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Abstract

In this paper, we introduce Sheffer Stroke UP-algebra (in short, SUP-
algebra) and study its properties. We demonstrate that the Cartesian prod-
uct of two SUP-algebras is a SUP-algebra. After presenting SUP-subalgebras,
we define SUP-homomorphisms between SUP-algebras.

Keywords: SUP-algebra, Sheffer stroke operation, SUP-homomorphism.

2010 Mathematics Subject Classification: 06F05, 03G2, 03G10.

1. INTRODUCTION

The logical algebras (or algebras of logic) such as BCK-algebras, BCI-algebras,
BCH-algebras, KU-algebras, and others, have a significant place among many
algebraic structures. In 2017, lampan introduced UP-algebras, and studied re-
lationships between KU-algebras and UP-algebras, and as well as the notions of
ideals, subalgebras, a partially ordered relation, congruences, filters, homomor-
phisms on this logical algebra. In fact, he showed that an UP-algebra is a gener-
alization of KU-algebra. Again, he proved that an UP-ideal of an UP-algebra is
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an UP-subalgebra of this algebra and that an arbitrary intersection of UP-ideals
of an UP-algebra is a UP-ideal of this algebra. Moreover, he studied the quotient
set of an UP-algebra by a congruence on it and some properties about this con-
gruence relation. By introducing UP-homomorphisms between UP-algebras, he
gave some their features in his article [5]. After about a year, Romano intensively
studied the notions of UP-ideals, UP-filters, a congruence relation on UP-algebras
and their various properties [11-13]. Besides, in 2018, he presented UP-algebras
with apartness which is a new concept in his preprint [14]. Also, he introduced
the concept of pseudo-UP algebras [15] and examined homomorphisms on these
structures [16]. Because the notion of UP-algebras is new, we continue to study
many other concepts and features about this new notion.

On the other side, Sheffer originally introduced the Sheffer stroke operation
[17]. This operation raise many scientists’ curiosity because every Boolean axiom
or operation can be expressed by means of this binary operation [6]. It leads
to reductions of axioms or formulas for many algebraic structures. So, many
researchers wish to apply such reduction to several algebraic structures such as
ortholattices [2], orthoimplication algebras [1], filters of strong Sheffer stroke non-
associative MV-algebras [7], Sheffer stroke Hilbert algebras [8], (fuzzy) filters
of Sheffer stroke BL-algebras [9] and Sheffer stroke BG-algebras [10]. These
reductions are convenient to many studies in logic and related areas because a
system containing only the Sheffer stroke operation is complete (completeness of
a logical system).

We first introduce fundamental definitions and notions of Sheffer Stroke UP-
algebras. We demonstrate that a Sheffer Stroke UP-algebra is a UP-algebra with
z -y := (y|(z|x))|(y|(z|x)), and then prove that a Cartesian product of two SUP-
algebras is a SUP-algebra. After defining a SUP-subalgebra of SUP-algebra, we
describe SUP-homomorphism between SUP-algebras.

2. PRELIMINARIES

In this section, fundamental definitions and notions about Sheffer stroke operation
and UP-algebras are provided.

Definition 1 [6]. Let A = (A,|) be a groupoid. The operation | is said to be a
Sheffer stroke operation if it satisfies the following conditions:

(51) zly = ylz,

(52) (z[z)|(z]y) =z,

(53) z|((yl2)I(y[2)) = ((=[y)|(=[y))]2,

(54) (z|((@]x)](yly)(@|(z]2)[(y]y))) = .
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Definition 2 [5]. An algebra A = (4;-,0) of type (2,0) is called a UP-algebra if
it satisfies the following conditions for all z, ¥,z € A:

UP—-1):(y-2)-((x-y)-(z-2)) =0,
(UP—-2):0-xz=u,
(UP—-3):2-0=0, and

(UP —4):z-y=y-x =0 implies x = y.

Definition 3 [5]. Let A = (A;-,0) be a UP-algebra. Then the binary relation <
defined by x < y if and only if x - y = 0 is a partial order on A.

Definition 4 [5]. Let A = (A;-,0) be a UP-algebra. A subset B of A is called
a UP-subalgebra of A if the fixed element 0 of A is in B and (B;-,0) forms a
UP-algebras. Clearly, A and {0} are UP-subalgebras of A.

Definition 5 [5]. Let A = (A;-4,04) and B = (B;-p,05) be UP-algebras. A
mapping f from A to B is called a UP-homomorphism if f(z-4y) = f(z) -5 f(y)
for all x,y € A. Clearly, f(04) = 0p.

3. THE SHEFFER STROKE UP-ALGEBRAS

In this section, we define Sheffer Stroke UP-algebra and give some notions about it.

Definition 6. A Sheffer stroke UP-algebra (briefly, SUP-algebras) is a structure
(A, |) of type (2) such that 0 is the fixed element in A and the following conditions
are satisfied for all x,y,z € A:

(SUP —1) (((z[(z]x))](z|(x]2))[(((y](z]2))](2](y[v)))]
(Wl (2| YlyDI((z|(2|2)](z|(2]z)))
(I (]2) | W)yl (z]2))|(2](yly))))) =0,
(SUP — 2) z|z = x/(0]0), and
(SUP = 3) (z|(yly)|(z|(yly)) = 0 and (y[(z|x))|(y[(z|z)) = 0 imply x = y.

Example 1. Given a structure (A4, ), where A{0,a,b,c} with Cayley table as
below:

| |0 a b ¢
Ola a a a
ala 0 ¢ b
bla ¢ ¢ a
cla b a b

It is easy to show that this structure is a SUP-algebra.
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Lemma 2. In a SUP-algebra (A,|), the following hold for all x,y,z € A:
(1) (el (l) = 0.
(2) (l(z]x)|(yl(z]x)) = 0 and (z|(yly))(z[(yly)) = 0 imply (z|(z|2))|(z|(z|z))
0.

~— Nt ~
Il
2 —~
[a)
Q.;
=)
S
S
=)
s
<
q
8
8
Il
8
D
S
~—

Proof. (1) Substituting, simultaneously, 0 instead of z and y, and x instead
of zin (SUP — 1), we conclude

0 = (((21(0[0))[([(0]0)))I(((0](0]0))[(x|(0[0)))]
((01(010))[([(0]0)))))((([(0]0))|(=|(0]0)))|
(((0[(0]0))[((0[0)))[((0[(0]0))|(x](0]0)))))

= (((z])[(=[x))|(((0]0)[(z]=))[((0]0)[(z[2))))]
(((z])[(]2)) [ (((0[0)[(x]x))|((0[0)[(z]x))))  (SUP —2)

= (((z[([x))|(z|(x]2)))|(0]0))]
(((z](z]x))|(x](z|2)))[(0]0)) ((51) = (53))

= (@] (z|x)|(@|(x]2)) (@] (z]x))|(z|(z]z))))]
(((](z]2))|(#](z|2))|((z](z]|2))[(z|(x]x))))  (SUP —2)

= (z|(z]x))|(z[(z]x)), (52)

for all z € A.

(2) Let (yl(z|2))|(yl(z|z))
We obtain from (SUP
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WlNI(yl(z]2))|(=](y[y)))))]
WDyl (z[2))|(=](y[y)))))

| |
|(((yl(2[x))| (=]
| |l (2[2) (Y] (z]2))|(y[(2]2))))]
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0 for all z,y € A. Substituting, simultaneously, z

(3) Let (yl(z|2))|(y|(z|z))

instead of z,  instead of y and y instead of z in (SUP — 1), we get from
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for all x,y,z € A.
(4) Let (y|(z|))|(y|(z|x))

0 for all z,y € A. We obtain from (SUP —1) —

(SUP — 2) and (S1) — (52) that

WlNI(yl(z]2))|(=](y]y)))))]
WlyNI(Yl(z]2))|(=](y[y)))))

(]a))| (2 (2[2))[(((y] (z]2)) | (2
([a))| (2 (2[2))[(((y] (z]2)) (2

z
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(5) For all 2,y € A, we have from (S1) — (53), (1) and (SUP — 2) that

| [l (l2))[((@]ly) ] Yly) | (z]))

—~

(((=[(yly)
= ((wly)I(
= (0[(yly)
= (0[(y[(0

(@)D ()l (Cel(z]2) | (| (2]2))))

| (z|z))|(x
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= (((0[0)[(0]0))1([(0]0)))1(((0]0)[(0]0))](y[(0]0)))(52)

0]0 for all 2,y € A. Then we have

(6) Let z|(z|(yly))
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Conversely, assume that z|x = z|(y|y) for all ,y € A. Then we conclude

zl(z[(yly)) = xl(x]x)
= ((@l(z]x)| (@] (z|2)[((z|(z]x)[(z|(z|z)))
= 0)0.
(7) For all z,y € A, we obtain
(Wl Wl D@2 Il ly) YY) [(z]z)
= (0f(x[x))|(0[(z]x)) (1)
= (0[(«[(0]0)))(0[(=[(0]0))) (SUP
= (((0[0)1(0[0))[((0]0)[))[(((0]0)|(0[0))[((0]0) |z)) ((51) = (S
=0. (52)
(8) For all z € A, we have
2|0 = ((z|z)|(z]))[((00)|(00))  (52)
= ((z])[(010))[((0[0)|(0[0))  (SUP —2)
= 0/0. ((S1) and (52))

(hyp.)
(52)

(1)

-2)
2))

Proposition 3. Let (A,|) be a SUP-algebra. Then the binary relation © <y if

and only if (y|(z|x))|(y|(z|x)) = 0 is a partial order on A.
Lemma 4. Let (A,|) be a SUP-algebra. Then
1. x <y implies
(a) yl(z]z) < z|(z2),
(b) 2[(z]x) < z[(yly),

2. x <y if and only if yly < x|z,

3. yl(z|z) < =z,

4.y < (yl(z|2))|(y[(z]x)),

5. x <y implies x < (y|(2]2))|(y|(2]2)).

6. 2|(yly) < z[(yl(x]z)),

7. (I Yy)(@]z) < 2|(y|(z]x)) and

8. z|((yl(z]2)|(yl(2|2))) < (@|(yly)|((#](z[2))[(z|(2]2))),

for all x,y,z € A.

Proof. Let (A,|) be a SUP-algebra.
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. Let x <y. Then

(a) it follows from Proposition 3, (S1) and Lemma 2(3).
(b) It is obtained from Proposition 3, (S1) and Lemma 2(4).

<y & (yl(z]x))|(yl(zlz)) =0
& ((a]2) (@l (l2)]((y]y)
[(yly))) = (yl(z]2))|(yl|(z]z)) =0
& yly < zlw

from Proposition 3, (S1) and (52).

([((yl(z]2)) [ (yl ()| (2] ((y|(2]2)) [ (y] (z]2))))
= (2] (z]))| ([ (z]2)) [ | (2] (z])) | (2] (z]2)))|y)
= (0ly)[(0ly)
= (0[0)[(0]0)
=0

from (51)-(53), Lemma 2 (1) and (8), it follows from Proposition 3 that
yl(zlz) < .

Since y|(z[z) = (z[x)|((yly)I(yly)) < yly from (S1), (52) and (3), it is
obtained from (2) and (52) that y < (y|(z|x))|(y|(z|x)).

)|(y|(xz|z)) = 0 by Proposition 3. Thus,

|z
(=2 Iy [ 2D @) [ (((y](z]2)] (] (z]2)[(z]2))
= ((z[2)[((yl(z]2)) [yl (2[2))) (2] 2) (Y] (z]2)) [(y[ (z]2))))
= ((2[2)[0)[((2[2)[0)
(0\0)!(0\0)

)
|

from (51)7(53) and Lemma 2(8). Hence, z < (y|(z|2))|(y|(2]z)) from
Proposition 3.

. Since y < (y|(z|z))|(y|(z|z)) from (4), it follows from 1(b) and (;92) that

2l(yly) < 2[(((wl([2)[ (Yl =[]yl (@[2)]Yl(2]2)) = 2|(yl(z|2).

(Gl yly)I(lz) = (2|z)|(=[(yly)|(=](y]y))
(z]2)|((2](yl (z]2)))[ (2] (y|(x]2))))
\

|
|
2|(yl(z|z))

I/\ VAN

from (S1), 1(b), (3) and (6).
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8. Since z|(yly) < y from (3), it is obtained from (S1), (S3) and 1(a) that
y)

w)lggyl( z|2))[(yl(=z | ) = yl((@l(zl2)|(2(2]2))) < (=[(yly)I((z](2]2))](](z]
z))). |

Theorem 5. Let (A,|) be a SUP-algebra. If we define -y := (y|(x|z))|(y|(z|x)),
then (A;-,0) is a UP-algebra.

Proof. Let z,y,z be any elements in A.
(UP —1) : We have
(y-2)-((z-y)-(z-2))
((z[(])[ (2l (2 l2)) [(((y[(x]2))] (2] (yly))

= ( ) )
((C2l ()| G2 ()Yl ) |2 (y )|l (2 2) [ (2] (ylw)))))
0

m (52), (S3) and (SUP —1).
(UP-2) : 1t follows from (SUP—2) and (S2) that 0-z = (x/(0]0))|(z](0]0)) =
(z])|(x]x) = =.
(UP—-3) : We obtain x-0 = (0|(x|z))|(0](x|x)) = (0/0)|(0]0) = 0 from Lemma
2(8) and (S52).

(UP—4) :Let z-y =0and y-z = 0, ie., (y|(z|x))|(y|(z|z)) = 0 and
(x| (y|y)|(z|(y|ly)) = 0. We get that z =y from (SUP — 3). ]

N—
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—~
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=
N
=
<
<
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fro

Example 6. Given the SUP-algebra (A,|) in Example 1. Then UP-algebra
(A;-,0) constructed from this SUP-algebra has the following Cayley table:

o o O

O O O OO
SN0 O Qe
OO oo
SO0 OO0

Theorem 7. Let (A,|a) and (B,|B) be SUP-algebras. Then, (A x B,|axB) is a
SUP-algebra where the set A X B is the Cartesian product of A and B and the
operation |axp on this set is defined by (a1,b1)|axp(az,b2) := (a1|aaz2,b1|Bb2),
and the fized element is 0axp := (04,08).

Proof. Let (a1,b1), (az,b2), (as,bs) be arbitrary elements in A x B.

(SUP — 1) : Since (4, |4) and (B, |p) are SUP-algebras, we have
((((a3,b3)|axB((@1,b1)|axB(a1,b1)))|axB((as,b3)|axB((a1,b1)|axB
(a1,01)))|axB((((az,b2)|axB((a1,b1)[axp(a1,b1)))[axB((as,b3)[axB
((a2,b2)|axB(a2,b2))))|axB(((a2,b2)|axB((a1,b1)|axB(a1,b1)))|AxB
((a3,b3)[axp((az,b2)|axB(az,02))))))|axs((((as, b3)[axp((a1,b1)|axB



390 T. ONER, T. KATICAN AND A. BORUMAND SAEID

(a1,61)))axB((a3,b3)|axp((a1,b1)|axB(a1,01))))axB((((az2,b2)[axB
(a1,b1)|axB(a1,b1)))|axB((as,b3)|axB((az,b2)|axB(az,b2))))|axB(((a2,
2)laxs((a1,b1)]axp(a1,01)))|axs((as,b3)|axs((az,b2)|axp(az,b2))))))

= ((((azla(a1|aa1))]a(az]a(a1|aa1)))|a(((a2]a(a1|aa1))|a
(as|a(az]aaz)))|a((az]a(ar|aa1))|a(as]a(az]aa2)))))|a
(((as]a(a1|aar))|a(as]a(ar|aar)))|a(((az]a(ar]aar))]a
(as|a(az]aaz)))|a((az]a(ar]|aa1))|a(as]a(az]aa2))))),
(((b3] 5(b1]Bb1))|B(b3|B(b1]Bb1)))| B (((b2] 5(b1]Bb1))|B
(b31B(b2|Bb2)))|B((b2]B(b1]Bb1))| B (b3] B (b2|B2)))))lb
(((b3|B(b1]Bb1))|B(b3]B(b1]Bb1))) B (((b2|B(b1]Bb1))|B
(b3lB(b2|Bb2)))|B((b2|B(b1]5b1))|5(b3] 5 (b2|BD2))))))

= (0A7OB)

= 0A><B-

(SUP —2) : Since (A, |4) is a SUP-algebra, we get

((a1,b1)|axB(a1,b1)) =

ai|aar,bi|pby)
a1]4(04/404),b1/5(0B[50R))
a1,b1)[axB((04,08)|axB(04,08))
a1,b1)|axB(0axBlaxB0AXB).

o~ o~ o~ o~

(SUP — 3) : Suppose

((a1,b01)|axB((az,b2)|axB(az2,b2)))|axB
((a1,01)|axB((az,b2)|axp (a2, b2)))

= (OA’ OB)

= OA><B

and

((a2,b2)|axB((a1,b1)|axB(a1,b1)))|axB
((az,b2)|axB((a1,b1)|axp(a1,b1)))

= (0A7 OB)

- OA><B-

Then, we have

a1,b1)|axB((az,b2)|ax(a2,b2)))|axB
a1,b1)|axB((az,b2)|axp(az,b2)))
a]a(az]aaz))|aa]a(az]aaz)), (b1]5(b2|Bb2))| B (b1] B (b2|Bb2)))

bo
b

—~~ —~

and

Oaxp = (04,0B)
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= ((a2,b2)|axB((a1,b1)|axp(a1,b1)))|axB
((a2,b2)|axB((a1,b1)|axp(a1,b1)))
= ((az]a(a1]aa1))|a(az]a(a1]|aa1)), (ba|5(b1]Bb1))|B (b2|B(b1]5b1))).
Since (A4, |4) and (B, |p) are SUP-algebras, we obtain a; = az and by = bg. Thus,
(al,bl) = (ag,bg). ||

Definition 7. Let A = (A,|) be a SUP-algebra. A subset B of A is called
a SUP-subalgebra of A if the fixed element 0 of A is in B and (B,|) forms a
SUP-algebra. Clearly, A and {0} are SUP-subalgebras of A.

Example 8. Consider the SUP-algebra A in Example 1. A subset {0,a} of A is
a SUP-subalgebra of A.

Now, we introduce a definition of homomorphisms on SUP-algebras and
present a lemma about it.

Definition 8. Let (A, |4) and (B, |p) be SUP-algebras. A mapping f: A — B
is called a SUP-homomorphism if

fzlay) = f(2)Bf(y)

for all z,y € A.

Lemma 9. Let (A,|a) and (B,|g) be SUP-algebras, and let the mapping f :
A — B be a SUP-homomorphism. Then, f(A) is a SUP-subalgebra of B.

Proof. Let (A,|4) and (B, |p) be SUP-algebras, and let the mapping f: A — B
be a SUP-homomorphism. We show 0p € f(A). Since f is a SUP-homomorphism,
we have

f(04) = f((04]4(04]404))[4(04]4(04]404)))
= (f(04)[B(f(04)|Bf(04))B(f(04)|B(f(04)5f(04)))
= 0p

from Lemma 2(1). Thus, 0 = f(04) € f(A). For arbitrary elements u,v,w €
f(A), there exist z,y, z € A such that u = f(z), v = f(y) and z = f(w). Then

o We get

(((w]p(ulpu))|B(w|p(ulpu))) B ((v|B(ulpu))| B (W B (v|BV)))|B
(vl (ulpu))|B(w|B(v|BV)| B (0B (ulBY))|B(W|B(ulBY)))|B
(((v]B(ulw))|B(w|B(v|BV)))|B((v|B(ulBY))|B(W|B(V]|BV)))))
= ((f@B(f@)Bf@NB(f(2)|B(f(@)Bf(2))]B(((f(Y)B

(
(2)|s(f (=
Ty)(IB WIB((f W) (f(@)|Bf(x)))

) (f
(f@)sf(@)B(f(2)B(f
y NIe(((f(2)|s(f(@)|sf(@)|B(f(2)|B

1B(f(2)|B(f(Y)Bf(Y))
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()e(fW)lB
Ysf(¥))))))
Na(zla(ylay)))la
Na(zla(x|az)))|a
A(zla(ylay))))))

&

Nef@))Is(((f(W)a(f(@)|sf(2)|B(f
DIs((fW)|s(f(@)|sf()|s(f(2)B
= f((((zla(z]az))]a(2]a(z]a2)))] (Y] a (2
EE yla(zlaz))|a(z IA(yIAy))); ((z]a fUIAfv’)
f(

(f(
Iy (f(
|a®)

—~
—~
A~~~ —

)
)a
|a

(
yla(zaw))|a(zla(ylay)))la((yla(z]ar)
A

(2)|5f(2)
(]az)
(2]4(04]404))
(

(z

z)|p(f(04)|Bf(04))
)|5(0B[B0B)
|B(0B|BORB).

=f
f
f
f
f
=u

e Let (ulp(v[pv))|B(ulp(v|pv)) = 0p and (v|p(u|pu))|s(v|B(ulpu)) = Op.
Thoen ]‘;VG obtain (z]4(y|ay))|a(x|a(ylay)) = 04 and (y|a(z[az))[a(y|a(z]a7))
= 04 because

= (u[p(v|Bv))|B(ulB(v]BV))
@) s(fW)af W) (f(@)|B(f W) (Y))
(

= (f
f((@|a(ylay))|a(z]a(ylay)))

and

0p = (v|B(ulpu))|B(v|B(ulpu))
= (fW)Is(f@)|sf(@)s(fY)ls(f()sf(z))
= f((yla(z|az))a(yla(z|a))),

where f is a SUP-homomorphism. Hence, we get x = y since (A, |4) is a
SUP-algebra. Thereby, it follows u = f(z) = f(y) = v. Thus f(A) is a
SUP-subalgebra of B. [

Remark 10. The class of all SUP-algebras forms a variety.

4. CONCLUSION

In the present paper, it has been given a SUP-algebra which is the Sheffer stroke
reduction of UP-algebras, and examined a Cartesian product, a SUP-subalgebra,
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a SUP-homomorphism and many properties in SUP-algebras. After introducing
Sheffer Stroke UP-algebras and giving their features, it is showed that a Sheffer
Stroke UP-algebra is a UP-algebra with = -y := (y|(z|x))|(y|(x|z)), and proved
that a Cartesian product of two SUP-algebras is a SUP-algebra. By defining
a SUP-subalgebra of SUP-algebra, it has been presented a SUP-homomorphism
between SUP-algebras.
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