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Abstract

Based on the notion of K*(n,r)-full terms defined by the authors, nd-
K*(n,r)-full hypersubstitutions are defined. It turns out that the extension
of an nd-K*(n,r)-full hypersubstitution is an endomorphism of the algebra
of tree languages of nd-K*(n, r)-full terms.
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1. INTRODUCTION AND PRELIMINARIES

The concept of a term is one of the fundamental concepts of universal algebra.
It plays plays a major role for classifying algebras into subclasses. Sets of terms
of type 7 are called tree languages.

In 2008, Denecke and others [3] considered the notion of the power set of
the set of all terms of type 7. In case of a finite type of algebras, this study can
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be applied in the theoretical computer science. Moreover, on the power set of
the set of all terms, an (n + 1)-ary superposition operation is defined and then a
heterogeneous algebra, which is called the power clone of type T, is constructed.
It turns out that such power clone satisfies the well-known clone axioms (C1),
(C2), (C3), where (C1) is the superassociative law (see [3]).

It is widely accepted that tree transducers are algebraic machines which gen-
eralize automata, i.e., transducers transform terms of one fixed type into terms
of a second type. To study such tool, tree transformations are essential concepts.
It follows that many algebraists are interested to study non-deterministic hy-
persubstitutions, mappings which take operation symbols to sets of terms of the
corresponding arity. In [3] it was proved that the set of all non-deterministic hy-
persubstitutions together with one suitable associative operation and an identity
mapping forms a monoid.

After that, Denecke and Sarasit [2] defined binary associative operations on
tree languages and examined the properties of this semigroup. In 2011, the prop-
erties of semigroups constructed from tree languages and tree language product
were studied (see [1]).

Recently, the monoid of non-deterministic full hypersubstitutions was studied
by Lekkoksung in 2019. Many properties of the superposition operation on the
power set of the set of all full terms of type 7,, were investigated. For more details,
we refer to [4].

In the same year, in [5], the authors introduced the concept of K*(n,r)-
full terms which extend the notion of full terms by the following. Let n be
a fixed positive integer. Let 7, = (n;);c; be an n-ary type of algebras with
operation symbols f; indexed by some set I, each f; has arity n; = n. Let
X, ={z1,...,2,} be an n-element alphabet of variables. The full transformation
semigroup T'({1,...,n}) istheset of all maps a : {1,...,n} — {1,...,n} together
the usual composition of mappings. Indeed, T'({1,...,n}) is the monoid, an
identity map 1,, acts as its identity. For a fixed integer 0 < r < n, it is well-
known that the set

K(n,r)={aeT({1,...,n}) | |ran(a)| <r}
of all restricted range transformations is a subsemigroup of T'({1,...,n}). Then,
K*(n,r) = K(n,r)U{l,}
is a submonoid of T'({1,...,n}). Define (see [5]):

(1) fi(za(ys- -+ Tawm)) is an n-ary K*(n,r)-full term of type 7, if f; is an n-ary
operation symbol and « € K*(n,r).

(ii) fi(t1,...,tn) is an n-ary K*(n,r)-full term of type 1, if f; is an n-ary oper-
ation symbol, and t1,...,t, are n-ary K*(n,r)-full terms of type 7,.
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(iii) The set of all n-ary K*(n,r)-full terms of type 7, closed under finite appli-
cations of (ii) is denoted by WTIE*(H’T) (Xn)-

Example 1. Consider type 73 with a singleton set I, i.e., 73 = (3). Then

f(xh L1, 1‘1), f(x27 L2, .%'2), f(.’L'g, 3, .%'3), f(w?n T2, x2)7 f(va Ty, 1‘1), f(x27 3, 1‘3),

f(1,02,23), F(f (21,22, 73), f(21, 25, 73), f (23, 72, 75)) € Wry 7 (X3).

But, x1, 29, x3, f(wg, xs, .’L’l), f(wg, X9, 1‘1) §7_f W»g*(g’z) (Xg)

The paper is motivated by several recent studies in this research direction,
we present tree languages over the set of all K*(n,r)-full terms of type 7,. The
appropriate superposition operation on the power set of K*(n,r)-full terms of
type 7, is defined and several algebraic properties of such operation are provided.
Moreover, this operation satisfies also the superassociative law. In Section 3,
the concept of non-deterministic K*(n,r)-full hypersubstitutions of type 7, is
proposed. Furthermore, we define an associative binary operation on the set of

all non-deterministic K*(n,r)-full hypersubstitutions of type 7, and determine
an element acting as an identity.

2.  SUPERPOSITION OPERATIONS OF SET OF K*(n,r)-FULL TERMS

Let P*(WT{S*(n’T) (Xy)) be the set of all non-empty subsets of Wfi*(n’T)(Xn). De-

fine the superposition operation
Sna s PTOVE 0 (X)) = PRV (X))
by, for T, T4, ..., T, in P*(WE " (x,)),
(1) if T = {fi(raq),--->Tam))} where a € K*(n,7), then

ST, Ty, T) = {filtaq), - -5 tam)) [ taq) € Taq)s - - > tam) € Tam) b
(i) if T ={fi(t1,...,tn)}, then

ST, T, ..., Ty) ={fi(r1,...,mn) |16 €SI, ({tk}, Thy .., T), 1 < k < n};
(iii) if T is an arbitrary non-empty subset of Wi *(n’r)(Xn), then

St (T, T, .. T) = User Sha({t T, - - T).

Example 2. Let us consider T' = { f(x3, z2, 22)}, T1 = {f(x1, 22, 21), f(x3, T2, 2),
[ (@3, w2, 23)}, Ty = {f (22,0, w3)} and Ty = {f (w1, 33, 25)} in P* (W5 % (X)),
Then
S?Ld(T7 T17T27T3) = S?zd({f(w&x27x2)}7T17T27T3)
= {f(ts, 12, t2) | t2 € To, t5 € T3}
= {f(f(wl,xg,xg),f({L'Q,{L'Q,.’L'g),f(w27x27x3))}.
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Example 3. Consider T'= { f(z2, 72, 1), f(23, 22, 23), f(21, 22, 22) }, T1 = { f (21,
r1,22)}, To = {f(22, 23, 23)} and T3 = { f(x1,22,21)} in P*(W(Ig() 52 (X5)). We

have

Saa({f (w2, 22, 21)}, T, T, Ts)

to,to,t1) | t1 € Th,te € T}

(

(f(w2, 3, 23), f (22, 3, 23), f (21,21, 22)) },
(t3,to,t3) | to € To,t3 € T3}
(f
(
(f

S3.({f (w3, 29, 23)}, Th, Ta, T3)

($1,$2,$1) f($2,$3,$3) f($1,$2,$1))},
tl,tg,tQ) | t, € Tl,tQ S T2}

(xla X1, x2)’ f($2, zs3, ,Ig), f($2, zs3, $3))}

S3.({f (1,29, 22), T1, To, T })

{r
{r
i
i
i
i

It follows that
S3.(T, Ty, T2, Ts)
= Sy ({f (x2, 22, 21)}, T, To, T3) U Sy y({ f (w3, 22, 23) }, T1, T, T3)
U S3,({f (21,29, 22), T1, T, T })
= {f(f(z2, 23, w3), [ (w2, 3, 33), f (w1, 1, 22)) } U {f (f (21,22, 21), f (22, 23, %3),
f@1,@2,21))} U{f(f(z1, 21, 22), (22, 23, 23), f (22, 03, 73))}
= {f(f (w2, w3, 23), f (w2, w3, 23), [ (21, 21, 22)), [ (f (21, 22, 31), f(22, 23, %3),
f(@1, 22, 21)), f(f (21,21, 22), (22, 23, 23), f(22, 23, 23)) }-
Ift = fi(t1,...,tn) € Wfs*("’r)(Xn) and o € K*(n,r), then t, = fi(ta(l)
ta(n))- Let T € P* <Wf§*(n’r)(Xn)). For a € K*(n,r), define

T, ={t. |t €T}

Example 4. Consider T' = { f (22, z2,x3), f(21,23,21), f(21,22,22)} in

ke, 12 3 .
P (W(Ig() (32)(X3)> and o = ( 1 o 1> n K*(3,2). Then
={f ($2,$2,$3)a,f(331,333,$1)a,f($1,$2,$2)a}
= {f(Za@): Ta@) Ta@): f (Za1), Ta@)s Ta1))s [ (Ta(1), Ta@)s Ta2) }
= {f(z2,22,11), f(xhxhxl)af(wlaw%xZ)}

We then prove the following propositions.

Proposition 5. Let n be a fixed positive integer. If T,Ty,...,T, €
P (WTIE (n’r)(Xn)> and o € K*(n,r), then

S:LLd(Ta, Tl, e ,Tn) == S:LLd (T, Ta(1)7 e 7Ta(n)) .
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Proof. Let T = {fi(z31),.--,%p(n)) } where € K*(n,r).
Then Ta = {fi(xa(ﬁ(l)), e ,xa(ﬁ(n)))} Thus

" Tas Th, o To) = S ({fi@aga)s - Tagpe) b T2 To)
= {filta)> - >tam)) | ta@) € Taae), 1 < k < n}
= Sna({f (xﬁ(l 2m)) b Ta(1)s -+ > Tam))
= Spa(T, Ta(n))'

Let T = {fi(r1,...,7m,)} and assume that, for all 1 < k <n,
Zd({rk}a, Tl, PN ,Tn) = Zd ({rk}, Ta(l), PN 7Ta(n)) .
Then Ty, = {fi(ra(1),- - >Ta(n))}- Thus

S;;Ld(TQ,,Tl, P 7Tn)
=S ({filra@), - Tam) b T -+ Th)

= {fi(8a(1)s- -+ Sa(m) | Satk) € STy({agy }s Tiy- - Tn), 1 <k <n}
= {fi(saq1) (n)) | Sak) € S™({ritas Thy - To)y 1 <k <n}
= {fi(5a1)s -+ > Sa(m) | Sa@m) € 7L} Taqr)s -+ » Tam)) }

=S ({fl(rl,.. rn)} ..,Ta(n))

= S7(T, T ..,Ta(n)).

If T is an arbitrary non-empty subset of Wfi *(n’r)(Xn), then

SZd(Ta,le--" U {ta} Tla"'aT)
teT
= U Sm({tte, Tv, ... T0)
teT
= U SZd({t}v Ta(1)7 <o 7Ta(n))
teT
= Szd(T, Ta(l), ce ’Ta(n))- -

Proposition 6. Let n be a fixed positive integer. If T,TY,...,T, €
P (WTIE*("’T) (Xn)> and o € K*(n,r), then

Spi(Ta, Th, ..., Ty) = (Shg(T, Ty, ..., T)) .-
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Proof. Let T = { fi( T ,...,xﬁ(n))} where 5 € K*(n,r). Then
Spa(To, T, 1) = Spa(({fizsq) T3m)) Pas 115+ -+, Tn)
Ssd({fi(xa(ﬁ(l)% e awa(ﬂ(n))}a Ti,...,Ty)
{ i
{ fi(

ta(a)), -+ ta(am) | ta(aw) € Tagay, 1 <k <n}
t(1) -+ tpm)a | tag) € Toy LS k< n}
({filtsys - tam)) [ tor) € Tarys 1 <k <n})a
(Sna{fi(zaays - 2am) b 1153 Tn))a

(S"(T, T4, ... Tp))a.

Let T = {fi(r1,...,rn)} and assume that, for all 1 < k <n,

Sgd({rk}a’ Ty, ... 7Tn) = ( Zd({rk}v Ti,... ’Tn))a'

Then
Sﬁd(Ta’Tlv s ,Tn)
= Sgd(({fi(rl’ . ,Tn)})a,Tl, ... 7Tn)

S fi(raqys s ram)) b T1s -, Tn)
= {f,(sa(l , S n)) | Sak) € Spng{ram) s T1, -, Th), 1 <k < n}
= {f,(sa(l n)) ] Sa(k) € Stidretas T, Th), 1 <k < n}
= {fi(sa)s- - Sam) | Sam) € (Spa{rih 1, Tn))ay 1 S k <nj
={/fi(s1, .. Sn)a | (sk)a € (Spa{re}: Ty  Th))as 1 < k <}
= {fi(s1,---,8n) | s € S, ({ri}, Thy -, To) a1 < E <

= (Szd({fi(rh . ,T’n)}, Tl, . 7Tn))a
= (S, (T, Ty, ..., Th))a-

If T is an arbitrary non-empty subset of Wf( *(n’r)(Xn), then

Sia(Ta; T, To) = | Spa{ta}, Th, - T)
teT
— U (e, T, .. Th)
teT
= JS({th T, To))a
teT
— <U sgd({t},Tl,...,Tn))
teT o

= (SZd(T’Tla---aTn))a- | |
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By Proposition 5 and Proposition 6, we have the following.
Corollary 7. Let n be a fixed positive integer.
If T,T,..., T, € P*WE "(X,)) and a € K*(n,7), then
S (T, To(1ys- - ,Ta(n)) = (S (T, Ty,...,T)))a-

Now we can state and prove the following result.
Theorem 8. Let n be a fixed positive integer. If T,T1,...,T,,51,...,5, €
PrwE (X)), then
Sr(Srh (T, S1,...,5),Th,...,Ty)
(TS (ST, ), S0y (S T - Th)).
Proof. Let T' = {fi(Taq1),- - Tam))} where a € K*(n,7). Then

S™ (S (T, S, .., Sp), Th, ., Th)

= Zd( Zd({fl(xa(l 7"'7xa(n))}7sla"'7Sn)7T17"'7Tn)
Snal{fi(sa@)s -+ 8am)) | Satk) € Saw), 1 <k <n},Ti,...,Ty)

—{f(ra .. a(n))|ra(k)652d({s ) | Sa(k) € Sak), 1§k:§n},T1,...,Tn)}
= {fl(r .. a(n)) | Tak) € Sgd(Sa(k),Tl, T, 1 <k <n}

=S|/ ( S Zam)) b g (St Ty s Ty s Sy (Sn, Ty, T))

=Sr (T, (Sl,Tl,...,T )soo s S (Sny T, Th)).

Let T = {fi(r1,...,r)} where r,...,7, € WTIE*(”’T)(X,L) and assume that, for
all 1 <k <n,
SrSr({rk}t, Si, .80, T, -, Tn)
=8 ({re}, Sty (S1, T, o Ty oo S (Sn, Ty -, T)).
Then
SM (ST, Sy, ..., Sn), Th, ., Th)
=8 (S ({filri,...,mn)}, S1,-250), T, -, T)
=Sr ({fi(s1,---,sn) | sk € SPy({re}S1,--.,8n), 1 <k <n},Th,...,T,)
={filp1,--.,on) | Pk € Sy({sk | sk € S7;({r}, S1,-- -, Sn) 1 T, 1),
1<k<n}
={filp1,---,on) | Pk € S (ST, ({ri}, S1, .., 8n), Th, ..., Ty), 1 <k <n}
={filp1,---,pn) | Pk € S2y({ri}, ST (S1, T, ., Th)y oo, STy (Sn, Ty -, Th)) )
=S ({filr1, ..o ) 1S (S, T Ty o, S (S, Ty -, T))
=S ,(T,S0,(S1, T, ... Tn), .., S2y (S, T,y .. Th)).
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If T is an arbitrary non-empty subset of Wfi *(n,r)( X,), then
SESe(T, S, ..., 8n), T, ..., Th)

= ;;d< U Sia({t}. Su, .. ,Sn),Tl,...,Tn>

teT
= U S;LLd( Zd({t}7517"'75n)7T17"' 7TTL)
teT
= U SZd({tL :zLd(Slle? s 7Tn)7 SRR zd(SmTla cee aTn))
teT
= 8™ (T, 87 (S1, Ths o Ty oo s S™(Sus Th - T)). .

Using the definition of Wfs*(n’r) (Xp), if we set r = n, then Wfs*(n’r) (Xn) =
WTi (X,), the set of all n-ary full terms of type 7,. According to Theorem 8, we
have the following corollary.

Corollary 9 ([4], Theorem 8). Let n be a fized positive integer. If T, T, ..., Ty,
S1,...,8, C WTIZ(Xn), then

S (ST (T, S, Sn), Ths . . T)
- Sr'lzd(T’ Sgd(sl,T17 o 7Tn), PN 7S:LLd(Sn7T17 e ,Tn)).

3. NON-DETERMINISTIC K*(n,r)-FULL HYPERSUBSTITUTIONS

In this section, we first introduce the concept of a mapping which takes the set
of all operation symbols of type 7, to the collection of all non-empty subsets of

WTIE ") (X,). We then define a binary associative operation for such mappings
and study some algebraic properties.

Definition. A non-deterministic K*(n,r)-full hypersubstitution or nd-K*(n,r)-
full hypersubstitution of type 7, is a map o™ : {f; | i € I} — P*(WTIE*("’T) (Xn))-
The set of all nd — K*(n, r)-full hypersubstitutions of type 7, will be denoted by
nd — Hyp®™ 1)(r,).

Any nd-K*(n,r)-full hypersubstitution of type 7,, can be extended to a map-
ping

G PHWE00)(X,)) o PHWE () (X))
as follows:
(i) 6™ [{fi(a(r)s- - Ta@m)}] = (0"4(fi))a where a € K*(n,7);

(i) 6" [{fi(t1, ..., tn)}] = S%,(a™(fi), 6™ [{t1}], ..., 6™ [{t,}]) and assume that
6™ [{t1}],...,6"[{t,}] are already defined;
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(iii) 6™[T) = Uer6™[{t}] where T is an arbitrary non-empty subset of
W " (X).

Example 10. Consider a type 74 = (4,4) and «, 8 € K*(4,3) defined by
(12 34 (1234
~\1 4 4 2 )° 2 2 3 4 )

Let T = {f(9(=501),Ts(2)> T8(3), Ta(a))» [ (Ta(1)s Ta(2)s Ta(3)s Ta(1))s [ (Ta(1)s Ta2),
To(3)s Ta(4))s (x6(1 8(2) T3(3) Ta(a)))} and let

o™ {f, g} = P* WK (xy))

be defined by
MU F) = {F(Za1) Ta(2)s Ta@)> Ta@) )

"(9) = {9(xs01), T52), T5(3), To))

") = 6" {f(9(01), Tp2) Ta(3)> o))  (Ta(1)s Ta(2)s Ta(3)s Ta(4))s
F(Ta(1), Ta(2)s Ta@3), Ta(4)), 9(T1): Ta2): Tp(3), Tp(4))) }]
= 54 20" (), 6" L a(zsa)s p2) Taa), Ty Hs
M F(Ta1)s Ta@) Ta@) Ta@) ] 6" HF (@a(1) Ta@)s Ta(@) Ta@) H,
[{g(wﬁ(l 5(2), 26(3): a2 })
= Spa(™(f), (6" (9))3, (o "d(f)) (0" ))as (0"(9))p)-
o™ (f), ({9(905(1 T3(2), TB(3)> Ta(4)) }) B>
a(2) Ta(3)s $a(4))}) s ({f(Ta), Ta@) Ta@) Ta@) HDas
T5(3) T5(4)) 1))
Spala™(f), ({9(332,332,533,534)})/3,({f($1,334,354,332)})m
({f(fﬂla T4, 74, 72) s ({9(22, 72,23, 74)}) 5)
= Sna(0" (1) {9(@s2), Ta2)> 53 T(3(0) ) 1> L (Ta(1) Ta()s Ta(ay Ta) }
{f (@) Ta(a)s Ta@), Ta@) ) {9(282), Ta(2) Ta(3), T(8(4)) })
= nd({f( La(l)s a(z),xa(3),$a(4))},{9(332,332,333,334)},{f($1,$2,$2,$4)},
{f (1,22, 22, 24) }, {g(22, 22, 3, T4) })
= Spa({f (1, 24,24, 32)}, {9 (w2, w2, 73, 24) }, { f (21, T2, 72, 4) },
{f (1,22, 22, 24) }, {g(22, 22, 3, T4) })
= {f(r1,ra,ra,72) | 71 € {g(x2, 22,3, 24) }, 72 € {f(21, 22,22, 24)},
r4 € {g(w2, x2,73,24)}}
= {f(g(z2, x2, x3,24), g(x2, T2, T3, 24), g(T2, T2, T3, 24), f (21, X2, T2,24))}.

d(
(xoz (1)»
(

x
xﬁ ),$



222 K. WATTANATRIPOP AND TH. CHANGPHAS

Using the definition of 6"® and T}, we have the following lemma.

Lemma 11. Let T € P* (WT{{*("”) (Xn)) and o € K*(n,r). Then

5" [Ta] = (&nd [T] )a-

Proof. Let T = {fi(vsq),---,T3mn))} where 3 € K*(n,r). Then

6"Ta] = 6™ [({fi(zp)> - -+ T8(m)) Dol
= 6" { fi(Ta(s1))s - - -+ Ta(Bn))}]

I
Q>

/\/‘\

0" (fi))(ao) = (( 1(fi))s)a
[

[
[

" i (T o)1) - - - » T(aop)(n)) ]
d

" filwpys - am)) H)a =

(6™ [T))a.

Let T = {fi(r1,...,m)} where r1,... 7, € Wfi*(n’r)(Xn) and assume that

5 {r}al = (6™ }])a, 1 < k < n. Then

6nd [Ta]

Il
Q»
S

QU

—
——
b
—

=

-

[ Tn)}al = 5’nd[{fi(7”a(1),
= Sﬁd(and(fz)aand[{r 6™
= Spa(o™ (), 6™ {r1}als - - 6" {ra}al)
= Z(Und(fz)a(a’ [{r1})as - --,(5nd[{rn}])a)

Spa(@™ (£, 6™ {1}, .. 6™ {rn})a
" fi(r ) H)a = (U"d[T])a-

) 1)

If T is an arbitrary non-empty subset of Wfs *(n’r)(Xn), then

a,nd U And {ta}

teT

= JE™[{th)a

teT

= <U (6"d[{t}])>

teT
= (6"[T))a-

y Ta(n) }]

Consider the algebra (P*(Wfi*(n’T)(Xn)); Si.) of type (n + 1), we have the

following.
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Theorem 12. For o € nd — Hyp® (") (7,,), the extension
X, ) Ny (Wg*wr)(xn))
(

Wa 7(X,));8%,).
X

&nd . p* (Wg*(n,r)( )
is an endomorphism on the algebra (P*

Proof. Let T,Ty,...,T, € P*(WK (m) n)). We will show by induction on the
complexity of T that &"d[s;; (T, T1,...,T,)] = S",(6"T], 6™ [TY],...,6™T)).
Let T = {fi(wa(l), Ces ,wa(n))}. Then

e[S (T, Ty, . .., Ty)]

= &"d[Sﬁd({fi(%u s Tam) b Ty T

" { filtaq) - ) [ ta(y € Tar)s - -+ > tam) € Tam) }]

= Spg(o™ fz G [{t ) [ taq) € Ta(1)}],---,0"d[{fa(n) | ta(n) € Tam)}])

Let T = {fi(r1,...,rn)} where r,...,m, € WTIE*(H’T) (Xy) and assume that
S (ks T To)] = i (6" {re}] 6™ (1), 6™ (T3]

for all 1 <k <n. Then
A"d[S" (T,T1,...,Ty)]
[ JA it ) BT )]
mdlLfi(s1,. .., 80) | sieS b T, Th), -8 €S0, ({rn b, T, -2, Th) 1
= S (0™(fi), 6™ [{s1 | 51 € Spy({r1}, Tas oo, T},
6" {sn | sn € Siy({ra}, Th, - Tn)}])

Sn(a™(f;), 6mS™ ({r ), Ty ey Ty - ooy 6™4[S™ ({1}, Ty -2 T)])
= Spy(a™(f:), Sy (6™ [{r}], 6T, 6™ T)), - STy (6™ Y,
6™ Ty, ..., 6™ T,]))
= Sy (S0 (fi), 6™ {1} 6" {rad]), 6™ D], ., 6™ 1))
= Spy (" i1y o)}, 67N, 67 T))
= S" (6™[T), 6™ [T1],...,6™ T,)).

Q
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If T is an arbitrary non-empty subset of Wfi *(n’T)(Xn), then

"US (T, Ty, ..., Ty)] = A"d[U J{t T, T)

teT

:U&"d T, T)]

teT

= sz (A"d {t}], 6T ]---,6"d[Tn])

5 = st U o)™ ml....617,))

teT

— s <A”d[T],&"d[T1],...,&"d[Tn]> .

The following corollary is a special case of Theorem 12.

Corollary 13 ([4], Theorem 11). A mapping 6™ : P (WE(X,)) — P (WF (X))
is an endomorphism of (P (WE(X,));S5%,).

For o7% o4 € nd-Hyp™~ (n, r)( Tn), define

o opg oh? = 574 o gd

where o is the usual composition of mappings.
The property of 6™ has shown as follows.

Lemma 14. Let o}, 03 € nd-Hyp® ™) (r,). Then
(079 0a 03%) [T] = (677 0 53%)[T].

Proof. Let T = {fi(wa(l), - ,wa(n))} where o« € K*(n,r). Then

(O'?d Ond O'gd)A[T] = (O’?d Ond O’Sd) [{fi(xa(l), N a(n))}]
= (01 ona o8 (2)), = (677 0 5)(£2)),,
(67[03(f)]) 5 = 61 [(05(f:))a]
d

Let T = {fi(r1,...,rn)} where ri,...,m, € WTIE*(H’T) (Xy) and assume that

(079 0na 08) [{re}] = (67 0 63 [{r1.}]
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for all 1 <k <n,n € N. Then

(07 0pa o) [T

= (07 0ona o3 [{fi(r1,....a)}]

= S24((07% 0nq 5 (fi), (07 0na 5%) [{r1}],- -, (07 0na 05%) [{ra})
= 82((65% 0 o3 (f1), (679 0 659 [{r1}, ., (674 0 65%) [{ra}])

= Spa (67 o5 (f)]. 614 65 {r ], -, 67 [65[{rn}]])

- & ]

1 [Sna(03(f:), 65 {1}, ... 657 {Tn})
= o165 [{fi(r1,....ru)}]] = A?d[A"d[TH = (6740 657)[T).

If T is an arbitrary non-empty subset of Wfi *(n’r)(Xn), then

(079 0pa 039) [T] = | (079 ona 03%) [{t}] = | (679 0 65%) [{¢}]

teT teT
— U And And {t} [U And {t}]
teT teT
= &1 |a371)| = (670 637 »

Lemma 15. The binary operation o,q4 is associative.

Proof. Let o7, o5 074 € nd-Hyp™ ") (7,). Then

o1 ong (057 0pa 05%) = 7% 0 (049 0,q 05)
— O_{Ld (O'Sd o O_ng)
= (g{‘d o agd) ) O'gd

= (Ulnd Ond O'2nd) oopd
= (U1d°nd Uzd) Ond03d- [ |
Let o7 € nd-Hyp" (") (7,) be such that o?(f;) = {fi(x1,...,z,)} for all
1€ 1.
Now we have the following lemma.
Lemma 16. Let T C Wi "")(X,). Then 674[T] =T.

Proof. Let T = {fl (Ta(1)s--- ,wa(n))} where o € K*(n,r). Then
&Zld[T] = 6-zrfid [{fi(wa(l)a s 7wa(n))}]

= (o3(f1) = {filzr, - m0)}),
= {filxa)s- - Tam) } =T
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Let T = {fi(r1,...,rn)} where r,...,m, € WTIE*(H’T) (X,) and assume that
o i) = {r}
for all 1 <k <n,n € N. Then

WIT) = o, [{fz(?“l,-- ,7n)}]

= Spa(oi (fo), 63 {r M- 6 {ra })

({fz(fvla---,xn)},{ﬁ},---,{Tn})
Z{fz( sn) | sk €{re}, 1 <k <n}
= {fi(r1,....m)} =T.

If T is an arbitrary non-empty subset of Wfi *(n’r)(Xn), then

=Jopit = Jler =1

teT teT |
Hence we have the following theorem.
Theorem 17. (nd—HypK*("v’") (Tn); OndaUsz) s a monoid.

Proof. The fact that Hyp™ *("’T)(Tn) is a semigroup with respect to a binary
operation o,4 follows from Lemma 15. To prove that O'Zid is an identity element,
let o™ e nd-Hyp’ )(Tn) and f; be an operation symbol. We show that
(0" 0pq o) (fi) = 0U(fi) = (074 0pq 0™)(fi). From Lemma 16, it follows that

(0" ona o3 )(fi) = 6" [oli (f3)]

= a-nd[{fi('rla 7xn)}]

= o"(f;)

= 650" (f)]

— (02 ona ™)) .

Finally, we recall that nd-Hyp®' (7,,) is a set of all mappings
o™ {f; i eI} — P(WE(X,)).
The following corollary is the special case of the main result presented above:

Corollary 18 ([4], Theorem 16). The structure (nd-Hyp" (1,,);0pa,0%!) is a
monoid.
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