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1. Introduction

A semiring (S,+, ·) is called regular [7] if for each a ∈ S, there exists x ∈ S
such that a = axa. In 1951, Bourne [3] defined a regular semiring in which the
addition also plays an important role. He called a semiring (S,+, ·) to be regular
if for each a ∈ S, a + axa = aya for some x, y ∈ S. Later, Adhikari, Sen and
Weinert [1] renamed Bourne regular semirings to be k-regular semirings.
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An ordered semiring (S,+, ·,≤) introduced by Gan and Jiang [4] is a semiring
(S,+, ·) together with a poset (S,≤) connected by the compatibility property. If
(S,+) is commutative, an ordered semiring (S,+, ·,≤) is called an ordered hemir-
ing. In 2014, Mandal [6] defined regular ordered hemirings and characterized
them in terms of their fuzzy ideals. Moreover, Mandal called an ordered hemir-
ing (S,+, ·,≤) to be k-regular if for each a ∈ S, a+ axa ≤ aya for some x, y ∈ S.
Later, Patchakhieo and Pibaljommee [11] defined an ordered k-regular hemiring
which is a generalization of a k-regular ordered hemiring defined by Mandal and
gave its characterizations by its k-ideals. Furthermore, in [11], they gave the
definitions of left ordered k-regular, right ordered k-regular, left weakly ordered
k-regular and right weakly ordered k-regular hemirings and characterized them
using their k-ideals. In 2017, Senarat and Pibaljommee [12] studied the concepts
of prime and semiprime k-bi-ideals of ordered hemirings and used them to char-
acterize ordered k-regular hemirings. Moreover, they introduced the notions of
left pure and right pure k-ideals of ordered hemirings and characterized left and
right weakly ordered k-regular hemirings in terms of their left and right pure
k-ideals, respectively.

In our previous work [8, 9, 10], we studied ordered k-regular, ordered intra
k-regular, left ordered k-regular, right ordered k-regular and completely ordered
k-regular hemirings and gave some of their characterizations using many types
of their k-ideals. In this work, we study the concepts of left weakly ordered k-
regular hemirings and right weakly ordered k-regular hemirings and characterize
them using many types of their k-ideals. Furthermore, we study the concepts of
left pure and right pure k-ideals, introduce the notions of quasi-pure and bi-pure
k-ideals of ordered hemirings and finally, we use them to characterize ordered
k-regular hemirings, left weakly ordered k-regular hemirings and right weakly
ordered k-regular hemirings.

2. Preliminaries

An ordered hemiring [4] is a system (S,+, ·,≤) such that (S,+, ·) is an additively
commutative semiring (i.e., a + b = b + a for all a, b ∈ S) and (S,≤) is a poset
connected by the compatibility property.

For any nonempty subsets A and B of an ordered hemiring S, we denote
A+B = {a+ b | a ∈ A, b ∈ B}, AB = {ab | a ∈ A, b ∈ B},

ΣA =

{

n
∑

i=1

ai | a ∈ A,n ∈ N

}

and (A] = {x ∈ S | x ≤ a,∃a ∈ A}.
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A nonempty subset A of an ordered hemiring S is called a left (resp. right)
ideal if A+A ⊆ A, SA ⊆ A (resp. AS ⊆ A) and A = (A]. If A is both a left and
a right ideal of S, then A is said to be an ideal [4] of S.

The k-closure [11] of a nonempty subset A of S is defined by

A := {x ∈ S | x+ a ≤ b,∃a, b ∈ A}.

For elementary properties of the finite sums Σ, the operator ( ] and the k-
closure of nonempty subsets of ordered hemirings, we refer to [8, 9, 10] and using
those properties, we directly obtain the following lemma.

Lemma 1. If A and B are nonempty subsets of an ordered hemiring S such that

both are closed under the addition, then (Σ(A] (B]] ⊆ (ΣAB].

A nonempty subset A of an ordered hemiring S is called a left (resp. right)
k-ideal if A + A ⊆ A, SA ⊆ A (resp. AS ⊆ A) and A = A. If A is both a left
and a right k-ideal, then A is called a k-ideal [11] of S. We call A a quasi-k-ideal
[8] of S if A + A ⊆ A, (ΣSA] ∩ (ΣAS] ⊆ A and A = A. A subhemiring B (i.e.,
B + B ⊆ B and BB ⊆ B) of S such that B = B is called a k-bi-ideal [12] (resp.
k-interior ideal [9]) if BSB ⊆ B (resp. SBS ⊆ B).

We note that for any ∅ 6= A ⊆ S, A = A is equivalent to the conditions; (i)
for any x ∈ S, x+ a = b for some a, b ∈ A implies x ∈ A and (ii) A = (A].

An ordered hemiring S is called regular (resp. k-regular) [6] if for each a ∈ S,
a ≤ axa (resp. a+ axa ≤ aya) for some x, y ∈ S. We call S an ordered k-regular
hemiring [11] if a ∈ (aSa] for all a ∈ S. If S is k-regular, then S is ordered
k-regular but not conversely (see Example 3.1 of [11]).

A left (resp. right) ordered k-regular hemiring [11] is an ordered hemiring S
such that a ∈ (Sa2] (resp. a ∈ (a2S]) for all a ∈ S. An ordered hemiring which is
left ordered k-regular, right ordered k-regular and ordered k-regular is said to be
completely ordered k-regular [10]. If a ∈ (ΣSa2S] for all a ∈ S, then S is called
ordered intra k-regular [9].

For an element a of an ordered hemiring S, we denote by L(a), R(a), J(a),
Q(a) and B(a) the left k-ideal, right k-ideal, k-ideal, quasi-k-ideal and k-bi-ideal
of S generated by a, respectively. We now recall their constructions which occur
in [8, 9] and [11] as the following lemma.

Lemma 2. Let S be an ordered hemiring and a ∈ S. The following statements

hold:

(i) L(a) = (Σa+ Sa];

(ii) R(a) = (Σa+ aS];

(iii) J(a) = (Σa+ aS + Sa+ΣSaS];

(iv) Q(a) = (Σa+ (aS] ∩ (Sa]];
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(v) B(a) = (Σa+Σa2 + aSa].

For a ∈ S, we denote that I(a) is the k-interior ideal of S generated by a.
We give its construction as the following lemma.

Lemma 3. Let a be an element of an ordered hemiring S. Then

I(a) = (Σa+Σa2 +ΣSaS].

Proof. Let a ∈ S. Since a + (a + a2 + a3) ≤ a + a + a2 + a3, a + a2 + a3 ∈
Σa + Σa2 + ΣSaS and a + a + a2 + a3 ∈ Σa + Σa2 + ΣSaS, we have a ∈
Σa+Σa2 +ΣSaS ⊆ (Σa+Σa2 +ΣSaS].

It is clear that (Σa+Σa2 +ΣSaS] = (Σa+Σa2 +ΣSaS] and
(Σa+Σa2 +ΣSaS] is closed under the addition. Next, we consider

(

(Σa+Σa2 +ΣSaS]
)2

= (Σa+Σa2 +ΣSaS] (Σa+Σa2 +ΣSaS]

⊆ (Σ(Σa+Σa2 +ΣSaS)(Σa+Σa2 +ΣSaS)]

⊆ (Σ(Σa2 +ΣSaS)]

= (Σa2 +ΣSaS].

If x ∈ (Σa2 +ΣSaS], then x+y ≤ z for some y, z ∈ (Σa2+ΣSaS]. So, x+a+y =
x+y+a ≤ z+a = a+z. We have that a+y ∈ {a}+(Σa2+ΣSaS] ⊆ (a]+(Σa2+
ΣSaS] ⊆ (a+Σa2+ΣSaS] ⊆ (Σa+Σa2+ΣSaS]. Similarly, a+z ∈ (Σa+Σa2+

ΣSaS]. It follows that x ∈ (Σa+Σa2 +ΣSaS]. Thus,
(

(Σa+Σa2 +ΣSaS]
)2

⊆

(Σa2 +ΣSaS] ⊆ (Σa+Σa2 +ΣSaS]. So, (Σa+Σa2 +ΣSaS] is a subhemiring
of S.

Next, we consider

S(Σa+Σa2 +ΣSaS]S ⊆ (S(Σa+Σa2 +ΣSaS)S]

⊆ (ΣSaS +ΣSa2S +ΣSSaSS]

⊆ (ΣSaS].

If x′ ∈ (ΣSaS], then x′ + y′ ≤ z′ for some y′, z′ ∈ (ΣSaS]. Consequently,
x′ + a + a2 + y′ = x′ + y′ + a + a2 ≤ z′ + a + a2 = a + a2 + z′. We have that
a + a2 + y′ ∈ {a} + {a2} + (ΣSaS] ⊆ (a] + (a2] + (ΣSaS] ⊆ (a + a2 + ΣSaS] ⊆
(Σa + Σa2 + ΣSaS]. Similarly, a + a2 + z′ ∈ (Σa + Σa2 + ΣSaS]. Hence,
S(Σa+Σa2 +ΣSaS]S ⊆ (ΣSaS] ⊆ (Σa+Σa2 +ΣSaS].

Let I be a k-interior ideal of S containing a. Then

(Σa+Σa2 +ΣSaS] ⊆ (ΣI +ΣI2 +ΣSIS] ⊆ (ΣI +ΣI +ΣI] = (ΣI] = I.

Hence, (Σa+Σa2 +ΣSaS] is the k-interior ideal of S generated by a.
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We define the Green’s relations L and R on an ordered hemiring S by

L = {(a, b) ∈ S × S | L(a) = L(b)},

R = {(a, b) ∈ S × S | R(a) = R(b)}.

3. Weakly ordered k-regular hemirings

In this section, we study some properties of left weakly ordered k-regular and right
weakly ordered k-regular hemirings and characterize them using many kinds of
their k-ideals.

An element a of an ordered hemiring S is called left (resp. right) weakly

ordered k-regular if a ∈ (ΣSaSa] (resp. a ∈ (ΣaSaS]). If every element of S is
left (resp. right) weakly ordered k-regular, then S is called a left (resp. right)
weakly ordered k-regular hemiring [11].

Remark 4. An ordered hemiring S is left (resp. right) weakly ordered k-regular
if and only if A ⊆ (ΣSASA] (resp. A ⊆ (ΣASAS]) for all ∅ 6= A ⊆ S.

An ordered hemiring S is left (resp. right) weakly regular if a ∈ (ΣSaSa]
(resp. a ∈ (ΣaSaS]). It is easy to show that if an ordered hemiring S is left
(resp. right) weakly regular, then it is left (resp. right) weakly ordered k-regular
but not conversely as shown by the following two examples.

Example 5. Let S = {a, b, c}. Define two binary operations + and · on S by
the following tables:

+ a b c

a a a a
b a b c
c a c c

and

· a b c

a a a a
b b b b
c b b b

Define a binary relation ≤ on S by ≤:= {(x, x) | x ∈ S}. Then (S,+, ·,≤) is an
ordered hemiring.

It is clear that a and b are left and right weakly ordered k-regular. By
c ∈ (ΣScSc] = {a, b} = S, S is left weakly ordered k-regular. However, c /∈
(ΣScSc] = {a, b} implies that S is not left weakly regular. Moreover, S is not
right weakly ordered k-regular because c /∈ (ΣcScS] = {b} = {b}.

Example 6. Let S = {a, b, c} together with the operation + and the relation ≤
of Example 5. Define a binary operation · on S by the following table:

· a b c

a a b b
b a b b
c a b b
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Then (S,+, ·,≤) is an ordered hemiring.

It is clear that a and b are left and right weakly ordered k-regular. By
c ∈ (ΣcScS] = {a, b} = S, S is right weakly ordered k-regular. However, c /∈
(ΣcScS] = {a, b} implies that S is not right weakly regular. Moreover, S is not
left weakly ordered k-regular because c /∈ (ΣScSc] = {b} = {b}.

In consequences of Example 5 and 6, we can conclude that the concepts of
left and right weakly ordered k-regular are independent.

Theorem 7. Let a and b be elements of an ordered hemiring S such that aLb
(resp. aRb). Then a is left (resp. right) weakly ordered k-regular if and only if b
is left (resp. right) weakly ordered k-regular.

Proof. Let a, b ∈ S such that aLb. Assume that a is left weakly ordered k-
regular. Using Lemma 1, we obtain

b ∈ L(a) = (Σa+ Sa] ⊆ (Σ(ΣSaSa] + S(ΣSaSa]] ⊆ ((ΣSaSa] + (ΣSaSa]]

⊆ ((ΣSaSa]] = (ΣSaSa] ⊆ (ΣSL(b)SL(b)]

= (ΣS(Σb+ Sb]S(Σb+ Sb]] ⊆ (Σ(ΣSb+ SSb] (ΣSb+ SSb]]

⊆ (Σ(Sb+ Sb] (Sb+ Sb]] = (Σ(Sb] (Sb]] ⊆ (ΣSbSb].

Hence, b is also left weakly ordered k-regular. Similarly, if b is left weakly ordered
k-regular, then so is a.

Now, we give some characterizations of left weakly ordered k-regular
hemirings and right weakly ordered k-regular hemirings using of many kinds
of their k-ideals.

Lemma 8. Let S be an ordered hemiring. Then the following conditions hold:

(i) if a ∈ (Σa2 + aSa+ Sa2 +ΣSaSa] for any a ∈ S then S is left weakly

ordered k-regular;

(ii) if a ∈ (Σa2 + aSa+ a2S +ΣaSaS] for any a ∈ S then S is right weakly

ordered k-regular.

Proof. (i) Let a ∈ S. Assume that

a ∈ (Σa2 + aSa+ Sa2 +ΣSaSa](1)

⊆ (Sa+ΣSaSa].(2)
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Using the equation (2), we obtain that

a2 = aa ∈ (Sa+ΣSaSa] (Sa+ΣSaSa]

⊆ (Σ(Sa+ΣSaSa)(Sa+ΣSaSa)](3)

⊆ (ΣSaSa+ΣSaSa+ΣSaSa] = (ΣSaSa].

Using the equation (2) again, we obtain that

aSa ⊆ (Sa+ΣSaSa]S(Sa+ΣSaSa] ⊆ (Sa+ΣSaSa] (SSa+ΣSSaSa]

⊆ (Sa+ΣSaSa] (Sa+ΣSaSa] ⊆ (Σ(Sa+ΣSaSa)(Sa+ΣSaSa)](4)

⊆ (ΣSaSa+ΣSaSa+ΣSaSa] = (ΣSaSa].

Using the equation (3), we obtain that

Sa2 ⊆ S(ΣSaSa] ⊆ (ΣSSaSa] ⊆ (ΣSaSa].(5)

Using the equations (1), (3), (4) and (5), we obtain that

a ∈ (Σa2 + aSa+ Sa2 +ΣSaSa]

⊆ (Σ(ΣSaSa] + (ΣSaSa] + (ΣSaSa] + ΣSaSa]

⊆ ((ΣSaSa] + (ΣSaSa] + (ΣSaSa] + (ΣSaSa]]

= ((ΣSaSa]] = (ΣSaSa].

By Lemma 4, we get that S is left weakly ordered k-regular.

(ii) It can be proved in a similar way of (i).

Theorem 9. Let S be an ordered hemiring, L, R, J , Q, B and I be its arbitrary

left k-ideals, right k-ideals, k-ideals, quasi-k-ideals, k-bi-ideals and k-interior ide-
als, respectively. Then the following conditions are equivalent:

(i) S is left weakly ordered k-regular;

(ii) L ∩B ⊆ (ΣLSB];

(iii) L ∩Q ⊆ (ΣLSQ];

(iv) L = (ΣL2];

(v) I ∩B ⊆ (ΣIB];

(vi) I ∩Q ⊆ (ΣIQ];

(vii) I ∩ L ⊆ (ΣIL];

(viii) J ∩B ⊆ (ΣJB];

(ix) J ∩Q ⊆ (ΣJQ];
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(x) J ∩ L = (ΣJL];

(xi) L ∩ I ∩B ⊆ (ΣLIB];

(xii) L ∩ I ∩Q ⊆ (ΣLIQ];

(xiii) L ∩ I = (ΣLIL];

(xiv) L ∩ J ∩B ⊆ (ΣLJB];

(xv) L ∩ J ∩Q ⊆ (ΣLJQ];

(xvi) L ∩ J = (ΣLJL].

Proof. (i)⇒(ii): Assume that S is left weakly ordered k-regular. Let L and B be
a left k-ideal and a k-bi-ideal of S, respectively. If x ∈ L∩B, then by assumption
x ∈ (ΣSxSx] ⊆ (ΣSLSB] ⊆ (ΣLSB].

(ii)⇒(iii): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(iii)⇒(iv): Clearly, (ΣL2] ⊆ (ΣL] = L. By (iii) and the fact that every left
k-ideal is a quasi-k-ideal [8], we obtain L ⊆ (ΣL2].

(iv)⇒(i): Assume that (iv) holds and let a ∈ S. Using assumption, Lemma
1 and Lemma 2, we obtain that

a ∈ L(a) = (ΣL(a)2] = (Σ(Σa+ Sa] (Σa+ Sa]] ⊆ (Σ(Σa+ Sa)(Σa+ Sa)]

⊆ (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), S is left weakly ordered k-regular.

(i)⇒(v): Let I and B be a k-interior ideal and a k-bi-ideal of S, respectively.
If x ∈ I ∩B, then by assumption x ∈ (ΣSxSx] ⊆ (ΣSISB] ⊆ (ΣIB].

(v)⇒(vi): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(vi)⇒(vii): It follows from the fact that every left k-ideal is a quasi-k-ideal [8].

(vii)⇒(i) Assume that (vii) holds and let a ∈ S. By assumption, Lemma 1,
2 and 3, we get that

a ∈ I(a) ∩ L(a) = (ΣI(a)L(a)] = (Σ(Σa+Σa2 +ΣSaS] (Σa+ Sa]]

⊆ (Σ(Σa+Σa2 +ΣSaS)(Σa+ Sa)]

⊆ (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), S is left weakly ordered k-regular.

(i)⇒(viii): Let J and B be a k-ideal and a k-bi-ideal of S, respectively. If
x ∈ J ∩B, then by assumption x ∈ (ΣSxSx] ⊆ (ΣSJSB] ⊆ (ΣJB].

(viii)⇒(ix): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(ix)⇒(x): Clearly, (ΣJL] ⊆ J ∩ L. Using (ix) and the fact that every left
k-ideal is a quasi-k-ideal [8], we get J ∩ L ⊆ (ΣJL].
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(x)⇒(i): Assume that (x) holds and let a ∈ S. By Lemma 1 and 2, we get

a ∈ J(a) ∩ L(a) = (ΣJ(a)L(a)] = (Σ(Σa+ Sa+ aS +ΣSaS] (Σa+ Sa]]

⊆ (Σ(Σa+ Sa+ aS +ΣSaS)(Σa+ Sa)]

⊆ (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), S is left weakly ordered k-regular.

(i)⇒(xi): Let L, I and B be a left k-ideal, a k-interior ideal and a k-bi-ideal
of S, respectively. If x ∈ L∩ I ∩B then by being left weakly ordered k-regularity

of S, x ∈ (ΣSxSx] ⊆ (ΣSxS(ΣSxSx]] ⊆ (ΣSxSxSx] ⊆ (ΣSLSISB] ⊆ (ΣLIB].

(xi)⇒(xii): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(xii)⇒(xiii): Clearly, (ΣLIL] ⊆ L ∩ I. Using (xii) and the fact that every
left k-ideal is a quasi-k-ideal [8], we get L ∩ I ⊆ (ΣLIL].

(xiii)⇒(i): Assume that (xiii) holds and let a ∈ S. Using Lemma 1 and 2, it
turns out that

a ∈ L(a) ∩ I(a) = (ΣL(a)I(a)L(a)] ⊆ (ΣL(a)L(a)]

= (Σ(Σa+ Sa] (Σa+ Sa]] ⊆ (Σ(Σa+ Sa)(Σa+ Sa)]

⊆ (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), S is left weakly ordered k-regular.

(i)⇒(xiv): Let L, J and B be a left k-ideal, a k-ideal and a k-bi-ideal of
S, respectively. If x ∈ L ∩ J ∩ B then by left weakly ordered k-regularity of S,

x ∈ (ΣSxSx] ⊆ (ΣSxS(ΣSxSx]] ⊆ (ΣSxSxSx] ⊆ (ΣSLSJSB] ⊆ (ΣLJB].

(xiv)⇒(xv): It follows from the fact that every quasi-k-ideal is a k-bi-ideal [8].

(xv)⇒(xvi): Clearly, (ΣLJL] ⊆ L ∩ J . Using (xv) and the fact that every
left k-ideal is a quasi-k-ideal [8], we get L ∩ J ⊆ (ΣLJL].

(xvi)⇒(i): Assume that (xvi) holds and let a ∈ S. Using Lemma 1 and 2, it
turns out that

a ∈ L(a) ∩ J(a) = (ΣL(a)J(a)L(a)] ⊆ (ΣL(a)L(a)]

= (Σ(Σa+ Sa] (Σa+ Sa]] ⊆ (Σ(Σa+ Sa)(Σa+ Sa)]

⊆ (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), S is left weakly ordered k-regular.

As a duality of Theorem 9, we obtain the following theorem.
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Theorem 10. Let S be an ordered hemiring, L, R, J , Q, B and I be its arbitrary

left k-ideals, right k-ideals, k-ideals, quasi-k-ideals, k-bi-ideals and k-interior ide-
als, respectively. Then the following conditions are equivalent:

(i) S is right weakly ordered k-regular;

(ii) B ∩R ⊆ (ΣBSR];

(iii) Q ∩R ⊆ (ΣQSR];

(iv) R = (ΣR2];

(v) B ∩ I ⊆ (ΣBI];

(vi) Q ∩ I ⊆ (ΣQI];

(vii) R ∩ I ⊆ (ΣLI];

(viii) B ∩ J ⊆ (ΣBJ ];

(ix) Q ∩ J ⊆ (ΣQJ ];

(x) R ∩ J ⊆ (ΣLJ ];

(xi) B ∩ I ∩R ⊆ (ΣBIR];

(xii) Q ∩ I ∩R ⊆ (ΣQIR];

(xiii) I ∩R = (ΣRIR];

(xiv) B ∩ J ∩R ⊆ (ΣBJR];

(xv) Q ∩ J ∩R ⊆ (ΣQJR];

(xvi) J ∩R = (ΣRJR].

4. Pure k-ideals of ordered hemirings

Pure ideals were introduced first by Ahsan and Takahashi [2] on semigroups.
Jagatap [5] used left and right pure k-ideals to characterize left and right weakly
k-regular Γ-hemirings, respectively. Senarat and Pibaljommee [12] defined left
and right pure k-ideals which we recall as follows.

A k-ideal A of an ordered hemiring S is called left pure (resp. right pure) if
x ∈ (Ax] (resp. x ∈ (xA]) for all x ∈ A.

The following two theorems were studied by Senarat and Pibaljommee [12].

Theorem 11. Let A be a k-ideal of an ordered hemiring S. Then the following

statements hold:

(i) A is left pure if and only if A ∩ L = (AL] for each left k-ideal L of S;

(ii) A is right pure if and only if R ∩A = (RA] for each right k-ideal R of S.

Theorem 12. An ordered hemiring S is left (resp. right) weakly ordered k-regular
if and only if every k-ideal of S is left (resp. right) pure.
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We introduce two new types of purities of k-ideals as follows.

Definition. Let A be a k-ideal of an ordered hemiring S.

(i) A is called quasi-pure if x ∈ (xA] ∩ (Ax] for all x ∈ A.

(ii) A is called bi-pure if x ∈ (xAx] for all x ∈ A.

Theorem 13. A k-ideal A of an ordered hemiring S is quasi-pure if and only if

A ∩Q = (QA] ∩ (AQ] for every quasi-k-ideals of S.

Proof. Assume that A is quasi-pure. Let Q be a quasi-k-ideal of S. If x ∈ A∩Q,
then x ∈ (xA] ∩ (Ax] ⊆ (QA] ∩ (AQ]. So, A ∩ Q ⊆ (QA] ∩ (AQ]. Clearly,
(QA] ∩ (AQ] ⊆ A ∩Q. Hence, A ∩Q = (QA] ∩ (AQ].

Conversely, let x ∈ A. Using assumption and Lemma 2, we get

x ∈ A ∩Q(x) = (Q(x)A] ∩ (AQ(x)]

= ((Σx+ ((xS] ∩ (Sx])]A] ∩ (A(Σx+ ((xS] ∩ (Sx])]]

⊆ ((Σx+ (xS]]A] ∩ (A(Σx+ (Sx]]]

⊆ ((Σx+ xS]A] ∩ (A(Σx+ Sx]]

⊆ (ΣxA+ xSA] ∩ (ΣAx+ASx]

⊆ (xA+ xA] ∩ (Ax+Ax] ⊆ (xA] ∩ (Ax].

Hence, A is a quasi-pure k-ideal of S.

Theorem 14. A k-ideal A of an ordered hemiring S is bi-pure if and only if

A ∩B = (BAB] for every k-bi-ideal B of S.

Proof. Assume that A is bi-pure. Let B be a k-bi-ideal of S. If x ∈ A∩B, then
x ∈ (xAx] ⊆ (BAB]. So, A ∩ B ⊆ (BAB]. Clearly, (BAB] ⊆ A ∩ B. Hence,
A ∩B = (BAB].

Conversely, let x ∈ A. Using assumption and Lemma 2, we get

x ∈ A ∩B(x) = (B(x)AB(x)] = ((Σx+Σx2 + xSx]A(Σx+Σx2 + xSx]]

⊆ (ΣxAx] = (xAx].

Hence, A is a bi-pure k-ideal of S.

We use quasi-pure and bi-pure k-ideals to characterize ordered k-regularities
as the following two theorems.

Theorem 15. An ordered hemiring S is both left and right weakly ordered k-
regular if and only if every k-ideal of S is quasi-pure.
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Proof. Assume that S is both left and right weakly regular. Let J be a k-
ideal of S and let x ∈ J . By the right weakly ordered k-regularity of S, we get
x ∈ (ΣxSxS] ⊆ (ΣxSJS] ⊆ (ΣxSJ ] ⊆ (ΣxJ ] = (xJ ]. By the left weakly ordered
k-regularity of S, we get x ∈ (ΣSxSx] ⊆ (ΣSJSx] ⊆ (ΣJSx] ⊆ (ΣJx] = (Jx].
Hence, x ∈ (xJ ] ∩ (Jx] and thus J is quasi-pure.

Conversely, let a ∈ S. By assumption, we get that J(a) is quasi-pure. Using
Lemma 2 and Theorem 13, it turns out that

a ∈ J(a) ∩Q(a) = (Q(a)J(a)] ∩ (J(a)Q(a)] ⊆ (J(a)Q(a)]

= ((Σa+ aS + Sa+ΣSaS] (Σa+ ((aS] ∩ (Sa])]]

⊆ ((Σa+ aS + Sa+ΣSaS] (Σa+ (Sa]]]

⊆ (Σa2 +ΣaSa+ΣSa2 +ΣSaSa]

= (Σa2 + aSa+ Sa2 +ΣSaSa].

By Lemma 8(i), we obtain that S is left weakly ordered k-regular.
Using Lemma 2 and Theorem 13 again, it turns out that

a ∈ J(a) ∩Q(a) = (Q(a)J(a)] ∩ (J(a)Q(a)] ⊆ (Q(a)J(a)]

= ((Σa+ ((aS] ∩ (Sa])] (Σa+ aS + Sa+ΣSaS]]

⊆ ((Σa+ (Sa]] (Σa+ aS + Sa+ΣSaS]]

⊆ (Σa2 +ΣaSa+Σa2S +ΣaSaS]

= (Σa2 + aSa+ a2S +ΣaSaS].

By Lemma 8(ii), we obtain that S is right weakly ordered k-regular.

Theorem 16. An ordered hemiring S is ordered k-regular if and only if every

k-ideal of S is bi-pure.

Proof. Assume that S is ordered k-regular. Let J be a k-ideal of S and let
x ∈ J . By the ordered k-regularity of S, we have that x ∈ (xSx] ⊆ (xSxSx] ⊆
(xSJSx] ⊆ (xSJx] ⊆ (xJx]. Hence, J is bi-pure.

Conversely, let a ∈ S. By assumption, we get that J(a) is bi-pure. Using
Lemma 2 and Theorem 14, we obtain that

a ∈ J(a) ∩B(a) = (B(a)J(a)B(a)]

= ((Σa+Σa2 + aSa] (Σa+ aS + Sa+ΣSaS] (Σa+Σa2 + aSa]]

⊆ (ΣaSa] = (aSa].

Therefore, S is ordered k-regular.
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