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Abstract

In this paper, we define and study the bivariate complex Fibonacci and
Lucas polynomials. We introduce a operator in order to derive some new
symmetric properties of bivariate complex Fibonacci and bivariate complex
Lucas polynomials, and give the generating functions of the products of bi-
variate complex Fibonacci polynomials with Gaussian Fibonacci, Gaussian
Lucas and Gaussian Jacobsthal numbers, Gaussian Pell numbers, Gaussian
Pell Lucas numbers. By making use of the operator defined in this paper, we
give some new generating functions of the products of bivariate complex Fi-
bonacci polynomials with Gaussian Jacobsthal, Gaussian Jacobsthal Lucas
polynomials and Gaussian Pell polynomials.
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1. INTRODUCTION

Mustafa Asci and Esref Gurel have defined and studied the bivariate complex Fi-
bonacci and Lucas polynomials in [2]. They give the generating function, Binet’s
formula, explicit formula and partial derivation of these polynomials. By defin-
ing these bivariate polynomials for special cases F,(z, 1) is the complex Fibonacci
polynomials defined in [26], and give the divisibility properties of bivariate com-
plex Fibonacci polynomials.

The bivariate complex Fibonacci polynomials {F,(z,y)}°, are defined by
the following recurrence relation

(11) Fn+1($,y) = Zan(x7y) +yFn71(x7y)7 for n > 1

with initial conditions Fy(z,y) = 0 and Fy(z,y) = 1.
The bivariate complex Lucas polynomials {L,(z,y)},-, are defined by the
following recurrence relation

Ln+1(x7y) = Zan(x7y) + yLnfl(xay% for n > 1

with initial conditions Ly(x,y) = 2 and Ly (z,y) = ix.

Binet’s formulas are well known and studied in the theory of Fibonacci num-
bers. Now we can get the Binet’s formula of bivariate complex Fibonacci and
Lucas polynomials. Let a(z,y) and B(z,y) be the roots of the characteristic
equation t? — izt — y = 0 of the recurrence relationship (1.1). Then

ir— /-2 + 4y

2

1w+ \/—22 + 4y
2

, Blr,y) =

O[(x7y) =

Note that a(x,y)+ B(x,y) = iz and a(x,y) B(x,y) = —y. Now we can give
the Binet’s formula for the bivariate complex Fibonacci and Lucas polynomials.
For n e N:
an(w’ y) — Bn('x? y)
O[(x7y) - 5('I7y) ’

Fo(z,y) =

and
Ln(l’,y) = an(x7y) + /Bn(x7y)7

respectively.
The explicit formulas of bivariate complex Fibonacci and Lucas polynomials
are
"] [ n— j—1 ‘
Fo(z,y) =Y j (iz)" "y
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and

respectively.
In this part we define the Gaussian numbers and Gaussian polynomials.

Definition 1 [3]. For n € N, the Gaussian Fibonacci numbers, say {GF, },cy is
defined recurrently by

GFhy1 =GF, +GF,_1 forn>1,
with initial conditions GFy = ¢ and GF; = 1.

Definition 2 [3]. For n € N, the Gaussian Lucas numbers, say {GLy}, oy is
defined recurrently by

GLy11=GL,+GL,_1 forn>1,
with initial conditions GLy =2 —i and GL1 = 1 + 2i.

Definition 3 [3]. For n € N, the Gaussian Jacobsthal numbers, say {GJ,}, cn
is defined recurrently by

Gpi1 =GJ, +2GJ,—1 forn > 1,
with initial conditions GJy = % and GJ; = 1.

Definition 4 [3]. For n € N, the Gaussian Jacobsthal Lucas numbers, say
{Gjn},en is defined recurrently by

Giny1 = Gjn +2Gjp—1 forn >1,
with initial conditions Gjo = 2 — £ and Gj; = 1 + 2i.

Definition 5 [23]. For n € N, the Gaussian Pell numbers, say {GP,}, oy is
defined recurrently by

GP,+1 =2GP,+ GP,_1 forn>1,
with initial conditions GPy = and GP; = 1.

Definition 6 [23]. For n € N, the Gaussian Pell Lucas numbers, say {GQn},cy
is defined recurrently by

GQni1 =2GQ, + GQp—1 for n > 1,
with initial conditions GQy = 2 — 27 and GQ1 = 2 + 2i.
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Definition 7 [3]. For n € N, the Gaussian Jacobsthal polynomials, say
{GJn(2)},,cn is defined recurrently by

GJpiy1(z) = GJy(z) + 220G Jp—1(x) forn>1,

with initial conditions G.Jo(z) = £ and GJy(z) = 1.
Definition 8 [3]. For n € N, the Gaussian Jacobsthal Lucas polynomials, say
{Gjn(7)}, ey is defined recurrently by

Gjn-l-l(x) = G]n(x) + Qijn—l(w) forn > 1,
with initial conditions Gjo(z) =2 — & and Gji(z) = 1 + 2ix.

Definition 9 [24]. For n € N, the Gaussian Pell polynomials, say {GP, ()}, cx
is defined recurrently by

GPpi1(x) =22GP,(z) + GP,_1(x) forn>1,

with initial conditions GPy(z) =i and GP;(x) = 1.

In this contribution, we are going to define an operator denoted by 55162

that formulates, extends and proves results based on our previous ones, see [5].
In order to determine generating functions of the products of bivariate complex
Fibonacci polynomials with Gaussian Fibonacci, Gaussian Lucas and Gaussian
Jacobsthal, Gaussian Jacobsthal Lucas numbers. By making use of the operator
defined in this paper, we give some new generating functions of the products of
bivariate complex Fibonacci polynomials with Gaussian Jacobsthal and Gaussian
Jacobsthal Lucas polynomials, we use analytical means and series manipulation
methods. In the sequel, we derive symmetric functions and some properties. We
also give some more useful definitions which are used in the subsequent sections.
From these definitions, we prove our main results given in Section 3.

2. NOTATIONS AND SOME PROPERTIES

In this section, we introduce a symmetric function and give some properties of
this symmetric function. We also give some more useful definitions from the
literature which are used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called alpha-
bets, though we shall mostly use commutative indeterminates for the moment).
A symmetric function of an alphabet A is a function of the letters which is in-
variant under permutation of the letters of A. Taking an extra indeterminate z,
one has two fundamental series

1

A (A) =Taea(l + za), 0.(A) = Mooa(l—2a)’
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the expansion of which gives the elementary symmetric functions A, (A) and the
complete functions S, (A4) :

+o0 Ry
- ZA"(A)Zn’ 0.(A) = Z Sn(A)z
n=0 n=0

Let us now start at the following definition.

Definition 10 [1]. Let A and B be any two alphabets, then we give S, (4 — B)
by the following form:

+o0

HbeB 1 - Zb
1 _beB - 7 .
(2.1) Ty (1 2a) ZS (A—B)z" =0.(A— B)

with the condition S,,(A — B) =0 for n < 0.

Corollary 1. Taking A =0 in (2.1) gives

(2.2) Myep(1 — 2b) Z S A.(—B).
Further, in the case A =0 or B =0, we have

(2.3) f Sp(A—B)z" =0,(A) x \.(—B).

Thus,

Sn(A—=B) =) Sni(A)Sk(—B) (see [1]).
k=0

Definition 11. Let g be any function on R™, then we consider the divided dif-
ference operator as the following form

9 . g(xl, <oy iy Lit 1, - --$n) - 9($1, s i1, Li41,Liy T2 * "$n)
i mhq(g) - . .
Tj — Ti41

)

(see [30]).

Definition 12 [14]. Given an alphabet E = {e1, €2}, the symmetrizing operator
ok is defined by

B b f(er) — e (en)

€1 — €2

08 op f(e1) =
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3. GENERATING FUNCTIONS OF THE PRODUCTS OF BIVARIATE COMPLEX
FiBoNAccl POLYNOMIALS WITH GAUSSIAN NUMBERS AND POLYNOMIALS

The following theorem is one of the key tools of the proof of our main results. It
has been proved in [14].

For the completeness of the paper we state its proof here.
Theorem 1. Given two alphabets E = {e1,ea} and A = {a1,a2}, then

1 — ajage;esz?

(£ su-aregen) (£ su-aeen).

+oo
n=0

+oo
Proof. Let f(e1) = > Sn(A)elz", then the left hand side of formula (3.1) can
n=0

be written as

+o0
5elezf(el) = 56162 (Z Sn(A)e?Zn>
n=0

+o0o +o0o
e1 Y, Sp(A)efz" —ex Y Sp(A)ehz"
n=0

— n=0
€1 — €2
+00 n+l _ _n+l
— ZS"(A) <u> n
ne0 €1 — €2
“+o0o
= Sn(A)Sn(E)2",
n=0

and the right hand side of this formula can be written as

+o00o +oo
er Y, Sp(—A)esz" —ex > Sp(—A)elz"
n=0

n=0

1

Ocyeo +00 +oo +oo
> Su(—A)efzn (e1 —e2) <Z Sn(—A)e?z"> <Z Sn(—A)egz">
n=0 n=0 n=0

_e1(l—areaz)(1—agezz) — ea(l—are1z)(1—azer2)

e (5 st (£ i)
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e1(1 — ea(ar + ag)z + ajaze3dz?) — ea(1 — ey(ay + az)z + ajaze?z?)
+o00
(e1 —e32) (Eosn(— et z"> (E Sn(—A)el z">

1 — ajage;esz?

<§Sn(— )er z") <Z Sp(—A)el z") |

This completes the proof. [ |

Based on the relationship (3.1) we get

zZ — a1a2€1€22’3

(£ sut-ter2) (£ su-yeper) |

Proposition 1 [10]. Given two alphabets A = {a1,as2} and E = {e1,e2}, then

400
(3'2) anfl(A)Snfl(E)zn =
n=0

(e1 4 e2)z — erea(ay + ag)2?

+00
(3.3) T;)Snl(A)Sn(E)z = <n§05n(_ " Zn) <ZS( )egzn>.

In this part, we now derive the new generating functions of the products of
bivariate complex Fibonacci polynomials with bivariate complex Lucas polyno-
mials, Gaussian numbers and polynomials.

For the case A = {a1,—as}, E = {e1, —ea} with replacing asby (—az) and
ez by (—e2) in (3.2) and (3.3) we have

+oo
Z Sp—1(a1 + [—az]) Sp—1(e1 + [—e2]) 2"

(3.4) \
. Z — ajag€e1€e2z2
(1 —aje12)(1 + aze12)(1 + are22)(1 — azesz)
Y Sn-ilar + [az])Sler + [—ea])2"
(3.5) =

. (61 — 62)2 + 6162(@1 — a2)22

(1 —aje12)(1 +age12)(1 + ajezz)(1 — ageaz)

This case consists of six related parts.
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Firstly, the substitutions

a; — as = 1x el — ey =18
and
ajaz =y erex =t,

in (3.4) and (3.5) we obtain

+oo
> Snoi (a1 + [~az]) Snei (e1 + [—e2]) 2"
n=0

(3.6)
_ z— ytz3
14 wsz 4 (tw? 4 ys? — 2yt) 22 + ytwszd + y2t224 ]
+oo
Y St (a1 + [~az]) Sy (e1 + [—ea]) 2"
(3.7) n=0

_ isz +ixtz?
14 sz 4 (tw? 4 ys? — 2yt) 22 + ytwszd + 2224

and we have the following corollary.

Corollary 2. For n € N, the new generating function of product of bivariate
complex Fibonacci polynomials is given by

_ z— ytz3
C 14 wsz 4 (tx? 4 ys? — 2yt) 22 + ytwszd + y2t2z4

“+00
> Fu(w,y)Fu(s, t)2"
n=0

with F(x,y)Fy(s,t) = Sp—1 (a1 + [—ag]) Sn—1 (e1 + [—e2]) .

Theorem 2. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials and bivariate complex Lucas polynomials is given

by

B isz + 2ixtz? 4 isytzd
T 14 wsz 4 (ta? 4+ ys? — 2yt) 22 + ytwszd + yit2z4

+oo
> Fu(w,y)Ln(s, )"
n=0

Proof. We know that
L,(s,t) =2S,(e1 + [—e2]) —isSn—_1(e1 + [—e2]) (see [8]).
We see that

+oo
> Fu(w,y)Ln(s, t)2"
n=0

+oo
= Suoa(ar + [—a2))(2Sn(e1 + [—ea]) — isSn_1(e1 + [—ea]))2"

n=0
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+oo

=2 Sp_1(ar + [~az))Sn(er + [—ea])2"
n=0
+oo

—is Y Sp-1(a1 + [~a2))Sn-1(e1 + [—ea])2"

n=0

+00 too
=2 Sp_1(ar + [~a2))Sn(er + [—ea])2™ —is > Folw,y)Fn(s,t)2"
n=0

n=0
2isz + 2ixtz?

14+ xzsz + (tz2 + ys? — 2yt) 22 + ytwszd 4+ y2t224
isz —isytz>
14+ xzsz + (tz2 + ys? — 2yt) 22 + ytwsz3 4 y2t224
isz + 2ixtz? +isytz?
1+ xzsz + (tx2 + ys? — 2yt) 22 + ytwsz® + y2t224

This completes the proof.

Secondly, the substitutions

a] — ag = 1x e1—eg =1
and
aijag =y eres = 2,

in (3.4) and (3.5) we give

+00

> Spalar + [—a2])Sn-1(er + [—e2])2"
(38) n=0

_ 2z — 223

1 —izz 4 (202 — By)2? — ixyzd + 4yt

+o00
(3.9) 1;)5”1(&1 + [—az])Sn(er + [—ea])2"

_ 2+42ix2?
T 1—iz2+(222—5y)22 —2ixyz3+4y2 2T

and we have the following theorem.

253

Theorem 3. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Jacobsthal numbers is given by

+oo 2 . 3
2z — 2 21 —4
> Fula,y)GJp2" = 2ozt (2 d)yz

n=0

2 — 2ixz + (422 — 10y)22 — dizyz3 + 8y2z4
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Proof. By [5], we have GJ, = £5,(e1 + [—ea]) + (1 — )Sn—1(e1 + [—€2]). Then,
we can see that

+00 ;
]

+o0o
S Faw,1)Gnz" = 3 S a(ar + [as)) <25n<e1 T e
n=0 n=0
- (1 - %) Sp—1(e1 + [—ez])> 2"

. +oo
= 53" Suclar + [~az]) Suler + [~ea])="
n=0

AR
+ (1 - 5) Z Sp—1(a1 + [—az])Sn-1(e1 + [—ea])2",

n=0

by using the relationships (3.8) and (3.9), we obtain

= i 2+ 2iwz?
Fo(w, )Gl = =

n;) n(@ )G = g (222 — 5y)22 — 2izyz3 + dy22A

4 (1 1 z —2yz3
2 )1 —ixz+ (222 — by)22 — 2ixyz3 + 4y224
B iz —2x22 + (2 — i)z — (4 — 2i)y2>
2 — 2ixz + (422 — 10y)22 — dizyz3 4 Sy2zt
B 22 — 2222 + (20 — 4)yz3
02— 2wz + (422 — 10y)22? — dizyz3 + Sy2zt
This completes the proof. [ |

Theorem 4. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Jacobsthal Lucas numbers is given

by

—+oco . . 2 . 3
49 + 2 81+ 2 —(10¢ — 4
E Fy(z,y)Gin2" = ( Z.+ )2+ 8i+ 2z ( i~ 4z :
2 — 2izz + (422 — 10y) 22 — dizyz3 + 8y?z*

n=0

Proof. By referred to [5], we have

G = <2 - %)Sn(el +[=es]) + @ - 1> Su_1(er + [—ea))-
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We see that

—+00

Z Fo(z,y)Gin2" = f Sp-1(a1 + [_a2])<<2 - %)Sn(el + [—ea])
n=0 n=0
n <§Z—1>sn (er + [—e ]))z"

_ (2 _ _> an (a1 + [—az])Su(er + [—ea])2"

4 <g _1>ZS" 1(a1 + [—az])Sn—1(e1 + [—ea])2",

by using the relationships (3.8) and (3.9), we obtain

+oo

2z + 2ix2?
F, Gipz" = (4 —
nz_:o n(,9) Gl ( )2 — 2ixz + (422 — 10y)22 — dizyz?® + 8y224
. z — 223
5i —
+ (50 )2 — 2izz + (422 — 10y)22 — dizy23 + 8y2z4
_ (4 —14) 2z + (8i + 2)wz?
2 2izz + (422 — 10y)22 — dizyzd + Sy2zt
N (51 — 2)z — (10i — 4)y2*
2 — 2ixz + (422 — 10y)22 — dizyz3 + 8y2z4
(4i +2) 2 + (8 + 2)z2? — (10i — 4)y23
02— 2wz + (422 — 10y)22? — dizyz3 + Sy2zt
This completes the proof. [ |

Thirdly, the substitutions

{al—agzix {61—62:1
and

ajaz =y ereg =1,

n (3.4) and (3.5) we give

+oo
> Snoi(ar + [—a2))Sn-1(e1 + [—e2))2"
(3.10) n=0 5
Z— Yz

T 1—izz+ (22 — 3y)22 —ixyzd + y224’
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+oo
> Sni(ar + [~a2))Sn(er + [—ea])2"
n=0

(3.11) ,

_ z+ixz
1 —dzz+ (22 — 3y)22 —izyzd + 224’

and we have the following theorems.

Theorem 5. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Fibonacci numbers is given by

J§F( \GF, 2" z—x22 — (1 —i)yz3
T 2" = .
n &Y 1 —izz+ (22 — 3y)22 — izyz3 + y224

n=0
Proof. By referred to [5], we have
GF, = z'Sn(el + [—62]) + (1 — z')Sn_l(el + [—62]).
Then, according to the relationships (3.10) and (3.11), we obtain

+oo +oo
> Ful(w,y)GF.z" =Y Snoi1(ar + [—ag])(iSa(er + [—e2))

+ (1= 8)Sna(er + [—e2])) 2"

+o0o
=i Snuo1(a1 + [—a2])Sn(er + [—e2]) 2"
n=0

+oo
+ (1 =0)> " Spo1lar + [—a2])Sn-1(er + [—e2])2"

n=0
_ iz — x2?
1 —izz + (22 — 3y)22 — izy2d + Y224

3
. z—yz

+ (1 —1) Y

1 —izz + (22 — 3y)22 — izyz3 + y224
z—mw2? — (1 —i)yz3

1 —izz + (22 — 3y)2? — izyz3 + y22*
This completes the proof. [ |

Theorem 6. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Lucas numbers is given by

—+o00 . . 2 . 3
2 1 2 1 —(3—1

5 Fn(xyy)Gann:(l_{_ )Z+(Z+ )$Z .(Z )yz .
1 —izz + (22 — 3y)22 — izyz3 + y224

n=0
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Proof. We know that
GL, = (2 — z’)Sn(el + [—62]) + (—1 + 3i)Sn_1(€1 + [—62]) (see [5])
We see that

+oo +oo
> Fu(w,y)GLnz" =Y Su1(ar + [—a2))((2 — ) Sn(er + [—e2])
n=0

n=0

+ Bt = 1)Sn-1(er + [—e2]))2"

+oo
= (2 — ’L) Z Snfl(al + [—CLQ])Sn(€1 + [—62])2”

n=0
—+00

+ (30— 1)) Su1(ar + [—as])Sn_1(e1 + [—e2]) 2"

n=0
(2 —1i)z+ (20 + 1)xz?
1 —izz + (22 — 3y)22 — iwyz3 + y22*

(3i — 1)z — (31 — 1)y2?
1 —izz + (22 — 3y)22 — iwyz3 + y224

(2041 24 (204 1) az? — (30 — 1)y2?
1 —izz 4 (22 — 3y)2? — iy + y2t

This completes the proof. [ |

Fourthly, the substitutions

ap —as = 1T el —eg =1
and
aijaz =y erex = 2t,

in (3.4) and (3.5) we give

+00
> Snalay + [~a2))Sn-1(er + [—e2])2"
(3.12) n=0
_ 2z — 2tz
1 —dmz + (2622 — y — 4ty)2? — ixytzd + 4129224’

+oo
> Snoalar + [a2))Su(er + [—eg])2"
n=0

- z + 2ixtz?
1 —dmz + (2622 — y — 4ty)2? — ixytzd + 4129224’

(3.13)

and we have the following theorems.
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Theorem 7. We have the following a new generating function of the product of
bivariate complex Fibonacci polynomials with Gaussian Jacobsthal polynomials as

22 — 2xtz? — (4 — 2%)ytz?
Y

+o0o
F, GJ,(t)z" = .
Z n(@,4)GTn(t)z 2 — 2ixz + 2(2tx? — y — 4ty)2? — dizytz® + 8t2y22*

n=0

Proof. Recall that, we have [5].

? {
GJn(t) = 55'”(61 + [—62]) + <1 — 5)5'”_1(61 + [—62]).
by using the relationships (3.12) and (3.13), we get

1

2
(1= D)+ L)

. +oo
— %Z Sn—1(a1 + [—az])Sn(e1 + [—e2])2"
n=0

+00 +oo
> Bl )G = 3 Sucalan + [aa))(58i(er + [-ea)
n=0

n=0

A=
+ <1 - 5) nz::osnﬂal + [—a2])Sn-1(e1 + [—e2])2"

iz — 2xtz?
2 — 2ixz + 2(2tx? — y — 4ty)2? — dixytz3 + 8t2y2 24

(2 —i)z — (4 — 2i)yt2?
2 — 2ixz + 2(2ta? — y — 4ty) 22 — dizytz? + 8t2y224

2z — 2xt2? — (4 — 2i)ytz3
2 — 2ixz + 2(2tx? — y — 4ty)22 — dizytzd + St2y2z4 "

This completes the proof. [ |

Theorem 8. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Jacobsthal Lucas polynomials is
given by

(it +2)z + (8 + 2) wt2® — 2(4it + i — 2)ytz?
02— 2iwz + 2(2tw? — y — 4ty)22 — dizytzd + 8t2y224"

+oo
> Fula,y)Gin(t)2"

n=0
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Proof. By [5], we have Gj,(t) = (2— %)S,(e1 + [—ea]) + (2it + £ — 1) Sp—1(e1 +
[—e2]). Then, we can see that

“+00

+o00 i
> Fula)Gin@):" = 3 Sucalan-+ ) (2 5 ) Sufer + [-ea)
n=0

n=0

+ <2z’t + % _ 1> Snr(er+ [—eg])> o
_ <2 - %) :Ej::Sn_l(al + [—ag))Suler + [—ea])="

. +oo
Lot n
; <2zt A 1> > St + a1+ ()"
by using the relationships (3.12) and (3.13), we obtain the following result:
400

3 Fulw,y)Gin(t)2" = (4= ) 2+ (8 + 2) at2?

2 — 2iwz + 2(2tx? — y — 4ty)2? — diwytz3 + 8t2y224

n=0
N (4it + i — 2)z — 2yt(4it +i — 2)23
2 — 2iwz + 2(2tx? — y — 4ty)2? — diwytz3 + 8t2y224
 (4it+2)z + (8i + 2) atz? — 2(4it + i — 2)yt23
2 — 2izz + 2(2tx? — y — 4ty)22 — dizytz3 + 8t2y224 "
This completes the proof. [ |

Fifthly, the substitutions
{al—ag—z’w {61—62_2
and
ajaz =y erex = 1,

in (3.4) and (3.5) we give

+oo

> Snalar + [~a2))Sn-1(e1 + [—e2])2"
(3.14) =0

B 2z —yz3

1= 2izz + (22 — 6y)22 — 2izyzd + y22t’

+oo
Z Sn—1(a1 + [~az])Sn(e1 + [—ea])2"
n=0

_ 2z + iz’
1= 2izz + (22 — 6y)22 — 2izyzd + y22t’

(3.15)

and we have the following theorems.
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Theorem 9. For n € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Pell numbers is given by

“+00
Z Fn('may)GPnzn =

n=0

z—x22 — (1 — 2i)y2>
1 — 2ixz + (22 — 6y)22 — 2izyz3 + y224

Proof. We know that
GP, =1iSy(e1 + [—e2]) + (1 — 2i)S,,_1(e1 + [—¢]) (see [5]).

We see that

+oo +oo
> Fu(z,y)GPz" = Y Snoi(ar + [—az])(iSa(er + [—e2])

+ (1= 20)Su1(er + [~ea]))2”

+oo
=i Sp_1(ar + [—a2])Sn(er + [—ea])2"

n=0
+oo
+ (1=20) > Sp_i(ar + [—az])Sn_1(e1 + [—ea]) 2"
n=0

iz — 122

1 —2izz + (22 — 6y)22 — 2iwyz3 + y22*

(1 —2i)z — (1 —2i)y2?
1 —2izz + (22 — 6y)22% — 2izyz3 + y22*

z—x22 — (1 — 2i)y2>
1 — 2izz + (22 — 6y)22 — 2ixyz3 + y22*

This completes the proof. [ |

Theorem 10. We have the following a new generating function of the product
of bivariate complex Fibonacci polynomials with Gaussian Pell Lucas numbers as

(20 +2)2 4 (20 + 2)x2? — (60 — 2)y2?
1= 2izz + (22 — 6y)22 — 2ixyzd + y22t’

+oo
Z Fn(xy y)Gann

n=0

Proof. Recall that, we have [5].

GQ, = (2 — 2i)Sn(€1 + [—62]) + (6i — 2)Sn_1(61 + [—62]),
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by using the relationships (3.14) and (3.15), we get

+oo +oo
Y Fu(2,9)GQuz" = Y Salar + [~a2])((2 — 20)Su(er + [~e2])
n=0

n=0

+ (66 — DSn_1(er + [~ea]))2”

+oo
= (2-2i) ) Su1(ar + [—a))Snler + [—e2])2"

n=0
+oo

+ (6 —2) ) Spo1(ar + [—a2])Sn-1(e1 + [—ea])2"

n=0
_ (4 — 4i)z + (20 + 2)x22
1= 2izz + (22 — 6y)22 — 2izy23 + 3224

(6i — 2)z — (60 — 2)yz3
1 —2izz + (22 — 6y)22 — 2izyz3 + y22*

(204 2)z + (20 + 2)z2? — (60 — 2)yz°
1= 2izz + (22 — 6y)2? — 2iwy2d + y22t

This completes the proof.

Sixthly, the substitutions

a; — as = 1x e] —eg = 2t
and
ajag =y eres = 1,

in (3.4) and (3.5) we give

“+00
Z Sn—1(a1 + [—QQ])Sn,1(€1 —+ [—62])zn
(3.16) n=0 5
_ =Yz
1= 2ixtz + (22 — 4yt? — 2y)22 — ixytzd + 3224’

+oo
> Sn(ar + [~as])Suler + [~es])=”
n=0

. 2tz + x>
T 1 — 2atz + (22 — dyt? — 2y)22 — iwytzd + y22Y

(3.17)

and we have the following theorem.

261
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Theorem 11. Forn € N, the new generating function of the product of bivariate
complex Fibonacci polynomials with Gaussian Pell polynomials is given by

B z— w22 — (1 - 2it)yz3

1= 2ixtz + (22 — dyt? — 2y)22 — ixyted +y2zt’

+oo
Z E,(z,y)GP,(t)z"

n=0

Proof. By reference to [5]
GPn(t) = z'Sn(el + [—62]) + (1 — 2it)5n_1(€1 + [—6]).
We see that

+00 +oo
> Fu(m,y)GPa(t)2" = > Sp_1(ar + [—a2])(iSn(er + [—e2))

+ (1 —2it)Sp—1(e1 + [—e2]))2"

+o0o
=i Sno1(ar + [—az])Sn(er + [—e2])2"
n=0

+oo
+ (1= 2it) Y Spo1(ar + [~az])Sn_1(er + [—ea])2"
n=0
itz — x22

1 — 2iztz + (22 — 4yt — 2y)22 — 2izytz3 + y224

n (1 —2it)z — (1 — 2it)yz>
1 — 2ixztz + (22 — dyt? — 2y)22 — 2ixytzd + 3224’

after a simple calculation, we have

+o0o 9 ] 3
z—xz® — (1 —2it)yz
F, GP,(t)z" = ‘
T;) n(xyy) n( )Z 1 — 2ixtz + ($2 _ 4yt2 _ 2y)z2 _ 2Z$ytz3 + y224
This completes the proof. -

4. CONCLUSION

In this paper, by making use of Equations (3.1) and (3.3), we have derived some
new generating functions of the products of bivariate complex Fibonacci polyno-
mials with Gaussian Fibonacci, Gaussian Lucas, Gaussian Jacobsthal and Gaus-
sian Jacobsthal Lucas numbers. The products of bivariate complex Fibonacci
polynomials with Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polyno-
mials. The derived theorems and corollaries are based on symmetric functions
and products of these numbers and polynomials.
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