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Abstract
In this paper, we extend the idea of fuzzy modules and uniform fuzzy
modules to the concepts of t-fuzzy modules and uniform ¢-fuzzy modules, re-
spectively. We give some characterizations and properties of ¢-fuzzy modules
and uniform t-fuzzy modules.

Keywords: uniform fuzzy modules, t-fuzzy modules, uniform t-fuzzy mod-
ules.

2010 Mathematics Subject Classification: 08A72, 03E72.

1. INTRODUCTION

The concept of fuzzy sets was introduced by Zadeh in 1965 [12]. Fuzzy set theory
has been developed by many mathematicians and these ideas have been applied to
other algebraic structures like semigroups, groups, rings, modules and so on. For
the theory of fuzzy groups first studied by Rosenfeld in 1971 [10] and formulated
the concept of fuzzy subgroups of group. Later on, the concept of fuzzy module
was introduced by Negiota and Relescu in 1975 [6] and this concept was also
studied by the authors like, Pan [7, 8] and Golan [4]. The concept of t-norm (i.e.,
triangular norm) was introduced by Dubois and Prade in 1978 [3]. Dheena and
Mohanraaj studied ¢-fuzzy ideals of rings in 2011 [2]. Ujwal and Helen studied
some properties of t-fuzzy essential ideals of rings in 2013 [11]. Rasuli studied
fuzzy modules over ¢t-norm in 2016 [9]. In this paper, we extend the notion of
fuzzy modules and uniform fuzzy modules to t-fuzzy modules and uniform t-fuzzy
modules, respectively and various properties are being investigated.
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2. PRELIMINARIES

This section explains some definitions and results that will be required in the
next sections. Throughout this paper, all rings are associative with identity and
all modules are unitary right R-modules and otherwise stated.

Definition [1]. Let S be a nonempty set. A function v : S — [0,1] is called a
fuzzy set in S (or a fuzzy subset of S).

Definition [1]. Let ¢ and v be fuzzy subsets of a nonempty set S. Then
1. p=vif and only if p(z) = v(x) for all z € S.
2. p is called a fuzzy subset of v denoted by u C v if u(z) < v(z) for all x € S.

If 4 C v and there exists x € S such that u(z) < v(z) then u is called a proper
fuzzy subset of v and written u C v.

Definition [12]. Let u1 and po be fuzzy subsets of a nonempty set S. We define

(11 N p2)(2) = min{p (x), p2 ()}
for all x € S.

Definition [9]. A fuzzy subset u of a right R-module M is called a fuzzy module
of M, if

L p(z —y) = min(u(z), p(y)) for all z,y € M,
2. p(zr) > p(zx) for all z € M and r € R,
3. u(f) =1 where 6 is the zero element in M.

A fuzzy subset a of u is called a fuzzy submodule of u, if « is a fuzzy module
of M.

Example 1. Consider Z, which is a right Z-module. Define u : Zy — [0, 1] by

1 ifx =0,
plz) =205 ifz =2,
0 otherwise

for all x € Zy4. It is clear that u is a fuzzy module of Z,.

Definition [11]. A mapping T : [0, 1] x [0,1] — [0, 1] is called a triangular norm
(t-norm) if and only if it satisfies the following conditions:
1. T(z,1) =T(1,z) = z for all x € [0, 1] (neutral element),
2. For all z,z*,y,y* € [0,1], if x > 2* and y > y* then T(z,y) > T(z*,y*)
(monotonicity),



ON PROPERTIES OF t-FUZZY MODULES AND UNIFORM t-FUZZY MODULES 305

3. T(z,y) =T(y,x) for all z,y € [0,1] (commutivity),
4. T(x,T(y,2)) = T(T(z,y), z) for all z,y,z € [0,1] (associativity).
Example 2 [11]. These are examples of t-norm.
1. The minimum t-norm (min t-norm), Tp,(z,y) = min(zx,y) for all z,y € [0, 1].
2. The product t-norm, T,,(x,y) = xy for all z,y € [0,1].
3. The Lukasiewicz t-norm, Trk(x,y) = max(z +y — 1,0) for all z,y € [0, 1].
4. The Drastic t-norm,
z ify=1,
Tp(z,y) =qy ifz=1,
0 otherwise
for all z,y € [0,1].
Proposition 3 [11]. Every t-norm T satifies the equality,
Tp(z,y) < T(x,y) < Tw(z,y) for all z,y €0,1]
and T(0,0) = 0.
Proposition 4. For a t-norm T, T(z,0) =0 for all x € [0,1].
Proof. Let x € [0,1]. Since T'(z,0) <T(1,0) and 7(1,0) =0, T'(z,0) =0. =

Definition [11]. A t-norm T is called an strictly t-norm, if for z1, x2,y1,y2 € [0, 1]
such that z1 < z9 and y; < yo then T'(z1,y1) < T(x2,y2).

Throughtout of this paper, a t-norm 7' is a strictly t-norm.

Proposition 5. Let T be a t-norm. If z,y € [0,1] such that T(xz,y) > 0 then
x>0 andy > 0.

Proof. Let z,y € [0,1] such that T'(x,y) > 0. Since 0 < T'(x,y) < T'(z,1) = =z,
x > 0. Similary, y > 0. [

Definition [9]. Let T be a t-norm. A fuzzy subset p of a right R-module M is
called a t-fuzzy module, if

L op(z —y) > T(u(x), py)) for all z,y € M,
2. p(zr) > p(z) for all z € M and r € R,
3. u(f) =1 where 6 is the zero element in M.

A fuzzy subset « of u is called a t-fuzzy submodule of pu, if a is a t-fuzzy module
of M with the same norm.
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Definition [11]. Let u and A be fuzzy subsets of a nonempty set S. A fuzzy
subset © A A is defined as (u A A)(z) = T'(u(x), A\(x)) for all z € S.

Lemma 6. Fvery fuzzy module of a right R-module M is a t-fuzzy module.

Proof. Let u be a fuzzy module of a right R-module M and z,y € M. Since

plz —y) > min{u(x), w(y)} = Tn(p(e),uly)) = T), wy)), ple —y) >
T(u(x),u(y)). For the second and the third condition follow from definition.

Therefore p is a t-fuzzy module of M. [

Definition [1]. Let S be a nonempty set and p a fuzzy subset of S. Define p*
by

p'=A{z €S| px)> 0}
Proposition 7 [9]. Let M be a right R-module. If u is a t-fuzzy module of M
then

o= {z € M| u() = 1}

is a submodule of M.

Remark 8. Let u be a t-fuzzy module of a right R-module M. For s € (0, 1],
define

o = {z € M | ux) > s}.
But us need not to be a submodule of M.
Example 9. Consider (Zg,+) which is a right Z-module. Define u : Zg — [0, 1]
by
1 if £ =0,
uw(x) =<05 ifx=2,3,4,
0.2 otherwise

for all « € Zg. Then p is a t-fuzzy module of Zg under the norm 7}, where 7T}, is
the product t-norm but pg 5 is not a submodule of Zg.

Lemma 10. Let M be a right R-module. If p is a t-fuzzy module of M then u*
s a submodule of M.

Proof. Since u(0) =1, u* # @. Let x,y € pu* and r € R. Then u(x), u(y) > 0
and p(z —y) > T(u(x),u(y)) > 0. So x —y € p*. Since u(rz) > u(x) > 0,
rz € p*. Therefore p* is a submodule of M. [

Lemma 11. Let pu be a t-fuzzy module of a right R-module M. Then p* # {0}
if and only if u # xo-

Proof. 1t is clear. u
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Definition [1]. Let f be a mapping from a nonempty set M into a nonempty
set N and pu, v fuzzy sets in M, N, respectively. The image of p denoted by f(u)
is the fuzzy set in N defined by

F) () = {sup{u(Z) lze fTH )} i) £,

0 otherwise

for all y € N where f_l(y) ={xeM| f(x)=y}
The inverse image of v denoted by f~(v) is the fuzzy set in M defined by

Flw)(z) = v(f(z)) forall z € M.

Definition [9]. Let M, N be right R-modules and u,v t-fuzzy modules of M
and NV, respectively. An R-homomorphism f: M — N is called a t-fuzzy module
homomorphism from p into v, if u(x) = v(f(x)) for all x € M (denoted by
f:p— vis a t-fuzzy module homomorphism from g into v).

Proposition 12. Let M and N be right R-modules. If f : M — N is an R-
homomorphism then f(xo0,,) = Xoy -

Proof. Since f(0p) = On, (XOM)(O
Xoy (On). Let y € N\ {0n}. If f71(y
fﬁl(y) 7é g, f(XOJ\/I)(y) Sup{XOJ\/I (Z)

N) = Sup{XOM( ) ’ € f- ( )} =1=
) = @ then f(xo0,)(¥) =0 = xoy(y). For
lze fH(y )}_O_XON(ZJ)- m

3. t-FUzzY MODULES

In this section, we will give some characterizations and properties of t-fuzzy
modules.

Lemma 13. Let A be a submodule of a right R-module M and p a t-fuzzy module
of M. Define fig : M — [0,1] by

fale) = {u(w) if o €A,

0 otherwise

for allx € M. Then fia is a t-fuzzy module of M.
Proof. Let x,y € M and r € R.

(1)
L1,z € Aandy € A fia(z —y) = ple —y) = T(uw(@), u(y)) = T(ia(z),
fa(y))-
12, ¢ Aand y € A. fia(z —y) > 0="T(0,u(y)) = T(fra(z), 1a(y))
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1.3. x € Aand y ¢ A. It is similar to the case 1.2.

14. z¢ Aandy ¢ A. fia(z —y) 20="T(0,0) = T(pa(z), 1a(y)).
@)

2.1. z € A. Then ar € A and fia(zr) = p(zr) > p(x) = ga(x).

22. o ¢ A. Then fia(zr) > 0= fa(x).

(3) Since 0 € A, fia(0) = p(6) = 1.
Therefore fi4 is a t-fuzzy module of M. |

Theorem 14. Let M, N be right R-modules and p,v t-fuzzy modules of M and
N, respectively. For a monomorphism f: M — N, we have

1. f:Xoy — Xon @8 the t-fuzzy module homomorphism from xo,, into Xoy -

2. If a is a t-fuzzy submodule of u and f: p — v is a t-fuzzy module homomor-
phism from p into v then f(a) is a t-fuzzy submodule of v and f : a — f(«)
is a t-fuzzy module homomorphism from « into f(«).

3. If a is a t-fuzzy submodule of p such that o # xo,, then f(o) # Xoy -

Proof. 1. xoy(f(0m)) = X ~(On) =1 = X0, (0rr). Let & € M\ {Op}. Then
f(z) # Oy and Xoy (f (@) = = Xou (@)-
2Lety€N1fl()—®thenf( )(y) =0 < wv(y). If f~1(y) # @ then
F(@)() = alf 1)) < ulf @) = v(F(F~'()) = v(v). By (9], Proposition
3.6), f(«a) is a t-fuzzy submodule v. Let x € M. f(a)(f(x)) = sup{a(z) | z €
“(f(x))} = a(x). Hence f : @ — f(a) is a t-fuzzy module homomorphism
from « into f(a).
3. Suppose £(a) = xoy. Let & € M. Thena(z) = £(a)((z)) = xoy (f(z)) =
X0,, (). Hence o = xo,, - ]

Theorem 15. Let M and N be right R-modules. For u,v are t-fuzzy modules of
M and N, respectively.

1. If f : p — v is a t-fuzzy module homomorphism from u into v then f~1(v) =
1

2. If a is a non-zero t-fuzzy submodule of v, f : M — N is an epimorphism
and f : p — v is a t-fuzzy module homomorphism from u into v then f~1(a)
s a non-zero t-fuzzy submodule of .

3. If f: M — N is an isomorphism and f : u — v is a t-fuzzy module homo-
morphism then f(u) = v.

4. If f: M — N is a monomorphism and f(u) = v then f: u — v is a t-fuzzy
module homomorphism from p into v.

Proof. 1. Let x € M. Then u(z) = v(f(z)) = f~1(v)(z).
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Suppose that f~'(a) = xo,. Then a(Oy) = a(f(0m)) = fH(a)(0m) =
X0, (0a7) = 1. Let y € N\ {On}. Since f is an epimorphism, there exists z € M
such that y = f(z). Note that z # 0p;. Then a(y) = a(f(x)) = fHa)(z) =
X0, () = 0. Thus o = xo,, which is a contradiction. So f~(a) # xo,,. Let

(
z € M. Since f~H(a)(z) = a(f(z)) < v(f(z)) = p(z), f'(a) € p. By [9],
f~Ya) is a t-fuzzy submodule of p.
2. Let y € N. Since f is an epimorphism, there exists x € M such that

y = f(x). Then f(u)(y) = f(u)(f(x)) = p(x) = v(f(2)) = v(y).
3. Let x € M. Then v(f(z)) = f(p)(f(z)) = p(z). |

Proposition 16. Let M, N be nonempty sets and «, 8 fuzzy sets of M. If f :
M — N then f(anNp) = fla)A f(B).

Proof. Let f: M — N and y € N. For the case f~!(y) # 2,

flanB)(y) = sup{(anB)(z) |z € F(y)}
= sup{T(a(2), B(2)) | z € F ()}
= T(sup{a(z) | z € FH(y)},sup{B(2) | = € f~'(y)})
= T(f() (), F(B)(y))
= (f(@) A F(B)(y

N(Y)-
For the case f~1(y) = @, f(aAB)(y) = 0 = (f(a)Af(B))(y). Therefore f(anB) =
fla) A F(P). u

Proposition 17. Let M, N be nonempty sets and «,f fuzzy sets of N. If
f:M — N then f~Ya AB) = f1a)A fHB).
Proof. Let f: M — N and x € M. Then

T anB) (@) = (anp

Therefore f~1(a A B) = f~a) A f71(B). ]

Lemma 18. Let S be a nonempty set. If o and B are fuzzy sets of S then
(aNB)* =a*Np*.

Proof. Let o and § be fuzzy sets of S. Since T},;, is the maximum ¢-norm,
aNB Canp. By [1], (¢ AB)* C (anpP)" =a*NP*. Let x € a* N G*. Then
z € of and ¢ € B*. So a(z) > 0 and S(z) > 0. Since T is strictly t-norm,
(a A B)(x) = T(a(z),B(x)) > T(0,0) = 0. We have z € (o A 8)* and hence
a* N [* C (a A B)*. Therefore (a A B)* = a* N G*. ]
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Lemma 19. Let M be a right R-module. For submodule A of M, x A is a t-fuzzy
modules of M.

Proof. By [1] and Lemma 6. |

4. UNIFORM t-FUZZY MODULES

This section introduces the concept of uniform t-fuzzy module. Firstly, we recall
the definition of essential ¢-fuzzy module.

Definition [5]. Let p be a non-zero t-fuzzy module of a right R-module M. A
non-zero t-fuzzy submodule A\ of u is called an essential t-fuzzy submodule of p,
if A\ a # xo for all nonzero t-fuzzy submodule « of p.

Definition. A non-zero t-fuzzy module p of a right R-module M is called a
uniform t-fuzzy module of M, if every non-zero t-fuzzy submodule a of u is an
essential ¢-fuzzy submodule pu. Equivalently, p is a uniform t-fuzzy module of M,
if for non-zero t-fuzzy submodules o, 5 of 1, a A 8 # Xo.

Theorem 20. Let p be a fuzzy module of a right R-module M. If u is a uniform
fuzzy module of M then i is a uniform t-fuzzy module of M.

Proof. Suppose that p is a uniform fuzzy module of M. By Lemma 6, u is a t-
fuzzy module of M. Let o and 8 be non-zero t-fuzzy submodules of ;. By Lemma
10, Lemma 11 and ([1], Proposition 3.24), o* and $* are non-zero submodules of
w*. By ([1], Theorem 3.7), p* is a uniform submodule of M and hence a*Nj5* # 0.
By Lemma 18, (& AS)* # 0. By Lemma 11, oA 8 # xo. Therefore p is a uniform
t-fuzzy module of M. [ |

Theorem 21. Let M be a right R-module and p a non-zero t-fuzzy module of
M. Then p is a uniform t-fuzzy module of M if and only if p* is a uniform
submodule of M.

Proof. Suppose that p is a uniform t¢-fuzzy module of M. Let A and B be
nonzero submodules of p*. By Lamma 13, fi4 and fip are nonzero t-fuzzy sub-
modules of p. Since p is a uniform t-fuzzy module of M, fig A fip # xo. Then
(fia N )" # 0. So 0 # (fa A fig)* = (fa)" N (kB)* € AN B, ANB # 0.
Therefore p* is a uniform submodule of M. Conversely, suppose that u* is a
uniform submodule of M. Let o and 8 be non-zero t-fuzzy submodules of pu.
Then o* and 8* are non-zero submodules of p*. Since u* is a uniform module of
M, a*NpB*#0. But (e« AB)* =a*NG* (aAB)" #0. SoaA B # xo. Therefore
1 is a uniform t-fuzzy module of M. [
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Corollary 22. Let M be a right R-module and pu a non-zero t-fuzzy module of
M such that py # 0. If p is a uniform t-fuzzy module of M then py is a uniform
submodule of M.

Proof. By Theorem 21, u* is a uniform submodule of M. Since pu, is a submodule
of p*, py is a uniform fuzzy submodule of M. [ |

Theorem 23. Let p be a t-fuzzy module of a right R-module M and A a non-zero
submodule of M. Then A is a uniform submodule of M if and only if fia is a
uniform t-fuzzy module of M.

Proof. Suppose that A is a uniform submodule of M. By Lemma 13, fi4 is a
t-fuzzy module of M. Let o and [ be non-zero t-fuzzy submodules of fi4. So
o and B* are non-zero submodules of A. Since A is a uniform submodule of
M, a*Np*#0. Thus 0 # o* N B* = (a A B)*. Then a A B # xo. Therefore
ii4 is a uniform t-fuzzy module of M. Conversely, suppose that fi4 is a uniform
t-fuzzy submodule of M. Let C, D be non-zero submodules of A. So jic, ip are
non-zero t-fuzzy submodules of fi4. Since fi4 is a uniform t-fuzzy module of M,
fic N fip # xo. But (fic A fip)* = (k)™ N (Ap)*, (ke)* N (Ap)* # 0. Hence
0# (e)* N (aip)* € C N D. Therefore A is a uniform submodule of M. |

Corollary 24. Let M be a right R-module and A o submodule of M. Then A is
a uniform submodule of M if and only if x4 is a uniform t-fuzzy module of M.

Proof. Suppose that A is a uniform submodu/lg/of M. By Lemma 19, xas is
a uniform ¢-fuzzy module of M. Since xa = (xar), and Theorem 23, x4 is a
uniform ¢-fuzzy module of M. Conversely, suppose that x4 is a uniform t-fuzzy
module of M. Since x4 is a uniform t-fuzzy module of M and by Theorem 21,
(x4)* is a uniform submodule of M. But (xa)* = A and hence A is a uniform
submodule of M. [

Theorem 25. Let p be a uniform t-fuzzy module of a right R-module M. If A
i a non-zero t-fuzzy submodule of p then A is a uniform t-fuzzy submodule of 1.

Proof. Let X be a non-zero t-fuzzy submodule of u. Let a and 8 be non-zero
t-fuzzy submodules of A\. So a and  are nonzero t-fuzzy submodule of . Since
1 is a uniform ¢-fuzzy module of M, a A 8 # xo. Therefore A is a uniform t-fuzzy
submodule of . n

Corollary 26. Let o and S be non-zero t-fuzzy modules of a right R-module M.
If « is a uniform t-fuzzy module of M then o A B is a uniform t-fuzzy module

of M.

Proof. 1t is clear. u
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Theorem 27. Let p,v be t-fuzzy modules of right R-modules M and N, respec-
tively. If f : M — N is an R-homomorphism from M into N and p is a uniform
t-fuzzy module of M then v is a uniform t-fuzzy module of N.

Proof. Let o and 3 be non-zero t-fuzzy submodules of v. Then f~!(a) and
f~1(B) are non-zero t-fuzzy submodules of . Since y is a uniform ¢-fuzzy module
of M, f~H(a) A FH(B) # Xou- But fHaAB) = F7H(a) A fB), F (e A B)
# X0 Since xon # f(f N aAB) CaAB, aAB # xon- Therefore v is a
uniform ¢-fuzzy module. [ |

Theorem 28. Let u,v be t-fuzzy modules of right R-modules M and N, respec-
tively. If f : M — N is an isomorphism from M into N, f : u — v is a
t-fuzzy module homomorphism and v is a uniform t-fuzzy module of N then p is
a uniform t-fuzzy module of M.

Proof. Let o and 8 be non-zero t-fuzzy submodules of . Then f(«) and f(3)
are non-zero t-fuzzy submodules of v. Since v is a uniform t-fuzzy module of

N, £(@) A £(8) # Xoy- Since f(a A B) = f(a) A F(8), FlaA B) # Xoy. Then
a A B # Xo,,- Therefore p is a uniform ¢-fuzzy module of M. [
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