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Abstract

A generalized hypersubstitution of type 7 = (n) is a function which
takes the n-ary operation symbol f to the term of the same type o(f) which
does not necessarily preserve the arity. Let Hypa(n) be the set of all these
generalized hypersubstitutions of type (n). The set Hypg(n) with a binary
operation and the identity generalized hypersubstitution forms a monoid.
The objective of this paper is to study Green’s relations on the set of all
regular elements of Hypg(n).
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1. INTRODUCTION

The concept of terms is one of the fundamental concepts of universal algebra.
Terms may be considered as words formed by letters. To define terms, one needs
variables and operation symbols. Let (f;)ier be a sequence of n;-ary operation

! Corresponding author.


https://doi.org/10.7151/dmgaa.1366

240 P. KUNAMA AND S. LEERATANAVALEE

symbols indexed by the set I where n; € N* := N\ {0}. We denote by X :=
{z1,...,2p,...} a countably infinite set of symbols called variables and for each
n>1let X, :={x1,...,2,}. We call the sequence 7 := (n;);cs of arities of f;,
the type. An n-ary term of type 7 is defined inductively as follows.

(i) Every variable z; € X,, is an n-ary term of type 7.

(ii) If ¢y,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol,
then fi(t1,...,t,,) is an n-ary term of type .

Let W,(X,,) be the set of all n-ary terms of type 7 which contains x1, ..., z, and
is closed under finite application of (ii) and let W, (X) := U, e+ W+ (X)) be the
set of all terms of type 7.

The application of terms in algebra is the defining of identities. We use identi-
ties to classify algebras into collections called varieties. Moreover, the knowledge
of the identities valid in algebra could be useful for solving functional equations
(see [1]). Not only the concept of identities is important in universal algebra but
also the concept of hyperidentities is so. We can also use hyperidentities to clas-
sify varieties into collections called hypervarieties. The main tool used to study
hyperidentities and hypervarieties is the concept of a hypersubstitution. The no-
tion of a hypersubstitution originated by Denecke, Lau, Pdschel, Schweigert [2].
A hypersubstitution of type 7 is a map which takes every n;-ary operation symbol
to an n;-ary term of the same type. Such mapping can be uniquely extended to
a map defined on the set of all terms of the same type, and then any two such
hypersubstitutions can be composed in a natural way. They proved that the set
of all hypersubstitutions of type 7 together with the identity forms a monoid. In
2000, Leeratanavalee and Denecke generalized the concepts of a hypersubstitu-
tion and a hyperidentity to the concepts of a generalized hypersubstitution and
a strong hyperidentity [4].

The concept of a regular subsemigroup plays an important role in the theory
of semigroups. Puninagool and Leeratanavalee determined all regular elements
in the monoid of all generalized hypersubstitutions of type 7 = (n) [6]. In 2010,
Puninagool and Leeratanavalee studied Green’s relations on Hypg(2) [5]. In this
paper, we study Green’s relations on some classes of elements of the monoid of
generalized hypersubstitutions of type 7 = (n).

2. PRELIMINARIES

In this section, we recall some basic concepts for the discussion in the next sec-
tion. Let 7 = (n;);er be a type. A generalized hypersubstitution of type 7 is
a function which takes the n;-ary operation symbol f; to the term o(f;) of the
same type which does not necessarily preserve the arity. The set of all generalized



GREEN’S RELATIONS ON SUBMONOIDS OF GENERALIZED ... 241

hypersubstitutions of type 7 is denoted by Hypg(7).
To define a binary operation on the set of all generalized hypersubstitutions
of type 7, we have to define the concept of a generalized superposition of terms.

Definition 1 [4]. Let 7 = (n;)ier and t,s1,...,5, € W-(X). Then a generalized
superposition of terms

S™ W (X) X W (X)" - W(X)
is inductively defined by the following steps:

(i) If t = zj for 1 < j < mn, then S™(xj,s1,...,5,) == sj.
(i) If t = z; for n < j, then S™(xj,s1,...,S,) == ;.

(111) Ift= fi(tla ce ,tni), then Sn(fi(tl, e 7tn¢)a S1y. .- ,Sn) = fi(Sn(tl, Sl
Sn)sees S (tnyy S15- -y Sn))-
Every generalized hypersubstitution o can be extended to a mapping o :
W, (X) — W,(X) by the following steps.
(i) ofz] :=x € X.
(i) a[fi(ti... tn,)] :==S"(co(fi),0[t1],...,0[tn,]), for any n;-ary operation sym-
bol f; and supposed that o[t;],1 < j < n; are already defined.

Then we define a binary operation og on Hypg(T) by 0 og a := 6 o «
where o is the usual composition of mappings and o, € Hypg (7). Let ;4 be
the hypersubstitution which maps each n;-ary operation symbol f; to the term
fi(z1,...,2p,). Leeratanavalee and Denecke proved the following proposition.

Proposition 1 [4]. For arbitrary terms ¢,¢1,...,t, € W,-(X) and for arbitrary
generalized hypersubstitutions o, a we have

(i) S™(a[t],ot1],...,b[tn])) = G[S™(t,t1,. .., tn)],
(i) (6oa) =60a.
By using the previous result, Leeratanavalee and Denecke proved that
Hypa (1) := (Hypa(7T),0G,0:q) is a monoid, for more detail see [4].
2.1. Green’s Relations

Let S be a semigroup with a binary operation - and 1 ¢ S. We extend the binary
operation from S to SU{1} by define 1x1 =1zl =1z =zand xxy=2x-y
for all x,y € S. Then (S U {1}, %) is a semigroup with the identity 1.

Let S be a semigroup. Then we define,

1 )5S, if S has an identity
| SuU{1}, otherwise.
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Let S be a semigroup and @ # A C S. We call A a left (right) ideal of S if
SA C A(AS C A) and callA an ideal of S if it is both left and right ideal of S.

Let S be a semigroup and @ # A C .S. We now set
(A); =N {L|L is a left ideal of S containing A},
(

(A); =N {I|I is an ideal of S containing A}.

A), =N {RJ|R is a right ideal of S containing A},

We call (4;) ((4;), (A4;)) the left ideal (right ideal, ideal) of S generated by A.

It is easy to see that

(A) = S'A=SAUA,
(A,) = AS' = AU SA,
(A;) = STAS! = SASUSAUAS U A.

For a1,...,a, € S, we write (aq,...,a,); instead of ({a1,...,a,}); and call
it a left ideal of S generated by ay,...,a,. Similarly, we can define (ay,...,a,),
and (ai,...,a,);. If Ais aleft ideal of S and A = (a); for some a € S, we then
call A the principal left ideal generated by a. We can define the principal right
ideal and principal ideal in the same manner.

Let S be a semigroup. We define the relations £, R, H,D,J on S as follow:

alb < (a); = (b)i,
aRb < (a); = (b)r,
H < LNR,
D < LoR,
alb < (a); = (b)i.

Lemma 1 [3]. Let S be a semigroup. Then for any two element a,b € S!

alb < a = zb and b= ya for some x,y € S*,

aRb < a = bx and b= ay for some x,y € S*,

aHb < alb and aRb,

aDb < (a,c) € L and (c,b) € R for some c € S,
aJb < a = xby and b = uav for some x,y,u,v € S'.

Remark. Let S be a semigroup. Then the following statements hold.

1. L,R,H,D and J are equivalence relations.
2. HCRCDCJandHCLCDCJ.
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3. GREEN’S RELATIONS ON REGULAR SUBMONOIDS OF THE MONOID OF
ALL GENERALIZED HYPERSUBSTITUTION OF TYPE (n)

Green’s relations on Hypa(2) have been studied by Puninagool and Leeratanavalee
[5]. They studied Green’s relations on some classes of elements of the monoid of
generalized hypersubstitutions of type 7 = (2). In this section, we study Green’s
relations on the monoid of all regular elements of Hypg(n).

For a type 7 = (2) with an n-ary operation symbol f and t € W(,(X), we
denote:

op:= the generalized hypersubstitution o of type 7 = (n) which maps f to

the term ¢,

var(t):= the set of all variables occurring in the term t.

Let 0y € Hypg(n), we denote
Ry :={oy, | zi € X};
Ry:={o¢ |t ¢ X and var(t) N X, = 2};
Rs:={o, |t = f(t1,...,t) Where t;, = zj,,...,t;, = x;, for some ii,... iy €
{1,...,n} and for distinct j1,...,5m € {1,...,n} and var(t) N X,, =
{xju s 7wjm}}'
In 2010, Puninagool and Leeratanavalee showed that U?Zl R; is the set of all
regular elements in Hypg(n).

Definition 2 [7]. For a type 7 = (n) with an n-ary operation symbol f, ¢t €
Wiy (X) and 1 <i <n, an i — most(t) is defined inductively by:
(i) if ¢t is a variable, then i — most(t) = t,
(ii) if t = f(t1,...,tn) where t1,... ¢, € Wy, (X), then i — most(t) = i —
most(t;).

Example 1. Let 7 = (3) be a type, t = f(x9, f(25,21,23), f(x4,27,25)). Con-
sider 1 — most(t) = xa, 2 — most(t) = 2 — most(f(xs,z1,23)) = =1 and 3 —
most(t) = 3 — most(f (x4, x7,25)) = T5.
Lemma 2 [7]. Let s,t € W,,)(X). If j —most(t) =z € X, and k —most(s) =
x;, then j — most(dy[s]) = ;.
Lemma 3 [6]. Let 05,00 € Hypg(n). Then the following statements hold

(i) var((os og o¢)(f)) N X, Cwar(t) N X,.

ii) If s uses only one variable , then the term os o o uses only one variable.
Y Y

Theorem 1. Every o,, € Ry is L-related and H-related only to itself, but is
R-related, D-related and J-related to all elements of Ry and not R-,L-H-,D-
and J-related to any other generalized hypersubstitution.
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Proof. Let 0,, € R;. Since every element in R is idempotent [6], i.e., (0, oG
0x,)(f) = Oz,[xi] = x;i = 04,(f), we have that every o,, € R can only be £-
related to itself. Since 0., oG 0, = 04, for all o4, 0, € Ry, we have that any
two elements in Ry are R-related and also D-related and J-related to each other
because R C D C J. Since H = LN'R, we have o, is H-related only to itself for
any oy, € Ri. Moreover, if we asume that o,,70; where ¢t ¢ X then there exist
Op,0q,0u, 0y € Hypa(n) such that

(1) Oz; = O0p ©G 0t ©°G Oy,

(2) Ot = 040G Og; OG Oyp.

Then by generalized superposition of terms, we have o, oG 04, og 0, € Rq which
contradicts to o ¢ R;. So oy € Ry. Therefore o,, € Ry is R-, L-;H-, D and
J-related to any other generalized hypersubstitution. [ |

Theorem 2. Fvery o, € Re is R and H-related only to itself, but is L-related,
D-related and J -related to all elements of Ro and not R-,L-,H-,D- and J -related
to any other generalized hypersubstitution.

Proof. Let o4 € Rs. Since every element in Rs is idempotent [6], i.e., (o¢ og
o)(f) = a¢[t] =t = o¢(f), we have every oy € Rg can only be R-related to itself.
Let 04,04 € Ro. Then o4 og 0y = 04 and o0y og 05 = 05. So 0sLo0¢. Hence every
two elements in Ry are L-related and also D-related and J-related to each other
because L C D C J. Since H = LN R, oy is H-related only to itself for every
0z, € Ry. Next we show that each element of R is not related to any generalized
hypersubstitutions. Assume o4 € Hypg(n),ot € Re where 03J0;. By Theorem
1, we get o5 ¢ Ry then there exist oy, 04, 04,0, € Hypg(n) such that

(3) O0s = 0pO@G 0t 0@ Ogq,

(4) Ot = 040G 050G Oy.

Since s ¢ X and by (3), ¢ ¢ X. Since oy € Ry and q ¢ X, 04 og 04 = 0. Since

ot € Ry, x1,...,T, are not occuring in the term Op OG 0t = 0p OG 04 OG Oq = Us.
Hence x1,...,z, ¢ var(s). So o5 € Ry. Therefore oy € Ry is R-, L-,H-, D- and
J-related to any other generalized hypersubstitution. [ |

Theorem 3. Let o5,0; € R3. Then osRoy if and only if s is the term obtained
from t such that if i — most(t) = x), € Xp, then i — most(s) = xr,) where w is a
permutation on {1,...,n}.

Proof. Assume that o,Ro;. Then there exist 0p,0, € Hypg(n) such that

(5) Ot = 05 0@ Upa

(6) Os = 040G 0.
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Next, we prove by contradiction that if i —most(t) = zj € X,,, then i —most(s) =
Tr (k) Where 7 is a permutation on {1,...,n}. Assume that i — most(s) # T

Casel. i—most(s) = x; € X\ X,,. Then i—most(osoqop) = x; # i—most(t)
which contradicts to (5).

Case II. i — most(t) = x, € X, and j — most(t) = xp, € X, where i —
most(s) = j—most(s) = Tr(r,) € Xn. By Lemma 2, we get j —most(0s[p]) = w1,
which contradicts to (5). So i —most(s) = Trx).-

Conversely, assume the condition holds. We will prove that oy = o5 0g 0y
and os = o0y o 04 for some op,0, € Hypg(n). Choose p = f(p1,...,pn) Where
(k) —most(p) = xp; 3 k € {1,...,n}.

Casel. i—most(t) = xp € X,. Since i—most(s) = z.(y) and 7(k)—most(p) =
xp, by Lemma 2 we have, ¢ — most(t) = i — most(cs[p]) = x.

Case II. i — most(t) = xp € X \ X,,. It is easy to see that i — most(t) =
i —most(cs[p]). For o5 = o4 oG 04, the proof is similar to the previous proof. m

Theorem 4. Let 04,0, € Rs. Then osLoy if and only if var(t) N X,, = var(s)
NnX,.

Proof. Assume that o,Loy, then there exist 0,0, € Hypg(n) such that

(7) Or = 0p oG Os,

(8) Og — Uq oG O¢.

By Lemma 3, we get var(t) N X,, C var(s) N X, and var(s) N X,, C var(t) N
X,,. Hence var(t) N X,, = var(s) N X,,. Conversely, assume that the condition
holds. Let t = f(t1,...,t,) where t;;, = zj,,...,t;, = xj,, and var(t) N X, =
{zj,....z;,}, s = f(s1,...,sn) where s;, = xj,,...,s,, = zj, and var(s) N
X, ={zj,,...,x;,}. Wewill prove that oy = 0,0q0, and o, = 040G 04; Jop, 04 €
Hypg(n). Choose p = f(p1,...,pn) where p has the same pattern as the term ¢
and p;, = x1,,...,Di,, = T1,,-

m

Casel. ip—most(t) = xj, € Xp;3 ji € {J1,--.,Jm}. Since iy —most(p) = xy,
and I —most(s) = xj,, by Lemma 2 we have, i, — most(t) = i, — most(op[s]) =
Ty -

Case IL. f € J\ {j1,---,Jm}- Let py = f(u1,...,upn). If i — most(p) = xy,,
then i — most(t) = i — most(op[s]) = ;. If i —most(p) = x5 € X \ X, then
i —most(t) =i — most(op[s]) = xy.

For o4 = 04 oG 0y, the proof is similar to the previous proof. [ |

Theorem 5. Let 05,04 € R3. Then osJ oy if and only if |var(t) N X, | = |var(s)
N Xpl.
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Proof. Let 05,04 € Rg where s = f(s1,...,8,) and t = f(t1,...,t,). Assume
that o4J 0y, then there exist oy, 04,04,0, € Hypg(n) where p = f(p1,...,pn)
and ¢ = f(q1,...,qn) such that

(9) 0t = 0p O0G 05 0@ Og,

(10) Os = 0, 0G 01 OG Oy.

We prove by contradiction that |var(t) N X,| = |var(s) N X,|. Assume that
lvar(t) N X,| > |var(s) N X,,| such that |var(t) N X, | = ¢ and |var(s) N X,| = b

where b < c. Let f(a1,...,ay) be the term obtained from o505 0,. Since |var(s)N
X, =0b,050604(f) = fla1,...,a,) and |var(f(a1,...,a,))NXy,| <b. From (9),
we get S™(f(p1,...,pn),0la1],...,0lan]) = f(t1,...,t,). Since ¢ > b and 04,0, €

R, then t. = xy,. Sop. € X. If p. ¢ X,,, then S™(f(p1,...,pn),0la1],...,0an])
# t which contradicts to (9). If p. ¢ X, \ {zk,,..., 2k}, then by o € R3
we have S"™(f(p1,...,pn),0la1],...,0lan]) # t. If p. € {xp,,..., 28}, we get
Pe = Tgy30 € {1,...,b} which contradicts to (9). Hence the number of distinct
variables in X,, which occur in s and ¢ are equal. So |var(t)NX,| = |var(s)NX,|.
Conversely, assume that the condition holds. Let ¢t = f(¢1,...,t,) where t;; =
Tjy- . ti, = x4, and var(t) N X, = {x;,...,z;.}, s = f(s1,...,5,) where
S, = Xfy.--5 84, = 2, and var(s) N X, = {zy,..., x5, }. We will prove that
01 = 0p 0G 050G 04 and o5 = 0y, 0G 0t 0G Ty; Vop, 04, 0y, 0y € Hypg(n). Choose
p = f(p1,...,pn) with the same pattern as term ¢ and p;; = 2y,,...,pi,, = ¥,
and ¢ = f(q1,--.,qn) where gy, = xj,,...,qf, = Tj,-

Case 1. i, — most(t) = xj,;i, € {i1,...,%9m}. Since I — most(s) = xy,
and fr, — most(q) = zj,, I — most(ds[q]) = xj,. Since i, — most(p) = x;, and
lp — most(os[q]) = xj,, i, — most(t) = i — most(o,[0s[q]) = xj,.

Case IL. f € J\ {j1,.--,Jm}- Let py = f(u1,...,upn). If i — most(p) = xy,,
then we can prove similarly to Case I that i —most(t) = i —most(cp[os[q]) = zj, .
If i — most(p) = x4 € X \ Xy, then i — most(t) =i — most(cp[os[q]) = 4.

For o4 = 0, oG 0t oG 0y, the proof is similar to the previous proof. [ |

Theorem 6. Let 04,05 € R3. Then o570 if and only if 0sDoy.

Proof. Let 04,05 € Rs. Then by Theorem 5, 0,70 if and only if |var(t) N

Xy| = |var(s) N X,|. Let t = f(t1,...,t,) where t;; = xj,,...,t;, = x;, and
var(t) N X, = {xj,,..., 2.}, s = f(s1,...,5,) where s;, = zp,,...,s1,, = Tk,
and var(s) N X, = {zk,,..., %k, }. Choose r = f(ry,...,r,) where o, = 05 0@

kl km km—i—l kn

Ji o dm kme kn
0,Ros, ie., there exist op,0, € Hypg(n) such that os = o, og 0, and o, =

O-f(x‘rr(kl)v"'vmﬂ(kn))

such that = = < ) We will prove that

050G 0.
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Choose p = f(Zr-1(ky) -+ Ta-1(ky)) A0A ¢ = f(Tr(ry)s- -5 Ta(hy,))- SO Or OG
Tp = 059G O [ty yostn(in)) OC TF(@, -1 ()1 (yy) = 05 OG Tid = s and o5 oG
Og = 059G Of(,))es@niin) = O Next we will prove that ¢,.Lo;. Since o, =
T5 OG O f( )o@ (in)) var(t) N X, = var(r)NX,. By Theorem 4, we get o,Lo;.
Hence by Lemma 1 we get, osDoy. [ |

Theorem 7. Every o, € R3 is H-related only to itself.

Proof. Assume o,Hoy and t # s. Then there exist 0y, 04, 04,0, € Hypg(n) such
that

(11) Ot = 050G Op,
(12) 0s = 010G 0g,
(13) Ot = 0,00 Os,
(14) 05 = Oy 0@ Oi.

By Theorem 3, there exist 0,0, € Hypg(n) such that o, = 05 0g 0, and o5 =
ot oq 04 Where o4 = 04 o O (@ (1) () for some permutation w. Since oz =
TLOGT (1 (1)) such that m # (1), var(t)NX,, # var(s)NX,. By Theorem 4,
o5 is not L-related with o; which contradicts to (13), (14). By Theorem 4 again,
there exist o,,0, € Hypg(n) such that oy = 0, og 05 and o4 = 0, oG o where
var(t) N X, = var(s) N X,,. Let t = f(t1,...,ty) where t;;, = x;,,....t;, = xj,

and s = f(s1,...,s,) where s;, = xj,,...,s,, = xj,,. Moreover o5 # 0y og

T F (@ n (1)) By Theorem 3, oy is not R-relate with o, which contradicts to

(11), (12). Sot = s. |
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