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1. INTRODUCTION

A natural number 7 is said to be a balancing number if it is the solution of a simple
Diophantine equation 142+ --4+(n—1) = (n+1)+(n+2)+- - -+ (n+1), where [ is
a balancer corresponding to n [1]. Let {B),},>0 be the balancing sequence and is
recursively defined as By =0, By = 1 and B, = 6B,,_1 — B,_ for n > 2. For any
balancing number B,,, the positive square roots of 8 B2 + 1 generate a sequence
called as Lucas-balancing sequence {C), },>0. Lucas-balancing sequence satisfies
the same recurrence as that of balancing sequence but with different initials, that
is, Cp, = 6Cy—1 — C—g for n > 2 with Cp =1 and C, = 3 [8].

Many researchers studied the partial infinite sums of reciprocal Fibonacci
and other related numbers. Ohtsuka and Nakamura [7] studied the partial infinite
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sums of reciprocal Fibonacci numbers and derived the following results, where
|.] denotes the floor function. For all n > 2,

. -1
Z 1 | Fh-o, if n is even;
= £, | Fh,_2—1, ifnisodd

and for all n > 1,

00 —1
Z 1 | F,F—1—1, ifnis even;
F? I Y 2% S if n is odd.
k=n

Later, Holiday and Komatsu [3] established several identities for generalized Fi-
bonacci numbers G,, defined by G,, = aG,—1 + G,,—2 for n > 2 with (Gy,Gy) =
(0,1). Recently, Wang and Wen [9] strengthened the above results to the finite
case and deduced the following identities. For all m > 3 and n > 2,

mn -1
Z 1 | Py, if n is even;
F;. | F,_2—1, ifnisodd

k=n

and for all m > 2 and n > 1,

mn _1
Z i | FyF,—1—1, ifnis even;
Fk2 | E,F,_1, if n is odd.

k=n

Several authors studied the bounds for partial infinite and finite reciprocal sums
involving terms from Fibonacci sequence, Pell sequence (e.g., see [2,4,6,10-13]).
More recently, Komatsu and Panda [5] studied the partial infinite alternating
sums of reciprocal of balancing numbers and derived some identities involving
these sums. Among other results they have deduced the following result. For
n>1,

-1

i (—1)k | B, + By, if n is even;

“— By | —(Bh,+Bn-1+1), ifnisodd.
=n

In the present study, we consider the partial finite alternating sums of reciprocals

of balancing numbers, squared balancing numbers, even-indexed balancing num-

bers, odd-indexed balancing numbers, product of consecutive balancing numbers

etc. We derive some identities relating to these sums that enhances the results
of Komatsu and Panda [5].
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2. AUXILIARY RESULTS

In this section, we discuss some well known results which are used to prove our
main theorems.
The following results are found in [8].

Lemma 1. For every positive integer n > 1, BEL — Bh-1Bp11 =1.
Lemma 2. For every positive integers m and n, Bp1n = BmBnt1 — Bm—1Bn.
Using the above results, we deduce the following lemmas.

Lemma 3. For any even positive integer n > 2, fi(n) + fi(n +1) + f1(2n) +
1 _ 1 =n" 1
Bapt+1+Ban—1 >0, where fl(n) ~ ButBn1-1 "B,  Bpiit+Bn—1°

Proof. Let

1 (—1)m 1

fl(n):Bn+Bn—1_1_ Bn Bn+1+Bn_1.

For even n, f1(n) is negative. Now,

1
n)+ filn+1)+ f1(2n) +
Film) + ln+ 1)+ £i2n) + ey
B 1 L, 1 . 1 1
Bn+Bn—1_1 Bn Bn+1 Bn+2+Bn+1_1 B2n+B2n—1_1 B2n
1 1 1 1 1
> — 4 -

Bn + anl -1 Bn Bn+1 Bn+2 + Bn+1 -1 a B2n

_ (Bn+2 + Bn+an+2 + Bn) - (Bn+1 + Ban,1 + anl) _ 1
(B% + BnBp-1 — Bn)(BELH + Bnt1Bni2 — Bn+1) Baon

By virtue of Lemmas 1 and 2, it can be easily checked that
Bon((Bnt2 + Bny1Bnt2 + Br) — (Byy1 + BpBr—1+ Bn-1))
> (B2 + ByBn—1 — Bn)(B2 41 + Bpi1Bpia — Bot).

Therefore,

filn) + A+ 1) + A(20) + g >0

This completes the proof. [ |

Lemma 4. For any integer m > 2 and odd positive integer n, f1(n)+ fi(n+1)—
1 _ -1 (=" 1
Bt Bt > 05 where fi(n) = gop—3 — "5 + BT
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Proof. Let

—1 (=1)" 1
fi(n) = - + .
Bn"'anl +1 Bn Bn+1 +Bn+1

For odd n, fi(n) is positive and hence fi(n) + fi(n + 1) is positive. In order to
show the result, it suffices to prove that

1
Bopt1+ Bop + 17

filn) + filn +1) >

Now,
filw) + filn+1) :
n n —
! ! Bon+1+ Ban +1
B ~1 N 1 1 1
Byn+Bn-1+1 Bp Bpyat+Bpyi+1l Bpy1 Bopg1+ Bop+1
_ Bn+1Bn+2 + Bn+1 + Bn—l - (Bn+2 + Ban—l + Bn) _ 1
Ban+1(Bn + Bn—l + 1)(Bn+2 + Bn+1 + 1) B2n+1 + B2n + 1 ’
Using Lemmas 1 and 2, the above identity simplifies fi(n)+ f1(n+1)— m
> (. This ends the proof. [ |

Lemma 5. For any integer m > 2 and odd positive integer n, fo(n)+ fo(n+1)+
_ —1n
fa(mn) < 0, where fo(n) = Bn+5}n71 — (Bg + Bn+11+Bn‘

Proof. Let
-1 (=)™ 1

n) = + .
f2( ) Bn + anl Bn Bn+1 + Bn

For odd n, fa(n) is positive and hence

anl - Bn+2
n) + n+1)= ,
f2( ) f2( ) BanJrl(Bn + anl)(Bn+2 + BnJrl)

which is negative. For m > 2 and odd n, two cases arise. For mn is even, fo(mn)
negative. Thus, it is clear that fo(n) + fa(n 4+ 1) + fa(mn) < 0 for even mn. If
mn is odd, m must be odd and greater than 2 and therefore

Falmn) -1 n 1 n 1 < 1
2lmn) = .
an + an,1 an an+1 + an B3n

By virtue of Lemmas 1 and 2, it can be easily checked that

B3n(Bn+2 - Bn—l) > Ban+1(Bn + Bn—l)(Bn+2 + Bn+1)-
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Therefore,

fa(n) 4+ fa(n+1) 4+ fa(mn)
anl - Bn+2 1
< +
Ban+1(Bn + anl)(Bn+2 + Bn+1) B3n
_ B3n(Bn—1 - Bn+2) + Ban+1(Bn + Bn—l)(Bn+2 + Bn+1)
Ban+1B3n(Bn + Bn—l)(Bn—l—Z + Bn—l—l)

< 0.

This finishes the proof. [ |

3. MAIN RESULTS
Now, we are in a position to derive our main results.
_1ye\ L
Theorem 6. If any integer n > 2 is even, then {(Eign %) J = B, +
B,_1—1.
Proof. For any positive integer k, consider

1 (—1)k 1

3.1 k) = — — .
(3.1) fi®) By + Bp1— 1 By, Byy1+ B — 1

For even k, it is clear that fi(k) is negative and therefore

A0+ A +) = (5 )+ (5 )
! !  \Bi+B1—1 By Big+1 Bgt2+ Bgi1—1

_ 1— DBy _ 1 — Bjt2
By (B, — (1 — B-1))  By+1(By+1 — (1 — By2))
B 1 1
- B B
B (B —1)  Bealeis — )
B 1 1
T [ Bii1Br141 [ BrieBr+l
(P2t - b)) (B8 - Bun)
-1 1

_|_
By i1+l
Biy1+ B + <%> Byy1+ By + (%)
> 0.
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Taking summation over k from n to 2n in (3.1), we get

2n (_1)k 2n 1
Z By, _Z<Bk+Bk1_1 Bk+1+Bk_1> Zfl

k=n k=n
1 1
Bn+Bn—1_1 |:B2n+1+B2n_1+f1(n)+f1(n+ )+f1( TL)
2n—1
> k)
k=n+2

Since Y3 nit2 fi1(k) > 0 and from Lemma 3, we have,

2n (_1)k g 1
2 B S Byt By -1
=n
On the other hand, consider fy(k) = Bk+1Bk71 — (}lk)k — BkHlJer. For even k,

f2(k) is negative. One can observe that fo(k) + fo(k + 1) < 0. Hence

2n
P A z falk
By, B, + Bp_1 an+1 + Bay,

k=n _

1 1 2n—1 1
= - + f2(2n) > =
Bn + anl |:B2n+1 + B2n f2 :| Z f2 n + anl

the result follows. [ ]

Theorem 7. For any odd positive integer n and any integer m > 2,

{(Ekmnn (Blk )IJ =—(Bn+Bp-1+1).

_1\k
Proof. In order to prove the theorem, it suffices to show that > ", % <

(=D* —1 .
m and 37", 5.~ > BB, Consider

- -1 (-1)* 1
(3.2) fl(k)_Bk+Bk—1+1 By +Bk+1+Bk+1’
and
2
(33) folk) = e 1

+ .
By, + By By, Byy1+ By

For odd k, both fi(k) and fa(k) are positive. It is checked that fi(k)+ fi(k+1) is
positive for any odd positive integer k. Similarly, one can check that fo(k)+ fo(k+
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1) is negative Therefore, from the above results, we conclude Zmy(Leven) fi(k) >0

and ), mn(even) fa(k) < 0. Summing (3.2) over k from n to mn,

= +
I E2 R eoread RO

k=n

-1 1
g —|— —
Bn + Bn—l +1 an+1 + an +1 ]; fl

The following cases arise. When mn is odd,

mn—1

Bk: 7Bn+Bn—1+1 an+1+an+1 1 1

k=n
mn—1

-1 an—l +1
_ _ - k
Bn + anl +1 an(an + anfl + 1) ; fl( )

k
Since Y71 f1(k) > 0, then 7" B) < Bn+§7}—1+1' Now, for even mn,

k=n
L ! A - At - S Ak
= — n
Bn+Bn 1+1 an+1+an+1 ! 1 k=n42 '
1
_ 1 .
- B +Bn1+1 Z Ji(k [ n)+ filn+1) — an+1+an+J

Since Y ;" .5 fi(k) > 0 and using Lemma 4, we conclude

mn (_1)k 3 1
By, B,+B,_1+1

k=n

On the other hand, taking summation over k from n to mn in (3.3), we obtain

mn (_1)k B mn -1
Z By, Z <Bk—|—Bk_1 * Bk+1+Bk> Zﬁ

k=n

—1 1
= + — k
Bn + Bn—l an+1 + an ];L f2( )
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If mn is even, then Zzg(fven) fa(k) < 0 and therefore

— (—1)k —1 1
= + — k
Z Bk Bn + anl an+1 + an Z f2( )

k=n =n
S -1
Bn + anl ‘
As szniQ fa(k) < 0 and from Lemma 5,
mn
(—1)F -1 1
k Bk: Bn + Bn—l an+1 + an Z f2( )
=n k=n
-1 1
= + - [ n)+ fo(n+1) + fo(mn ]
Bn + Bn—l an+1 + an f2( ) f2( ) f2( )
N ST
) -
k=n-+2 n + Bn 1
This completes the proof of the theorem. [ |

Theorem 8. For any even positive integer n and any integer m > 3,

(S ) | =t

Proof In order to show the above the result, it is sufficient to prove that

L mn (=1)* 1 .
Dk Bk < gy and D e Bk > gp. 1 Consider

1 —1)k 1
(3.4) g1(k) = _EUr |
By + By By, Bi+1+ By

For even k, g1 (k) < 0 and g1 (k) +g1(k+1) is positive which can be easily checked.
Taking summation over k from n to mn in (3.4), we have

mn (_1)k B mn 1
Z By, ];L<Bk+Bk1 Bk+1+Bk> z_:gl

1 1
= - - k
Bn + anl an+1 + an Z gl( )

If mn is odd, then Y ;" ¢1(k) > 0 and therefore ) ;" B,lf < Bn+1Bn—1. For

mn—1

even mn, y o g1(k) > 0 and hence
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$2 (1)
k=n Bk
! ! mz (k) — (1(n) + g1 (n + 1) + g1 (mn))
= - - g1 —(g1(n gi{n gi{mn
Bn + anl anJrl + an k—nt2
1 mn—1 1
- k) — 1 - ).
s il DIV IC R CTORRACER IR ACIORS sy

k=n+2

One can observe that g1(n)+g1(n+1)+g1(mn)+ m > 0 and therefore,
1

Dk Bk < BogB, - Let

1 (—1)k 1
By + Bp1 +1 By, Bpi1+ B+ 1

(3.5) g2(k) =

For even k, ga(k) and g2(k) + g2(k + 1) are negative. Summing (3.5) over k from
n to mn, we obtain

% =" _ %( 1 > Z
g o \Bet B+l Bk+1+Bk—|—1 g2(k

mn—1

1 1
- o + ga(mn > — k
Bn+ Bp-1+1 <an+1 + Bmn +1 ga{mn) kz_;z (1

mn—1

1 1 1
T Bo+Boi+1 <an+an_1 T1 an> - RZZ% g2(k).

Since 7" ga(k) < 0, it follows that S°7" Blk)k > Bn+Bl7171+1. This ends the
proof of the theorem. ]

Theorem 9. For any even positive integer n and any integer m > 2,
.
L(kann(]gz ) J BZ+Bn 1

Proof. Consider g;(k) = BI%+1BI%—1 — (;Blg)k - B£+11+BQ. For even k, g1(k) < 0 and

it can be observed that g1 (k) + g1(k + 1) > 0. With the help of (3.4),

mn k mn

PR g (R zm -

~ B} —~\ B} +B;, Bg+1+B2 B2+ B2 |
mn—1

1
Y gk - {gl<n>+gl<n+1>+gl<mn>+2—2
k=n-+2 anJrl + an
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It is observed that g, (n)+g1(n+1)4g1(mn)+ W > 0 and 22”"7:2 g1(k)
> (. Therefore,

(3.6) < .
;:;L B? B2+ B2,
. _1\k
On the other hand, consider ga(k) = Bi+31;%,1+1 - (Blg) - B;%HiB;%H' For even

k, both g2(k) and g2(k) + g2(k + 1) are negative. Therefore,

= g2 (k
G - 5 (e ) o

k=n k k=n

mn—1 1
= - — mn .
B2+B2 N Z ga(k <92 )+ B72nn+1+B72nn+1>

As S go(k) < 0 and gamn) + gLy <0,

(3.7) > .
B? B2+ B2 | +1

k=n
The result follows from (3.6) and(3.7). ]

Theorem 10. For any positive odd integer n and any integer m > 2,

LA -
kz:: 57 = —(B2+B? ,+1).

(—1)k

P TOOf In order to prove the result, it is sufficient to show that Zk - 32 <
B2+B 7 and 37T B2 BQJ:]% - . Consider
-1 (_1)k 1
3.8 k) = _
(3.8) s1(k) B,f+B,%_1+1 B,% +B,f+1+B,3+1
and
-1 -1 k 1

Bi+Bi, Bl B, +B

For any odd positive integer k, si(k) and so(k) are positive. It can be easily
checked that s1(k)+s1(k+1) > 0 and s2(k) + s2(k+ 1) < 0 for any odd positive
integer k. Therefore,

mn(even) mn(even)

Y si(k)>0 and > sa(k) <O.

k=n k=n
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Taking summation over k from n to mn in (3.8),

Sl T R
Log —Xlgrm it ) X

k=n k= k k=n
B+ B2 ,+1 B2, .,+B2,+1 l;
For odd mn, we write
mn mn—1
(—1)k -1 1
- + — s1(mn) — s1(k)
kz_;z B]% B%+BT2L—1+1 Br2nn+1+Brznn+1 kz_;z
B 1 B127m71 + 1 mn—1 §
B2+ B2, +1 B,(B2, + B2 +1)_Zsl( )
n n—1 mn\-“mn mn—1 k=n
Since .71 s1(k) > 0, from the above identity, it follows that > 7™ (_Bl,ﬁ) <
WJH' When mn is even, we can write
n n—1
mn mn
(—1)F —1 1
= + —si(n) —si(n+1) =)  si(k)
_1 mn
e I
Bn T Bn_l +1 k=n+2
1
— |s1(n) +s1(n+1) — ]
|: Br2nn+1 + Brznn + 1
It can be easily checked that si(n) 4+ s1(n+1) — m > 0 and

Ekm£n+2 s1(k) > 0. Therefore,

B} "~ B+BZ +1

k=n

which completes the first part of the theorem. On the other hand, taking sum-
mation over k from n to mn in (3.9), we get

= + — D s2(k)
S S (b )

k=n k-1 k=n

] 1 mn
- - k).
B72L+Brzb—1 " B72nn+1+Br2nn 282( )

k=n
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Since Y " so(k) < 0 for even mn and therefore

> C e 1 > k) > gy
== — S _—
Bf  BZ+Bl., Bl +B, T B2+ B2

k=n k=n n—1

For odd mn, we proceed as follows.

g — k e —
> B? B2+ B2, " B:,.+1+ Bk, 2 52(k) B2+ B2,

k=n k—=n
1 mn—1

t TRz [82(71) +sa(n+1)+ Sg(mn)} - Z so(k).
an+1 + an Py

It can be easily checked that sg(n)+s2(n+1)+s2(mn) < 0 and ZZ"L:"TL_J:Q s2(k) < 0.

Therefore,
k=n Bl% BT2L+BT2Lfl
This finishes the proof. [ |

The following results deal with the finite alternating sums of reciprocals of
even and odd-indexed balancing numbers. The proofs are analogous to Theorems

7 and 8.

Theorem 11. For any positive integer m > 2 and any even integer n > 2,

mn . \k -1
\\(; (Bili > J = Bo, + Baj—o.

Theorem 12. For any odd positive integer n and any integer m > 2,

[T -

k=n

Theorem 13. For any even positive integer n and any integer m > 2,

1
% (—1)k _ { Bopy1 4+ Bop—1—1, if m=2;
“— Bajr1 Boy1+ Ban—1, if m > 3.

Theorem 14. For any odd positive integer n and any integer m > 2,,

mn (_1)k -1
kz:: Bort = —(Bop+1 + Bap—1 +1).
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The following result concerns with the finite alternating sums of reciprocals
of product of two consecutive balancing numbers.

Theorem 15. For any positive integers n > 1 and m > 2,
—1
% (—1)k | By—1By + ByBpja, ifn is even ;
P BkBkJrl a —(Bn_an + Ban+1 + 1), z'fn 15 odd.

Proof. Consider

1 (—1)F 1

3.10 S1(k) = — —
(3.10) 1(k) Bx-1Br + BpBry1  BkBry1  BrpBgi1+ Bry1Bri2

and
B 1 (—1)F 1
"~ By_1Bp+ BiBiii+1  BpBiii BpBiii + BipiBrio + 1

(3.11)  Sa(k)

For even k, both Si(k) and Sy(k) are negative. Now,

Si(k) +Si1(k+1)
B 1 L, 1 1
By 1By + ByBry1  BgBri1  Bri1Bgy2  Brpy1Bry2 + BrioBrgs
1 1

- B B B
Bi11Bp2 (1 + BZE) By By 1 <1 + ﬁ)
1

 Byi1Bjis + (1 + ByByyo) 52*2 BB+ (1 + BkBk+2)Bffl

+3

1 1

- By + By,
Bit1 Btz + BiBr1 + =5

N By Bryo2 >0,
Bit1Biy2 + BiBry1 +

as
By + Bry2 _ BiBiy2
< .
Bit3 By 1
In a similar manner, we can check that Sa(k)+ Sa(k+1) < 0 for any even integer
k > 2. Taking summation over k from n to mn in (3.10), we have

mn (_1)k mn

1 1
By_1By + ByBjt1  BgBii1 + Bii1Bryo
1 1
Bn—an + Ban+1 anan+1 + an+1an+2

= Si(k)
= BiBr —

mn—1

Si(n)+ Si(n+1) + Sl(mn)] - Y Sik).
k=n+2
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It can be easily checked that Si(n)+S1(n + 1)+Si(mn) > 0 and 22”:7‘;;2 Si(k) >
0. Therefore,
p— BkBk—H B, 1By, + Ban+1 .

Similarly, with the help of (3.11), we can prove that

mn (_1)k § 1
—n BkBk+1 anan + BanJrl + 1’

k

which completes the theorem for even n. Considering

—1 (—1)k 1
S3(k) = — +
Byg—1By + BpBry1+1  BgBpi1  BpBgy1+ Bry1Bito +1
and N
—1 —1 1
Sa(k) (1)

g — —|— s
By_1By + ByBry1  BpBry1  BrBpi1 + Bry1Bggo

we can prove that

~1 _ o (—1)F _ —1
anan + Ban+1 & BkBk—H anan + Ban+1 +1 ‘

=n

This completes the proof of the theorem. [ |
Similarly, the following results can be proved.

Theorem 16. For any positive integers n > 1 and m > 2,
-1
(i) % (_1)k — B%n + B%nf% an 18 even ;
B3, | (B3, + B2, ,+ 1), ifn is odd.

(ii) (% (_1)k>_1J _ { B3, , + B§n737 ifnis even ;

— By, —(B3,_y+ B3, 5+ 1), ifn is odd.
-1
(iii) % i _ { B3, —2|— B%n_22 -1, zfn z:s even ;
L \ k=n B2kle2k+1 _(B2n + B2n72)7 an s odd.

-1
(iv) % ﬂ _ { B22n+21 + B22n721 -1, zfn z:s even ;
L \ k=n Doy Bor+2 —(B3,41 + B3,_1), if nis odd.
The following are the corresponding results for Lucas-balancing numbers C,

which can be analogously shown.

Theorem 17. For any positive integers n > 1 and m > 2,
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mn -1
(i) Z (—1)* J Ch+Chi =1, ifnis even;
' — C} | —(Ch+Cho1), ifnis odd.
Con+Coy_o—1, ifnis even;
—(an + an_g), z'fn 15 odd.

—(Copg1 + Con—1), if nis odd.

C2+C2 -1, ifnis even;

—(C2+C2_)), ifn is odd.

1
—1)’“) { Coni1+Con1—1, ifnis even ;

mn 1
(—1)F | ChiCp +CCrq1 — 1, ifnis even;
CrCria N —(Cn_1Cn + CnCnt1), ifn is odd.
C3. +C2 o—1, ifnis even;

S AN
(vi) ( 022k ) | { —(C2. +C2. ), ifn is odd.

C3_1+C3_5—1, ifnis even;
_(02271—1 + 022n—3)7 'lfn s odd.

(vii)

(viii)

mn -1
(—1)* [ C3 +C3 o —1, ifnis even;
—(C2 +C2 ), ifn is odd.

= —(C3,,1+C3,_1), ifnis odd.

-1
— (=D* ) J _{ 022n+1+C'22n_1 -1, ifnis even;
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