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Abstract

The main purpose of this article is to study ordered semihypergroups
in the context of uni-soft quasi-hyperideals. In this article, using the no-
tion of soft-union sets in ordered semihypergroups, we introduce the con-
cept of union-soft (uni-soft) quasi-hyperideal and the related properties
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are investigated. We prove that every uni-soft left (right) hyperideal is a
uni-soft quasi-hyperideal but the converse is not true which is shown with
help of an example. We present the characterizations of left (right) simple
and completely regular ordered semihypergroups in terms of uni-soft quasi-
hyperideals. Furthermore we define semiprime uni-soft quasi-hyperideal and
characterize completely regular ordered semihypergroup using this notion.

Keywords: uni-soft bi-hyperideal, uni-soft quasi-hyperideal, semiprime uni-
soft quasi-hyperideal, left (right) simple, regular and completely regular or-
dered semihypergroup.
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1. INTRODUCTION

The concept of hyperstructure was first introduced by Marty [18], at the eighth
Congress of Scandinavian Mathematicians in 1934, when he defined hypergroups
and started to analyze its properties. The core cause which attracts researches to-
wards hyperstructures is its unique property that in hyperstructures composition
of two elements is a set, while in classical algebraic structures the composition of
two elements is an element. Thus algebraic hyperstructures are natural extension
of classical algebraic structures. Now, the theory of algebraic hyperstructures
has become a well-established branch in algebraic theory and it has extensive
applications in many branches of mathematics and applied science. In a recent
monograph [2], Corsini and Leoreanu have presented numerous applications of al-
gebraic hyperstructures. Later on, people have developed the semihypergroups,
which are the simplest algebraic hyperstructures having closure and associative
properties. A comprehensive review of the theory of hyperstructures can be found
in [1-5,10-12,20-22, 24, 25].

The real world is too complex for our immediate and direct understanding.
We create “models” of reality that are simplifications of aspects of the real word.
Unfortunately these mathematical models are too complicated and we cannot
find the exact solutions. The uncertainty of data while modeling the problems in
engineering, physics, computer sciences, economics, social sciences, medical sci-
ences and many other diverse fields makes it unsuccessful to use the traditional
classical methods. These may be due to the uncertainties of natural environmen-
tal phenomena, of human knowledge about the real world or to the limitations of
the means used to measure objects. The classical set theory, which is based on
the crisp and exact case may not be fully suitable for handling such problems of
uncertainty. To overcome these difficulties, Molodtsov [19], introduced the con-
cept of soft set as a new mathematical tool for dealing with uncertainties that is
free from the difficulties. Molodtsov soft set theory is a kind of new mathemati-
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cal model for coping with uncertainty from a parameterization point of view, in
soft set theory, the problem of setting membership function does not arise, which
makes the theory easily applied to several fields. Worldwide, there has been a
rapid growth in interest in soft set theory and its applications in recent years,
(see [7-9,13,14,16,17,26]).

In this paper, we introduce the notion of uni-soft quasi-hyperideals of ordered
semihypergroups. We show that every uni-soft quasi-hyperideal is a uni-soft bi-
hyperideal and in a regular ordered semihypergroup, uni-soft quasi-hyperideals
and uni-soft bi-hyperideals coincide. We characterized ordered semihypergroups
in terms of uni-soft quasi-hyperideals. We present the characterizations of left
(right) simple and completely regular ordered semihypergroups. We define semi-
prime uni-soft quasi-hyperideal and characterized completely regular ordered
semihypergroup using this notion.

2. PRELIMINARIES

2.1. Basic results on ordered semihypergroups

A hypergroupoid is a nonempty set S equipped with hyperoperation o, that is a
map o : S x S — P*(S), where P*(S) denotes the set of all nonempty subsets
of S (see [18]). We shall denote by z oy, the hyperproduct of elements z,y of S.
A hypergroupoid (S, 0) is called a semihypergroup if (xoy)oz = x o (yoz) for
all z,y,z € S. Let A, B be the nonempty subsets of S. Then the hyperproduct
of A and B is defined as Ao B = J,c 4 pepa © b. We shall write A o z instead of
Ao{x} and x o A for {z} o A.

Definition 1 (see [22]). An algebraic hyperstructure (.5, o, <) is called an ordered
semihypergroup (also called po-semihypergroup) if (.5, o) is a semihypergroup and
(S, <) is a partially ordered set such that the monotone condition holds as follows.

a < b implies that xroca <z oband aox < box for all x,a,b € S, where, if
A, B € P*(S) ,then we say that A < B if for every a € A there exists b € B such
that a < b. If A = {a} then we write a < B instead of {a} < B.

Definition 2 (see [1]). A nonempty subset A of an ordered semihypergroup
(S, 0, <) is called a subsemihypergroup of S if for all z,y € A implies that zoy C A.

Equivalently. A nonempty subset A of an ordered semihypergroup (5,0, <) is
called a subsemihypergroup of S if Ao A C A.

Definition 3 (see [22]). Let (5,0, <) be an ordered semihypergroup and A be a
nonempty subset of S. Then A is called a left (right) hyperideal of S if:

(1) ScAC A ((AoS)C A).
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(2) Ifac Aand S>b<athenbe A

If A is both a right hyperideal and a left hyperideal of S, then it is called a
hyperideal of S.

Definition 4 (see [22]). A subsemihypergroup A of an ordered semihypergroup
(S,0,<) is called a bi-hyperideal of S if:

(1) AoSoAC A.
(2) fae Aand S50 <athenbe A

For A C S, we denote (A] = {t € S|t < h for some h € A}.

Definition 5 (see [1]). A nonempty subset @) of an ordered semihypergroup
(S,0,<) is called a quasi-hyperideal of S if:

(1) QoSN (S2Q) Q.
(2) fae@and S>b<athenbeqQ.

The quasi-hyperideal of S generated by a (a € S) is denoted by Q(a) and is
defined as Q(a) = (aU ((ao SN (S oal)].

Lemma 1 (see [16]). Let (S,0,<) be an ordered semihypergroup and A, B are
the nonempty subsets of S. Then the following statements hold:

1) AC(4].

A C B implies that (A] C (B].
(A]o (B] C (Ao B].

Alo (B]] = (Ao BJ.

For the sake of simplicity throughout this paper, we denote by a” = aoao
.-+ 0a n-copies.

Definition 6 (see [22]). (1) An ordered semihypergroup (5,0, <) is called left
(resp., right) regular if for each a € S there exists € S such that a < zoaoa
(resp., a < aoaox).

Equivalently. An ordered semihypergroup (5,0, <) is called left (resp., right)
reqular if for each a € S, a € (S o az] (resp., a € (a2 o S])

(2) An ordered semihypergroup (5,0, <) is called regular if for each a € S
there exists € S such that a <aoxzoa.
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2.2. Basic concepts of soft sets

In what follows, we take FF = S as the set of parameters, which is an ordered
semihypergroup, unless otherwise specified.

From now on, U is an initial universe set, E is a set of parameters, P(U) is
the power set of U and A,B,C--- C E.

Definition 7 (see [19]). A soft set fa over U is defined as f4 : E — P(U) such
that fa(x) =0 if x ¢ A. Hence f4 is also called an approzimation function.

A soft set f4 over U can be represented by the set of ordered pairs f4 =
{(z, fa(x))|x € E, fa(x) € P(U)}. It is clear from Definition that a soft set is a
parameterized family of subsets of U. Note that the set of all soft sets over U will
be denoted S(U).

Definition 8 (see [19]). (i) Let fa, fp € S(U). Then f4 is called a soft subset of
fB, denoted by faCfp if fa(x) C fg(z) for all z € E. Two soft sets f4 and fp
are said to be equal soft sets if f4Cfp and fpCf4 and is denoted by fa=fp.

(ii) Let fa,fs € S(U). Then the soft union of fs and fp, denoted by
faUfB = faus, is defined by (fAUfB) () = fa(z)U fp(z) for all x € E.

(iii) Let fa, fg € S(U). Then the soft intersection of f4 and fp, denoted by
fan fB = fanp, is defined by (fAﬂ fB) () = fa(z)N fp(zx) for all x € E.

For z € S, we define

Ay ={(y,z) e Sx S|z <yoz}

Definition 9 (see [15]). Let f4 and gp be two soft sets of an ordered semihy-
pergroup S over U. Then, the uni-soft product, denoted by fa*gp, is defined
by

- N ) {falw)Ugn(2)}, if A, #0,
faxgp : S — P(U),x — (faxgp) (v) = { (y.2)eA,
U, if A, =0,

for all xz € S.

Definition 10 (see [15]). Let A C S. Then the soft characteristic function
Sa: S — P(U) is defined by

U ifzeA
Sal@) :_{ 0 ifx¢A

The soft set (Ug,S), where Ug(z) = U for all x € S, is called the identity
soft set over U. For the characteristic soft set S over U, the soft set §§ over U

given as follows
c 0 ifzxeA
Salw) = { U if z¢ A
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For an ordered semihypergroup S, the soft set ”0g” of S over U is defined as
follows

0sg:S — P(U),x+—0s(z)=0foralzes.
(s is called an empty soft set of S over U.
Definition 11 (see [15]). Let f4 be a soft set of an ordered semihypergroup S

over U a subset § such that § € P (U). The J-exclusive set of f4 is denoted by
ea(fa,d) and defined to be the set

ea(fa,0) ={z €S| fa(x) Cd}.

2.3. Uni-soft hyperideals of ordered semihypergroups

Definition 12 (see [15]). A soft set fqof an ordered semihypergroup S over U
is called a uni-soft semihypergroup of S over U if:

Va,y € 9) |J fale) € fal@) U fay).

aExoy

Definition 13 (see [15]). Let f4 be soft set of an ordered semihypergroup S over
U. Then f4 is called a uni-soft left (right) hyperideal of S over U if it satisfies
the following conditions.

W vryes) | fA<a>ng<y>( U fA<a>ng<x>).

aEcxoy aEcxroy

(2) (Vz,yeS)z<y= fa(z)C faly).

A soft set f4 of S over U is called a uni-soft hyperideal of S over U if it is both
a uni-soft left hyperideal and a uni-soft right hyperideal of S over U.

Definition 14 (see [6]). A uni-soft semihypergroup f4 of an ordered semihyper-
group S over U is called a uni-soft bi-hyperideal of S over U if it satisfies the
following conditions.

(1) (Vo,y,2€8) |J fala) C fal@)U fa(z).

aExoyoz

(2) (Vz,ye Sz <y= fa(z) C fa(y).

3. UNI-SOFT QUASI-HYPERIDEALS OF ORDERED SEMIHYPERGROUPS

Definition 15. Let f4 be soft set of an ordered semihypergroup S over U. Then
fa is called a uni-soft quasi-hyperideal of S over U if it satisfies the following
conditions.
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(1) (fa¥0s) U (Bs%fa) Dfa.
(2) (Vo,ye Sz <y= fa(z) C faly).

Example 2. Let (S, 0,<) be an ordered semihypergroup where the hyperopera-
tion and order relation are defined

a b c

fa} | {a,b} | {a,c}
{a} | {a,b} | {a,c}
{a} | {a,b} | {c}

<= {(av a)’ (b’ b)’ (C’ C)’ (av b)} .

Suppose U = {p,q,r} and A = {b,c}. Let us define fa(a) = 0, fa(b) =
{p,q}, and fa(c) ={p,r}. Then f4 is a uni-soft quasi-hyperideal of S over U.

Q|| o

Proposition 3. Let S be an ordered semihypergroup. Then every uni-soft quasi-
hyperideal of S over U is a uni-soft semihypergroup of S over U.

Proof. The proof is straightforward. [

Theorem 4. Let f4 be a soft set of an ordered semihypergroup S over U and
0 € P(U). Then fa is a uni-soft quasi-hyperideal of S over U if and only if the
nonempty 0-exclusive set es(fa,0) is a quasi-hyperideal of S.

Proof. Assume that f4 is a uni-soft quasi-hyperideal of S over U. Let § € P (U)
with & # (). We show that (ea(fa,0) 0S| N(Soea(fa,d)] C ea(fa,0). Let a €
(ea(fa,0)0S|N(Soea(fa,d)]. Thena € (ea(fa,0) o S]and a € (Soes(fa,d)],
ie,, a <bosanda < koc for some b,c € es(fa,0) s,k € S, ie., (bs),(k,c) € A,.
This implies that

(fa%0s) (@) = [} {fa(@)Ubs (@)} S{fa(d)Ubs(s)} =6U D=4
(p,9)€Aq

and

0s7£4) (@) = () {0s @) Ufa ()} S {0s (k) U fa ()} =0U 5 = 4.

(:B,y)EAa

By assumption, we obtain that
fa(a) € (fa¥0s) (a) U(0s%fa) (a) S dUA.

Hence f4 (a) C 6. Thusa € es(fa,0). Therefore (e4(fa,0) o SN(Soea(fa,d)] C
eA(fa,0). Let z € es(fa,0) and y € S with y < z. So fa(y) C fa(x) C 0, we
obtain y € e4 (fa,9) . Therefore e4(fa,d) is a quasi-hyperideal of S.
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Conversely, we assume that for every § € P (U), ea(fa,d) is a quasi-hyper-
ideal of S. We show that (f4%0s) U (Ds%f4) Dfa. Let a € S. If A, = (), then it is
clear that (fa%0g) U (Ds¥fa) Dfa. If A, # 0, then there exists z,y € S such that
a<zoy.Let d = fa(x)U fa(y). Since e4(fa,0) is a quasi-hyperideal, a < xoy
and x,y € ea(fa,d), we have a € (ea(fa,0) 0S| N (Soea(fa,d)] C ea(fa,?).
Then fa(a) C 6. This means that fa(a) C fa(z) U fa(y) for all (z,y) € A,
Now we have

((fa%05) U (Ds%fa)) (a) = (fa¥Ds)(a) U (Ds*fa) (a)

—< N {fA(w)U@S(y)}>

(:B,y)EAa

O( N {@S(CU)UfA(y)}>

(z,y)€Aa

_< N {fA(x)U(Z)}>L~J< N ({fA(y)UV)})>
(

(z,y)EAq z,y)EAq

— ﬂ (fa(z)U fa(y)) 2 fala).

(z,y)€Aa

Thus (f4¥0s) U (0s%fa) Dfa. Let a,b € S with a < b. Since a < b, b € e4 (fa,9),
let fa(b) =0 and e (fa,0) is a quasi-hyperideal of S, we get a € e4 (fa,d) so
fa(a) €6 = fa(b). Hence fa(a) € fa(b). Therefore f4 is a uni-soft quasi-
hyperideal of .S over U. [

Example 5. Let (S, 0,<) be an ordered semihypergroup where the hyperopera-
tion and order relation are defined

a b c d e
{a} | {a} | {a} | {a} | {a}
{a} | {a,b} | {a} |{a,d} | {a}
{a} | {a,e} | {a,c} | {a,c} | {a,e}
{a} | {a,b} | {a.d} | {a.d} | {a,b}
{a} | {a,e} | {a} |{a,c} | {a}

<= {(a7 a’)? (b7 b)? (c7 C)? (d7 d)? (67 e) ) (a7 b)? (a7 C), (a7 d)? (a7 e)}
The covering relation is given below
<={(a,b),(a,c),(a,d),(a,e)}.

It is easy to see that the quasi-hyperideal of S are {a}, {a,b}, {a,c} {a,d},
{a,e}, {a,b,d}, {a,c,d}, {a,b,e}, {a,c,e} and S.

O[OS |0
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Suppose U = {ej,eq,e3,e4} and A = {b,c,d,e} . Let us define f4 (a) ,

fa(b) = {er,es}, falc) = {e1,ez,e3,e4}, fa(d) = {e1,e3,e4} and fy (67) =
{62763764}. Then

{a} if §={ei}
{a} if § = {ea}
fab i 6= {es}
{a} if § ={es}

{a} if § ={e1,ea}
{a,b} if 5 ={ej,e3}
{a} if 6 ={e1,eq}
ea(fa,0) =1 {a} if § ={es,e3}
{a} if 0 ={eg,e4}
{a} if § ={es, eq}
{a,b} if 0 ={e1,e2,e3}
{a} if §={ej,eq,e4}

{CL, ba d} if 6 = {617 €3, 64}
{a,e} if 0 ={eq,e3,e4}
S if 6 ="U.

So by Theorem 4, f4 is a uni-soft quasi-hyperideal of S over U.

Proposition 6. Let S be an ordered semihypergroup and ) be the nonempty
subset of S. Then @ is a quasi-hyperideal of S if and only if the soft set Sgg s a
uni-soft quasi-hyperideal of S over U.

Proof. Suppose @ is a quasi-hyperideal of an ordered semihypergroup S. Let a
be any element of S. If a € @, then

((5&1@5) U (@5@5&)) (a) D0 = S (a).
If a ¢ Q, then S (a) = U. On the other hand, assume that

((Sé?@s) U (@S;Sé)) (a) = 0.

Then
N {5 @)uis(y)} = (S5+0s) (a) =0,

(z,y)EAq

and

N {0s@)USH )} = (055S5) (a) = 0.

(xvy)EAa

This implies that there exist elements b, ¢, d and e of S with a < boc and a < doe
such that S (b) = 0 and S (e) = 0. Hence a < boc C QoS C (QoS] and
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a<doeC SoQ C (SoQ)],thatisa € (Qo S]N(SoQ)], which is a contradiction
that a ¢ Q. Thus we have

(S5F05) U (05%S5) 286

Let z,y € S with x <y. If y ¢ Q then g (y) = U and so g, (z) C U = S () -
If y € Q then Sgg (y) = 0. Since = < y and @ is a quasi-hyperideal of S, we have
z € @ and thus S (v) = 0 = S, (y) . Therefore S§ is a uni-soft quasi-hyperideal
of S over U.

Conversely, let S¢ be a uni-soft quasi-hyperideal of S over U. Let a be any
element of (Q o S]N (S o Q]. Then there exist elements s and ¢ of S and elements
b and ¢ of @) such that a < bos and a < toc. Thus we have

(S530s) (a ﬂ {85 (@)Ubs ()} C{SHB)UDs(s)} =0UD =0,
(z,y)EAq

and so
(8630s) (a) = 0.
Similarly, we have

Hence

C (( S50s) U (05%85)) (a) =0 U D = 0.
ThusaEQandso( 0S]N(SoQ] C Q. Let x € S and y € @ be such that
z <y. Then 8 (z) C & (y) = 0, and thus z € Q. Thus Q is a quasi-hyperideal
of S. -

Theorem 7. Let S be an ordered semihypergroup. Then every uni-soft right
(resp., left) hyperideal of S over U is a uni-soft quasi-hyperideal of S over U.

Proof. Let fa be a uni-soft right hyperideal of S over U. Let a € S, we have

((fa¥05) U (Ds%fa)) (a) = (fa¥0s) (a) U (Ds%fa) (a) -

If A, = 0, it is clear that (fa*0s) (a)U (Dsxfa)(a) 2 fa(a). Let A, # 0. Let
(z,y) € Ay. We have a < zoy. This mean that a < z for some z € xoy. Since f4 is
a uni-soft right hyperideal of S over U, fa (a) C fa (2) € U,cpoy fa(2) C fa(2).
It follows that

fa@ € () fal@)= () {fal@)U0s))

a<zoy (z,y)EAq
= (fa¥0s) (a) C (fax0s) ()0 (Ds¥fa) (a) = ((fax0s) U (Ds%fa)) (a).

Therefore f4 is a uni-soft quasi-hyperideal of S over U. [
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The converse of the above Theorem is not true in general. We can illustrate
it by the following example.

Example 8. Let (5,0, <) be an ordered semihypergroup where the hyperopera-
tion and the order relation are defined by:

a b c d

{a} | {a} |{a} |{a}
{a} | {a,b} | {a,c} | {a}
{a} | {a} | {a,b} | {a}
{a} | {a,d} | {a} | {a}

<:={(a,a),(bb),(c,c),(d,d),(a,b),(a,c),(a,d)}.
Let U = {hy,ho,h3} and A = {c¢,d}. Define fu(a) = 0, fa(b) = 0, fa(c) =
{h1,h2} and fa(d) = {ha}. Then f4 is a uni-soft quasi-hyperideal of S over
U. But fa is neither uni-soft right hyperideal nor uni-soft left hyperideal of S
over U. Because Ugcpo. f4 (B) = fa(a) U fa(c) = {h1,ha} € 0 = fa (D) and
Usedon fa (8) = fa(a) U fa(d) = {ha} £ 0= fa(b).

Theorem 9. Let S be an ordered semihypergroup. Then every uni-soft quasi-
hyperideal of S over U is a uni-soft bi-hyperideal of S over U.

QUIO | Se |0

Proof. Let fa be a uni-soft quasi-hyperideal of S over U and z,y € S. We show
that Uyepopo- f4 (@) € fa(z)Ufa(2). Since a € zoyoz < zo(yoz) = a < zow
for some w € y o z, we get

(Fa¥0s) (@) = () {fa(w)Ubs (v)} C fa(2) Vs (w) = fa(2) UD = fa(x).
(u,v)EAq
Sincea € zoyoz < (roy)oz=a<tozforsomet e xoy. We obtain
Os%fa) (@) = () {bs (@)U fa(v)} SOs()U fa(2) =0U fa(z) = fa(2).
(u,w)EAq

By assumption we have

fala) € (fa¥0s) U (Ds%fa))(a) = (£a¥0s)(a) (V) (Ds*fa)(a)-

Hence
U fa(a) € (f430s) (@) O (Bs%£a) (a) C fa () U fa(2).
acxroyoz
Thus U,eyop0, fa (@) € fa(x) U fa(z). Therefore fa is a uni-soft bi-hyper-

ideal of S over U. m
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Theorem 10. In a regular ordered semihypergroup S, the uni-soft quasi-hyper-
ideals of S over U and the uni-soft bi-hyperideals of S over U coincide.

Proof. Let fa be a uni-soft bi-hyperideal of S over U. We show that f4 is a
uni-soft quasi-hyperideal of S over U. Let a € S. If A, = (), then it is clear that

((fa¥0s) U (0s%fa)) (a) D fa(a). If Ay # 0, then
(faxbs) (@)= (] {fa(z)Ubs ()}

(xvy)EAa

and

Os3fa) (@)= |J {0s(w)U fa(v)}.

(u,v)E€Aq

If (fa¥0s) (a) 2 fa(a), then fa(a) C ((fa¥0s) U (0s%fa)) (a). If (fa¥0s) (a)
C fa(a), then there exists (x,y) € A, such that f4 (x)Ulg (y) = fa (z) C fa(a).
We claim that (Dsxfa) (a) 2 fa(a). Let (u,v) € A,. Since S is regular so there
exists w € S such that a < aowoa. It turns out a <xoyowowuow,ie., there
exists b € x oy ow owow such that a < b. Since f4 is a uni-soft bi-hyperideal of
S over U,

fala) C fa(b) C U fa(d) C fa(z)U fa(v).
bezoyov and yEyowou

If fa(x)U fa(v) = fa(x), then fa(a) C fa(z). This gives a contradiction.
Then fa(z) U fa(v) = fa(v) and so fa(a) C fa(v) = s (u) U fa(v) for all
(u,v) € Aq. Hence fa(a) C Ny p)ea, {95 (W) U fa(v)} = (Dsxfa) (a). Now the
claim is proved. Therefore (fa*0s) (a)U (Ds¥fa) (a) 2 fa(a). Thus (fa*hs)U
(Ds%fa) Dfa. m
Lemma 11. Let S be an ordered semihypergroup and fa be a soft set of S over
U, such that fa(a) C fa(b) for every a,b € S with a < b. Then
(1) fanN (Ds*fa) is a uni-soft left hyperideal of S over U,
(2) fan (fa*0s) is a uni-soft right hyperideal of S over U.

Proof. (1) Let a,b € S and ¢ € aob. We have

(fan (Ds¥fa)) (¢) = fa(c) N (Ds¥fa)(c) C (DsFfa)(c)
= () Us@)Ufa)}

(z,y)EA:
= () Vurawy= [\ {fa)}
(z,y)€Ac (x,y)€A:

C fa(b) (since c € aob and then (a,b) € A.).
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Next we show that (Dsxfa) (¢) C (Ds*fa) (b). Let Ay # 0 and (r,s) € Ap. Since
(a,b) € Ac, we have (r,s) € Ay =b<ros=aob<(aor)os=c<tos
for some t € a o r. We have

Os%fa) () = () {0s (@)U fa(@)} S 0s(t)U fa(s)

(p,q)€AC

= 0U fa(s) = fa(s) =0s(r) U fa(s).

Thus
Os¥fa) (@) S () {0s(r)Ufals)} = (BsFfa) (b)),
(rs )EA,
and then
(fan (DsFfa)) (c) C (fan (Ds*xfa) (b)) -

Thus

U (fan (Ds%fa)) (c) € (faN (DsFfa)) (b).

cEaob
Next we show that for any a,b € S with a < b implies (fAﬂ( s%fa)) (a) C
(fan (Ds%fa)) (b). Since A, 2 Ap, we have (Ds¥fa)(a) € (Ds*fa)(b). The en
fa(a) 0 (Ds*fa)(a) € fa(b) N (Ds*fa)(b). Thus (fAﬂ(@s*fA)) a) € (fan

(Ds*fa)) (b). Thus f4 is a uni-soft left hyperideal of S over U.
(2) Similarly we can prove that fan (fa*0s) is a uni-soft right hyperideal of
S over U. m

Lemma 12. Let S be an ordered semihypergroup and fa be a soft set of S over
U. Then fa is a uni-soft quasi-hyperideal of S over U if and only if there exist
a uni-soft right hyperideal gp and o uni-soft left hyperideal he of S over U such
that

fa= (98U hc).

Proof. By Lemma 11, f4N (Ds*f4) is a uni-soft left hyperideal of S over U and
fanN (fa*0s) is a uni-soft right hyperideal of S over U. Moreover, we have,

fa= (fan(0s%fa)) U (faN (fa¥0s)) .
In fact, by simple calculation we have,
(faN(Ds%f4)) U (fan (fa¥0s)) = (faN ((DsFfa) Ufa)) O (fa0 (fa*0s))
N ((Ds%fa) T (fa¥0s)) -

Since fa is a uni-soft quasi-hyperideal of S over U. We have (fa¥0s) U (Ds¥fa)
Dfa. Besides (0g¥fa) UfaDfa and faU (fa*Ds) Dfa. Hence

(faN (Ds%fa)) O (faN (fa¥0s)) = fa.
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Conversely, let gp is a uni-soft right hyperideal of S over U and h¢ is a uni-soft
left hyperideal of S over U such that fy = (gBth). We show that f4 is a
uni-soft quasi-hyperideal of S over U. Let a € S, then

((fa%03) O (0s%fa)) (a) 2fa(a).

In fact: Since ((fa¥0g) U (Ds*fa)) (a) = (fa*0s) (a) G((Z)SQfA)Sa). If A, = 0,
then (fa%0s) (a) = U = (0s¥fa) (a) . So ((fa¥Ds) U (Ds*fa)) (a) Dfa(a).If A, #
0, and (z,y) € Asthen a < x oy. Then there exists b € x oy such that a < b.
Since gp is a uni-soft right hyperideal of S over U and f4 = (gBOh(;) , we have

95 (a) € 9B (0) € Uperoy 98 (b) € 9B (z) € fa(2). Now we have gp (a) C fa (2)
for all (z,y) € A,. Hence

(fa¥s) (@) = (| {fa@Ubs@)}= () {falx)u0}
(z,y)€Aq (z,y)EAq
= ) {(a@)}298().
(z,y)€EAq

Similarly we can show that (0s*f4) (a) 2 h¢ (a). Thus

((fa¥05) U (Ds%fa)) (a) = (fa¥0s) (a) U (Ds¥fa) (a)
2 gp(a)Uhc (a)
) =

= (9Uhc) (a) = fa(a).

Therefore f4 is a uni-soft quasi-hyperideal of S over U. [

4. CHARACTERIZATIONS OF LEFT, RIGHT AND COMPLETELY REGULAR
ORDERED SEMIHYPERGROUPS IN TERMS OF UNI-SOFT QUASI-HYPERIDEALS

In this section, we introduce the notion of semiprime uni-soft quasi-hyperideals
of ordered semihypergroups. We characterize ordered semihypergroups in terms
of uni-soft quasi-hyperideals.

An ordered semihypergroup S is called left (resp., right) simple if for every
left (resp., right) hyperideal A of S, we have A = S (see [1]).

Definition 16 (see [1]). Let (S, 0, <) be an ordered semihypergroup. Then S is
called regular if a € (a0 Soa.

Lemma 13 (see [1]). An ordered semihypergroup S is left (resp., right) simple if
and only if (Soa] =S (resp., (a0 S| =S) for everya € S.
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Example 14 (see [22]). Let (S,0,<) be an ordered semihypergroup where the
hyperoperation and the order relation are defined by

o B Y

{a} {8} | {e, 8,7}
{o, B} | {o, 8,7} | {o. 8,7}
v [ {, 8,7} [ {a, 8,7} | {a, 8,7}

<= {(O"O‘) ) (575) ) (777) > (O"ﬁ) ) (047) ) (5)’7)} :

It is easy to see that (S,0,<) is a left and right simple and also complete
regular ordered semihypergroup.

R |©

Theorem 15. An ordered semihypergroup (S, o, <) is regular, left and right sim-
ple if and only if every uni-soft quasi- hyperideal fa of S over U is a constant
function.

Proof. Let S be regular, left and right simple ordered semihypergroup. Let fa
be a uni-soft quasi- hyperideal of S over U. Let a € S, we consider the set

Eg={eeS|e*>e}.

Then Eq # (. In fact, since S is regular and a € S, so there exists z € S such
that a < aozoa. So (aox)? = (aox)o(aox)=(acxzoa)ox > aox, and so
aox € Eqg and hence Eq # ().

(1) Let t € Eq then fa(e) = fa(t) for every e € Eq. Indeed: Since S is
left and right simple, we have (S ot] =S and (toS] = S. Since e € S, therefore
e € (Sot]and e € (t o S| so there exist z,y € S such that e < zot and e <toy.
Hence

e <(zot)o(rot)=(xotox)ot
So there exist u € eoe, and v € x ot o x such that u < vot. and we have
(v,t) € Ay, andife <toy

then

e’ <(toy)o(toy)=to(yotoy),
so there exists w € y ot oy such that v < t o w and hence (t,w) € A,. Since
A, # 0 and f4 is a uni-soft quasi-hyperideal of S over U, we have

fa(u) € ((fax0s) U (0s%fa)) (u) = (fa¥Ds) (u) U (Ds%fa) (u)

N

- N {(fa)UdsE)H U] [ {0s(2)U fa(z)}

(y1,21)€Ay (y2,22)€Ay
{fa@®)Ubs (w)}U{bs (v) U fa(t)}
= {fa@UOTU{0Ufa(t)} = fa(®) U fa(t) = fa(t).

N
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Since e € Eq, we have u > e and f4 is a uni-soft quasi-hyperideal of S over
U, we have fa (e) C fa(u). Thus fa(e) C fa(t). Since S is left and right simple
and e € S, we have (Soe] = S and (eoS] = S. Since t € S, we have t < zoe
and t < eos for some z,s € S. If t < zoe, then

t? < (z0e)o(z0e)=(zo0eo0z)oe,

then there exist a € tot and § € zoeo z such that « < foe. So (f,e) € 4,. If
t <eos then
t? < (eos)o(eos)=eo(soeos).

Then there exists 7 € soeo s such that a < eo~. So (e,y) € A,. Since
Ay # 0, we have,

fa(a) C ((fax0s) U (Dsxfa)) (a) = (fa¥Ds) (a) U(Ds¥fa) ()
= N {falp) Ubs (a1) ] [ {0s (p2) U fa(a2)}
(p1,q1)EAN (P2,92)€EAa
C {fa(e)uls (M} u{ls(B)U fa(e)}
= {fa(e)Ullu{buUfa(e)} = fale)U fale)= fal(e).

Since t € FEq we have a > t and since f4 is a uni-soft quasi-hyperideal of S
over U, we have f4 (t) C fa («).Thus fa (t) C fa(e) and therefore f4 (t) = fa (e)
for every e € Eq.

(2) Let a € S then fa (t) = fa(a) for every t € Eq. Since a € S and S is
regular, there exists x € S such that a < a oz oa. Then it follows,

(aox)®=(aox)o(aox)=(aoxoa)oxr >aox

and

(zoa)’>=(zoa)o(zoa)=zo0(aoxoa)>zoa.

Then aoz, x o a € FEq. Thus there exist h1 € ao x, and hy € x 0 a. Hence
hi,hy € Eq. Then by (1) we have fa (h1) = fa(t) and fa (he) = fa(t). Since
(aozx)o(aoxoa)>aoxoa>a,and (acxoa)o(roa)>aoxoa > a then
there exists h3y € aoxoa such that (hy, hg) € A, and (hs, ha) € A,. Since A, # ()
and f4 is a uni-soft quasi-hyperideal of S over U, we have
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fa(a) € ((fa¥05)U(Ds%fa)) (a) = (fa¥Ds) (a) U (Ds*fa) (a)

= ﬂ {fA (yl)UQ)S (21)}:| U |: ﬂ {@S (yZ)UfA (22)}
(

(y1,21)€EAq y2,22)EAy
C {fa(h)Uls (h3)} U{ds (h3) U fa(h2)}
= {fa(h)UO}U{OU fa (ho)}

= fa(h1) U fa(he) = fa(t)U fa(t) = fa(t).

Since S is left and right simple we have (Soa] =S, (a0 S| =S, Since t € S
we have t € (Soa] and t € (a0 S]. Then t < poa and ¢t < a o q for some
p,q € S. Then (p,a) € A; and (a,q) € A;. Since Ay # () and f4 is a uni-soft
quasi-hyperideal of S over U, we have

fa(t) C ((fa¥s) U Dsxfa)) (t) = (fa¥0s) () U (Ds*fa) (t)

{ N {fA(ZJl)U@S(Zl)}]U|: N {@S(yz)UfA(Z2)}]
(

y1,21)EA: (y2,22)EA:

C {fa(a)ubs(q)} U{ls(p)U fa(a)}

= {fa(@) U U{0U fa(a)} = fa(a)U fa(a) = fa(a).

Since S is left and right simple we have (Soa] =S, (a0 S| =S, Since t € S
we have t € (Soa]and t € (a0 S]. Thent < poa and t < aoq for some p,q € S.
Then (p,a) € A; and (a,q) € A;. Since A; # (), we have

fa(t) C ((fa¥0s) U Dsxfa)) (t) = (fa¥0s) () U (Ds*fa) (t)

{ N {fA(ZJl)U@S(Zl)}:|U|: N {@S(yz)UfA(@)}]
(y

1,21)EAL (y2,22) €A

)
C {fa(a)Ubs(q)} U{ls(p)U fa(a)}
)

= {fa(@) U U{0U fa(a)} = fa(a)U fa(a) = fa(a).

Conversely, let a € S then the set (a0 S] = S is a quasi-hyperideal of S. In
fact, ((aoS]oS]N(So(Soca]] C (aoS)N(ScaoS] C (acS].If x € (aoS]
and S>>y <z € (aoS], theny € ((ao S]] = (a0 S]. Since (a0 S] is a quasi-
hyperideal of S. Then by Proposition 6, S(CaO g] of (a o S] defined by

0, if ze(aol]

S(aoS}:S—>P(U)7x—>{U’ 1fx¢(aOS]
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Cc

is a uni-soft quasi-hyperideal of S over U. By hypothesis S(aoS] is a constant
function, that is there exists § C U such that

S(aos) (x) = 0 for every x € S.

Let (aoS] C S and a be an element of S such that a ¢ (aoS], then
Slaos) (a) = U. On the other hand, since a® C (a o S]. Then we have Slios) (a?) =
(. A contradiction to the fact that S(cao s] is a constant function. Thus (a o S| = S.
By symmetry we can prove that (Soa] = S. Since a € S and (a0 S] = § =
(Soal,wehave a € (aoS]=(ao(aoS]] C(aoSoal. Thus S is regular. |

Definition 17 (see [22]). An ordered semihypergroup S is called completely
regular if it is regular, left regular and right regular.

Lemma 16 (see [22]). Let (S,0,<) be an ordered semihypergroup. Then the
following statements are equivalent:

(1) S is completely regular.

(2) AC (A%20S0A?%] forall ACS.

(3) a€ (a?o0Soa? foralacs.

Theorem 17. An ordered semihypergroup (S,o,<) is completely regular if and
only if for every uni-soft quasi-hyperideal fao of S over U, we have

fa(a) = U fa(a) foralla € S.

acaoa

Proof. Let S be a completely regular ordered semihypergroup and f, is a uni-
soft quasi-hyperideal of S over U and let a € S. Since S is left and right regular,
we have a € (Soa2] and a € (a2 ) S] . Then there exists z,y € S such that
a<zoa?anda < a20y. So there exists a € a2 such that ¢ < zoa and a < aoy.
Then (z,a) € A,, (o,y) € A,. Since A, # ), we have

fala) € ((£fa¥05) U (0s%fa)) (a) = (fa¥0s) (a) U (D55 fa) (a)

(N {Faw)UbsE)Y| Ul [ {0s(y)Ufa()}

(41,71)€Aq (y2,22)€Aa
{fa(e) Ubs ()} U{Ds () U fa(a)}

= {fa(@) U U{DU fa(a)} = fa(@) U fa(a) = fa(a).
fa(a) C fa(a).

Therefore fa (a) € Uyecqoq f4 (@) . Since every uni-soft quasi-hyperideal is a uni-
soft semihypergroup. Therefore f4 is a uni-soft semihypergroup of S over U.

Hence Uaeaoa fA (a) g fA (a) U fA (a) = fA (a’) . ThUS Uaana fA (a) = fA (a) .

N
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Conversely, let a € S. We consider the quasi-hyperideal @ (a2) of S generated
by a?. That is @Q (az) = (a2 U ((a2 OS] N (Soaz])] . By Proposition 6, Sé(a2)
is a uni-soft quasi-hyperideal of S over U. By hypothesis we have SE)((H) (a) =
Uacaca Sé(ag)( @). Since a? C Q (a*) and Q (a?) = (a*U ((a® 0 S] N (S0 a?])],
we have U, cp0a Sz (@) = (), then S (@) = 0 and we have a € Q (a?) =
(a U ((a OS] (Soaz])] .Thena <a?2ora<a?ozand a < yoa2 for some
z,y€ S. Ifa<a’thena <a? =aoca<da’?o0a’?=aocaoa’® <a?oaoa’®and
SO a € (azoSoaz] Ifa<a?oxzand a < yoa2 then a < (a20x) o (yoa2) =
a’o (zoy)oa? Since zoy C S. Hence a € (a2 oSo a2] . Thus by Lemma 16, S
is completely regular. [ |

Definition 18. Let (S, 0, <) be an ordered semihypergroup and f4 is a uni-soft
quasi-hyperideal of S over U. Then f4 is called semiprime uni-soft quasi-hyper-
ideal of S over U if

U fa(a) forall a € S.

acaoa

Theorem 18. An ordered semihypergroup (S,o0,<) is completely regular if and
only if for every uni-soft quasi-hyperideal fa of S over U is semiprime.

Proof. Let S be completely regular and f4 is a uni-soft quasi-hyperideal of S
over U. Let a € S. Then f4(a) € Uaeqoq fa () for all a € S. In fact, since S is
left and right regular, and a € S, then there exists =,y € S such that a < z o a?
and a < a? o y. So there exists o € a? such that ¢ < z0a and a < aoy. Then
(z,a) € Ay, (o, y) € Ag. Since A, # 0, then

fa(a) C ((faxbs) O (Dsxfa)) (a) = (faF0s) (a) U(DsFfa) (a)

— (N {fa(p) Ubs (1)} {0s (p2) U fa(q2)}

(p1,q1)€Aq (p2,92)€Aa
C {fa(@)Ubs (y)} U{Ds (z) U fa(a)}
= {fa(@) U U{OU fa(a)} = fa(a) U fa(e) = fa(a)
C fa(a)

Therefore fa (a) € Uycqoq f4 (@) -
Conversely, let fa be a uni-soft quasi-hyperideal of S over U such that

fa(a) € Unegoq f4 () for all a € S. We consider the quasi-hyperideal Q (a?)
of S generated by a?. That is Q (az) = (a2 U ((a2 o S] N (S o aﬂ)] . By Proposi-
tion 6, SC( 2) is a uni-soft quasi-hyperideal of S over U. By hypothesis we have

S5 (a2) (@) € Uncaoa SE 0(a2) () . Since a® C Q (a?) and Q (a?) = (a*U ((a* o S| N



340 M. FAROOQ, R. KHAN, A. KHAN AND M. IZHAR

O@2) (@) = 0, and S5 5y (a) = 0 and we have
Q(az) ( ((a OS] (Soa})] Then a < a? or a < a? oz and
yo forsomewaSIfa<a then a < a®> = aoa < a®?o0a® =
aoaoa?<a?ocaoca andsoae(a oSoa].Ifaga omanda§y0a2then
a<(a ow) (yoa2):a2o(xoy)oa2.SincexoygS.HenceaE(a2oSoa2].
Thus by Lemma 16, S is completely regular. [ |

(S a?])], we have J,cq2 S¢

S|

5. CONCLUSION

The theme of this paper is to enhance the understanding of ordered semihy-
pergroups in context of uni-soft quasi-hyperideals. In the present paper we in-
troduced the notion of uni-soft quasi-hyperideals. Some related properties are
investigated. Moreover we proved that every uni-soft left (right) hyperideal is a
uni-soft quasi-hyperideal. Furthermore we discussed the characterizations of left
(right) simple and completely regular ordered semihypergroups in terms of uni-
soft quasi-hyperideals. Finally we defined semiprime uni-soft quasi-hyperideals
and characterized completely regular ordered semihypergroup in terms of uni-
soft quasi-hyperideals. We hope that this work would helps for further study of
hyperstructures and their applications.
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