x, y, z ∈ RΓ, β, γ ∈ Γ.

Proof. By Lemma 2.6, Definition 3.1 and Remark 4.5, the left hand side re-
duces to [xβy, z]dγ+ [yβz, x]dγ = [a, [xβy, z]γ ]α + [a, [yβz, x]γ ]α = aα(xβyγz +
z′γxβy)+ (xβyγz+ z′γxβy)αa′ + aα(yβzγx+x′γyβz)+ (yβzγx+x′γyβz)αa′ =
aα(x+x′)βyγz+aαz′γxβy+(x+x′)βyγzαa′+z′γxβyαa′+aαyβzγx+yβzγxαa′ =
aαz′γxβy + z′γxβyαa′ + aαyγzβ(x + x◦) + yγzβ(x + x◦)αa

′ = aαz′βxγy +
z′βxγyαa′ + aαyγzβx+ yγzβxαa′ = [y, zβx]dγ .

Proposition 4.9. Let RΓ be an additively regular Γ-semiring, a ∈ RΓ, α ∈ Γ
and d be an inner derivation determined by a and α, i.e., d(x) = [a, x]α for all

x ∈ RΓ. Then for all x, y, z, u ∈ RΓ, β, γ, δ ∈ Γ, the following identities are valid:

(i) [xβyγz, u]dδ = (xβyγ[z, u]δ)
d + (xβ[y, u]δγz)

d + ([x, u]δβyγz)
d.

(ii) [xβyγz, u]dδ + [yβzγu, x]dδ + [zβuγx, y]dδ = [z, uβxγy]dδ .

Proof. (i) Taking right hand side of (i) and by using Lemma 2.6, Definition
3.1 and Remark 4.5, we get (xβyγ[z, u]δ)

d + (xβ[y, u]δγz)
d + ([x, u]δβyγz)

d =
[a, xβyγ[z, u]δ ]α+[a, xβ[y, u]δγz]α+[a, [x, u]δβyγz]α = aαxβyγzδu+aαxβyγuδz′+
xβyγzδuαa′ + xβyγuδz′αa′ + aαxβyδuγz + aαxβu′δyγz + xβyδuγzαa′+
xβu′δyγzαa′ + aαxδuβyγz + aαu′δxβyγz + xδuβyγzαa′ + u′δxβyγzαa′ =
aαxβyγzδu + aαu′δxβyγz + xβyγzδuαa′ + u′δxβyγzαa′ + aαxβyγuδz◦+
xβyγuδz◦αa

′ + aαxβu◦δyγz + xβu◦δyγzαa
′ = aαxβyγzδu + aαu′δxβyγz+

xβyγzδuαa′ + u′δxβyγzαa′ + aαxβyγz◦δu + xβyγz◦δuαa
′ + aαu◦βxδyγz+

u◦βxδyγzαa
′ = aαxβyγzδu + xβyγzδuαa′ + aαu′δxβyγz + u′δxβyγzαa′ = [a,

[xβyγz, u]δ ]α = [xβyγz, u]dδ .

(ii) Taking left hand side of (ii) and by using Lemma 2.6, Definition 3.1 and
Remark 4.5, we have [xβyγz, u]dδ +[yβzγu, x]dδ +[zβuγx, y]dδ = [a, [xβyγz, u]δ ]α+
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[a, [yβzγu, x]δ ]α + [a, [zβuγx, y]δ ]α = aαxβyγzδu+ aαuδx′βyγz+ xβyγzδuαa′ +
uδx′βyγzαa′ + aαyβzγuδx + aαx′δyβzγu + yβzγuδxαa′ + x′δyβzγuαa′ +
aαzβuγxδy + aαy′δzβuγx + zβuγxδyαa′ + y′δzβuγxαa′ = aαx◦βyγzδu+
aαy◦βzγuδx + aαuδx′βyγz + aαzβuγxδy + x◦βyγzδuαa

′ + y◦βzγuδxαa
′ +

uδx′βyγzαa′ + zβuγxδyαa′ = aαuδx◦βyγz + aαuδx′βyγz + aαzγuδxβy◦ +
aαzγuδxβy + uδx◦βyγzαa

′ + uδx′βyγzαa′ + zγuδxβy◦αa
′ + zγuδxβyαa′ =

aαuδx′βyγz + aαzγuδxβy + uδx′βyγzαa′ + zγuδxβyαa′ = aα(uβx′γyδz+
zδuβxγy) + (uβx′γyδz + zδuβxγy)αa′ = [z, uβxγy]dδ .

The next Theorem is the generalization of Jordan identity.

Theorem 4.10. If RΓ is an additively regular Γ-semiring, a ∈ RΓ, α ∈ Γ and d

is an inner derivation determined by a and α, then for all x, y, z ∈ RΓ, β, γ ∈ Γ,
the following identities hold:

(i) [(x ◦ y)β , z]
d
γ + [(y ◦ z)β , x]

d
γ = [y, (z ◦ x)β ]

d
γ .

(ii) ((x ◦ [y, z]γ)β)
d + (([x, z]γ ◦ y)β)

d = [(x ◦ y)β, z]
d
γ .

Proof. (i) Using Lemma 2.6, Definition 3.1, Definition 3.9 and Remark 4.5, the
left hand side of (i) becomes [(x◦y)β, z]

d
γ+[(y◦z)β , x]

d
γ = [a, [(x◦y)β , z]γ ]α+[a, [(y◦

z)β , x]γ ]α = aαxβyγz+aαyβxγz+aαz′γxβy+aαz′γyβx+xβyγzαa′+yβxγzαa′+
z′γxβyαa′+z′γyβxαa′+aαyβzγx+aαzβyγx+aαx′γyβz+aαx′γzβy+yβzγxαa′+
zβyγxαa′+x′γyβzαa′+x′γzβyαa′=aαyβxγz+aαyβzγx+aαz′γxβy+aαx′γzβy+
yβzγxαa′ + yβxγzαa′ + z′γxβyαa′ + x′γzβyαa′ + aαx◦βyγz + aαz◦γyβx+
x◦βyγzαa

′+z◦γyβxαa
′ = aαyβxγz+aαyβzγx+aαz′γxβy+aαx′γzβy+yβzγxαa′

+yβxγzαa′ + z′γxβyαa′ + x′γzβyαa′ + aαyγzβx◦ + aαyβxγz◦ + yγzβx◦αa
′ +

yβxγz◦αa
′ = aαyβzγx+aαyβxγz+aαz′γxβy+aαx′γzβy+yβzγxαa′+yβxγzαa′

+z′γxβyαa′ + x′γzβyαa′ = aαyγzβx + aαyγxβz + aαzβxγy′ + aαxβzγy′ +
yγzβxαa′ + yγxβzαa′ + zβxγy′αa′ + xβzγy′αa′ = [y, (z ◦ x)β]

d
γ .

(ii) Using Lemma 2.6, Definition 3.1, Lemma 3.2, Definition 3.9 and Re-
mark 4.5, we have ((x ◦ [y, z]γ)β)

d + (([x, z]γ ◦ y)β)
d = aαxβyγz + aαxβzγy′ +

aαyγzβx+aαzγy′βx+xβyγzαa′+xβzγy′αa′+yγzβxαa′+zγy′βxαa′+aαxγzβy+
aαzγx′βy+aαyβxγz+aαyβzγx′+xγzβyαa′+zγx′βyαa′+yβxγzαa′+yβzγx′αa′=
aαxβyγz+aαzγx′βy+aαzγy′βx+xβyγzαa′+aαyβxγz+zγx′βyαa′+yβxγzαa′+
zγy′βxαa′ + aαyγzβx◦ + xβzγy◦αa

′ + yγzβx◦αa
′ + aαxβzγy◦ = aαxβyγz +

aαzγx′βy+aαzγy′βx+xβyγzαa′+aαyβxγz+zγx′βyαa′+yβxγzαa′+zγy′βxαa′+
aαx◦βyγz + y◦γxβzαa

′ + x◦βyγzαa
′ + aαy◦γxβz = aαxβyγz + aαyβxγz +

yβxγzαa′ + xβyγzαa′ + aαz′γxβy + aαz′γyβx+ z′γxβyαa′ + z′γyβxαa′ = [(x ◦
y)β , z]

d
γ .

Next, we define a symmetric map.
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Definition 4.11. Let RΓ be an additively regular Γ-semiring. Then a mapping
B : RΓ × Γ× RΓ → RΓ is said to be symmetric, if B(x, γ, y) = B(y, γ, x) for all
x, y ∈ RΓ, γ ∈ Γ.

Definition 4.12. A mapping f : RΓ → RΓ defined by f(x) = B(x, γ, x) is
called trace of B. Further, for an additively regular Γ-semiring RΓ and derivation
d : RΓ → RΓ, we define a map Bd : RΓ×Γ×RΓ → RΓ corresponding to derivation
d as Bd(x, γ, y) = [d(x), y]γ + [d(y), x]γ for all x, y ∈ RΓ, γ ∈ Γ.

The following proposition shows that the mapping Bd is symmetric.

Proposition 4.13. Let RΓ be an additively regular Γ-semiring. Then following

statements hold:

(i) If d : RΓ → RΓ is a derivation, then Bd is symmetric.

(ii) If f is trace of Bd, then f(x+y) = f(x)+f(y)+2Bd(x, γ, y) for all x, y ∈ RΓ.

Proof. (i) By Definition 4.11 and Definition 4.12, we have Bd(x, γ, y) = [d(x), y]γ
+ [d(y), x]γ = [d(y), x]γ + [d(x), y]γ = Bd(y, γ, x) for all x, y ∈ RΓ, γ ∈ Γ. This
shows that Bd is symmetric.

(ii) As d : RΓ → RΓ is a derivation, hence by Definition 4.12, we have
f(x+y) = Bd(x+y, γ, x+y) = [d(x+y), x+y]γ +[d(x+y), x+y]γ = [d(x), x]γ +
[d(x), x]γ+[d(y), y]γ+[d(y), y]γ+2([d(x), y]γ+[d(y), x]γ) = Bd(x, γ, x)+Bd(y, γ, y)
+ 2Bd(x, γ, y) = f(x) + f(y) + 2Bd(x, γ, y).

Proposition 4.14. Let RΓ be an additively regular Γ-semiring and d be a deriva-

tion of RΓ into itself. Then for all x, y, z ∈ RΓ, β, γ ∈ Γ, we have Bd(x, γ, z)βy+
xβBd(y, γ, z) = [z, d(x)]γβy

′ + x′β[z, d(y)]γ + [d(z), xβy]γ .

Proof. By Lemma 2.6, Definition 4.12, Theorem 3.4(i) and Theorem 3.3(v), we
have Bd(x, γ, z)βy + xβBd(y, γ, z) = [d(x), z]γβy + [d(z), x]γβy + xβ[d(y), z]γ +
xβ[d(z), y]γ = [d(x), z′]γβy

′+x′β[d(y), z]′γ+[d(z), x]γβy+xβ[d(z), y]γ = [z, d(x)]γ
βy′ + x′β[z, d(y)]γ + [d(z), xβy]γ .

Theorem 4.15. Let RΓ be an additively regular Γ-semiring and d be a deriva-

tion of RΓ into itself. Then Bd(xβy, γ, z) = Bd(x, γ, z)βy + xβBd(y, γ, z) +
d(x)β[y, z]γ + [x, z]γβd(y) ∀ x, y, z ∈ RΓ, β, γ ∈ Γ.

Proof. By Definition 4.12, Lemma 2.6, Theorem 3.4(i) and Theorem 3.3, we
have Bd(xβy, γ, z) = [d(xβy), z]γ + [d(z), xβy]γ = [d(x)βy, z]γ + [xβd(y), z]γ +
[d(z), xβy]γ = [z, d(x)βy′]γ + [z, x′βd(y)]γ + [d(z), xβy]γ = [z, d(x)]γβy

′ + x′β[z,
d(y)]γ + d(x)β[y, z]γ + [x, z]γβd(y) + [d(z), x]γβy+xβ[d(z), y]γ = Bd(x, γ, z)βy +
xβBd(y, γ, z) + d(x)β[y, z]γ + [x, z]γβd(y).

Proposition 4.16. Let RΓ be an additively regular Γ-semiring with characteristic

2 and d be a derivation of RΓ into itself. Then d2 is again a derivation on RΓ.
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Proof. Let d be a derivation on RΓ. Then clearly d2 is additive and d2 (xγy) =
d(d(x)γy+xγd(y)) = d(d(x))γy+2d(x)γd(y)+xγd(d(y)) = d2(x)γy+xγd2(y).

Lemma 4.17. Let RΓ be an additively regular Γ-semiring such that [x, y]γ = 0
∀ x, y ∈ RΓ, γ ∈ Γ. Then RΓ is commutative.

The proof of this lemma is quite easy so we omit the proof.

Definition 4.18. An additive mapping f of an additively regular Γ-semiring
RΓ is said to be centralizing if [[f(x), x]α, y]β = 0 for all x, y ∈ RΓ, α, β ∈ Γ.
Moreover, f is said to be commuting if [f(x), x]α = 0 for all x ∈ RΓ, α ∈ Γ.

Remark 4.19. Let f be a centralizing map on a prime additively regular Γ-
semiring RΓ. Then [[f(x), x]α, y]β = 0 for all x, y ∈ RΓ, α, β ∈ Γ, that is,
[f(x), x]αβy + (y′ + y)β[f(x), x]α = yβ[f(x), x]α for all x, y ∈ RΓ, α, β ∈ Γ.
So, (A2,Γ)-condition implies that [f(x), x]α belongs to the centre of RΓ for all
x ∈ RΓ, α ∈ Γ. Moreover, the definition of f forces [[f(x), x]α, x]β = 0 for all
x ∈ RΓ, α, β ∈ Γ, that is, for all x ∈ RΓ, α, β ∈ Γ we have

0 = [f(x), x]αβx+x′β[f(x), x]α = [f(x), x]αβ(x+x′), since [f(x), x]α belongs
to the centre of RΓ.

Hence, [f(x), x]αΓ(RΓ + R′

Γ
) = (0) leading to [f(x), x]αΓRΓ = (0) for all

x ∈ RΓ, α ∈ Γ as R′

Γ
is contained in RΓ. Therefore, [f(x), x]αΓRΓΓ1 = (0) for all

x ∈ RΓ, α ∈ Γ. By using primeness of RΓ we can conclude that [f(x), x]α = 0 for
all x ∈ RΓ, α ∈ Γ. Therefore, every centralizing mapping of a prime additively
regular Γ-semiring RΓ is also commuting.

Theorem 4.20. Let d be a non-zero derivation of prime additively regular Γ-
semiring RΓ such that d([x, y]γ) = 0 for all x, y ∈ RΓ, γ ∈ Γ. Then RΓ is com-

mutative.

Proof. Let d be a derivation of RΓ such that d([x, y]γ) = 0 for all x, y ∈ RΓ,

γ ∈ Γ. Then by using Definitions 3.1 and 4.1, we are left with

(i) [d(x), y]γ + [x, d(y)]γ = 0 for all x, y ∈ RΓ, γ ∈ Γ.

By replacing y by yβx in (i) and then using Definition 3.1, Theorem 3.4, Defi-
nition 4.1 and equation (i), we get 0 = [d(x), yβx]γ+[x, d(yβx)]γ = d (y)β[x, x]γ+
[x, y]γβd(x). So,

(ii) d (y) β[x, x]γ + [x, y]γβd(x) = 0 for all x, y ∈ RΓ, β, γ ∈ Γ.

Replacing y by rαy in (ii) and then by using Theorem 3.4, Lemma 2.6,
Lemma 3.2, equations (i) and (ii), we have 0 = d (rαy)β[x, x]γ+[x, rαy]γβd(x) =
[x, r]γαyβd(x) + rα[x, y]γβd(x) + d(r)αyβ[x, x]γ + rαd(y)β[x, x]γ = (xγr+ r′γx)
αyβd(x) + r◦γxαyβd(x) + d(r)αyβxγx◦ = [x, r]γαyβd(x) + d(r)γ(x+ x′)αyβx+
rγxαyβd(x)+r′γxαyβd(x)+r◦γxαyβd(x) = [x, r]γαyβd(x)+d(r)γ(x+x◦)αyβx+
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d(r)γx′αyβx + r◦γxαyβd(x) + (d(x))′γrαyβx+ d(x)γrαyβx = [x, r]γαyβd(x) +
(d(r)γx+ x′γd(r))αyβx+(xγd(r) + d(r)γx′)αyβx+ (rγd(x) + (d(x))′γr)αyβx+
(r′γd(x)+d(x)γr)αyβx = [x, r]γαyβd(x)+([d(r), x]γ+[r, d(x)]γ )αyβx+([x, d(r)]γ
+ [d(x), r]γ)αyβx = [x, r]γαyβd(x) for all x, y, r ∈ RΓ, α, β, γ ∈ Γ. Then by
primeness of RΓ, either [x, r]γ = 0 for all x, r ∈ RΓ, γ ∈ Γ or d(x) = 0 for all
x ∈ RΓ. But as d is non-zero so we have [x, r]γ = 0 for all x, r ∈ RΓ, γ ∈ Γ. Thus
by Lemma 4.17, RΓ is commutative.

Theorem 4.21. Let d be a non-zero derivation of prime additively regular Γ-
semiring RΓ such that [d(x), x]γ = 0 for all x ∈ RΓ, γ ∈ Γ. Then RΓ is commu-

tative.

Proof. As 0 = [d(x+ y), x+ y]γ = [d(x), y]γ + [d(y), x]γ . Hence we have

(i) [d(x), y]γ + [d(y), x]γ = 0 for all x, y ∈ RΓ, γ ∈ Γ.

By replacing y by yβx in (i) and then using Theorem 3.4 and equation (i),
we get 0 = [d(x), yβx]γ + [d(yβx), x]γ = d (y) β[x, x]γ + [y, x]γβd(x). So,

(ii) d (y) β[x, x]γ + [y, x]γβd(x) = 0 for all x, y ∈ RΓ, β, γ ∈ Γ.

Replacing y by rαy in (ii) and then by using Theorem 3.4, Lemma 2.6,
Lemma 3.2, equations (i) and (ii), we get 0 = [rαy, x]γβd(x) + d (rαy)β[x, x]γ =
[r, x]γαyβd(x)+d(r)αyβxγx◦ = [r, x]γαyβd(x)+x◦γrαyβd(x)+d(r)γ(x+x′)αyβx
= [r, x]γαyβd(x) + (d(r)γx + d(r)γx◦)αyβx + d(r)γx′αyβx + xγrαyβd(x)+
x◦γrαyβd(x) + x′γrαyβd(x) = [r, x]γαyβd(x) + [d(r), x]γαyβx + xγd(r)αyβx +
d(r)γx′αyβx+ x◦γrαyβd(x) + r◦γxαyβd(x) = [r, x]γαyβd(x) + [d(r), x]γαyβx+
[x, d(r)]γαyβx + r◦γd(x)αyβx + d(x)γr◦αyβx = [r, x]γαyβd(x) + ([d(r), x]γ +
[d(x), r]γ)αyβx + ([r, d(x)]γ + [x, d(r)]γ)αyβx = [r, x]γαyβd(x) for all x, y.r ∈
RΓ, α, β, γ ∈ Γ. Then by primeness of RΓ, either [r, x]γ = 0 for all x, r ∈ RΓ, γ ∈ Γ
or d(x) = 0 for all x ∈ RΓ. But as d is non-zero so we have [r, x]γ = 0 for all
x, r ∈ RΓ, γ ∈ Γ. Thus RΓ is commutative.

The next result is a generalization of Posner’s second theorem for additively
regular Γ-semiring RΓ.

Theorem 4.22. Let RΓ be a prime additively regular Γ-semiring. If there is a

non-zero centralizing derivation of RΓ, then RΓ is commutative.

Proof. Let RΓ be a prime additively regular Γ-semiring and d be a non-zero
centralizing derivation of RΓ. Then by using Remark 4.19, we have [d(x), x]γ = 0
for all x ∈ RΓ, γ ∈ Γ. Thus from Theorem 4.21, RΓ is commutative.
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