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Abstract

In this paper, as a further generalization of ideals, we introduce the notion
of tri-quasi ideal as a generalization of ideal, left ideal, right ideal, bi-ideal,
quasi ideal, interior ideal, bi-interior ideal,weak interior ideal, bi-quasi ideal,
tri-ideal,quasi-interior ideal and bi-quasi-interior ideal of I'-semiring. Some
charecterizations of I'-semiring,regular I'-semiring and simple I'-semiring us-
ing tri-quasi ideals are given and study the properties of tri-quasi ideals of
I'-semiring.
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1. INTRODUCTION

The algebraic structures play a prominent role in mathematics with wide range
of applications. Generalization of ideals of algebraic structures and ordered al-
gebraic structure plays a very remarkable role and also necessary for further
advance studies and applications of various algebraic structures. Many mathe-
maticians proved important results and charecterized the algebraic structures by
using the concept and the properties of generalization of ideals. During 1950—
1980, the concepts of bi-ideals, quasi ideals and interior ideals were studied by
many mathematicians.Then the author [8-13] introduced and studied weak in-
terior ideals,bi-interior ideals, bi quasi ideals,quasi interior ideals and bi quasi
interior ideals as a generalization of bi-ideal, quasi ideal and interior ideal of alge-
braic structures and charecterized regular algebraic structures as well as simple
algebraic structures using these ideals.
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In 1995, Rao [6, 7] introduced the notion of I'-semiring as a generalization of
I'- ring, ternary semiring and semiring. As a generalization of ring, the notion of
a I'-ring was introduced by Nobusawa [14] in 1964. In 1981, Sen [15] introduced
the notion of a I'-semigroup as a generalization of semigroup. The notion of a
semiring was introduced by Vandiver [17] in 1934, but semirings had appeared
in earlier studies on the theory of ideals of rings. We know that the notion of
a one sided ideal of any algebraic structure is a generalization of an ideal. The
quasi ideals are generalization of left ideal and right ideal whereas the bi-ideals
are generalization of quasi ideals.

In 1952, the concept of bi-ideals was introduced by Good and Hughes [1]
for semigroups. The notion of bi-ideals in rings and semigroups were introduced
by Lajos and Szasz [4]. The concept of interior ideals was introduced by Lajos
[5] for semigroups. Steinfeld [16] first introduced the notion of quasi ideals for
semigroups and then for rings. Iseki [3], Henriksen [2] studied ideals for semir-
ings.In this paper, as a further generalization of ideals, we introduce the notion of
tri-quasi ideal as a generalization of bi-ideal, quasi ideal, interior ideal,bi-interior
ideal, tri-ideal, bi-quasi-interior ideal and bi-quasi ideal of I'-semiring and study
some of the properties of tri-quasi ideals of I'-semirings.

2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 2.1 [6]. Let (M,+) and (I',+) be commutative semigroups. Then
we call M a I'-semiring, if there exists a mapping M x I' x M — M (images
of (z,c,y) will be denoted by zay,z,y € M,a € I') such that it satisfies the
following axioms for all x,y,z € M and o, € T

(i) za(y + 2) = zay + zaz

(ii) (x +y)az =zaz+ yaz

) x(o+ By = way + 2Py

) za(yBz) = (xay)pz.

(iii
(iv
Definition 2.2 [6]. A I'-semiring M is said to have zero element if there exists

an element 0 € M such that 0+ 2 = x and Oax = xa0 =0, for all x € M, €T

Definition 2.3 [6]. A I'-semiring M is said to be commutative I'-semiring if
ray = yax, for all z,y € M and o € T.

Definition 2.4 [7]. Let M be a I'-semiring. An element 1 € M is said to be
unity if for each x € M there exists o € I' such that zal = lax = z.
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Definition 2.5 [7]. An element a € M is said to be invertible if there exist
be M,a €T such that aadb = baa = 1.

Definition 2.6 [6]. An element a in a I'-semiring M is said to be idempotent if
there exists o € I' such that a = aca.

Definition 2.7 [6]. Let M be a I'—semiring. An element a € M, is said to be
regular element of M if there exist x € M, «, 8 € I" such that a = aaxfa.

Definition 2.8 [6]. Let M be a I'—semiring. Every element of M, is a regular
element of M, then M is said to be regular I'-semiring M.

Definition 2.9 [6]. Every element of M is an idempotent of M, then M is said
to be idempotent I'-semiring M.

Definition 2.10 [8]. A I'-semiring M is called a division I-semiring if for each
non-zero element of M has multiplicative inverse.

Definition 2.11 [9, 10, 11, 12, 13]. A non-empty subset A of a I'-semiring M is
called.

(i) A bi-interior ideal of M if A is a I'-subsemiring of M and MTAT'M N
ATMTA C A.

(ii) A left (right) bi-quasi ideal of M if A is a subsemigroup of (M,+) and
MTANATMDAC A (ATM N ATMTA C A).

(iii) A left (right) weak-interior ideal of M if A is a I'-subsemiring of M and
MTATAC A( ATATM C A).

(iv) A left (right) quasi-interior ideal) of M if A is a I-subsemiring of M and
MTATMTAC A (ATMTATM C A).

(v) A left (right) tri- ideal of M if A is a I'-subsemiring of M and ATMTAT' A C
A (ATATMTAC A).

(vi) A bi-quasi-interior ideal of M if A is a I'-subsemiring of M and AT MT AT M
I'A C A.

3. TRI-QUASI IDEALS OF I'-SEMIRINGS

In this section, we introduce the notion of tri-quasi ideal as a generalization of
bi-ideal, quasi-ideal and interior ideal of I'-semiring and study the properties of
tri-quasi ideal of I'-semiring.

Definition 3.1. A non-empty subset B of a I'-semiring M is said to be tri-quasi
ideal of M if B is a I'-subsemiring of M and BB MT'BI'B C B.

Every tri-quasi ideal of a I'-semiring M need not be bi-ideal, quasi-ideal,
interior ideal, bi-interior ideal and bi-quasi ideals of M.
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a b
0 c
semiring with respect to usual addition of matrices and ternary operation is

defined as usual matrix multiplication and A = { < E)L 2 ) |0#a,0#£b¢€ Q} .

Example 3.2. If M = {( ) |a,b,c€Q} and I' = M then M is a I'-

Then A is neither a bi-ideal nor an interior ideal of the I'-semiring M.

Example 3.3. Let M = {0,1,2,3,4} and I' = M be sets. Define the binary
operation as (x,y) — x + vy, tennary operation is defined as (z, o, y) = x+a+y,
and z4+y =z+y,ifc+y € Mand z+y =4,ifx+y ¢ M, forallz,y € M,a €T,
where + is the usual addition.Then M is a I'-semiring. A subset I = {0,2,4} of
M is a tri-quasi-interior ideal of M but not bi-ideal, quasi-ideal, interior ideal,
bi-interior ideal of the I'-semiring M.

In the following theorem, we mention some important properties and we omit
the proofs since proofs are straight forward.

Theorem 3.4. Let M be a I'-semring. Then the following are hold.
(1) Ewvery left ideal is a tri-quasi ideal of M.

(2) Ewvery right ideal is a tri-quasi ideal of M.

(3) Every quasi ideal is a tri-quasi ideal of M.

(4) Ewvery ideal is a tri-quasi ideal of M.

(5) Intersection of a right ideal and a left ideal of M is a tri-quasi ideal of M.
(6) If L is a left ideal and R is a right ideal of M then B = RTU'L is a tri-quasi

ideal of M.
Every bi-ideal of M is a tri-quasi ideal of M.
(8) Ewery interior ideal of M is a tri-quasi ideal of M.

Let B be bi-ideal of M and I be interior ideal of M. Then BNI is a tri-quas:
ideal of M.

(10) If B is a bi-interior ideal of M, then B is a tri-quasi ideal of M.
(11) If B is a left bi-quasi ideal of M, then B is a tri-quasi ideal of M.
(12) If B is a right bi-quasi ideal of M, then B is a tri-quasi ideal of M.
(13)
(14)

—
J
~—

—
=)
~—

If B is a bi-quasi ideal of M, then B is a tri-quasi ideal of M.

Let A and C be T'-subsemirings of M and B = AUC. If A is the left ideal
then B is a tri-quasi-interior ideal of M.

Theorem 3.5. The intersection of {By | A € A} tri-quasi ideals of a I'-semiring
M is a tri-quasi-interior ideal of M.

Proof. Let B = () c4 Ba- Then B is a I'-subsemiring of M. Since B, is a tri-
quasi ideal of M, we have
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B\I'B\'MI'B,I'B, C By, forallAe A
=BI'BTMI'BI'B C B.

Hence B is a tri-quasi ideal of M. [ |

Theorem 3.6. Let M be a I'-semiring. B is a tri-quasi ideal of M and BI'B = B
if and only if there exist a left ideal L and a right ideal R such that RI'L C B C
RN L.

Proof. Suppose B is a tri-quasi ideal of the I'-semiringM. Then B BI'MT'BT'B
C B. Let R=BI'M and L = MT'B. Then L and R are left and right ideals of M,
respectively. Therefore RI'L C B C RN L. Conversely suppose that there exist L
and R are left and right ideals of M respectively such that RI'L C B C RN L.
Then BTBTMTBTB C (RNL)I'(RNL)ITMT(RNL)T'(RNL)

C (R)TRTMTLT(L)

CRI'LCB.

Hence B is a tri-quasi ideal of the I'-semiring M. [

Theorem 3.7. Let M be a I'-semiring. Then B is a tri-quasi ideal of a I'-semiring
M if and only if B is a left ideal of some right ideal of a I'-semiring M.

Proof. Let B be a tri-quasi ideal of the I'-semiring M. Then BT BT MTBI'B C
B. Therefore BI'B is a left ideal of right ideal BI'BI'M of a I'-semiringM .
Conversely suppose that B is a left ideal of some right ideal R of the I'-
semiringM. Then RI'B C B, R'M C R. Hence BITBI''MI'BI'B C BTMI'B C
RI'MT'B C RI'B C B. Therefore B is a tri-quasi ideal of the I'-semiring M. =

Corollary 3.8. B is a tri-quasi ideal of a I'-semiring M if and only if B is a
right ideal of some left ideal of a I'-semiring M .

Theorem 3.9. Let M be a I'-semiring. If M = MTI' < a >, for all a € M where
< a > 1s the smallest tri-quasi ideal generated by a. Then B is a tri-quasi ideal
of M if and only if B is a quasi ideal of M.

Proof. Let B be a tri-quasi ideal of a I'-semiring M and a € B. Then

BI'BTMI'BI'B C B
=>MI'<a>C MI'B
=M CMI'BCM
=MI'B=M
=BI'M = BTMI'B C BI'BI'MI'BTBC B
=MI'BNBI'M C MM NBI'M C B.

Therefore B is a quasi ideal of M. Converse is obvious. [ |
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4. TRI-QUASI SIMPLE I'-SEMIRING AND REGULAR I'-SEMIRING

In this section, we introduce the notion of a tri-quasi simple I'-semiring and char-
acterize the tri-quasi simple I'-semiring using tri-quasi ideals of I'-semiring and
study the properties of minimal tri-quasi ideals of I'-semiring. We also charac-
terize regular I'-semiring using tri-quasi ideals of I'-semiring.

Definition 4.1. A I'-semiring M is a left (right) simple I'-semiring if M has no
proper left (right) ideals of M.

Definition 4.2. A I'-semiring M is said to be simple I'-semring if M has no
proper ideals of M.

Example 4.3. Let N be the set of all natural numbers, M = {(g 8) | a,b GN}.

If M = I'with respect to usual matrix addition and matrix multiplication then
M is a right simple I'-semiring.

Example 4.4. Let M = {0,1,2,3,4} and I' = M be the sets. Define the binary
operation as (x,y) — x 4y, tennary operation is defined as (z, o, y) = x+a+y,
where + is the usual addition of integers and  +y =z +y, if t +y € M and
x+y=4,ifx+y ¢ M, for all x,y € M, where + is the usual addition. Then M
is a simple I'-semiring.

Definition 4.5. A I'-semiring M is said to be tri-quasi simple I'-semiring M if
M has no tri-quasi ideals other than M itself.

Theorem 4.6. If M is a division I'-semiring then M 1is a tri-quasi simple I'-
semiring.

Proof. Let B be a proper tri-quasi ideal of the division I'-semring M and 0 # a €
B. Since M is a division I'-semiring, there exist b € M, « € I such that aab = 1.
Then there exist 8 € I,z € M such that aabfx = ¢ = xfaab. Then x € BI'M.
Therefore M C BI'M. We have BI'M C M. Hence M = BI'M. Similarly we can
prove MI'B = M.

M = MTIB
= BI'BITMT'BI'B C B
MCB
Therefore M = B.

Hence division I'-semiring M has no proper tri-quasi-interior ideals. [ |

Theorem 4.7. Let M be a left and a right simple I'-semiring. Then M is a tri-
quast simple I'-semiring.
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Proof. Let M be a simple I'-semring and B be a tri-quasi ideal of M. Then
BI'BTMI'BI'B C B and MT'B and BI'M are left and right ideals of M. Since
M is a left and right simple I'-semiring, we have MT'B = M. BI'M = M. Hence

BI'BITMI'BI'BC B
=BI'MT'BC B.= M CB.

Hence the theorem. []

Theorem 4.8. Let M be a I'-semiring. M is a tri-quasi simple I'-semiring if
and only if < a >= M, for all a € M and where < a > is the smallest tri-quasi
ideal generated by a.

Proof. Let M be a I'-semiring. Suppose M is a tri-quasi simple I'-semiring,
a € M and B = MTa. Then B is a left ideal of M. Therefore, by Theorem(3.4 |,
B is a tri-quasi ideal of M. Therefore B = M. Hence MT'a = M, for all a € M.

MTaC<a>CM
=M C<a>C M.
Therefore M =< a > .

Suppose < a > is the smallest tri-quasi ideal of M generated by a and < a >= M
and A is the tri-quasi ideal and a € A. Then

<a>CACM
=M CACM.

Therefore A = M. Hence M is a tri-quasi simple I'-semiring,. [ |

Theorem 4.9. Let M be a I'-semiring. Then M is a tri-quasi simple I'-semriring
if and only if al'al’' MT'al'a = M, for all a € M.

Proof. Suppose M is left bi-quasi simple I'-semiring and a € M. Therefore
allal’ MT'al'a = M is a tri-quasi ideal of M. Hence al'MT'al' MT'a = M, for all
a € M. Conversely suppose that al'al' MT'al'a = M, for all a € M. Let B be a
tri-quasi ideal of the I'-semiring M and a € B.

M = al'al' MT'al’a
M = al'al' MTal’a
C BI'BTMT'BI'BCB
ThereforeM = B.

Hence M is a tri-quasi simple I'-semiring. [
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Theorem 4.10. If B is a minimal tri-quasi ideal of a I'-semiring M then any
two non-zero elements of B generated the same right ideal of M.

Proof. Let B be a minimal tri-quasi ideal of M and z € B. Then (x)g N B is
a tri-quasi ideal of M. Therefore (x)r N B C B. Since B is a minimal tri-quasi
ideal of M, we have (x)rN B =B = B C (x)g. Suppose y € B. Then y € (z)g,
(y)r € (x)R. Therefore (z)r = (y)r. Hence the theorem. ]

Corollary 4.11. If B is a minimal tri-quasi ideal of a I'-semiring M then any
two non-zero elements of B generates the same left ideal of M.

Theorem 4.12. Let M be a I'-semiring and B be a tri-quasi ideal of M. Then
B is minimal tri-quasi ideal of M if and only if B is a tri-quasi simple I'-
subsemiring.

Proof. Let B be a minimal tri-quasi ideal of the I'-semiring M and C be a
tri-quasi ideal of B. Then CT'CT'BI'CTC C C. Therefore CTCT'BI'CTC is a
tri-quasi ideal of M. Since C' is a tri-quasi ideal of B,

CI'CrBI'CTC =B
=B =CICI'BIcrc cc
=B =2C.

Conversely suppose that B is a tri-quasi simple I'-subsemiring of M. Let C' be a
tri-quasi ideal of M and C' C B.

CICTBICrC =C
=CTCT'BTCT'C C CTCTBIT'CTC C BTBTMI'BT'B C B,
=( is a tri-quasi ideal of B ,

=B = (C,since B is a tri-quasi simple ['-subsemiring.
Hence B is a minimal tri-quasi ideal of M. [ |

Theorem 4.13. Let M be a I'-semiring and B = RU'L, where L and R are
minimal left and right ideals of M repectively. Then B is a minimal tri-quasi
ideal of M.

Proof. Obviously B = RI'L is a tri-quasi ideal of M. Let A be a tri-quasi ideal
of M such that A C B. Then MT' AT'A is a left ideal of M.

= MTAT'A C MI'BI'B
= MTRI'LT'RI'L
C L, since L is a left ideal of M.
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Similarly, we can prove ATATM C R
Therefore MT'AT'A =L, ATAT'M =R
Hence B = ATATMTMT AT A
C ATATMT AT A.
C A.

Therefore A = B. Hence B is a minimal tri-quasi ideal of M. [ |

Theorem 4.14. Let M be a reqular idempotent I'-semiring. Then B is a tri-
quast ideal of M if and only if BUBI'MI'BI'B = B, for all tri-quasi ideals B
of M.

Proof. Suppose M is a regular I'-semiring, B is a tri-quasi ideal of M and
x € B. Then BIBI'MI'BI'B C B and there exist y € M, «,83,0 € I', such
that x = xdzayBxdér € BI'BIMI'BI'B. Therefore x € BI'BI'MI'BI'B. Hence
BI'BTMI'BT'B = B.

Conversely suppose that BI'BI'MT'BI'B = B, for all tri-quasi ideals B of M.
Let B = RN L, where R is a right ideal and L is a left ideal of M. Then B is a
tri-quasi ideal of M. Therefore (RN L)ITMT(RN L)TMT(RNL)=RNL

RNL=(RNL)T(RNLYMITMT(RNL)T(RNL)
C RTMTLTMTL
C RT'L
C RN L (since RTL C L and RT'L C R).

Therefore RN L = RI'L. Hence M is a regular I'-semiring. |

Theorem 4.15. Let M be a reqular commutative I'-semiring. Then every tri-
quasi ideal of M is an ideal of M.

Proof. Let B be a tri-quasi ideal of M and C' = BI'BITMT'BT'B.
Then C = B'BTMI'BI'B =B
= BI'M =CTM C CTMTC, since M is regular
= BI'M C BTBTMT'BI'BT MT'BI'BI MT'BI'B C B. Hence the theorem. m

Theorem 4.16. M is regular I'-semiring if and only if AUB = AN B for any
right ideal A and left ideal B of I'-semiring M.

Theorem 4.17. Let B be I'-subsemiring of a reqular idempotent I'-semiring M.
B can be represented as B = RU'L, where R s a right ideal and L is a left ideal
of M if and only if B is a tri-quasi ideal of M.
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Proof. Suppose B = RI'L, where R is right ideal of M and L is a left ideal of M.

BI'BITMI'BI'B = RULI'RULI' MT'RTU'LI'RT'L
C RI'L =B.

Hence B is a tri-quasi ideal of the I'-semiring M. Conversely suppose that B is a
tri-quasi ideal of the regular idempotent ['-semiring M. Then BI' BI'MI'BI'B =
B. Let R = BI'M and L = MT'B. Then R = BI'M is a right ideal of M and
L = MT'B is a left ideal of M.

BIMNMI'BC B'BCMI'BI'B=B
=BI'MNMI'BCB
=RNLCB.
We have BC BI'M = Rand BC MI'B=L
=B CRNL
=B =RNL=RI'L, since M is a regular I'-semiring.

Hence B can be represented as RI'L, where R is the right ideal and L is the left
ideal of M. Hence the theorem. [

The following theorem is a necessary and sufficient condition for I'-semiring
M to be regular using tri-quasi ideal.

Theorem 4.18. M is a regular I'-semriring if and only if BNINL C BIL'ITL,
for any tri-quasi ideal B, ideal I and left ideal L of M.

Proof. Suppose M be a regular I'-semiring, B, I and L are tri-quasi ideal, ideal
and left ideal of M respectively.
Let ae BNINL. Then a € al'MTa, since M is regular.

a € al'MT'a Cal'MT'al'MTa
C BT'ITL.

Hence BNINL C BTITL.

Conversely suppose that BN I N L C BI'ITL, for any tri-quasi ideal B,
ideal I and left ideal L of M. Let R be a right ideal and L be left ideal of
M. Then by assumption, RNL = RNMNL C RUMTL C RI'L. We have
RI'L C R, RI'L C L. Therefore RI'L C RN L. Hence RN L = RI'L.

Thus M is a regular I'-semiring. [
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5. CONCLUSION

As a further generalization of ideals, we introduced the notion of tri-quasi ideal
of I'-semiring as a generalization of ideal ,left ideal, right ideal, bi-ideal, quasi
ideal and interior ideal of I'-semiring and studied some of their properties. We
introduced the notion of tri-quasi simple I'-semiring and characterized the tri-
quasi simple I'-semiring, regular I'-semiring using tri-quasi ideals of I'-semiring.
We proved every bi-quasi ideal and bi-interior ideal of I'-semiring are tri-quasi
ideals and studied some of the properties of tri-quasi ideals of I'-semirings. In
continuity of this paper, we study prime tri-quasi ideals, maximal and minimal
tri-quasi ideals of ordered I'-semirings.

The following figure helps us for visualising the relations between various
ideals.

A - Algebraic Structure N - Right bi quasi Ideal
B -ldeal O - Bi quasi interior ideal
C - Left Ideal P - Generalized bi ideal
D - Interior Ideal Q - Triideal
E - Right Ideal R - Left tri ideal
F - Quasi Ideal S - Right tri ideal
G - Quasi interior Ideal T - Generalized left tri ideal
H - Left quasi interior Ideal U - Generalized right tri ideal
| - Right quasi interior Ideal V -Generalized tri ideal
J -Bildeal W - Weak interior Ideal
K - Bi interior Ideal X - Left weak interior Ideal
L - Biquasildeal Y - Right weak interior Ideal
M - Left bi quasi Ideal Z -Tri quasi ideal
[7,]
-
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