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Abstract

In this paper we define and study balancing quaternions and Lucas-
balancing quaternions. We give the generating functions, matrix generators
and Binet formulas for these numbers. Moreover, the well-known properties
e.g. Catalan, d’ Ocagne identities have been obtained for these quaternions.
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1. BALANCING AND LUCAS-BALANCING NUMBERS

A. Behera and G. K. Panda in [1] introduced a number sequence {B,}, called
balancing sequence, defined in the following way: a positive integer n is called a
balancing number with balancer r, if it is the solution of the Diophantine equation

1424+ ---+(n—-1)=Mn+1)+n+2)+---+(n+r).

For example 6 and 35 are balancing numbers with balancers 2, 14, respectively.
Moreover, the authors proved that the recurrence relation for the balancing num-
bers has the following form

(1) Bpy1=6B,— B, 1 for n>1

with initial conditions By =0, B; = 1.

The first eight terms of the sequence are 0, 1, 6, 35, 204, 1189, 6930, 40391. This
sequence is also given by Binet formula
oy —ry

2 B, = )
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where 71, ro are the roots of the characteristic equation 72 —6r+1 = 0, associated
with the recurrence relation (1), i.e.,

(3) r=3+2V2, rp=3-2V2.

Note that
r1+ 712 = 6,
(4) ryr—Tre = 4\/57
riro = 1.

It is well known that n is a balancing number if and only if n? is a triangular
number, i.e., 8n% 4+ 1 is a perfect square, see [1]. In [6] the author introduced
Lucas-balancing numbers, defined as follows. If n is a balancing number, C,, =

V8n? 4+ 1 is called a Lucas-balancing number. The sequence {C,,} of Lucas-
balancing numbers is defined by the recurrence of second order

(5) Cpi1=6C, —Cp_1 for n>1

with initial terms Cyp = 1, C1 = 3. The Binet formula for Lucas-balancing
numbers has the form
n n
(6) C, = w7
2

where 71, 79 are given by (3).

The first eight terms of the sequence are 1,3,17,99, 577, 3363, 19601, 114243.

Many interesting properties of these numbers are given in [1, 2, 6, 7, 9].
Among others, the well-known are

Bm—n = Ban - CmBn
C? =8B2+1
Con = 16B2 +1
By +Bniy — B2 = —B? (Catalan identity)
CpyCrir—C2 = C? -1 (Catalan identity)
B, 1Bpy1 — B2 = —1 (Cassini identity)
Cpn1Cpy1 —C2 =38 (Cassini identity)
BmBni1 — Bmi1Bn = B (d’Ocagne identity)
CrnCri1 — Cs1Cp = =8By, (d’Ocagne identity).

In this paper we will use the following identities:

- Bpi1— B, -1
(7) ZBl:%
=0
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- Chi1—Cp +2
(8) ch — %
=0
(9) 3B, — Bp_1 = C,
(10) Byyo — By_o = 120,

2. THE BALANCING QUATERNIONS AND LUCAS-BALANCING QUATERNIONS
A quaternion ¢ is a hyper-complex number represented by an equation
q=a+bi+cj+ dk,

where a, b, ¢, d are real numbers and i, j, k are standard orthonormal basis in R3,
which satisfy the quaternion multiplication rules presented in Table 1.

Table 1. The quaternion multiplication.

The conjugate of a quaternion is given by § = a — bi — ¢j — dk, the norm of a
quaternion is N(q) = ¢-§ = G-q = a®+b%> +c?+d?. For the basics on quaternions
theory, see [13].

The quaternions were introduced by Hamilton in 1843. The quaternions
of sequences firstly were considered in 1963 by Horadam [4]. He introduced
Fibonacci and Lucas quaternions by the equations

FQn:Fn+ZFn+1 +an+2 +an+3a
LQn = Ln + Z‘Ln-i—l + jLn+2 + kLn—i—?n

where F,,, L, denotes the nth Fibonacci number and nth Lucas number, respec-
tively, defined by the recurrences

F,=F, 1+F, 2, n>2 Fy=0F =1,
Ln:Ln71+Ln727 TLZQ, L0:27L1:1-

The quaternions of the well-known sequences have been investigated by several
authors. For example, in [11] the Jacobsthal quaternions were introduced, in
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[3, 12] the Pell and Pell-Lucas quaternions were considered. In [5, 8] many in-
teresting identities of (p, q)-Fibonacci quaternions and (p, ¢)-Lucas quaternions
were established.

We introduce balancing quaternions and Lucas-balancing quaternions and
derive some identities such as Binet formulas, Catalan identities, d’Ocagne iden-
tities for both these quaternions.

Let n > 0. The balancing quaternion sequence {BQ,} we define by the
following recurrence

(11) BQTL = Bn + 'iBn-i—l + jBTH—Q + an+37

where B,, denotes the n-th balancing number. In the same way we can define the
Lucas-balancing quaternion sequence {C'Q,}

(12) CQn = Cp+iChy1 + jCnia + kCyy3,

where C), is defined by (5).
Using the above equalities we get

BQo = i+ 65 + 35k
BQ1 = 1+ 6i + 35j + 204k

(13) BQy = 6 + 35i + 204j + 1189k
BQs = 35 + 204i + 11895 + 6930k

CQo= 1+3i+17j + 99k
CQ1 = 3+ 17i + 995 + 577k

(14) CQs = 17 + 99 + 577] + 3363k
CQs = 99 + 577i + 33635 + 19601k

The next theorems present some basic properties of the balancing and Lucas-
balancing quaternions.

Theorem 1. Let n > 2 be an integer. Then

(i) BQn =6BQn—1 — BQy-2,

(i) CQn=06CQn-1—CQn-2,

where BQy, BQ1, CQo, CQ1 are given in (13), (14), respectively.

Proof. By formula (11) and (1) we get

6BQn-1 — BQn—2

= 6(Bn-1+ 1By + jBnt1 + kBny2) — (Bn—2 +iBn-1 + jBn + kBny1)
= 6B,-1 — B2+ (6B, — Bp_1) + j(6By+1 — By) + k(6Bp42 — Bpt1)
— By +iBps1 + jBpso + kBnis = BQn,
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which ends the proof of (i).
The second part can be proved similarly using (12) and (5). ]

Theorem 2. Let n > 1 be an integer. Then
3BQn - Banl = CQH'
Proof. Using (11) and (9), we have

3BQ, — BQu_1 = 3(Bn + iBui1 + jBnya + kBnis)
— Bp1—1iBp — jBpi1 — kBpyo
— 3B, — By_1 +i(3Bns1 — Bn)
+ j(3Bn+2 - Bn—i—l) + k(3Bn+3 - Bn+2)
— Cp+iCpi1 + jCio + kCrys = CQn. .

Corollary 3. Let n > 0 be an integer. Then
BQni1 —3BQn = CQp.
Theorem 4. Let n > 2 be an integer. Then
BQpny2 — BQp 2 =12CQ,.
Proof. By (11) and (10) we have

BQuy2 — BQn2 = Bni2 +iBni3 + jBuya + kBuys
— By 9 —iBy_1 — jBy — kByi1
= Buy2 — B2 +i(Bpys — Bpo1)
+ j(Bn+4 - Bn) + k(Bn+5 - Bn+1)
= 12(C), + iCpy1 + jChio + kChy3) = 12CQ,. -

Theorem 5. Let n > 0 be an integer. Then
(i) BQn+ BQy = 2B,

(i) CQn+CQn =2C,,

(iii) N(BQ,)=2B,BQ, — BQ?,

(iv) N(CQ,) =2C,CQ, — CQ>.

Proof. (i) Using the definition of the conjugate of a quaternion we obtain the
result.
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(iii) By formula (11) we have

BQ2 = B2—B2,, — B2, — B2, 4+ 2iB,Bns1 +2jBnBnis + 2kByBnys
4 (ij + j))Bus1 Brya + (ik + ki) Bpy1 Buss + (jk + kj) BnsoBoia
= B —Bp — By — Bhis+ 2(iBuByy1 + jBpButa + kBpBnys)
= QBn(Bn + Z'BnJrl + jBn+2 + an+3) - Brzz - BZ+1 - Brzz+2 - Bg+3
= 2B,BQ, — N(BQ,,).

Hence we get the result.
The equalities (i) and (iv) can be done similarly. |

The next theorem gives the Binet formulas for the balancing and Lucas-
balancing quaternions.

Theorem 6. Let n > 0 be an integer. Binet formulas for BQ, and CQ,, re-
spectively, have the following form

KT — T2
T‘HT‘{L + T‘AQT‘S
1 n=— " 5
(16) cQ y
where

r=3+2V2, ry=3-2V2,

(17) =141 +j7“% + kr‘;’,

(18) ¥y = 1 +iry + jra + krs.
Proof. By formula (2) we get

BQn = Bn + Z‘Bn—i—l + jBn—f—Z + an+3

= ! " [P —rh +i (r?“— r?“) +3 (r?”— TS’LZ) +k (r{”?’— r£‘+3)]
1= 72

T (7T (14 irq + jr? + krif) — ry (L +irg + jre + kr%’)}

7:17“717’ — ’I“AQT‘S
L —T2

The proof for the Lucas-balancing quaternions is similar. [ |
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3. CATALAN, CASSINI AND D’OCAGNE IDENTITIES FOR THE BALANCING
QUATERNIONS AND LUCAS-BALANCING QUATERNIONS

Now we will give some identities for the balancing quaternions and Lucas-balan-
cing quaternions, these identities are easily proved using the Binet formulas (15)
and (16). Using (17), (18) and (4) we get

P17y = =24 (6 — 4v/2)i + (34 + 24v/2)5 + (198 — 4V/2)k,

19
(19) Pary = —2 4 (6 + 4v/2)i + (34 — 24+/2)5 + (198 + 4+/2)k.
Note that
717y + 191 = —4 + 124 + 685 + 396k
(20) 172 271 J

= —4(1 — 3i — 17j — 99k) = —4CQy.

Theorem 7 (Catalan identity). Let n > 0,7 > 0 be integers such that n > r.

Then
) (717arh, — rariry)

BQn—rBQn—i—r - BQ% = (Tl — .

32
Proof. By formula (15) we get
BQn—rBQn—i—r - BQ%
(AT = ) (R — ) — (A — arg)’
(r1 —ro)°

_ % [7:17:2 (D) <1 - (:—T>T> + 77 (riry) <1 - <Z—;>T>] :

By simple calculations, using (4), we have

1 R S ory—rr
BQn—+BQuir — BQa = 32 <7“17“2 L2 4 iy 22— 1>
1 L)

iy (rf —r5) ry — 1911 (rf = r5) 11
32
(r] —r}) (rirary — rariry)

32 u

Note that for r = 1 we have the Cassini identity for the balancing quaternions.
Corollary 8. Forn >1

T'A17“A27“2 — 7:27“1 ™

BQ,_ 1BQ, 1 — BQ? =
Qn-1BQnt1 Q W)
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In the same way, using formula (16), one can easily prove the following result.

Theorem 9 (Catalan identity). Let n > 0,7 > 0 be integers such that n > r.
Then (1] — 1) (it — o)
ry — 1) (rirary — raryr
CQu—rCQuir — CQp = A P22l

Corollary 10. Forn >1
CQun-1CQni1 — CQ2 = —V2(r1vary — 1orimy).

Theorem 11 (d’Ocagne identity). Let m > 0,n > 0 be integers such that m > n.
Then
7:17“A27“;n_n — 7:27:17“31_”

42

BQmBQn-i-l - BQm—i—lBQn -
Proof. By formula (15) and (2) we get

BQmBQn—i—l - BQm—l—lBQn

_ (A = ) (A =y — (T = T (A — g
(r1 —r2)?
1 . n .
RS [rara(ry ey — ey ™) + (et =)

1 . _ . _
— m(rlm)”[rlm(rl —ro)r]" " rari(rg — r)ry "

Prary " — ey T raryt T — iy

71 — T2 4\/5 ' [ |

Theorem 12 (d’Ocagne identity). Let m > 0,n > 0 be integers such that m > n.
Then

CQmCQni1 = CQui1CQn = —V2(P1riyr " ™" — iy ™).

Proof. By formula (16) we have

CQmCQn+1 - CQerl CQn

1 ~ ~ _ ~ N _
= 1(7"17“2)"(7“17“2(7“2 — )P () — )T
1
- Z(flfzﬂn_n — T T (g — 1) = —V2(FrRr T — ar ™). m

Theorem 13. Let m > 0,n > 0 be integers such that m > n. Then

TAlfQTinin — 7“}7“]7“5”7”

BQmCQn - CQmBQn = 4\/5
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Proof. The Binet formulas for the balancing quaternions and Lucas-balancing
quaternions give

BQnCQn — CQunBQy,
1 . . . . . . . .

- 72(7‘1 ) [(Fr]s = rard) (el + rary) — (Fir]t + riard) (el — 1ary)]
1

= 1) [2ryrarry — 2091 rTry]

T‘Al’I“AQ’I“{nin - T‘E’Iﬁ’l“;nin

4+/2 ’

which ends the proof. ]

1 C e men s e
G [(ryra)" (rarigr "™ = riaryry )] =

Theorem 14. Letn >0, r >0, s > 0 be integers. Then

CQu(rirs — riry)

2v/2

BQn—f—T’CQn-i—s - BQn—f—sCQn—l—r =

Proof. By formulas (15), (16) and (20) we have

BQnJrr CQnJrs - BQnJrsCQnJrr
1

o 2(7“1 — 7“2) [(
— (AT =y ) (Pt iy )]

1
= —— [nmr{‘”r?“ — rrary

8v/2
1

= 552" (s + o) (i — rirg)]

Pt — fgrg‘”)(ﬂr?“ + 7:2T3+5)

+ +r,.n+

s, . n+r I o} s s nts, n+tr
Ty +roryry Ty T =TTy Ty ]

B —4CQo(rirs — rirh) B _C’Qo(r’{rg —riry)
8v/2 22 ' u

Theorem 15. Let m > 0,n > 0 be integers. Then

BQmCQn + CQmBQn =

Proof. Using formulas (15) and (16), we get
1
BQmCQn + CQuBQy = ———[2(r77) 2" — 2(riy) 2t
Q Q + Q Q 2(T1 _TZ)[ (Tl) Tl (T2) TZ ]
(527" — (1)
44/2 ’

which ends the proof. ]
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Theorem 16. Let n > 0 be an integer. Then
CQ; — 8BQ;, = —20Q.

Proof. By simple calculations, using (20), we obtain
. . 2 . . 2
rrl + rorl ry — rord
CO? — 8SBO? — 1 2) _g 1 2
@n @n ( 2 rL— T2
1 . 7179 + 797 -
= Z [(7“17“2)”2(7“17“2 + 7“27“1)] = % = —2CQO. [
In the same way we can prove the next result.
Theorem 17. Let n > 0 be an integer. Then
12" (1 = (11)?) + 12" (ry — (12)?) — 4C Qo
5 .

Theorem 18. Let n > 0 be an integer. Then the summation formula for the
balancing quaternions is as follows:

ZBQI _ BQuni1 — BQy

=0

CQyy — 16BQ2 =

—1—4i—5j—29%
. .

Proof. Using formula (7), we get

ZBQl Z By +iBiy1 + jBiya + kBiys)
= 0

—ZBI+ZZBl+1+]ZBl+2+kZBl+3

1

1
Bn+1—Bn—1)+z’<—

i

4(Bn+2 —Bpy1—1) = Bo)

1
+J <Z(Bn+3 — Bny2—1) — By — Bl)

1
+k <Z(Bn+4 —Bpyz—1)— Bo— By — B2>

1 . ) ) )
=1 (Bpt1 +iBnt2 + jBnys + kBpya — (Bp + iBpy1 + jBngo + kBys)

—(I+i+j+k))—iBo— j(Bo+ B1) — k(Bo + By + Bz).

Hence

- BQni1 — BQn — (1+i+ 7+ k) — (45 + 28k)
> BQ 1
_ BQu41—BQ, —1—1i—5j—29
1 .
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In the same way, using formula (8), one can easily prove the next theorem.

Theorem 19. Let n > 0 be an integer. Then

- CQni1 —CQp+2+1i—2j—19k
ZCQl: Qnt1 Q Jj _

4
1=0

4. GENERATING FUNCTIONS

In this section we will give the generating functions for the balancing quaternions
and the Lucas-balancing quaternions. Similarly like balancing sequence and the
Lucas-balancing sequence, these sequences can be considered as the coefficients of
the power series expansion of the corresponding generating functions. We recall
known results for the balancing sequence and the Lucas-balancing sequence.

Theorem 20 [1]. The generating function of the balancing sequence {By} has

the following form
x

GBuit) = TG, 502

Theorem 21 [10]. The generating function of the Lucas-balancing sequence {Cy,}
has the following form
1-3z
GChiz) = ———.
(Cni ) 1—6x + 22
Theorem 22. The generating function of the balancing quaternion has the fol-
lowing form
r+i+(6—2x)j+ (35 —62)k
1 — 6z 4 22

g(x) =
Proof. Let
g(z) = BQo + BQiz + BQaa® + -+ + BQua" + - --
be the generating function of the balancing quaternions. Hence

6zg(x) = 6BQox + 6BQ12% + 6BQyx> + --- + 6BQy_12" + - - -
22g(x) = BQox? + BQi23 + BQox* + - + BQp o™ + -+ - .

Using the recurrence BQ,, = 6BQ,_1 — BQ,_2, we get

g(x) — 6zg(x) + 2*g(z) = BQo + (BQ1 — 6BQo)x
+ (BQ2 — 6BQ1 + BQo)z* + - --
= BQo + (BQ1 — 6BQ)x.
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Thus
_ BQo+ (BQ1 —6BQo)x
1 — 6z + 22 '

g9(z)

Using equalities (13), we obtain

i+6j+35k+(1—j—6k)z x+i+(6—x)j+(35—6x)k

9(x) = 1—6x + 22 - 1 —6x + 22 " m

In the same way we can prove the next theorem.

Theorem 23. The generating function of the Lucas-balancing quaternion has
the following form

132+ (3 —2)i + (17 — 3x)j + (99 — 172)k
a 1 —6x + 22

f(x)

5. MATRIX GENERATORS

In [9] it was introduced a matrix generator for the balancing numbers — balancing
@-matrix which was given by

6 —1
(21) =7 ]
It was proved the following result.

Theorem 24 [9]. Let Qp be the balancing matriz given in (21). Then for every
positive integer n,

n _ BnJrl _Bn
QB B |: Bn _Bn—l :| ‘

Similarly for the Lucas-balancing numbers it was proved the following result.

Theorem 25 [9]. Let Rp = [ ?1) :; } . Then for every positive integer n,
Cpy1 —C
RpQp=| 7" " ] :
BQB |:Cn —Ln-1

Theorem 26. Let n > 1 be an integer. Then

BQuni1 —BQn ]_[BQQ —BQ1H6 —1}"‘1
BQ,  —BQup-1 BQ1 —BQo 1 0 '



ON BALANCING QUATERNIONS AND LUCAS-BALANCING QUATERNIONS

67

Proof. (By induction on n). If n = 1 then the result is obvious. Assuming the
result holds for n, we will prove it for n 4+ 1. By the induction’s hypothesis and

Theorem 1 we get

[ BQ>
B@Q

|

|

6BQn+1 — BQn
6BQn - Banl

~BQ, 6 —11"" [6 —1
—BQo | |1 o0 11 0
BQny1 —BQy 6 —1
BQn _Banl ' 1 0

_BQn-H
_BQn

BQni2

BQnJrl _BQn | |

|-

_BQn—l—l :| )

In the same way, using Theorem 2 and Corollary 3, one can easily prove the

next result.

Theorem 27. Let n > 1 be an integer. Then
CQui1t —CQn ] _[3 -1] [BQ: B ] [6 —1]""
CQn —CQun| |1 -3 BQ: —BQo 1 0 '

1]
2]
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