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Abstract

In this note we study the analytic continuation of the Apostol-Vu multi-
ple Fibonacci zeta functions
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where s1, ..., Sp+1 are complex variables and Fj, is the n-th Fibonacci num-
ber. We find a complete list of poles and their corresponding residues.
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1. INTRODUCTION

The Euler-Zagier’s multiple zeta function (g7 of depth & is defined by

1
(1'1) CEZ’k(Sl""’Sk) - Z m151mo52 ...mksk’
1<mi<ma--<my<oo
where s1,..., s, are complex variables [10]. Zhao [11] gave an analytic continu-
ation of (1.1) as a function of s;(i = 1,...,k) to C¥ using Gelfand and Shilov’s
generalized functions. Mehta et al. [6] showed the meromorphic continuation
of multiple zeta functions (1.1) with their poles and residues by means of an
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elementary and simple translation formula for specified multiple zeta functions.
The series

00
1
1.2 _—
( ) Z Z m51n52(m+n)’
m=1n<m

was first introduced by Apostol and Vu [1] and they obtained the partial results
on its analytic continuation. The meromorphic continuation of (1.2) and more
general series

s 1
(1.3) SN Ty L

m=1n<m

to the whole space was first proved in [3]. In [4], Matsumoto generalized (1.3)
and introduced Apostol-Vu r-ple zeta function

Cav,r (81,873 8p41)

1.4 L
(1.4) — Z — - —
m1m2 My (m1+m2++mr) r+1

1<mi<mo<--<my<oo

He proved that the series (1.4) is convergent absolutely when Re(s;) > 1 (1 <

i <r), Re(sy+1) > 0 and can be continued meromorphically to the whole space
Ccrt+i,

Let {F}, }n>0 be the sequence of Fibonacci numbers and is recursively defined

by

Fo=0 =1 F,nw=F,+F,_1, for n > 1.
The closed form expression for {F,},>0 is F,, = %, where o = 1+—2‘/5 and
5= % are the zeros of Fibonacci characteristic equation 22 — 2z —1 = 0. In

[7], Navas presented Fibonacci Dirichlet series (p(s) = > oo_i F;n®, Re(s) > 0
for s € C, where F,, denotes the m-th Fibonacci number and obtained that
Cr(s) is analytically continued to a meromorphic function on the complex plane
C. Rout and Panda [9] considered balancing zeta function (p(s) = > °_ B,
Re(s) > 0 for s € C, where B,,, denotes the m-th balancing number and gave that
¢p(s) is meromorphically continued all over C. They also obtained that (g(—m)
is an irrational number when m is an odd natural number. In a consequent
paper, Behera et al. [2] proved the analytical continuation of (c(s) =Y o, C}.%,
Re(s) > 0 for s € C, where C), denotes the m-th Lucas-balancing number and
(c(—m) is a rational number for any odd natural number m. In [8], Rout and
Meher defined the multiple Fibonacci zeta function of depth k as:

(15) Crls1,. . 1) = 3 !

Fsl FS2 ___Fsk :
1<m1<ma<--<mp<oco 1T M2 Mk
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They derived the analytic continuation of (r(sy,...,si) of depth 2 and found
a complete list of poles and their corresponding residues. Recently, Meher and
Rout [5] proved the meromorphic continuation of multiple Lucas zeta functions

of depth d :
wisy,sa)= Y ﬁ,
O<ni<ng-<ng nd
where (U,,) is the Lucas sequence of first kind.
In this note, we present Apostol-Vu multiple Fibonacci zeta function and
explore its analytic continuation. We also estimate the residues corresponding to
their respective poles.

2. ANALYTIC CONTINUATION OF APOSTOL-VU MULTIPLE FIBONACCI ZETA
FUNCTIONS

In this section, the Apostol-Vu multiple Fibonacci zeta function is introduced
and its analytic continuation is examined.

Definition 1. We define Apostol-Vu multiple Fibonacci zeta functions {4y r 1 as

1
(21)  Caver(st, .-, skiSky1) = > ,

S1 EP) Sk Sk+1
1<mi<---<my<oo leFm2 F

ME = mi+ma+--+mg
where s1,...,5,41 are complex variables.

The sum s; + -+ + s is called the weight of Cavr(s1,. .., Sk;sk+1) and
k is called its depth. One can observe that (ayvpk(s1,...,sk;0) is the multiple
Fibonacci zeta function (1.5).

Proposition 2. The series (2.1) is absolutely convergent in

k
Dyi1= {(81, ey Sk 3k+1) € (CkJrl‘ Z Re(Sj)+(k+1—d)R€($k+1) >0,1<d< k}
j=d
Proof. Let s; = o +it; € C and 0; = Re(sj) > 0, j = 1,2,...,k+ 1. From
(2.1), we can write

1

1<my <--<my Mk~ mi+ma+--+my

S 1
22) =2 Fm Zl o
mo=

mi=1 mi+ms2

o0 o0

1 1
Z Sk—1 Z Skt1

Sk
mg_1=1 mi+ma+t-F+mg_g mi=1 Fm1+m2+"'+mk kmi+(k—1)mo+-+my
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Now,
=1 > 1
| = (a—pB)™ Y P ——
W;I i m;1 (1 — gmi)™t
= 1
(2.3) <(a=p)7 5
mgl amor(1—(|5])m)"
a—B8 \"' = 1 1
<{f - R — AO _ o1
_<1_|/8/a|> Z aolml 1(0[ /8) ao—l_l
mi1=1
and similarly,
1 1
(24) ‘ Sd SAUd(a_ﬁ)Ud—7 2§d§k7
Fm1+"'+md ol (m1+~"+md)
and
25) | < Aoy, (0 — B)7441 ! ,
kfntik(k—l)szr---quk B a afk+1 (km1+(k71)m2+---+mk)
where A, = W By virtue of (2.2), (2.3), (2.4) and (2.5),

1

1<mi<---<my M+ my+--+my
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=~ 1 & 1
e — a1, .. — Tk+1
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o0 o0
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mr_1=1 mrp=1
o0 o0
k41 1 1
= Ay(a— pB)Xi=1 E E
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i 1 1
(a01+"'+0k+k0k+1 _ 1) (a0'2+ Fop+(k— )Uk+1 — 1)

1

Xm@@

as a > 1, where Ay = Ay ... Ay Ay, and Agy,... Ay, and A, are the
positive constants depending on o1, ..., 0% and o1 respectively. Therefore, the
series (2.1) converges absolutely in the domain Dy 1. This completes the proof. m

Theorem 3. The Apostol-Vu multiple Fibonacci zeta function Cay pr(Si, ..., Sk;
Sp41) can be analytically continued to a meromorphic function on CFTL. It has
possible simple poles on the hyperplanes

Sq+-+sp+(k+1—d)sgr1 = —2(rg+---+r+ (k+1—d)rgs1)

mi(ra+ -+ e+ (k+1—d)rgsr + 2a)
log

Y

1<d<k,
with r1,...,7x+1 € Z>, and a € Z.

Proof. For any s = o + it € C, we have
e () =0 (- (2))
= @)

N|w

(2.6) =5

Nfw

=5 I

As a > 1, the series (2.6) converges. Using the above identity in (2.2), we get

CAVFk(Sl,-- Sk;3k+1)

- Y Yy 1 1

S$1 1752 o Sk Skt+1
mi1=1mo=1 my= lF le+m2 le+m2+ T ka1+(k—1)m2+~~~+mk
o0

_ Z 5% 2 Z <—31> (_1)(m1+1)r1a7m1(31+27‘1)

mi,ma,...,mp=1 r1=0 1

o0
% 5%2 Z <_82> (_1)(m1+m2+1)r2a*(m1+m2)(82+27‘2) e
T2
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X 587k Z <_Sk> (1+Z§:1 md)rkaf(zs:l md)(sk+2rk)
rk=0
Sk+1 e — k
(2.7) X 52 Z ( T3k+1>(_1)(1+2d—1(k+1d)md)Tk+1
a0 \ TRt

o o (Shoitkt1-dyma) (s +2r 1)

Using the fact ‘ <_TSZ> ‘ < (=1)" <_le’> for 1 <i<k+1, we have

s1 182 o % Skt1
mi1=1mso=1 mr=1 F Fm1+m2 ’F“IIJF"“&Jr +my kal—i-(k 1)mao+--+my
%) o
_ Z *Tl Z <—81) (_1)(m1+1)r1a—m1(51+27"1)
™

T1 =0

% 5572 Z <52) (71)(m1+m2+1)7“2a—(m1+m2)(52+27“2) T

% 5% i <—Sk> (71)(1+Z§:1md)”‘ka*(ZZ:lmd)(SkJrQ”‘k)

« 5816;1 Z <5k+1) (71)(1+Z§:1(k+1*d)md)7”k+1a*(Zgzl(k‘Fl*d)md)(Sk+1+2"‘k‘+1)
Tk+1
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i 5%(1_7”101 i <_|81|) (_1)T1a—2m17"1

1
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o0
% o~ (mitma)o Z <|52|) 0[72(ml+m2)7”2 N
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X Tkzzo " (D)™«
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Kl s
— E 527"%104—7”101 (1 _ a—2m1) ! 1‘a—(m1+m2)02

mi,ma,...,mE=1

« (1 _ a72<m1+m2))—\sﬂ o x o Shoima)o (1 _ o2k md))—\skl
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o« o (Shoik+1-dma)orsa <1 _ a—2(z§:1(k+1—d)md)>—\5k+1l

00 k4
Yty —|s —|s
< Z 573 g (1 - a_z) | l‘a_(m1+m2)02 (1 - 04_2) -
mi,ma,...,mg=1
(Zk m )0 —2)\ — sl (Zk (k+1—d)m )0 —2\—|sk+1]
X - X o\ 2ed=1"d ’“(1—04 ) X o\ 2vd=1 d ’““(1—04 ) k+1
k+1 i oo
= 5@ (1 — oz_Q)_( nii ‘S"I) Z o (o1t Fogtkog1)my
mi1=1
o o
Z o (2t topt(k—1ori)me Z o~ (OEToRr)mE - o
777,2:1 mkzl
Thus, the above series absolutely converges for a fixed point (s1,...,Sg; Sgr1) in

Dy 1. Then, by interchanging the order of summation in (2.7), we get

CavE k(8150 8k Skt1)
Shitien O (=81 = [ —52 - —Sk+1
= 5% —1)n —1) —1)ree
> (e 3 () 3 ()
r1=0 ro=0 rre1=0
o
% Z (_1)m1r1a7m1(51+2r1)(_1)(m1+m2)r2af(m1+m2)(sz+2r2)

ml,mg,...,mkzl
() S

< o~ ( Shoa md) (sk+27%) (-1) ( Zgzl(k'i'l—d)md)rkﬂa— ( Zﬁzl(k"‘l—d)md) ($k+1+2rk41)

Tntle Zoo 81 Zoo 82 Zoo Sk+1
tlsn — — _
-0 ( T >(1)T1 ( T >(1)T2”' ( T | )(1)m+1
r1=0 1 ro=0 2 Ti+1=0 k+1
o0
x § ((_1)T1+"'+Tk+krk+1a_(51+"'+5k+k5k+1+2(rl+"'+7'k+k77'k+1)))ml

mi,ma,...,mr=1

% ((_1)T2+"'+Tk+(k_l)7‘k+la_ (52+”'+5k+(k_1)5k+1+2(T2+"'+Tk+(k_1)rk+1)) ) m2

mp

(28) XX ((_1)Tk+7‘k+1a_(5k+5k+1+2(Tk+Tk+l)))

Now for any (r1,...,7%;7kt1) € Z’;‘gl, we have
s m
Z <(_1)7"1+"'+7"k+k7"k+1a_ (81+"'+8k+/€8k+1+2(7"1+“~+7"k+k7"k+1))> !

mi,ma,...,mip=1
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% ((—1)r2+"'+rk+(k_1)rk+la_ (52+"'+5k+(k_1)5k+1+2(7"2+"'+7“k+(k‘—1)7“k+1)) )m2
X oo X ((_1)7“k+7“k+1a— (8k+8k+1+2(7“k+?“k+1)))mk

(_1)T1 ot etk o (81+~~~+8k+k8k+1+2(7“1+~~~+7“k+k7“k+1))

(1- (_1)T’1+~~~+rk+kr;€+1a—(51+"'+5k+k5k+1+2(7’1+“‘+7"k+k7"k+l)))

(_1)r2+---+rk+(k71)rk+1 o~ (52+"‘+Sk+(k_1)5k+1+2(T’2+"'+Tk+(k—1)7“k+1))

X
(1 — (=1)rettrit(b=Dris o (32+"'+Sk+(k*1)8k+1+2(7‘2+“-+7‘k+(k*1)7‘k+1)))

(_1)rk+rk+1a* (Sk+8k+1+2(m+m+1))

X oo X
((1 _ (_1)7"k+7"k+1a* (sk+sk+1+2(rk+rk+1)))

(_1)T’1+---+7’k+k7’k+1

(asl+~~~+5k+k5k+1+2(r1+~~~+rk+krk+1) _ (_1)r1+---+rk+krk+1)
(_1)7‘2+"'+7‘k+(k*1)7‘k+1
X
(asg—i—---+sk+(k—1)sk+1+2(r2+~~~+rk+(k—1)rk+1) _ (_1)r2+~~~+r;€+(k—1)rk+1)

(_1)7‘k+7‘k+1
(ask+5k+1+2(7"k+7"k+1) _ (_1)7‘k+7‘k+1) )

(2.9) x---x

By virtue of (2.8) and (2.9), we have

CavER(S1,- - Sk} Sk+1)

Zk+l s o o o
. 5%1" —S1 —S82 —Sk+1 1 224;11 -
_ . . . . (—1)
r1=0 1 ro=0 2 Tk+1=0 k+1
(_1)7‘1+---+7‘k+k7‘k+1

X
(a81+---+sk+ksk+1+2(r1+---+rk+krk+1) _ (—1)T1+"'+Tk+ka+1)

(_1)7“2+"'+7“k+(k_1)7"k+1

X
(a82+---+Sk+(k71)sk+1+2(7‘2+---+Tk+(k71)7‘k+1) _ (_1)7‘2+---+7‘k+(k71)7‘k+1)
(_1)T’k+7’k+1

(210) X e X (a5k+5k+1+2(rk+rk+l) _ (_1)T’k+7’k+1) .

Thus, this bound is uniform when (si, ..., sg; Sk+1) varies over compact subsets
of Ck*1, The infinite series (2.10) determines the holomorphic function on CF+!
except for the poles derived from the functions

a8d+~~~+8k+(k‘+1—d)8k+1+2(7”d+~~~+7“k+(k‘+1—d)7”k+1)
(2.11)

(_1)T’d+~~~+7“k+(k+1—d)7’k+1 =0
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ford=1,...,k.

Hence, the series (2.10) converges uniformly and absolutely on compact
subsets of C**! not containing any poles of the functions (2.11). Therefore,
Cavrk(St,-- ., 5k Sk+1) can be analytically continued to a meromorphic function
on CF+1 and its simple poles are on the hyperplanes

Sg+ s+ (k+1—d)spr1 = —2(rg+--+re+(k+1—d)rgeq)
N Ti(ra+ -+ 71+ (k+1—d)rgpr + 2a)
log o

(2.12)

I

for 1 <d <k, with r1,...,rx41 € Z>, and a € Z. This finishes the proof. [ |

3. RESIDUES OF APOSTOL-VU MULTIPLE FIBONACCI ZETA FUNCTIONS AT
POLES

We now calculate the residues of Cavpi(s1,. .., Sk Sk+1) at the poles that lie on
the hyperplanes derived from Theorem 3. For 1 < d < k, let us denote

skr1(d) = sqa+ -+ sk + (k+1—d)spr1, mp1(d) = rg+ - i+ (k+1—d)rpa,
and ry_ ,(d) =75+ -+ 71, + (k+1—d)r,,,, with the assumption that
Sp41(d) = 0,741(d) =0, 7, 1(d) =0 for d > k + 1.

We define the residue of the Apostol-Vu multiple Fibonacci zeta functions
CavFk(St, ..., Sk Sk+1) along the hyperplanes (2.12) to be the restriction of the
meromorphic function

)
<3k+1(d) + 2rp41(d) — (rrg1(d) + 2a) loga> CavFEk(S1, .-+, Sk; Skt1)

to the hyperplanes (2.12).

Theorem 4. Let 1y),...,7},7.,, be non-negative integers for 1 < d < k and
err1(d) = =2r) 1 (d) + (1}, (d) + 2a) g Lhen the residue of Cavrk(st, ... Sk;
Sk+1) at sp1(d) = egps1(d) is

1@ (—1\ he1(D)
bt (—1) k1

AR TS TSR (S )+ (d—R) e
log o Z (7‘1 ) <rk+1 >( ) '

T1yeensTk k4120
Tk4+1 (d) :r;g+1 (d)

(Z?;ll si)F(d—k)sp 41

. (—1)mw+1()
X 2

(k121 () — (—1)mw+1(D)

=

Il
Q=

l
l
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Proof. The functions o+ @D+ (@ _ (_ 1)1 are analytic functions which
have simple poles at ej1(d) for 1 <d < k.
Now,

(=11 (5414 (d) — eps1(d))
Sk41(d)—egt1(k) ask+1(d)+2rk41(d) — (—1)Tk+1(d)

1
sp+1(d)=ex+1(d) oSk 1(@)+F2re1(d) (_1)rk+1(d)

(=1)"r+1(d) 1
(1)1 loga  loga’

= (—1)’"’““(‘1) Res

Now consider the limit as follows

: Sk41(d) —Sd
lim s d) —e d))5 2 _1)7d
dm (a(d) ~ e () > (e
Tdy-sTksTk4+1=
TSR (L qyre (—1)rw+1(d)
Tk+1 (ask1( @D+ 21 (d) — (—1)rer1(d))
(_1)Tk+1(k‘)

. (ask+1(k)+2rk+1(k) _ (_1)rk+1(k))-

In the above calculation, after applying the limit, only those terms containing
Tdy-- Tk The1 Will survive when ryy1(d) = 7},,(d) and rest of the terms will
vanish. Thus the above limit becomes

5 3 <_5d> (—1)7d .. <_3k+1> (=)

TdyesThsTkt+1>0 Td oz
Tet1(d)=ry 1 (d)
(—1)rr+r(dtD) (—1)r+1(k) 1

(asr1 (@D +2re 1 (d+1) — (—1)7era(d+D)) ' (ase+1(k)+2re1 (k) — (—1)re+1(K)) log o’

Therefore, the residue of Cavpi(si,- .., Sk; Sk+1) along spy1(d) = eg11(d) is
Res,  (d)=ep s (d)CAVEE(ST - -+ 5 Sk} Sk41)
o
. S1t+tspyd —S1
= lim s d)—e d))5 2 1)
Sk+1(d)%6k+1(d)( e+1(d) +1(4)) T,IZ_:O < 71 >( )

> ()

r
Tk+1=0 ktl



ANALYTIC PROPERTIES OF THE APOSTOL-VU MULTIPLE FIBONACCI ... 47

(—1)re+1(D) (—1)re+1(k)

(k1) F+2re41 (1) — (—1)re+2(1)) (asr+1(R)+2ripa(B) — (—1)rrt1(k))

> —S1 —Sk+1 . i s (kL
= > m  (sper(d)—eppr ()52 (~1)EE

1 Tk+1 Jskt1(d)—ers1(d)

71, Tk41=0

k (_1)Tk+1(d)

x dll (a5k+1(d)+2ﬁc+1(d) — (—1)7'k+1(d))

ep+1(d) (—1)T;€+1(d) —51 —Sk11 a1 3
=35 _— e —1 (Eizl T1)+(d k)"’kJrl
’ 1oga Z o] ( )

r
T, ks Th4+120 k1
1 (d)=r4 11 (d)

St , (—1)ree®
2
l_Hl (a5k+1(l)+2Tk+1(l) _ (fl)"‘k«#l(l)) .
1#d
This ends the proof. .
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