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Abstract

Let 7, be a type of algebras in which all operation symbols have arity
n, for a fixed n > 1. For 0 < r < n, this paper introduces a special kind of
n-ary terms of type 7, called K*(n,r)-full terms. The set of all K*(n,r)-
full terms of type 7, is closed under the superposition operation S™; hence
forms a clone denoted by cloneg«(p ) (Tn). We prove that cloneg«(, ()
is a Menger algebra of rank n. We study K*(n,r)-full hypersubstitutions
and the related K*(n,r)-full closed identities and K*(n,r)-full closed vari-
eties. A connection between identities in cloneg« () (7,) and K*(n,r)-full
closed identities is established. The results obtained generalize the results
of Denecke and Jampachon [K. Denecke and P. Jampachon, Clones of full
terms, Algebra and Discrete Math. 4 (2004) 1-11].
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1. THE CLONE OF K*(n,r)-FULL TERMS

Let n > 1 be afixed. Let 7, := (n;);es be an n-ary type of algebras with operation
symbols f; indexed by some set I, each f; has arity n; = n.

Let X,, := {z1,...,2,} be an n-elements alphabet of variables, disjoint from
the set of operation symbols of type 7,,. The set of all n-ary terms of type 7, is
denoted by W, (X,,). For each f;, define f; : (W, (X,))" — W, (X,) by

filte, .. tn) == fi(ty,... tp) for all ty,... t, € W, (X,).

This forms the absolutely free algebra:

Fra(Xn) = (Wr, (Xn), (fi)ier)-
Otherwise, an operation S : (W, (X,,))"*! — W, (X,,) is inductively de-
fined by:
(i) S™(xi t1,...,ty) =t; if z; € X5 and
(i) S™(fi(s1y--vy8n)sti, . oytn) = fi(S™(s1,t1, -y tn)ye o s S™(Sny 1,y tn)).
Thus
(Wr, (Xn), 5")

is an algebra with (n + 1)-ary operation S™.

The full transformation semigroup T, consists of the set of all maps « :
{1,...,n} = {1,...,n} and the usual composition of mappings. Indeed, T, is
a monoid, an identity map 1, acts as its identity. For a fixed 0 < r < n, it is
well-known that the set

K(n,r):={a €T, : |ran(a)| <r}
of all restricted range transformations is a subsemigroup of T;,. Hence,
K*(n,r):= K(n,r)U{l,}
is a submonoid of 7T,,. It is observed that K*(n,r) = K(n,r) =T, if r = n. We
inductively define n-ary K*(n,r)-full terms of type 7, as follows:

(1) fi(Tagys- -+ Tam)) is an n-ary K*(n,r)-full term of type 7, if f; is an n-ary
operation symbol and a € K*(n,r).

(ii) fi(t1,...,tn) is an n-ary K*(n,r)-full term of type 7, if f; is an n-ary oper-
ation symbol, and t1,...,t, are n-ary K*(n,r)-full terms of type 7,.

The set of all n-ary K*(n, r)-full terms of type 7, closed under finite applications
of (ii), is denoted by WTIE*("’T) (Xn).
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Example 1. Let us consider a type 73 with I is a singleton set. Then

f(x1, 22, 23), f(r1,21,21), f(22, T2, 22), f(23,23,23), f(21,21,22), f(21,22,21),
[z, 21, 21), f(x1,22,22), f(22,21,22), f(22,22,21), f(21,21,23), f(z1,23,21),
f(zs,x1,21), f(x1,23,23), f(xs,21,23), f(xs3,23,21), (22,22, 23), f(x2,23,22),
[(w2,22,23), f(x2,73,23), f(73,22,73), f(23,73,22),

F(f (e, 2, 2), flan,21,21), flxs,@3,02) € Wh P (X;).

But, x1, x9, x3, f(rs3,x1,22) and f(f(x2,x2,x2), f(x2,x3,21), f(x2,22,22)) do
not belong to I/VT3 " )(Xg).

It is observed that WTIE*(H’T) (X,) contains no variables z1,...,x,. In [2],
Denecke and Jampachon inductively defined n-ary full terms of type 7, by:

(i) fi(zaq)s---»Tam)) is an n-ary full term of type 7, if f; is an n-ary operation
symbol and « € T},;; and

(i1) fi(t1,...,t,) is an n-ary full term of type 1, if t1,. .., t, are n-ary full terms
of type 7, and f; is an n-ary operation symbol.

The set of all n-ary full terms of type 7, closed under finite application of (ii),
is denoted by WX (X,,). If T,, is replaced by a submonoid {1,,} then W' (X,,) is
denoted by WTiF (X,), called the set of all n-ary strongly full terms of type 7,
[3]. It is observed that if » < n then

Wi (x,) c wE(X,).
And, if » = n then
WIF(X,) c WE (X)) = WE(X,).

Generalizations of full terms and strongly full terms of type 7,, have been intro-
duced and studied [7, 8]. By the definition of K*(n,r)-full terms of type 7, we

have that (WK (n.r) (Xn), (ﬁ)zel) is a subalgebra of (W, (X,), (ﬁ)zel)
We inductively define

* TL+1 *
sm . (ij W")(Xn)) — WK (x,)

by:
(1) S"(fi(za@), > Tam))st1, - tn) = filtaq)s - -+ tam)); and
(11) Sn(fi(sla . "Sn)atl, s ’tn) = fi(Sn(slatl’ s ’tn)a s 7Sn(8n,t17 s 7tn))

Then we have an algebra

cloneK*(n,T)(Tn) = <WT[§*("’T)(X”),S"> .
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The following theorem follows from the fact that the algebra (W, (X,),S™)
satisfies the super associative law (SASS):

S™(S™( X0, Y1, Yn), X1y, Xy)

~ S (X0, S™M(Y1, X1, ooy X))y ooy SV, X1y, X)),
(Here, S™ is an (n+ 1)-ary operation symbol and X;,Y; are variables). However,
we will prove the result directly.

Theorem 2. The algebra cloneg(, »\(T) satisfies the previous super associative
law (SASS).

Proof. We will proceed by induction on the complexity of the K*(n, r)-full term
which is substituted for Xy. Firstly, we have

S™ (S" (fi(xa(l), ey Ta(n))y 81y - - ,Sn) Sty ,tn)
= 5" (fi (Sa(1)s-- -+ 5am)) st1,- - tn)
—f,( (Sa)st1s--stn) s s S"(Sam)s 1, - - -5 tn))
(fl ( Ta(1)s wa(n)) y ST (81,1, ey tn)y ey, S (St - ,tn)) )
Consider fi(r1,...,m,) € WTIE*("’T) (X,,) such that ry, ..., r, satisfy (SASS). Then
STS™(fi(r1y - 3Tn)y Sty vy Sn)ytiy.enytn)
= S"(fi(S™(r1,81, -y Sn)y oy S™(Pry S1y e ooy Sn))y t1y vy tp)
= fi(S™(S™(r1,81, -y Sn) s t1yevestn)yee ey S(S™(Try S1y v ey Sn))stiy ey tn))
= fi(S™(r1, S™ (81,81, -« stn)y ooy S™(Sny b1y e ey tn))ye e
S™(1py S™ (81,81, -y tn)y oo, S™(Sns b1y - oy tn)))
= S"(fi(r1, - o smn), S™(S1,t1, -y tn)y e ooy S™(Sny 1y oy tn))-
Hence the proof is completed. |

An algebra M := (M,S™) of type 7 = (n + 1) is called a Menger alge-
bra of rank n if M satisfies the condition (SASS) [4]. Then, by Theorem 2,
clone K*(n’r)(Tn) is an example of a Menger algebra of rank n. It is observed that
cloneg«(y )(n) is generated by

Fyicron ) = {fil@aq)s- - @aqm) |1 € I, a € K7 (n,7)} .

Let Varenger be the variety of all Menger algebras of type (n + 1), and let
FVrtenger (Y) be the free algebra with respect to Vijenger, freely generated by
Y = {y; | j € J} where Y is an alphabet of variables indexed by the set
J:={(i,a) |i € Il,a € K*(n,r)}. The operation of Fy,,, .. (Y) will be denoted

by S". We can state and prove the following theorem.
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Theorem 3. The algebra cloneK*(n,T)(Tn) is a free algebra of the variety Varenger
of Menger algebras of rank n, freely generated by the set Y = {y(i,a) liel,ac
K*(n,r)}.

Proof. We claim that clone g« (7s) is isomorphic to Fy,,,, ... (Y). Define
SO : W’T{i*(n’r)(Xn) — Fvl\/fenge'r (Y)
by:
1) o(fi(zaq),- > Tam)) = Yia)
(i) (S (filza@), > Tam))itt, -5 tn)) = S (Yaua) 1), - -, 0(tn))-
We show that ¢ is a homomorphism:
@(Sn(tv [APRRE 7tn)) = gn((p(t)’ Qp(tl), cee ,(,D(tn))
for all t,t1,...,t, € WTIE*("’T) (X»n). Indeed: if t = fi(zo(1)s- - - Ta(n)), then
@(Sn(tv ... 7tn)) = @(Sn(fi(xa(l), s 7xa(n))’ tr,... 7tn))
= o(filta), - tam)))
= Sn(y(i,a)y Sp(tl)7 s 7%0(tn))
= Sn(w(fi(xa(l), ce 7xa(n)))7 90(751), cee ,(,D(tn))
= 5"(p(t), p(t1), .-, @(tn))-
Consider t = f;(ry,...,r,) and assume that, for 1 < k <n,
(S (st o tn)) = S"(2(rk)s o(t1), - - -, p(tn)).
Using the fact that
for all t},...,t, € Wfi*(n’T)(Xn), we then have
@(Sn(tv liy. .. 7tn))
= @(Sn(fl(rla s ,Tn)’tla s ,tn))
== (,0( Z’(S”(T‘l,tl, e ,tn), e ,S"(rn,tl, e ,tn))

= S (Y(i1,)s RS (P1s 1, oy tn))s ey (S™ (st s t)))

= S"(Y(i1,): 5" (2(r1), o(t1), - 0(tn))s - S (@(rn)s p(t1), ., p(tn)))
= S"(S™(Y(i1,), (1), 0(Tn))s (t1), - @ltn)

= S"(p(t), (1), - -, oltn))-
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Indeed, ¢ is a bijection. To see this:

Yio) = Y60 = (60) = (7,8) = fi (Ta@)s - Zam) = Fi (Zaa)s - ) -
And,
Yie) €Y = ¢ (filTar), -+ Tam)) = Y-

Hence ¢ is an isomorphism. [ |

2. K*(n,r)-FULL HYPERSUBSTITUTIONS

A hypersubstitution of type T isamap o : {f; | i € I} — W,(X) which maps each
operation symbol f; to an n;-ary term o(f;) of type 7. Any hypersubstitution o :
{fi|i€ I} - W.(X) can be uniquely extended to a map o : W (X) — W-(X)
as follows:

(i) ot =tift € X; and
(i) 3lt] = o()@lH1] - Bl ]) B = St t,)

The set Hyp(7) of all hypersubstitutions of type 7 forms a monoid under the
associative operation oy:

(o1 0 02)(fi) = T1[o2(fi)].
The identity is o : {f; | i € I} — W,(X) such that o(f;) = fi(x1,...,xn,), see [5].
Now, we call mappings
o {filiey - W " (x,)

K*(n,r)-full hypersubstitutions of type .
To define an extension of a given K*(n,r)-full hypersubstitution of type 7,

we need the following. For ¢ € Wfi*(n’r)(Xn) and f € K*(n,r), define
(i) tﬁ = fi(xﬁ(a(l)), . ,wg(a(n))) ift = fi(wa(l), . ,wa(n)).

It is observed that if ¢ is an K*(n,r)-full term of type 7, then tg is an K*(n,r)-
full term of type 7, for all 5 € K*(n,r). Then an K*(n,r)-full hypersubstitution

o:{filiel} — Wf,f*("”) (X,) of type 7, can be extended to a mapping

& WE N (x,) - wE T (x)
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as follows:

(i) olfi(@a(r)s- -+ Tam))] = (0(fi))a-

(i) [fi(tl,---’ n)] = 8"(o(fi),0lt1], ..., otn])-
The set of all K*(n,r)-full hypersubstitutions of type 7,, will be denoted by
Hyp® () (7). Tt is easy to see that (Hyp® (™7)(7,),05,) is a submonoid of
(Hyp(a), 0n)-

Lemma 4. Let t,t1,...,t, € Wfi*(n’r)(Xn). Then
S (t,0[tay]; - - - 0ltam)]) = S™ (ta, Olt1], . .., O[tn])
for all « € K*(n,r).

Proof. 1f t = fi(xg1),. .., T3(n)) where B € K*(n,r), then, for a € K*(n,r), we
have

S™(t,Glta)]s - Oltam)]) = S™(fi(zsays - Tam))» Olta)s - - Oltam)])
= fz( Gltasapls- - Fltagamy])

S"(fi(@a@)s- - Ta@my)): Gl - -, 5 tn])

=S" (ta,a[tl],...,ﬁ[tn]).

Let t = fi(s1,...,S,) and assume that

S™ (Sk, 5[ta(1)], Ces ,a[ta(n)]) = Sn((sk)a, 8[t1], Ces ,8[tn])

for all « € K*(n,r). Then, for & € K*(n,r), we have

Using Lemma 4 we can prove the following.

Theorem 5. For o € Hyp® ("")(7,,), the extension
g WK (x,) —» wE (X,

is an endomorphism on the algebra clone g« (, (Tn)-
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Proof. 1t is clear that o : Wfi*(n’r)(Xn) — Wfi*(n’T)(Xn). Let to,t1,...,t, €
WTIE ") (X,). We will show by induction on the complexity of ¢y that

a(S™(to,t1,...,tn)) = S"™(a[to], O[t1],...,0[tn])-
If tg = fi(xa(l)’ s ,xa(n))a then

/O-\(Sn(toatla cee 7tn)) = /O-\(Sn(fl(xa(l)’ s 7xa(n))?t17 cee 7tn))
((ta(1)s - ta(m)))
(

Assume tg = fi(ro(1),- - - Ta(n)) Such that
E(S"(ra(k),tl, e ,tn)) == Sn (/O-\[Ta(k)]a E[tl], e ,E[tn])
for all 1 < k <n. Then

(S (to, t1,- - ., tn))

=G(S"(fi(ra@)y,-- > Ta@m))s t1s -5 tn))

=G (fi(S"(raq)>t1s - tn)s s S (Ta@mys b, -+ - 5 tn))

= S™(0(fi),GLS™ (Taqys t1s s t)ls- -, T[S  (Paqm)s 1, -+ 5 tn)])

= S"(0(fi), S"@[raw),altr],- - T lta])s - -, S (Clram)s Oltls - - T[ta]))
= S™(S™(0(fi),0[ra)ls- -+ Olram)), alta], -, F[ta])

= 8" (ato], olta]; - .. O[tn])

As mentioned, the algebra cloneg«(, ) (1) is generated by the set
ng*(n,r)(xn) = {fi(xa(l), . 7$a(n)) | 1el,ac€ K*(TL,T’)}
Thus, any mapping
n: wa(*(n,r)(xn) — Wq{:*(nﬂ‘) (Xn)
called K*(n,r)-full clone substitution, can be uniquely extended to an endomor-
phism
7 Wfs*(n,r)(Xn) N WTIZ*(n,T’) (X,)

Denoted by Subst g+ (, r)(Tn) the set of all such K*(n,r)-full clone substitutions.
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For n1,m2 € Subst g+ (1) (Tn), define
m O©n2 =m0

where o is the usual composition. Consider o € Hyp’ (7) (). By Theorem
5,G: W (m) (Xpn) — Wi (n’r)(Xn) is an endomorphism. Since FWK*(””")(X )

generates cloneg«(, r)(Tn), we have o|p . is an K*(n,r)-full clone sub-
Wi

(n,r) (Xn)
stitution with

Define a mapping v : Hyp® ") (7,,) — Subst g,y (Tn) Dy
1/}(0-) = U’ngl*(n,'r‘)(xn) :

We have that 1 is a homomorphism. In fact: Let 01,00 € Hyp® (1) (n). Then

(o1 0p 09) = (070 32)|waf:(””")(xn)

= 01|F e 002|F .
WA () () Wk

= ¢(01) 0 1(02)
= Y(01) © Y(02).

) (x)

Clearly, % is injection. Hence we have the following corollary.

Corollary 6. (HypK*("”’)(Tn),oh) can be embedded into (Subst g« (n 1) (Tn, ®)-

3. K*(n,r)-FULL CLOSURE

Let V' be a variety of type 7,, and let IdV be the set of all identities of V. Let
IdX" (1Y be the set of all identities s &~ ¢ of V such that s and ¢ are both
K*(n,r)-full terms of type 7,; that is

* * 2

It is well-known that IdV is a congruence on the free algebra F;, (X,). However,
in general, this is not true for Id¥ ")V . The following theorem shows that
IdE" (1Y is a congruence on cloneges () (Tn).

Theorem 7. Let V be a variety of type 1,,. Then Id5X ™"V is a congruence on
the cloneg-(y,)(Tn)-
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Proof. Assume that
retr Rty Rty € a5y,
We will show that
S™(r 1, ) R STt b, .. ) € TdETY
To prove the assertion we claim that
S™(r 1, .. n) A S™(r b, t) € IdET (Y

Assume r = f; (ma(l), . ,xa(n)) for some o € K*(n,r). It is known that IdV is
compatible with the operations f; of the absolutely free algebra F, (X,). By the
definition of K*(n,r)-full terms, we have

fi(ra(l)’ ce ’Ta(n)) ~ fi(ta(l), ce ’ta(n)) € IdK*(nﬂ’)V
This means

Sn(fi(xa(l)a s 7wa(n))7r17 s 7rn)
~ S"(fi(wau), R ,wa(n)),tl, R ,tn) S IdK*("ﬂ‘)V_

Moreover,
S™(r, 1, rn) A St ty) € 1dET Y

Assume that r = f;(s1,...,s,) such that for all 1 <k < mn,
S™(Sky 71,y Tn) A S (Spy b1, .. - by) € 1AV,

Thus
fi(Sn(Sl,Tl, e ,Tn), e ,S"(sn,rl, v ,T’n))
A fi(S™(S10t1, oy tn)s s S (St ty)) € TdKT ()Y

Further,
S™(fi(815 ey 8n)sT1se ey Tn) & S™(fi(S1, .3 8n), 1,y tn) € K )y,

This means
Sn(r, 7"1, e "I"n) =~ Sn(’]”’tl, . ,tn) c IdK*(W/,T‘)V
So we proved the claim.
By
S™(r 1, .. b)) & STt b, .. ty) € IdET (Y
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it follows that

Sy ey ) & STty ) ST (. ty) € I1d5 vy, .

Let V be a variety of type 7,. An identity s ~ ¢t € IdX ™"V is called a
K*(n,r)-full closed identity of V if

6[s] ~ 6[t] € 1dV for all o € Hyp ™" (7,).
And, V is called K*(n,r)-full closed if the following hold:
Vs~ t e Id5" MV Vo e Hyp® ™) (1,), 5[s] ~ 6[t] € IdV.
Then we can prove the following lemma.

Lemma 8. Let V be a variety of type m,. If Id¥< """V is a fully invariant
congruence on cloneg«(, () then V is K*(n,r)-full closed.

Proof. Assume that Id5"("")V is a fully invariant congruence on clone K*(n,r) (Tn).
Let s ~ t € IdX ™V and ¢ € Hyp (™) (7,). By Theorem 5, G is an endo-
morphism of cloneg-(, ,(7n). Hence o[s] ~ o[t] € IdV, that is V is K*(n,r)-full
closed. ]

For a variety V of type 7,, Id¥ (") V is a congruence on cloneg«(n ) (1) by
Theorem 7. We then form the quotient algebra

CZoneK*(nﬂ")(V) = ClOTLeK*(n’T,) (Tn)/IdK*(nvr)V

The quotient algebra obtained belongs to Vijenger. Note that we have a natural
homomorphism

nat pgic+nryy © cloneges iy ) (Tn) — cloneg« vy (1a) (V)
such that
natde*(n,r)V(t) = [t]ldK*(n,r)V-
Finally, we prove the following theorem.

Theorem 9. Let V be a variety of type 7. If s ~t € IdE ™"V is an identity
in cloneg«(,)(V), then s =t is K*(n,r)-full closed identity of V.

Proof. Assume that s ~ t € Id5X ("")V is an identity in cloneg«n (V). Let o €

Hyp® " (7)(7,,); then & : clone g (nr)(Tn) = cloneg«(n ;) (7,) is an endomorphism
by Theorem 5. Thus

natldk'*(n,r)v 00 : doneK*(n,r) (Tn) — ClOTLGK* (n,r)(v)
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is a homomorphism. By assumption,

nat gk (n.ry © 0(8) = natygexmryy 0 0(t).

That is
nat pgic- iy (0s]) = nat gy (@|t)-
Thus
[@s]]1arenmy = [O[t]] gx= v
and hence
Gls| = &t] € 1dX" My
Hence s ~ t is a K*(n,r)-full closed identity of V. ]

REFERENCES

[1] K. Denecke, Menger algebras and clones of terms, East-West J. Math. 5 (2003)
179-193.

[2] K. Denecke and P. Jampaclon, Clones of full terms, Algebra and Discrete Math. 4
(2004) 1-11.

[3] K. Denecke and L. Freiberg, The algebra of strongly full terms, Novi Sad J. Math.
34 (2004) 87-98.

[4] B.M. Schein and V.S. Trochimenko, Algebras of multiplace functions, Semigroup
Forum 17 (1979) 1-64.
doi:10.1007/BF02194309

[5] K. Denecke and S.L. Wismath, Hyperidentities and Clones (Gordon and Breach
Science Publisher, 2000).
doi:10.1201,/9781482287516

[6] J.M. Howie and R.B. McFadden, Idempotent rank in finite full transformation semi-
groups, Proc. Roy. Soc. Edinb. Sect. A 114 (1990) 161-167.
doi:10.1017,/S0308210500024355

[7] S. Puapong and S. Leeratanavalee, The algebra of generalized full terms, Int. J.
Open Problems Compt. Math. 4 (2011) 54-65.
doi:10.1155/2013 /396464

[8] P. Sarawut, Some algebraic properties of generalized clone automorphisms, Acta
Universitatis Apulensis 41 (2015) 165-175.
doi:10.17114/j.aua.2015.41.13

Received 11 June 2019
Revised 18 July 2019
Accepted 18 July 2019


http://dx.doi.org/10.1007/BF02194309
http://dx.doi.org/10.1201/9781482287516
http://dx.doi.org/10.1017/S0308210500024355
http://dx.doi.org/10.1155/2013/396464
http://dx.doi.org/10.17114/j.aua.2015.41.13
http://www.tcpdf.org

