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1. INTRODUCTION

A semiring (S,+,-) is called regular [7] if for each a € S, there exists z € S
such that a = axa. In 1951, Bourne [3] defined a regular semiring in which the
addition also plays an important role. He called a semiring (S, +,-) to be regular
if for each a € S, a + ara = aya for some x,y € S. Later, Adhikari, Sen and
Weinert [1] renamed Bourne regular semirings to be k-regular semirings.
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An ordered semiring (S, +, -, <) introduced by Gan and Jiang [4] is a semiring
(S, 4+, -) together with a poset (S, <) connected by the compatibility property. If
(S, +) is commutative, an ordered semiring (S, +, -, <) is called an ordered hemir-
ing. In 2014, Mandal [6] defined regular ordered hemirings and characterized
them in terms of their fuzzy ideals. Moreover, Mandal called an ordered hemir-
ing (S,+, -, <) to be k-regular if for each a € S, a+ axra < aya for some x,y € S.
Later, Patchakhieo and Pibaljommee [11] defined an ordered k-regular hemiring
which is a generalization of a k-regular ordered hemiring defined by Mandal and
gave its characterizations by its k-ideals. Furthermore, in [11], they gave the
definitions of left ordered k-regular, right ordered k-regular, left weakly ordered
k-regular and right weakly ordered k-regular hemirings and characterized them
using their k-ideals. In 2017, Senarat and Pibaljommee [12] studied the concepts
of prime and semiprime k-bi-ideals of ordered hemirings and used them to char-
acterize ordered k-regular hemirings. Moreover, they introduced the notions of
left pure and right pure k-ideals of ordered hemirings and characterized left and
right weakly ordered k-regular hemirings in terms of their left and right pure
k-ideals, respectively.

In our previous work [8, 9, 10], we studied ordered k-regular, ordered intra
k-regular, left ordered k-regular, right ordered k-regular and completely ordered
k-regular hemirings and gave some of their characterizations using many types
of their k-ideals. In this work, we study the concepts of left weakly ordered k-
regular hemirings and right weakly ordered k-regular hemirings and characterize
them using many types of their k-ideals. Furthermore, we study the concepts of
left pure and right pure k-ideals, introduce the notions of quasi-pure and bi-pure
k-ideals of ordered hemirings and finally, we use them to characterize ordered
k-regular hemirings, left weakly ordered k-regular hemirings and right weakly
ordered k-regular hemirings.

2. PRELIMINARIES

An ordered hemiring [4] is a system (S, +, -, <) such that (S, +,-) is an additively
commutative semiring (i.e., a +b = b+ a for all a,b € S) and (S, <) is a poset
connected by the compatibility property.

For any nonempty subsets A and B of an ordered hemiring S, we denote
A+B={a+blac Abe B}, AB={ab|a € A,bec B},

zA:{ZmaeA,neN}

=1

and (Al ={z € S|z <a,3a € A}.
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A nonempty subset A of an ordered hemiring S is called a left (resp. right)
idealif A+ AC A, SAC A (resp. AS C A) and A = (A]. If A is both a left and
a right ideal of S, then A is said to be an ideal [4] of S.

The k-closure [11] of a nonempty subset A of S is defined by

A={reS|xr+a<b3a,bec A}.

For elementary properties of the finite sums ¥, the operator ( | and the k-
closure of nonempty subsets of ordered hemirings, we refer to [8, 9, 10] and using
those properties, we directly obtain the following lemma.

Lemma 1. If A and B are nonempty subsets of an ordered hemiring S such that

both are closed under the addition, then (X(A] (B]] C (XAB].

A nonempty subset A of an ordered hemiring S is called a left (resp. right)
k-ideal if A+ A C A, SA C A (resp. AS C A) and A = A. If A is both a left
and a right k-ideal, then A is called a k-ideal [11] of S. We call A a quasi-k-ideal
[8] of Sif A+ AC A, (XSA]N(XAS] C A and A = A. A subhemiring B (i.e.,
B+ B C B and BB C B) of S such that B = B is called a k-bi-ideal [12] (resp.
k-interior ideal [9]) if BSB C B (resp. SBS C B).

We note that for any ) # A C S, A = A is equivalent to the conditions; (i)
for any z € S, x + a = b for some a,b € A implies z € A and (ii) A = (A].

An ordered hemiring S is called regular (resp. k-regular) [6] if for each a € S,
a < azxa (resp. a+ axa < aya) for some x,y € S. We call S an ordered k-regular
hemiring [11] if a € (aSa] for all a € S. If S is k-regular, then S is ordered
k-regular but not conversely (see Example 3.1 of [11]).

A left (vesp. right) ordered k-regular hemiring [11] is an ordered hemiring S
such that a € (Sa?] (resp. a € (a2S]) for all @ € S. An ordered hemiring which is
left ordered k-regular, right ordered k-regular and ordered k-regular is said to be
completely ordered k-regular [10]. If a € (£Sa?S] for all a € S, then S is called
ordered intra k-regular [9].

For an element a of an ordered hemiring S, we denote by L(a), R(a), J(a),
Q(a) and B(a) the left k-ideal, right k-ideal, k-ideal, quasi-k-ideal and k-bi-ideal
of S generated by a, respectively. We now recall their constructions which occur
in [8, 9] and [11] as the following lemma.

Lemma 2. Let S be an ordered hemiring and a € S. The following statements
hold:

R(a) = (Za + aS];
J(a) = (Xa+ aS + Sa + XSaS];
(iv) Q(a) = (Za + (aS] N (Sa]];
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(v) B(a) = (Xa+ Xa? + aSa.

For a € S, we denote that I(a) is the k-interior ideal of S generated by a.
We give its construction as the following lemma.

Lemma 3. Let a be an element of an ordered hemiring S. Then

I(a) = (Xa + Xa? + X5aS].

Proof. Let a € S. Since a+ (a+a*+a®) <a+a+a*+d® a+a®+d® €
Ya + Ya? + ¥SaS and a + a + a®> + a® € Ya + Xa® + ¥SaS, we have a €
Ya+ Ya? + 3SaS C (Xa + Xa? + ¥SaS).

It is clear that (Za + Xa? + ¥S5aS]| = (Za + Xa? + £SaS] and
(Xa + Ya? + ¥.SaS] is closed under the addition. Next, we consider

2
((Ea Y ESaS]) Sa + Sa? + £8a8] (Sa + Sa? + £8as]

N

Y(Xa + Xa? + £SaS)(Xa + Xa? + XSaS))

Y(Xa? 4+ XSaS)]
Ya? + XSaS).

-

—| o~ —~| —~

If z € (Za? + ¥SaS], then z+y < z for some y, z € (La?+3S5aS]. So, z+a+y =
z+y+a < z+a=a+z Wehave that a+y € {a}+(Za?+%S5aS] C (a] + (Za®+
¥SaS] C (a+Xa?+%SaS] C (Xa+Xa?+XSaS]. Similarly, a+2z € (Xa+Xa®+
2
Y.SaS]. Tt follows that z € (Xa + Xa? + ¥.SaS]. Thus, ((Ea + Xa? + ESaS]) -

(Xa? +3SaS] C (Ba+ Xa? + XSaS]. So, (Xa+ Xa? + XSaS] is a subhemiring
of S.
Next, we consider

S(Xa+ Xa? + XSaS]S C (S(Xa+ Xa? + X5aS)S]

-
C (XSaS + XSa?S + 25S5aSS)|
-

(XSas].

If 2/ € (XSaS], then 2/ 4+ ¢y < 2/ for some ¢,z € (XSaS]. Consequently,
P4a+adl+y =24y +a+a® <2 +a+a®=a+a®+ 7. We have that
a+a®+vy € {a} +{a®} + (£SaS] C (a] + (a®] + (XSaS] C (a + a® + BSaS] C
(La + Ya? 4+ £SaS]. Similarly, a + a? + 2/ € (Za + Za? + £SaS]. Hence,
S(Xa + Xa? + XSaS]S C (£SaS] C (Xa + Xa? + XSas].

Let I be a k-interior ideal of S containing a. Then

(Sa+2a? +25aS] C (S + S + 2SIS| C (ST + 21 + 51 = (S]] = 1.

Hence, (Xa + Ya? + XSaS] is the k-interior ideal of S generated by a. ]
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We define the Green’s relations £ and R on an ordered hemiring S by

£ = {(a,b) € S x S| L(a) = L(b)},
R = {(a,b) € S x S| R(a) = R(b)}.

3. WEAKLY ORDERED k-REGULAR HEMIRINGS

In this section, we study some properties of left weakly ordered k-regular and right
weakly ordered k-regular hemirings and characterize them using many kinds of
their k-ideals.

An element a of an ordered hemiring S is called left (resp. right) weakly
ordered k-regular if a € (XSaSa] (resp. a € (XaSaS]). If every element of S is
left (resp. right) weakly ordered k-regular, then S is called a left (resp. right)

weakly ordered k-regular hemiring [11].

Remark 4. An ordered hemiring S is left (resp. right) weakly ordered k-regular
if and only if A C (XSASA] (resp. A C (XASAS]) for all ) # A C S.

An ordered hemiring S is left (vesp. right) weakly regular if a € (XSaSa)
(resp. a € (XaSaS]). It is easy to show that if an ordered hemiring S is left
(resp. right) weakly regular, then it is left (resp. right) weakly ordered k-regular
but not conversely as shown by the following two examples.

Example 5. Let S = {a,b,c}. Define two binary operations + and - on S by
the following tables:

+‘a b ¢ a b ¢
ala a a ala a a
bla b c and b b b
cla ¢ c b b b

Define a binary relation < on S by <:= {(z,z) | x € S}. Then (S,+,-, <) is an
ordered hemiring.

It is clear that a and b are left and right weakly ordered k-regular. By
c € (BScSc] = {a,b} = S, S is left weakly ordered k-regular. However, ¢ ¢
(XScSc] = {a,b} implies that S is not left weakly regular. Moreover, S is not
right weakly ordered k-regular because ¢ ¢ (X¢ScS] = {b} = {b}.

Example 6. Let S = {a,b, c} together with the operation + and the relation <
of Example 5. Define a binary operation - on S by the following table:
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Then (S, +,-, <) is an ordered hemiring.

It is clear that a and b are left and right weakly ordered k-regular. By
c € (XcSeS] = {a,b} = S, S is right weakly ordered k-regular. However, ¢ ¢
(3cScS] = {a, b} implies that S is not right weakly regular. Moreover, S is not
left weakly ordered k-regular because ¢ ¢ (£ScSc] = {b} = {b}.

In consequences of Example 5 and 6, we can conclude that the concepts of
left and right weakly ordered k-regular are independent.

Theorem 7. Let a and b be elements of an ordered hemiring S such that aLlb
(resp. aRb). Then a is left (resp. right) weakly ordered k-regular if and only if b
is left (resp. right) weakly ordered k-regular.

Proof. Let a,b € S such that afLb. Assume that a is left weakly ordered k-
regular. Using Lemma 1, we obtain

be L(a) = (Za+ Sa] C (X(ESaSa| + S(XSaSal] C ((XSaSa] + (XSaSal]

(
C ((XSaSa]] = (XSaSa] C (2SL(b)SL(b)]
(
(

= (Z5(Sb + Sb]S(Sb + Sb]] € (S(2Sb + SSb] (2Sb + SSb]]

C (2(Sb + S0] (Sb+ Sb]] = ((S0] (Sb]] € (25650

Hence, b is also left weakly ordered k-regular. Similarly, if b is left weakly ordered
k-regular, then so is a. ]

Now, we give some characterizations of left weakly ordered k-regular
hemirings and right weakly ordered k-regular hemirings using of many kinds
of their k-ideals.

Lemma 8. Let S be an ordered hemiring. Then the following conditions hold:

(i) if a € (Za?+ aSa+ Sa? +XSaSa] for any a € S then S is left weakly
ordered k-regular;

(i) if a € (Za? + aSa+ a?2S + XaSaS] for any a € S then S is right weakly
ordered k-regular.

Proof. (i) Let a € S. Assume that

(1) a € (Xa?+ aSa+ Sa? 4+ XSaSa]
(2) C (Sa+ XSaSal.
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Using the equation (2), we obtain that

a?> = aa € (Sa + XSaSa] (Sa + £SaSd]
C (X(Sa+ XSaSa)(Sa + XSaSa)
C (XSaSa+ XSaSa + XSaSa] = (XSaSa).

(3)

Using the equation (2) again, we obtain that

aSa C (Sa+ XSaSa]S(Sa+ XSaSa] C (Sa+ XSaSa] (SSa+ £S5SaSal

(4) C (Sa+ XSaSa] (Sa+ XSaSa] C (X(Sa+ XSaSa)(Sa + XSaSa)]

C (X¥SaSa+ XSaSa+ ¥XSaSa] = (£SaSa).

Using the equation (3), we obtain that

(5) Sa? C S(XSaSa] C (XSSaSa] C (£SaSal.

Using the equations (1), (3), (4) and (5), we obtain that

a € (Xa?+ aSa+ Sa? 4+ XSaSa]

Y(XSaSa] + (XSaSa) + (£SaSa] + £SaSal]

c(
C ((ZSaSa] + (£SaSa] + (SaSa] + (SSaSa]]
(©SaSa]] = (SSaSa].

By Lemma 4, we get that S is left weakly ordered k-regular.

(ii) It can be proved in a similar way of (i).

295

Theorem 9. Let S be an ordered hemiring, L, R, J, Q, B and I be its arbitrary
left k-ideals, right k-ideals, k-ideals, quasi-k-ideals, k-bi-ideals and k-interior ide-

als, respectively. Then the following conditions are equivalent:

(i) S is left weakly ordered k-regular;

)

i) c

(iv) L= (2L?;

(v) INBC (SIB];

(vi) INQ C (21Q);
(vii) TN L C (SIL);
(viii) JN B C (SJB];

(i) JNQ C (ZIq],



296 B. PIBALJOMMEE AND P. PALAKAWONG NA AYUTTHAYA

(x) JNL = (SJL];

(xi) LNINB C (XLIB];

(xi)) LNINQ C (ZLIQJ;

)

) -
(xiii) LNI = (SLIL];

)

)

(xiv) LNnJNBC (XLJBJ;

LNJNQC (XLIQ|;

(xv

(xvi) LNJ = (SLJL).

Proof. (i)=(ii): Assume that S is left weakly ordered k-regular. Let L and B be
a left k-ideal and a k-bi-ideal of S, respectively. If x € LN B, then by assumption
z € (XSxSz] C (XSLSB] C (XLSB].

(ii)=(iii): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(iii)=(iv): Clearly, (XL2] C (XL] = L. By (iii) and the fact that every left
k-ideal is a quasi-k-ideal [8], we obtain L C (XL2].

(iv)=-(i): Assume that (iv) holds and let a € S. Using assumption, Lemma
1 and Lemma 2, we obtain that

a € L(a) = (XL(a)?] = (X(Za+ Sa] (Xa + Sa]] C (2(Xa + Sa)(Xa + Sa)
C (Xa? + aSa+ Sa? + X.SaSa).

By Lemma 8(i), S is left weakly ordered k-regular.

(i)=(v): Let I and B be a k-interior ideal and a k-bi-ideal of S, respectively.
If x € I N B, then by assumption = € (X.SzSz| C (XSISB] C (XIB].

(v)=(vi): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].
(vi)=-(vii): It follows from the fact that every left k-ideal is a quasi-k-ideal [8].

(vii)=-(i) Assume that (vii) holds and let a € S. By assumption, Lemma 1,
2 and 3, we get that

a € I(a)N L(a) = (XI(a)L(a)] = (X(Xa + Xa? + XSaS] (Xa + Sal]
C (X(Za+ Xa? + £SaS)(Xa + Sa)]
C (Xa? +aSa+ Sa? + ¥SaSal.

By Lemma 8(i), S is left weakly ordered k-regular.

(i)=(viii): Let J and B be a k-ideal and a k-bi-ideal of S, respectively. If
x € JN B, then by assumption z € (XSzSz| C (XSJSB] C (XJB.

(viii)=(ix): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(ix)=(x): Clearly, (XJL] C JN L. Using (ix) and the fact that every left
k-ideal is a quasi-k-ideal [8], we get J N L C (XJL].
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(x)=-(i): Assume that (x) holds and let a € S. By Lemma 1 and 2, we get

a€ J(a)N L(a)

(2J(a)L(a)] = (2(Xa + Sa + aS + £SaS] (Xa + Sal]
C (X(ZBa+ Sa+ aS + XSaS)(Xa + Sa))
C (Xa? +aSa+ Sa? + XSaSal.

By Lemma 8(i), S is left weakly ordered k-regular.

(i)=(xi): Let L, I and B be a left k-ideal, a k-interior ideal and a k-bi-ideal
of S, respectively. If x € LN TN B then by being left weakly ordered k-regularity

of S, z € (XSzSx] C (XSxS(XSzSx]] C (¥SxSxzSx| C (XSLSISB] C (XLIB].
(xi)=(xii): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(xii)=(xiii): Clearly, (XLIL] C LN I. Using (xii) and the fact that every

left k-ideal is a quasi-k-ideal [8], we get LN T C (XLIL].

(xiii)=-(i): Assume that (xiii) holds and let @ € S. Using Lemma 1 and 2, it
turns out that

a€ L(a)NI(a) = (XL(a)I(a)L(a)] C (XL(a)L(a)]

(X(Xa + Sa] (Za + Sa]] C (E(Xa + Sa)(Xa + Sa)]
C (Xa? + aSa + Sa? + ¥SaSa).

By Lemma 8(i), S is left weakly ordered k-regular.

(i)=(xiv): Let L, J and B be a left k-ideal, a k-ideal and a k-bi-ideal of
S, respectively. If x € L N J N B then by left weakly ordered k-regularity of .S,

x € (BSxSz] C (XS2S(2SxSz]| C (XSzSxSz] C (XSLSJSB] C (XLJB.

(xiv)=(xv): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(xv)=(xvi): Clearly, (XLJL] C LN J. Using (xv) and the fact that every

left k-ideal is a quasi-k-ideal [8], we get LN J C (XLJL].

(xvi)=(i): Assume that (xvi) holds and let a € S. Using Lemma 1 and 2, it
turns out that

a € L(a)NJ(a)

(XL(a)J(a)L(a)] € (3L(a)L(a)]

(X(Xa + Sa] (Za + Sa]] C (E(Xa + Sa)(Xa + Sa)]
C (Xa? +aSa+ Sa? + XSaSal.

By Lemma 8(i), S is left weakly ordered k-regular. ]

As a duality of Theorem 9, we obtain the following theorem.



298 B. PIBALJOMMEE AND P. PALAKAWONG NA AYUTTHAYA

Theorem 10. Let S be an ordered hemiring, L, R, J, Q, B and I be its arbitrary
left k-ideals, right k-ideals, k-ideals, quasi-k-ideals, k-bi-ideals and k-interior ide-
als, respectively. Then the following conditions are equivalent:

(i) S is right weakly ordered k-regular;

4. PURE k-IDEALS OF ORDERED HEMIRINGS

Pure ideals were introduced first by Ahsan and Takahashi [2] on semigroups.
Jagatap [5] used left and right pure k-ideals to characterize left and right weakly
k-regular T-hemirings, respectively. Senarat and Pibaljommee [12] defined left
and right pure k-ideals which we recall as follows.

A k-ideal A of an ordered hemiring S is called left pure (resp. right pure) if

x € (Az] (resp. x € (zA]) for all x € A.
The following two theorems were studied by Senarat and Pibaljommee [12].

Theorem 11. Let A be a k-ideal of an ordered hemiring S. Then the following
statements hold:

(i) A is left pure if and only if AN L = (AL] for each left k-ideal L of S;

(i1) A is right pure if and only if RN A = (RA] for each right k-ideal R of S.

Theorem 12. An ordered hemiring S is left (resp. right) weakly ordered k-regular
if and only if every k-ideal of S is left (resp. right) pure.
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We introduce two new types of purities of k-ideals as follows.

Definition. Let A be a k-ideal of an ordered hemiring S.

(i) A is called quasi-pure if z € (zA] N (Az] for all x € A.
(i1) A is called bi-pure if x € (zAx] for all z € A.

Theorem 13. A k-ideal A of an ordered hemiring S is quasi-pure if and only if
ANQ = (QA] N (AQ)] for every quasi-k-ideals of S.

Proof. Assume that A is quasi-pure. Let @ be a quasi-k-ideal of S. If x € ANQ,
then z € (zA] N (Az] C (QA] N (AQ]. So, ANQ C (QA] N (AQ]. Clearly,
(QA] N (AQ] C AN Q. Hence, ANQ = (QA] N (AQ].

Conversely, let x € A. Using assumption and Lemma 2, we get

re ANQ(z) = (Qx)Al N (AQ(x)]
= ((Zz + (@S] N (Sz])]A] N (A(Zz + ((«S] N (Sa])]]
C ((Zz + (2S]14] N (A(Zz + (S]]
C (X + 2S]A] N (A(Sz + S]]
C (Z2A + 25A4] N (T Az + ASz]
C (@A + zA] N (Az + Az] € (zA] N (Az].
Hence, A is a quasi-pure k-ideal of S. n

Theorem 14. A k-ideal A of an ordered hemiring S is bi-pure if and only if
AN B = (BAB] for every k-bi-ideal B of S.

Proof. Assume that A is bi-pure. Let B be a k-bi-ideal of S. If x € AN B, then
€ (xAz] C (BAB]. So, AN B C (BAB]. Clearly, (BAB] C AN B. Hence,
ANB=(BAB].

Conversely, let z € A. Using assumption and Lemma 2, we get

r € ANB(z) = (B(x)AB(z)] = (X2 + X2? + zSz]A(Zz + Y22 + 2S5z
C (XzAzx] = (zAx].

Hence, A is a bi-pure k-ideal of S. [ |

We use quasi-pure and bi-pure k-ideals to characterize ordered k-regularities
as the following two theorems.

Theorem 15. An ordered hemiring S is both left and right weakly ordered k-
reqular if and only if every k-ideal of S is quasi-pure.
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Proof. Assume that S is both left and right weakly regular. Let J be a k-
ideal of S and let = € J. By the right weakly ordered k-regularity of S, we get
€ (XxSzS] C (XxSJS] C (XxSJ] C (XxJ] = (xJ]. By the left weakly ordered
k-regularity of S, we get © € (X¥SxSx] C (8S5JSx] C (XJSx] C (XJz| = (Jx].
Hence, x € (zJ] N (Jz] and thus J is quasi-pure.
Conversely, let a € S. By assumption, we get that J(a) is quasi-pure. Using
Lemma 2 and Theorem 13, it turns out that

a € J(a)NQa) = (Qa)J(a)] N (J(a)Q(a)] € (J(a)Q(a)]
(Za + aS + Sa + £SaS] (Za + ((aS] N (Sa))]]

(3a + aS + Sa + 3SaS]| (Xa + (Sd]]]
Ya? + XaSa + XSa? + £SaSal
= (Xa? + aSa + Sa? + X.SaSa).

(
(
< (
< (

By Lemma 8(i), we obtain that S is left weakly ordered k-regular.
Using Lemma 2 and Theorem 13 again, it turns out that

a € J(a)NQ(a) = (Qa)J(a)] N (J(a)Q(a)] € (Qa)J(a)]

(Xa+ ((aS] N (Sa))] (Xa + aS + Sa + £SaS]]

N

N

Ya? + YaSa + Xa?S + XaSaS]
Ya? + aSa + a?S + XaSas].

(
((Ba + (Sa]] (Xa + aS + Sa + XSaS]]|
(
= (

By Lemma 8(ii), we obtain that S is right weakly ordered k-regular. [ |

Theorem 16. An ordered hemiring S is ordered k-reqular if and only if every
k-ideal of S is bi-pure.

Proof. Assume that S is ordered k-regular. Let J be a k-ideal of S and let
x € J. By the ordered k-regularity of S, we have that = € (zSz] C (xSzSz| C
(xSJSx] C (xSJx] C (xJz]|. Hence, J is bi-pure.

Conversely, let a € S. By assumption, we get that J(a) is bi-pure. Using
Lemma 2 and Theorem 14, we obtain that

a € J(a)NB(a) = (B(a)J(a)B(a)]

= ((Xa + Xa? + aSa] (Xa + aS + Sa + £SaS] (Xa + Xa? + aSal]
C (XaSa] = (aSal.

Therefore, S is ordered k-regular. [
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