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Abstract

Let L be a Lie algebra. A derivation « of L is a commuting derivation
(central derivation), if a(z) € Cr () (a(x) € Z (L)) for each z € L. We
denote the set of all commuting derivations (central derivations) by D (L)
(Der, (L)). In this paper, first we show D (L) is subalgebra from derivation
algebra L, also we investigate the conditions on the Lie algebra L where com-
muting derivation is trivial and finally we introduce the family of nilpotent
Lie algebras in which Der, (L) = D (L).
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1. INTRODUCTION
Let G be a group, and let Aut(G) be the group of all automorphisms of G. Let
A(G) ={a € Aut(G)|zra(z) = a(z)x for all z € G}.

Any element of this set is called a commuting automorphism. This definition was
first considered for rings (see [1, 5, 10]).
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The following question was raised by Herstein in [8]: Under which conditions
A(G) = {1}? he find if G is a simple nonabelian group, then A(G) = {1}.
Afterward, Laffey [9] and Pettet [12] separately extended the result of Herstein.
Deaconescu, Silberberg, and Walls in [3] showed that A (G) is not generally a
subgroup of Aut(G) for example see page 425. They raised this question: In
which family of groups, A (G) is a subgroup of Aut (G)? For more information,
we refer to [4, 6, 16].

In this paper, we work on the structure of Lie algebras and their derivations,
in the first we introduce derivation of a Lie algebra. Suppose L be a Lie algebra
over an arbitrary field F' with bracket [—, —], a Linear transformation o : L — L
is a derivation when we have a ([x,y]) = [a(x),y] + [z, a(y)] for all z,y € L. The
set of all derivations L denote by Der(L) that itself forms a Lie algebra over field
F. We define

D(L)={a€ Der(L)| a(x) € Cr(x) forallze L},

where C7, (x) is the centralizer of x in L, and each element of the above set is called
commuting derivation. The study of the commuting derivations for this reason
is interesting that in spite of this in groups A(G) is not generally a subgroup
from Aut(G) but in Lie algebras D (L) is always a subalgebra of Der(L) also we
answer this question under what conditions D (L) = {0}.

A derivation « of a Lie algebra L is called a central derivation if its image
is contained in the center of L. The set of all central derivations is denoted by
Der,(L). It is easy to see that Der,(L) is an ideal of Der (L). A Lie algebra L is
called Heisenberg when L? = Z(L) and dimL? = 1. Heisenberg Lie Algebras are
from odd dimension. Such algebras denote by H (k) wherein dimH (k) = 2k+1 for
all £ € N. Now, the question arises as to whether Der,(L) = D(L), in following
we give the example that always this is not going to happen.

Example 1.1. Consider the Lie algebra H (1), which has the following represen-
tation:
H(l) = <x179€279€3\ [361,362] = w3>.

For the Lie algebra H (1), the matrix representations each element of Der, (H (1))
and D (H (1)) are as the following forms, respectively:

0 0 O

0 0 O
agy azy 0
a11 0 0
0 a1 0

a3] a3z 2011

As we can see Der, (H (1)) < D (H (1)) and the equality does not hold in general.



ON EQUALITY OF CERTAIN DERIVATIONS OF LIE ALGEBRAS 155

For each Lie algerba L, Der, (L) C D (L) C Der (L). Therefore another
interesting question that arises is that in what kind of Lie algebras equal are
happening? (i.e., Der,(L) = D(L)). Moreover, Der, (L) = D (L) = Der (L)
whenever L is an abelian Lie algebra. To see properties of ideal Der, (L) of
Der (L), we refer to [13, 14, 15].

Let L be a Lie algebra, and consider the set

Ry (L) ={z € L|[[z,y],y] =0 for all y € L}

of right two-Engel elements of L.

Throughout the paper, we will use the following notion. Given a Lie algebra
L, the upper and the lower central series of L are denoted by Z;(L) and L/
respectively. The nilpotency class of Lie algebra is denoted by ¢l (L). If L is an
n-dimensional nilpotent Lie algebra of class m, we will write cocl (L) = n — m.
A Lie algebra L of dimension n is filiform if dimL! = n — i (2 <i<n). For
these algebras, we have cocl (L) = 1. De Graaf [7], Cicalo and et al. [2] classify
nilpotent Lie algebras from dimension at most six. They display such algebras
in the form of L,, ; wherein n is dimension of L and k is its index among the
nilpotent Lie algebras with dimension n.

In this paper, we prove Ry (L) and D (L) have the Lie algebra structure;
besides, we show that both of them are strictly related together. If Der, (L) =
{0}, maybe D (L) # {0}. In the second section we study some properties of Ry (L)
and D (L), and then we find the relation between them. Afterward, we expose
the conditions under which Der, (L) = {0} implies D (L) = {0}. In section 3, we
find a family of nilpotent Lie algebras L such that Der, (L) = D (L).

2. SOME PROPERTIES OF Rs(L) AND D(L)

In this section, we state some fundamental facts which will use in what follows.
For instance, we show that D (L) is a Lie subalgebra of Der (L). After that, we
assert some properties of Ry (L) and D (L).

Let L be a Lie algebra. Given z € L, ad,, i.e., ad,(—) = [z, —] is an inner
derivation of L induced by z, and the set of all inner derivation of L is denoted
by ad (L), which is an ideal of Der (L). Evidently, x € Ry(L) if and only if
ady € D (L). Hence from (ii) next lemma it directly follows that Ro(L) is a Lie
subalgebra of L.

Lemma 2.1. Let L be a Lie algebra.
(i) If « € D(L) and z,y € L, then [a(z),y] = [z, (y)].
(ii) D (L) is a Lie subalgebra from Der(L).

(i) Under each derivation of L, Ro(L) is invariant.
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Proof. (i) According to the definition of D (L), we have [ (z —y),x — y] = 0.
Thus [« (), y] = [z, e (y)]-

(ii) If the characteristic of field is 2 then (ii) follows directly from (i), let
a€D(L)and x,y € L, if [z,y] = 0 (and characteristic of field is not 2), then we
have

0=a([z,y]) = o), y] + [z, a(y)] = 2[a(),y]

where last equality occur by (i), now if «, 5 € D (L) then we get [a(8(x)),z] =0,
since [(z),z] = 0. Similarly [8(a(z)),z] = 0, and so

0=a(0)=a(lyl,yl)
= [a([z,9]) ¥l + [[z,9], a (¥)]
= [l (@), 9], 9] + [l a (W) o] + ([, 9] e ()]
= [lor(@), 9], 9] + [ads (@ () 4] + [ads (y) o (y)]
= [l (@), 9], 9]+ [a (y) , adz (y)] = [ (y) , ade ()]
= [l (@), 9], 9],
which means a (x) € Rs (L), and the proof is completed. ]

Lemma 2.2. Let L be a Lie algebra over a field F', and let o € D (L). Then
(i) a (L) is a Lie subalgebra of L.

(i) a (L) < Ry (L),
(iif) [a(2), [y, 2]] = [ (y), [, 2] for each 2,y,z € L.
(iv) If F has characteristic not 2, then a (L) < Ry (L) (N Cr (L?).

Proof. (i) Let x,y € L, then

Whence
[ (z) @ (y)] = o (1/4[z,y]).

Thus [a (z),a (y)] € o (L). The fact that o (L) < « (L) finishes the proof.
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(ii) By Lemma 2.1(i), for each z,y € L, we have

Consequently,

(iii) We have
[[z,9], a (2)] = adjy ) (o (2))

(2.1) = [adx7ady] (a(2))
= ady o adyy) (2) — ady © ady(z) (2) -

On the other hand, by the Jacobi identity, we can write

[a([z,9]), 2] = [[e(z) 9], 2] + [z, (y)], 2]
= adja(z) 4] (2) + adjza(y)) (2)
= ady(z) 0 ady (z) — ady o ady(y) (2)
+ ady o adyy) (2) — adyy) © ady (2) -

(2.2)

Lemma 2.1(i) implies that (2.1) and (2.2) are equal; so
ady(z) © ady (2) = ady(y) © ady (2) ,

which means that
[a(2),[y,2]] = [a(y), [z, z]].

(iv) By the part (iii), we have, for each z,y,z € L,

[ (2), [y, 2]] = [ (y) , [, 2]]
= [z, a(ly, 2])] = [y, e ([, 2])]
= 2[z, ([a(y), 2])] = 2[[z,  (2)] 9]
= [z, ([y,a )] = [l (2), 2], y] = = [y, [ (2) , 2]}

The Jacobi identity implies that

[z, (ly,a ()] = = [a (2), [2,9]] = [v; [a (2) , ],

so [a(z2),[z,y]] = 0.

157
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In the following lemma we give some properties of the elements of D (L).

Lemma 2.3. Let L be a Lie algebra over the field F', and let o, 5 € D (L).
(i) [c, 8] kills all the elements in L*.
(ii) If the characteristic of F is not equal to two, then |o, 8] € Der, (L).

Proof. (i) It is enough to prove that af ([z,y]) = fa ([z,y]) for each z,y € L.
One can see that

So
[af (2),y] — [Ber (2) , 4] = [, B (y)] = [z, Ba (y)]
2[6 (2), a(y)] = 2[a(z), B (y)]
2 [, B] () 9] = 0.
The result follows from the fact that char (F) # 2. ]

Theorem A. Let L be a Lie algebra. Then D (L) is an ideal of Der (L).

Proof. Assume that a« € D (L), 8 € Der (L), and x € L. Therefore,

[[a, B] (), 2] = [ (2) , 2] — [Bex (2) , ]
= [B(2),a ()] + [z, fa(z)]
=Bz, a(x)]
= £(0)

In the following, we aim to find the conditions under which Der, (L) = {0}
implies D (L) = {0}.

Theorem B. Let L be a Lie algebra over the field F' with no nonzero central
derivations. Then D (L) = {0} if and only if Ry (L) = Z (L). Moreover, if L is
a perfect Lie algebra (L = L*) and char(F) # 2, then Ry (L) = Z (L).
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Proof. 1t D (L) = {0}, then Ry (L) = Z (L) since ad (L) D (L) = X, Now,
if Ry (L) = Z (L), then, by Lemma 2.2(ii) a(L) < Z(L) then, D (L) C Der, (L),
and so D (L) = {0}. In addition, if L = L? and since central derivations vanish
the elements in L2, then Der, (L) = {0}. On the other hand, by Lemma 2.2(iv)
Cr(L?) = CL(L) = Z(L) then o(L) < Z(L). Since Der,(L) = {0}, D(L) C
Der, (L). Thus D (L) = {0}, and therefore Ry (L) = Z (L). ]

As direct consequences of above theorem, we have the following corollaries.

Corollary 2.1. Let L be a Lie algebra such that Z (L) = {0} and D (L) # {0}.
Then R (L) # {0}.

Corollary 2.2. Let L be a Lie algebra such that Ry(L) = {0}. Then Ry(Der(L))
= {0}

Proof. First we claim that if L is a Lie algebra such that Z (L) = {0}, then
Ry (Der (L)) € D(L). Actually, if @ € Ry (Der (L)), then adjq(y).4] = [[c, ad.],
adz] = 0 for each € L. On the other hand, Z (L) = {0} implies that o € D (L),
and so the claim is valid. Now, if Ry (L) = {0}, then Z(L) = {0} and thus
D (L) = {0}. On account of the previous theorem, hence Ry (Der (L)) = {0}. =

Example 2.1. Let L is a ten-dimensional Lie algebra generated by {x1, 9, z3, ...,
x10} and the nonzero brackets between basis elements are [z1, x2] = 29, [x1, 23] =

—2w3, (21, 4] = 3x4,[T1,75] = x5,[T1,76] = —w6, [21,27] = —3w7,[21,28] =
xg, (1, 9] = —xg, (T2, 3] = x1, [x2, T5] = 3x4, [T2, T6] = 2x5, [X2, 7] = w6, [3, T4]
= x5,[r3,25] = 226, [r3,26] = 327 and [2g,79] = x19. Then L? = L and

Z(L) = Ry(L) = (x10) and the matrix representation each of element in Der(L)
is as following;:

0 0 0 0 0 0 0 0 0 0

0 22 0 0 0 0 0 0 0 0

0 0 —a2 0 0 0 0 0 0 0
3as3 §0442 - %Oé43 44 0 0 0 0 0 0

0 5052 a3 0 44 — 22 0 0 0 0 0

0 g2 0 0 0 Qg4 — 20022 0 0 0 0
—3ag2  —3or 0 0 0 0 oug — 3oz 0 0 0

0 0 0 0 0 0 0 asgs —agg 0

0 0 0 0 0 0 0 —aogsg g9 0

0 0 0 0 0 0 0 0 0 agg + ago |

A simple verification shows that Der,(L) = {0}, thus D(L) = Ra(Der(L)) = {0}.

3.  THE FAMILIY OF NILPOTENT LIE ALGEBRAS IN WHICH Der,(L) = D(L)

Let X, ., be the family of n-dimensional nilpotent Lie algebras L such that

cocl (L) = m and dim L"™™ = m and X = {J, >3 ,ucp Xnm- So we have two
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chains below
LQL2 QL?’ ... QLn—m 2Ln—m+1 :{0}

{0} C Z(L)C Zo(L) C Z3(L) C -+ C Zpym—-1(L) C Zp—n(L) =

If L € X, then exist n,m such that L € X, ,, and dim L' =n—i (2 <i<n—m)
and dimZ; (L) = j+m—-1(1<j<n—-m-—1);s0 L"™ = Z(L). Put F =
Upss X1 denote all filiform Lie algebras, then F is in X.

In this section, we prove that all Lie algebras in X satisfy in the condition
Der, (L) =D (L) except H (1). Let L be an n-dimensional Lie algebra with the
ordered basis {z1,...,2,} and a € gl (L). If we put o (x;) = >, ajjz; for all
1 <i < n, then « has the following matrix representation:

app Q1 - Olp
Qo1 Qg Q2n
apl Qp2 -+ Opp

Proposition 3.1. Let L € X, and let I be an ideal of L and suppose that dim% =
r where2<r<n—-—m. Then I =1".

Proof. Since (%)r = 0z, we have L™ C I. On the other hand, r = dim% =
I

dim% which means I = L". []

Assume that A and B are two Lie algebras, then T'(A, B) is the set of all
Linear transformations from A to B.

Definition 3.1. Let L be a nilpotent Lie algebra and dimension n > 4. We defin
two-steps centralizer C; for all 2 < i < n — 2 as follows

Ci=Cp (L'/L"™"?) ={z € L|[z,y] € L' Vye L'}

Proposition 3.2. Let L € X. Then Cy = C, (L2/L4) is a maximal subalgebra
of L.

Proof. One can see that
(1) LDCy,DI?DL*D--- DL ™D ™ = {0},
Let us consider the following map:

¢:L—T(L*/L3 L3/L*)
T = g,

where
Ve L?/L3 — L3/ L*
y+ L3~ [z,y] + L*.
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It is easy to check that ¢ is a Lie homomorphism and keriy = Cs. So L/Cy =
Ima), consequently dim(L/Cs) < dimT (LZ/L?’,L3/L4) =1, since L € X, we
have dim(L/C5) = 1; so dimCy = n — 1 and L? < Cs. |

Theorem 3.1. Let L € X and x ¢ Cy. Then Cp, (z) = (z) + Z(L).

Proof. According to the sequence (1), we put Py = L, P, = Cy and P,
LP(2 <i<n—m). Therefore, dimP; = n —i and dim(P;,_1/P;) = 1(1 < i
n — m), where P,_,, = Z(L). Now suppose xg = z hence we have P;,_;
(Ti—1,%iy. - Tp—-1), where z; = [x;—1,2] and 2 < i < n—m. We have L =
(x, Py). Assume that y € Cr, (z). So there exist «,a1,...,a,-1 € F such that
y=ar+ax1+ -+ ap_1T,_1. Besides

/Al

['Iay] =« [$,$] +a [xyxl] + ot apomet [xyxnfmfl]
+ ap—m [.Z',.Z'n_m] + -+ ap [.Z',.Z'n_l]

=012+ T3+ -+ Anem—1Tn—m T On—mTn—m+1 + -+ Qpn—12n.

Since [x,y] =0, Tp—m, ..., Tn—1 € Z(L) and [z, x;_1] # 0 for 2 < i < n—m, then
a1 =ag ="+ = Qp_m-1 = 0, consequently, y € (x, Z(L)) . [

Corollary 3.1. Let L be a filiform Lie algebra, and let © ¢ Cy. Then Cr (z) =
() + Z(L).

As we mentioned previously, for each Lie algebra, we have Der, (L) < D (L).
The following example shows that the equality also occurs.

Example 3.1. Assume that L5 g is a five-dimensional nilpotent Lie algebra with
the ordered basis {x1,z2,...,25} and its nonzero brackets are as follows:

[x1,20] = x3, [71,23] = 24 and [z9, 23] = 5.

We have L? = (x3,24,25), L3 = (24,25) and L* = {0}, then coclass (L)=2
and dimL' =5—i for all 2 < i < 5—2, also Z(L) = (w4, 25), Zo(L) = (3,74, 75)
and Z3(L) = L, thus dimZ;(L) = j+2—1forall 1 < j <5—2— 1, therefore
LeXx.

By a simple calculation, we can show that the matrix representations of each
element in Der, (L) and D (L) are equal and have the following form:

0 0 0 0O
0 0 0 0O
0 0 0 0 0f;
41 (42 0 0 0
a51 (G52 0 0 0

so Der, (L) =D (L).
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Remark 3.1. Only non-abelian nilpotent Lie algebra of dimension n that n < 3 is
H(1), where H(1) € X but in Example 1.1 is shown that Der,(H (1)) # D(H(1)).

The following theorem, which is the main result of the paper, shows that for
each L € X, Der, (L) =D (L).

Theorem C. Let L € X be a Lie algebra of dimension n = 4 over the filed F
and char(F) # 2. Then Der, (L) =D (L).

Proof. First we express that in nilpotent Lie algebras we have ¢(L) = L? wherein
©(L) is Frattini subalgebra of L [11]. Assume that x € L\Cy and that 21 € Co\ L.
Therefore, L = (z,z1), and, for each a € D (L), we have o (x) € Cf, (x). Hence
by Theorem 3.1, there exist a scalar t € F' and z € L™ such that a () = tx+z.
We claim that ¢ = 0, otherwise, by Lemma 2.2(iv) « (z) € Cf, (L?), and therefore

0= [a(z), [z, z]]
= [t + z, [z, 21]]
=1 [.’L’, [.’L’, xl]] )
which means L3 = 0 and dim L = 3. So L = H (1), and therefore we have a con-
tradiction; so « (z) € L™ ™. On account of Lemma 2.1(i), we have [« (x1),2] =

[z1, @ (z)], namely, a(x1) € Cr (z). Similarly, o (z1) € L™ ™, and therefore
a € Der, (L). ]

We are emphasizing that in the above theorem the condition dim L™~ =m
is necessary. To illustrate, consider the following example.

Example 3.2. Assume that Ls 5 is a five-dimensional Lie algebra with the base
{z1,...,x5} and its nonzero commutators are as follows:

[z1, 2] = @3, [71, 23] = 25 and [w2, 24] = ws.
Evidently, cocl (L) = 2 and dim L"~™ = dim L3 = 1. By a simple calculation, we
can show that the matrix representation of each element of D (L) is as follows:

0 0 0 0 0

0 0 0 0 0

0 —0g1 0 0 0 ,
41 0 0 0 0
a1 as2 —ay asg 0

while the matrix representation of Der, (L) is as follows:

0 0O 0 0 O
0 0O 0 0 O
0 0O 0 0 O
0 0O 0 0 O
asy asy 0 asqg O
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Corollary 3.2. Let L be a filiform Lie algebra of dimension n > 4 over the field
F with char(F) # 2. Then Der, (L) =D (L).

The reader should notice that the converse of the above theorem is not true.
To this end consider the following example.

Example 3.3. Assume that Lg 19 is a six-dimensional Lie algebra with the base
{z1,...,26} and its nonzero brackets are as follows:

[x1, 2] = x3, [71,23] = 26 and [24, 5] = 6.

By a simple calculation, we can show that the matrix representations of each
element in Der, (L) and D (L) are equal and have the following form:

[ 0 0 0 O 0 O]
0 0 0 O 0 O
0 0 0 O 0 O
0 0 0 O 0 O
0 0 0 O 0 O
lagr ag2 0 apgs ags 0]
while L ¢ X.
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