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Abstract

In this paper some characterizations of Hom-Leibniz superalgebras are
given and some of their basic properties are found. These properties can
be seen as a generalization of corresponding well-known properties of Hom-
Leibniz algebras. Considering the Hom-Akivis superalgebra associated to a
given Hom-Leibniz superalgebra, it is observed that the Hom-super Akivis
identity leads to an additional property of Hom-Leibniz superalgebras, which
in turn gives a necessary and sufficient condition for Hom-super Lie admis-
sibility of Hom-Leibniz superalgebras. We also show that every (left) Hom-
Leibniz superalgebra has a natural super Hom-Lie-Yamaguti structure.
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1. INTRODUCTION

A (left) Leibniz superalgebra is a superalgebra (L = Lo @ Ly, *) satisfying the
identity

(1) x*(y*z):(x*y)*z—k(—l)‘x“yly*(ac*z)
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for all homogeneous elements z,y, z in L.

As Leibniz algebras introduced by Loday [15] (and so they are sometimes
called Loday algebras) as a noncommutative analogue of Lie algebras, Leibniz
superalgebras are super noncommutative analogue of Lie superalgebras. Indeed, if
the operation ” *” of a given Leibniz superalgebra (L, ) is super skew-symmetric,
then (L, x) is Lie superalgebra.

One of the problems in the general theory of a given class of (binary or binary-
ternary) nonassociative algebras is the study of relationships between that class of
algebras and the one of Lie algebras. In the same rule, the search of relationships
between a class of nonassociative algebras and the one of Leibniz algebras is of
interest (at least for constructing concrete examples of the given class of nonas-
sociative algebras). In this setting, the existence of a Lie-Yamaguti structure on
any (left) Leibniz algebra pointed out in [14] is a good illustration. The counter-
part of this construction in the Hom-algebra setting has been investigated in [7].
Indeed, the authors show that every multiplicative left Hom-Leibniz algebra has
a natural Hom-Lie-Yamaguti structure.

The Hom-algebra structures arisen first in quasi-deformation of Lie algebras
of vector fields. Discrete modifications of vector fields via twisted derivations
lead to Hom-Lie and quasi-Hom-Lie structures in which the Jacobi condition is
twisted [10]. A general study and construction of Hom-Lie algebras have been
considered (see [13, 19, 26]). Many researchers investigated Hom-structures on
different objects. Yau introduced Hom-Malcev algebras and gave the connections
between Hom-alternative algebras and Hom-Malcev algebras [22]. For further
more information on other Hom-type algebras, one may refer to, e.g., [4, 9, 16, 23,
24, 25]. Next, generalizations of Hom-type algebras are introduced and discussed
in the framework of superalgebras (see, e.g [1, 3]. In particular, Hom-Leibniz,
Hom-Akivis and Hom-Lie-Yamaguti superalgebras are respectively introduced in
[5, 21] and [8].

In this paper, after considering some characterizations and basic properties of
Hom-Leibniz superalgebras, we show that every (left) Hom-Leibniz superalgebra
has a natural super Hom-Lie-Yamaguti structure. We observe that the even part
of this investigation recovers to the works done in [7] and in [11].

The rest of this paper is organized as follows. In Section two, we recall basic
definitions in Hom-superalgebras theory and useful results about Hom-associative
superalgebras and Hom-Leibniz superalgebras. Next, super-versions of some well-
known properties of (left) Hom-Leibniz algebras [11] are displayed. Considering
the specific properties of the binary and ternary operations of the Hom-Akivis
superalgebra associated to a given Hom-Leibniz superalgebra, we infer a charac-
teristic property of Hom-Leibniz superalgebras. This property in turn allows to
give a necessary and sufficient condition for the super Hom-Lie admissibility of
these Hom-superalgebras. In the last Section, we prove the existence of a super
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Hom-Lie-Yamaguti structure on any (multiplicative) left Hom-Leibniz superal-
gebra. All vector superspaces are assumed to be over a fixed ground field K of
characteristic 0.

2. PRELIMINARIES

In this section, we provide some preliminaries, basic definitions [1, 3, 5, 8, 20, 21]
and relevant results that are for further use. More precisely, some constructions
of Hom-Leibniz superalgebras are given and super-versions of some well-known
properties of (left) Hom-Leibniz algebras [11] are displayed. Considering the
specific properties of the binary and ternary operations of the Hom-Akivis super-
algebra associated to a given Hom-Leibniz superalgebra, we infer a characteristic
property of Hom-Leibniz superalgebras. This property in turn allows to give a
necessary and sufficient condition for the Hom-super Lie admissibility of these
Hom-superalgebras.

Definition 2.1.

(i) Let f : (A,x,a) — (A,¥,d’) be a linear map, where A = Ay & A; and
A" = A @ Al are Zs-graded vector spaces. The map f is called an even
(resp. odd) map if f(A;) C A} (resp. f(A;) C Aj, ), fori=0,1.

(ii) A (multiplicative) n-ary Hom-superalgebra is a triple (A, {, ..., }, &) in which
A= Ay ® A; is a Zy-graded vector space, {,...,}: A" — A is an n-linear
map such that {A4;,, As,,..., A} € Aj tis+-ti, and @ : A — A is an even
linear map such that ao {,...,} ={,...,} 0 a®® (multiplicativity).

Binary (n = 2) Hom-superalgebas are called simply Hom-superalgebras. In
this paper, we will be interesting in binary, ternary (n = 3) Hom-superalgebras
and binary-ternary Hom-superalgebras (i.e., Hom-superalgebras with binary and
ternary operations). For convenience, throughout this paper we assume that all
(binary, ternary and binary-ternary) Hom-superalgebras are multiplicative and
for a given vector superspace A, the set of all homogeneous elements will be

denoted by H(A).

Definition 2.2. Let (A, x,«) be a Hom-superalgebra.

(i) The Hom-associator of A [1] is the trilinear map as, : Ax Ax A — A defined
as
G,Sa(w,y,z) = (I’ * y) * OC(Z) - Oé(.Z') * (y * 2)7 Vx7y72' S H(A)

(ii) A Hom-associative superalgebra [3] is a multiplicative Hom-superalgebra
(A, *,a) such that

asq(z,y,2) =0, V,y,z € H(A) (Hom-associativity).
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Remark 2.3. If a = Id (the identity map) in (A, %, «), then its Hom-associator
is just the usual associator of the superalgebra (A, ). In the definition of Hom-
superalgebras, the Hom-associativity is not assumed, i.e., as(x,y,z) # 0 in gen-
eral. In this case (A, *, ) is said non-Hom-associative [12] or Hom-nonassociative
[23] superalgebra and in [17] (A, %, «) is said to be a nonassociative Hom-super-
algebra. This matches the generalization of associative superalgebras by the
nonassociative ones.

Definition 2.4.
(i) A (left) Hom-Leibniz superalgebra [21] is a multiplicative Hom-superalgebra
(L, *, o) satisfying the (left) super Hom-Leibniz identity

(2)  a(@)x(y*z) = (wxy) xa(z) + (=D Wa(y) + (z+ 2) Va,y,z € H(L).

(ii) A Hom-Lie superalgebra [3] is a multiplicative Hom-superalgebra (A, [, ], )
such that the operation [, ] is super skew-symmetic and the super Hom-Jacobi
identity

([, y, a(2)] + (=)D [y, ), a(2))
+ (), 2], a(y)] Y,y 2 € H(A)
holds.

Remark 2.5. The dual superidentity of (2) is given by
(3)  (zxy)xa(z) =alx)*(y*z2)+ (D)2 2) «aly) Va,y, 2 € H(A).

which define a (right) Hom-Leibniz superalgebra. Actually, if the operation ” x”
verifies (2), then the operation ” - ” defined by z -y = (=1)#I¥ly x 2 for all
homogeneous elements, verifies also (3) and then, from a (left) Hom-Leibniz su-
peralgebra, one can deduce the (right) Hom-Leibniz superalgebra and vice-versa.
Hence, in this note we consider only left Hom-Leibniz superalgebras that we call
Hom-Leibniz superalgebras for short. For a« = Id in (L, *,«)) (resp. (4,],], a)),
any Hom-Leibniz superalgebra (resp. Hom-Lie superalgebra) reduces to a classi-
cal Leibniz superalgebra (L, *) (resp. Lie superalgebra (A,[,])). As for Leibniz
superalgebras, if the operation ”+” of a given Hom-Leibniz superalgebra (L, *, «)
is super skew-symmetric, then (L, *, «) is a Hom-Lie superalgebra.

The following examples will be used. The first is obtained from [21] and the
others are constructed using the first, from examples of Leibniz superalgebras

[18].

Example 2.6. (i) Let (L, *) be a Leibniz superalgebra and « be an even linear
map of L such that oo * = % 0 a®2. Then (L,*, = a0 *,a) is a Hom-Leibniz
superalgebra [21].
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(ii) Let L = Ly ® L7 be a 4-dimensional superspace, where Lg is generated by
{ep} and L7 is generated by {eq,es,e3}. Then (L, *, ) is a Hom-Leibniz super-
algebra where the homomorphism « : L — L is defined by a(eg) = eg, a(e1) =
aey, afez) = bey + aey, afes) = ceq + beg + cey for any a,b,c € K with the
only non-zero products e; x eg = aej, ez x eg = (a + b)e; + aez, ez *x ey =
(b + c)er + (a + b)ea + aes. It is not a Leibniz superalgebra if a # 0 since
e1* (egxeg) = 0 # a’e; = (e1 * eg) x eg — eg * (e1 * g).

(iii) Let A = Ag @ A7 be a 4-dimensional superspace, where Aj is generated
by {eo} and Aj is generated by {e1, es, e3}. Then (A, x, 3) is a Hom-Leibniz super-
algebra where the homomorphism 3 : A — A is defined by B(eg) = eo, S(e1) =
—ey, B(ea) = —ea, B(e3) = aey + bes + cey for any a,b,c¢ € K with the only
non-zero products ep * e; = —ej, €2 * €3 = €y, €2 * g = —2e;.

We prove the following.

Proposition 2.7. Let (A,-,a) be a Hom-associative superalgebra. Consider an
even linear map D : A — A satisfying « o D = D o o and

(4) D(x) - D(y) = D(D(x) - y) = D(z - D(y)) Ya,y € A.
Define an even bilinear map *p : A*?> — A such that

zxpy = [D(@),y] = D(x) -y - (~)*Wly - D(z) v,y € H(A).
Then (A, *p, ) is a Hom-Leibniz superalgebra.

Proof. 1t suffices to prove (2). Pick z,y,z € H(A), then

a(z) *p (y *p 2)

by the condition a0 D = Doa
(5) =l[a(D()),D(y) -z~ (=12 D(y)]
= [a(D()), D(y) - 2] = (=1)WI*[a(D(2)), 2 - D(y)]
= a(D(z)) - (D(y) - 2) — (~=DIIWHEN(D(y) - 2) - a(D(x))

_ (_1)\yllz|a(D(w)) (z-D(y)) + (_1)\x\(|y\+|z|)+|y\\z\(2 - D(y)) - a(D(z))
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((z *p y) * a(2) + (=D Wa(y) p (z % 2)

= [D([D(), 4], a(2)] + (=1 [D(a(y)), [D(), 2]]

= [D(D(x) - y) = (~1)"WID(y - D(x)), a(2)]
+(=1)F¥[a(D(y)), D(z) - 2 = (=12 - D(2)]

= [D(x) - D(y) — (=))W D(y) - D(x), ()]

+ (=) a(D(y)), D(x) - 2 = (=) IFl> - D(@)]  (by (4))
= (D(x) - D(y)) - a(z) — (=)A= Wa(z) - (D(2) - D(y))

1

6 (—=1)# (D(y) - D(z)) - a(2)

~~

+ (_1)\xHyIHZ\(IxIZHyI)a(Z) -(D(y) - D(x)) + (_1)Irlly\a(p(y)) (D(x) - 2)

-

— (D) - 2) - (D) - ()N EDa(D(y) - (= - Dia)
+ (_1)IZI(\I\+Iy\)(Z -D(z)) - a(D(y))

= (D(z) - DW)) - a(2) + ()W Da(s) - (D(y) - Dla)

— (C)MH(D(a) - 2) - a(D(y) — (<) FIHEN (D) - (= D))

(by Hom-associativity).

The proof follows from (5), (6) and the Hom-associativity condition.
Let’s recall the following notion which allows to construct a Hom-Leibniz
superalgebra.

Definition 2.8 [20]. Let (4, -, &) be a Hom-superalgebra and A € K.
(i) A Rota-Baxter operator of weight A of A is a linear map P : A — A satisfies

(7) P(x) P(y) = P(z- P(y)) + P(P(z) -y) + AP(z - y) Vo, y € H(A).

(i) A Rota-Baxter Hom-superalgebra of weight A is a quadruple (A4,-, a, P),
in which (4,-,«a) is a multiplicative Hom-superalgeba and P : A — A
is a Rota-Baxter operator of weight A of A. If furthermore, (4,-,«) is a
multiplicative Hom-associative superalgebra, then (A, -, «, P) is said a Rota-
Baxter Hom-associative superalgebra of weight A.

Now, we prove
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Proposition 2.9. Let (A, -, «, P) be a Rota-Bazter Hom-associative superalgebra
of weight 0 such that aoP = Poa. Define two even bilinear maps o, % : AX? — A
such that

zoy=ax-Py)+P) -y, exy=(D)Wyor—zoy, Va,yeHA.
Then (A, *,«) is a Hom-Leibniz superalgebra.

Proof. The multiplicativity condition is obvious. Next, let’s prove (2). Pick
x,y,z € H(A), then using the condition a« o P = P o« and (7) (with A = 0), we
have by a direct computation

ofz) % (y* z) = (_1)\%\(Iy\+|2|)+ly\\2\(2 - P(y)) - a(P(x))

+ (—1) =l yiH=DHYll (P(2) -y - a(]la(w))

+ (_1)Irl(\yIHZ\)Hyllzlz(p(z) - P(y)) - afz) — (_1)\:v\(|y\+|z|)(y - P(2)) - a(P(x))
3

_ (_1)Iw|(\y|+\z\)(p(y) - 2) - o P(x)) — (_1)Iw|(\y|+\z\)(p(y) .112(2)) -a(x)

14 15
~ (1)laz) - (P(2) - P(y)) — (~)Wa(P(2) - (= - P(y)
16 17
(C)WFla(P()) - (P(2) -9) +alz) - (P(y) - P(2)) + o(P(@)) - (y- P(2))
L a(P@) - (P(y) - 2) N :

12

(z%y) *a(z) = (_1)\Z\(Ir|+\y|)+lr||y\a(z) - (P(y) - P(z))

(= 1)l D Hellvlg(P(2)) - (y - }a(x))

+ (_1)|z|(\w\+|y\)+\w\\ylza(p(z)) (P(y) - ) — (=)D o (2) - (P(z) - P(y))

_ (_1)IZI(\w\+Iy\)a(p(z)) (x- P(y)) — (_1)|Z|(\w\+|y\)a(p(z))4. (P(z) -y)

5 6
(Dbl - P(@) - a(P(2)) — (~1)FIBI(P) - 2) - a(P(2))
7 8
(C)F(Py) - P)) - a(z) + (@ P() - alP() + (P(x) -9) - o(P(:))
L (Pl)- Py) - al2) N !

12
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(_1)\x\\y|a($) * (y*2) = (_1)|2|(\w\+|y\)(z -P(z)) - a(P(y))

1
+ (1) (P () ) - a(P(y)
5
+ (=) N(P(z) - P(z) - aly) = (=)@ - P(2)) - o(P(y))

6

16
— (=l '(P(wl 2) - a(P(y)) = (=)VIF(P(z) - P(2)) - aly)

_ (_1)\x\(|y\+|2|)la7(y) -(P(2) - P(z)) — (_1)|$|(\Z}|§F\Z\)a(p(y)) (z- P(x))
13 14
— (=)D (Py)) - (P(2) - 2) + (1) "Pla(y) - (P(2) - P(2))

15 7
+ (=) Wa(P(y)) - (@ - P(2)) + (=)W P(y)) - (P(a) - 2) .

8 9

Then, using the Hom-associativity condition, we obtain from the above expres-
sions, the super Hom-Leibniz identity.

Definition 2.10 [21]. A Hom-dendriform superalgebra is a quadruple (A, <,
-, a) consisting of a vector space A on which the operations <, = A*? — A are
even bilinear maps and o : A — A is an even linear map satisfying

a(z <y) = a(z) < ay)
a(z - y) = a(z) - ay)
(z<y) <alz) =a@) < (y <2)+alz) < (y>2)
(- y) < alz) = afz) = (y < 2)
(x<y)=az)+(x=y) = alz) = alz) = (y > 2)

for all z,y,z € H(A).

Proposition 2.11. Let (A, <, >, «) be a Hom-dendriform superalgebra. Define
two even bilinear maps o,[,] : AX? — A such that

zoy=z<y+z=y [y =zoy— (—DWyoz Vi yecHA.
Then (A,],],«) is a Hom-Lie superalgebra.

Proof. The multiplicativity condition is obvious. Next, we know that (A, o, a) is
a Hom-associative superalgebra [21] and (A, [,], @) is a Hom-Lie superalgebra [3].

One class of binary-ternary Hom-superalgebras that are of interest in our set-
ting is the one of Hom-Akivis superalgebra. They are a Zo-graded generalization
of Hom-Akivis algebras [12]. |
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Definition 2.12. A Hom-AKkivis superalgebra is a multiplicative binary-ternary
Hom-superalgebra (A = Ay ® Ay, [,],{,, },a), such that

[z, 9], a(2)] + (=) WDy, 2], a(e)] + (= 1)1z, 2], a(y)]

= {2} + (DD, 2, 0} + (<1 (2, )

+ — (=D)llly 2, 2} — (=)W z, 2y} — (—1)IG=HluDHlY 5 g 2}
for all ,y, z in H(A). The identity (8) is called the Hom-super Akivis identity.

Observe that when o« = Id, the Hom-super Akivis identity (8) reduces to the
usual super Akivis identity (see in [2]).

Now, we recall the following result which is useful.

Proposition 2.13 [5]. Let (A, *,«) be a multiplicative Hom-superalgebra. Then
(A, [,],{,, }, @) is a Hom-Akivis algebra where

Corollary 2.14. Let (L, *,a) be a Hom-Leibniz superalgebra. Consider on (L, *,
«) the operations

z,y] = zxy— (=D)FWly 4 o

[z, ] y— (=D)"Wy
{z,y,2} = asq(x,y, 2).

Then (L,[,],{,,}) is a Hom-Akivis superalgebra.

Proof. The proof follows from Proposition 2.13 if observe that a Hom-Leibniz
superalgebra is in particular a Hom-superalgebra. [ |

Example 2.15. Consider the example of the Hom-Leibniz superalgebra in Ex-
ample 2.6(ii). By Corollary 2.14, when we define the binary operation [,] (su-

per skew-symmetrization) and the ternary operation defined by {,,} = asa,
we get a Hom-Akivis superalgebra (L,[,],{,,},«) where nonzero products are
[eo,e1] = —aer = —[e1,eo); [eo,e2] = —(a + b)er — aea = —[ea, eql; [eo,e3] =

—(b+c)er — (a+ b)ea — aes = —[es, eg]. Actually, (L, [,],«) is a Hom-Lie super-
algebra.

From a given Hom-Leibniz superalgebra (L, %, ), in a term of Hom-assoiator,
the identity (2) has the form

9) asq(2,y,2) = —(= ) Wa(y) « (z % 2) ¥V 2,9,z € H(L).
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Thus the operations of the Hom-Akivis superalgebra associated with the Hom-
Leibniz superalgebra (L, *, a) are the super skew-symmetrization and (9). Then
the super Hom-AKkivis identity (8) takes the form

[z, 9], a(2)] + (=)D [y, 2, a(a)] + (= 1)1z, 2], a(y)]
= asq(x,y, 2) + ()W Das, (4, 2, 2) + (1)) s, (2, 2, y)
+ — (=DW¥lasy (y, x, 2) — (=1)¥Flas (z, 2, ) — (—1)El+uDHelYlgs (2, y, x)
that is, by (9),
.yl a(2)] + (1) Dy, 2], a(a)] + (1) 0D, o] a(y)]
(10) = (zxy)*a(z) + ()WDY « 2) 5 a(2)
+ (=)D (2 % ) % a(y)
for all x,y,z € H(L). Hence, we get:

Proposition 2.16. A Hom-Leibniz superalgebra (L,*,«) is Hom-super Lie ad-
missible if and only if (z % y) * a(z) + (=)W (4 % 2) % az) + (—1)#I(=I+HD
(zxx)*xa(y) =0, for all z,y,z € H(L).

Proof. The proof follows from Corollary 2.14 and (10). |

Example 2.17. Consider the Hom-Leibniz superalgebra (A, x*, ) in Example
2.6(iii). We have,

(e2 x e2) x B(e1) + (eg x e1) * Be2) + (e x e2) * B(e2) = e1 # 0.
Then (A, *, 8) is not Hom-super Lie admissible.
Let’s give the following useful properties of Hom-Leibniz superalgebras.
Proposition 2.18. Let (L,*,a) be a Hom-Leibniz superalgebra. Then
(11) (x*y—i—(—l)'m“y‘y*w)*a(z) =0
(12) (@) * [y, 2] = [ex y, a(2)] + (1) W a(y), z + 2]
for all x,y,z € H(L).

Proof. The identity (2) implies that

(13) (@ %y) *x a(z) = a@) * (y x 2) = (=1)“Wa(y) « (@ +2)
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Then, interchanging x and y in the identity (13, we have
(y*2) xa(z) = aly) * (zx 2) — (1) Ma(e) = (y x 2)
that is

(1) (=1 ) x a(z) = (=1)¥lafy) « (2« 2) — a(@) * (y * 2)
for all z,y,z € H(L). Then, adding memberwise (13) and (14), we come to the

property (11).
Next we have

[z %y, a(2)] + (~1)F Wl [a(y), 2 » 2

= (2 xy) a(z) = (~)AERIA() « (25 y)

+ (=DlFI¥la(y) (@5 2) = (=) (2 2) x afy)

= afe) + (y*2) = (“DAEFDA() « (24 y)

— (D)Wl 2) xaly) (by (2)

= afe)x (y#2) = (“DHAERD (0 2) x afy)

+ = (CDHMa() « (2 y) = (DPF@ ) aly) (by (2)
ale) ¢ (y+2) = (~DFIMa(@) « (2 xy) (by (11))

= a(e) + [,

Therefore we get (12). ]

Remark 2.19. In Proposition 2.18, if z,y,2z are in Ly, then one recovers the
well-known properties of Hom-Leibniz algebras (see Proposition 3.1. in [11]).

Now, we consider Hom-Lie-Yamaguti superalgebras which are also useful.
They are a twisted generalisation of Lie-Yamaguti superalgebras and a Zo-graded
generalization of Hom-Lie-Yamaguti algebras [6].

Definition 2.20 [8]. A Hom-Lie Yamaguti superalgebra (Hom-LY superalgebra
for short) is a binary-ternary superalgebra (L, *,{,, }, @) such that

(SHLY1) a(z xy) = a(z) * a(y),
a({z,y, 2}) = {a(z,)a(y), a(2)},

T % —(— 1)|m|ly\y * T,

SHLY?2
SHLY 3

( )
( )
(SHLY4) {x Y, Z} - _(_1)I$Hy‘{y’x’z}a
( )

SHLY5) Oy, (=D (2 y) x a(z) + {z,y,2}] = 0,
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(SHLY6) Oy, (=) [{z %y, a(2), a(u)}] =0,
(SHLYT) {a(z),ay),u v} = {z,y,u} * a2(v) + (=)D 2 (0) 5 {z,y, v},
(SHLY8) {a?(z), o (y), {u,v,w}} = {{z,y, u}, o*(v),o*(w)}

+ (=D)ll=HD {02 (u), {2, y, v}, o (w)}

+ (_1)(\x\+|y\)(\u|+\v\){a2(u), o2 (v), {z,y, w}},

for all u,v,w,z,y,z € H(L) and where O, , ) denotes the sum over cyclic per-
mutation of z,y, z.

Note that the conditions (SHLY'1) and (SH LY 2) mean the multiplicativity
Of (L7 *? {7 Y }’ a)'

3. SUPER HOM-LIE-YAMAGUTI STRUCTURES ON HOM-LEIBNIZ
SUPERALGEBRAS

In this section, we prove the existence of a super Hom-Lie-Yamaguti structure on
any (multiplicative) left Hom-Leibniz superalgebra. This result generalizes the
one in [7] whose Hom-analogue is in [14]. Note that our proof below essentially
relies on some properties characterizing Hom-Leibniz superalgebras, obtained in
Proposition 2.18. Specifically, we shall prove the following:

Theorem 3.1. Every left Hom-Leibniz superalgebra has a natural Hom-Lie-
Yamaguti superalgebra structure.

Proof. In a left Hom-Leibniz superalgebra (L, *,«) consider the super skew-
symmetrization
[, y) o= w ey — (1) 52

for all x,y € H(L). In the following, consider the left translations Ayb := a*b in
(L,*,a). Then the identities (2) and (12) can be written respectively as

(15) Aoy * 2) = (May) x az) + (=) ¥a(y) « (A,2),
(16) Aoy [y, 2] = Ay, (2)] + (=)W [a(y), A, 2]
In (L, *,«) consider the following ternary operation:

(17) {z,y,2} := (—1)|$||y‘asa(y,x,z) — asqy(,y, 2)
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for all z,y,z € H(L). Then (17), (2) and (9) imply

(18) {z,y,2} = —(x xy) x a(z).

Moreover, we have

2,y x a(z) = (zxy — (1) Wyx2) x a(2)
(19) = 2z xy)*xalz) (by (11))
= —2{z,y,z} (see (18))

so that

(20) {£,0,2} = —5lw0] *ale).

Thus (17), (18) and (20) are different expressions of the operation ”{,, }” that are
for use in what follows. Now we proceed to verify the validity on (L, *, a) of the
set of identities (SHLY'1) — (SHLY8). The multiplicativity of (L, *,«) implies
(SHLY1) and (SHLY2) while (SHLY3) is the super skew-symmetrization and
(SHLY 4) clearly follows from (17) (or (18)). Next, observe that (HLY'5) is just
the Hom-super Akivis identity (8) for (L, *, ).

Consider now O, ) (=)= [z, o], a(2), a(u)}. Then

o,y (DI [z, 9], a(2), au)}
= Oey,e) (1) (= [2,9] x a(2)) * @*(u)  (by (18))
= 2(Oe,y,5) (D) z,y, 2}) x a®(u) ~ (by (20))
(=D @ y) = alz) + (D)WY« 2) x (@) + (~D)WIF(2 5 2) * aly)) = a? ()
(=

D) « (y « 2) —

= -2 (—
= -2 (—
+ ()Pl 5 2) + ay)) * 0* (w) (2))

(
)
DI#v+=D o (y) % (2 % 2) + (=) 1719 (y % 2) % o)
(by
YelulH1=D (g 5 2) 5 a(z)) * a2 (u)

= 2(=(= 1) EDa(y) s (25 2) 4+ (<) 5 2) 5 a(y) * 0 ()

=2(= (=)W a(y) « (2 + 2) + (=1)VI1F(z x 2) x a(y)) * a*(u)  (by (11))
(=Dl a(y) « (2 % 2) — (DD (@« 2) x a(y)) x o®(w) - (by (11))
= 2(=1)l=lU+D(a(y) * (v 2) + (=1)WI0=HD (2 % 2) x a(y)) * o (u)

=0 (by (11))

(
(
)
—2(=1)lFl () * (y * 2) + (=1
(=
(=
(=

-2
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so that we get (SHLY6). Next

{a(@), a(y), [u, v]}

= —a(zx*y) * a([u,v]) (by (18) and multiplicativity)

= A—a(x*y) [a(u), Oé(’l))]

= [A_zeya(u), o ()] + (=)D [0 (w), A_pya(v)] - (by (16))

= [{z,y,u}, o ()] + (=)D [0 (w), {2, y,0}]  (by (18))
which is (SHLY'7). Finaly, we compute
{{z,y,u}, 0?(v), 0% (w)} + (-1 {6 (), {2, y, v}, 0 (w)}
+ (_1)(|u\+|v|)(lr|+\y|){a2(u), (), {z,y,w}}
= {~Aaya(u),a?(v), a®(w)} + (=)D {02 (1), —Aguya(v), o (w)}
+ (=1) (DD fa2 (1), a2 (v), —Agpiyor(w)}

)

= —((~Asyr(w)) xa2(v)) %03 (w) —(~1) 0D (02 (1) #(~Apeya(v))) * @ (w)

— (1) DI (02(0) 5 02 (0)) % 0~ Apay(w))
3
(

= (a(owg)a(u ) * a3 (w) + (~1) DI 2 (0 5 0) 5 A g0 (w)
(by (15) and multiplicativity)

= Aoz (@l # 0) x a2(w))  (by (15))

= —a2(z * ) * (—a(u * v) * a%(w))

= —(a?(z) *xa®(y)) * a(—(u*v) * a(w)) (by multiplicativity)

= {oz2(x),oz2(y), {uvv’w}} (by (18))'

Therefore (L, [,],{,,}, @) is a Hom-LY superalgebra. This completes the proof. m

Now, let’s give an example of Hom-Lie-Yamaguti superalgebras using Theo-
rem 3.1.

Example 3.2. Consider the example of Hom-Leibniz superalgebra in Example

2.6(ii).

By Theorem 3.1, when we define the binary operation [,] (super skew-

symmetrization) and the ternary operation defined by (18), we get a Hom-Lie-
Yamaguti superalgebra (L, [,],{,, }, @) with nonzero products [eg,e1] = —ae; =
—[e1, e0]; [eo, e2] = —(a+b)er —aex = —[ez, eq); [eo, €3] = —(b+c)er — (a+b)ea —

aez =

—les, eol; {e1,e0,e0} = —a?e; = —{e1,e0,e0}, {e€2,€0,e0} = —2a(a+b)e; —
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a*es = —{eq,e2,e0}, {es,e0,e0} = —(a®+b*+4ab+2ac)e; — (2a(a+b)es —a’es =
—{eo, €3,€0}.
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