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Abstract

In this paper, as a further generalization of ideals, we introduce the
notion of bi-interior ideal as a generalization of quasi ideal, bi-ideal and
interior ideal of I'-semiring and study the properties of bi-interior ideals of
I'-semiring. We prove that if M is a field I'-semiring, then M is a bi-interior
simple I'-semiring.
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1. INTRODUCTION

In 1995, Murali Krishna Rao [10-14] introduced the notion of a I'-semiring as
a generalization of a I'-ring, ring, ternary semiring and semiring. The notion
of a semiring was first introduced by Vandiver [24] in 1934 but semirings had
appeared in earlier studies on the theory of ideals of rings. A universal algebra
(S, 4+, ) is called a semiring if and only if (S,+), (S, -) are semigroups which are
connected by distributive laws, i.e., a(b+ ¢) = ab+ ac, (a + b)c = ac + be, for all
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a,b,c € S. In structure, semirings lie between semigroups and rings. Historically
semirings first appear implicitly in Dedekind and later in Macaulay, Neither and
Lorenzen in connection with the study of a ring. However semirings first appear
explicitly in Vandiver, also in connection with the axiomatization of Arithmetic
of natural numbers. Semirings have been studied by various researchers in an
attempt to broaden techniques coming from semigroup theory, ring theory or
in connection with applications. The developments of the theory in semirings
have been taking place since 1950. The results which hold in rings but not in
semigroups hold in semirings, since semiring is a generalization of a ring. The
study of rings shows that multiplicative structure of a ring is independent of the
additive structure whereas in a semiring, the multiplicative structure depends
on additive structure. The theory of rings and the theory of semigroups have
considerable impact on the development of the theory of semirings. Semirings
play an important role in studying matrices and determinants. Semirings are
useful in the areas of theoretical computer science as well as in the solution of
graph theory, optimization theory, in particular for studying automata, coding
theory and formal languages. Semiring theory has many applications in other
branches of mathematics.

As a generalization of a ring, the notion of a I'-ring was introduced by Nobu-
sawa [20] in 1964. In 1981, Sen [21] introduced the notion of a I'-semigroup as a
generalization of a semigroup. The notion of a ternary algebraic system was intro-
duced by Lehmer [9] in 1932. Murali Krishna Rao and Venkateswarlu [17] studied
regular I'-incline and field ['-semiring. We know that the notion of a one sided
ideal of any algebraic structure is a generalization of the notion of an ideal. The
quasi ideals are generalization of left ideals and right ideals whereas the bi-ideals
are generalization of quasi ideals. In 1952, the concept of bi-ideals was intro-
duced by Good and Hughes [1] for semigroups. The notion of bi-ideals in rings
and semirings were introduced by Lajos and Szasz [7,8]. In 1956, Steinfeld [23]
first introduced the notion of quasi ideals for semigroups and then for rings.
Iseki [3-5] introduced the concept of quasi ideal for a semiring. Henriksen [2]
and Shabir et al. [22] studied ideals in semirings. Quasi ideals in I'-semirings
studied by Jagtap and Pawar [6]. Marapureddy Murali Krishna Rao [15,18,19]
introduced bi-quasi-ideals in semirings, bi-quasi-ideals and fuzzy bi-quasi ideals
in I'-semigroups.

As a further generalization of ideals, Murali Krishna Rao [16] introduced the
notion of bi-interior ideal of semigroup as a generalization of ideal, left ideal,
right ideal, bi-ideal, quasi ideal and interior ideal of semigroup and studied some
of their properties. In this paper, we extend the notion of bi-interior ideals to
I'-semiring, as a generalization of bi-ideals and interior ideals of I'-semiring and
study the properties of bi-interior ideals of I'-semiring.
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2. PRELIMINARIES

In this section, we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

Definition 1. Let (M, +) and (I',+) be commutative semigroups. Then we call
M a TI'-semiring, if there exists a mapping M x I' x M — M (images of (x,a,y)
will be denoted by zay,z,y € M,a € T') such that it satisfies the following
axioms for all z,y,z € M and o, €T

(i) za(y + 2) = zay + zaz

(i) (z+y)az =zaz+yaz

) z(a+ By = zay + 2By

) za(yBz) = (vay)pBz.

(iii
(iv

Every semiring R is a I'-semiring with I' = R and ternary operation zvyy
defined as the usual semiring multiplication.

Definition 2. A I'-semiring M is said to be commutative I'-semiring if zay =
yax, for all z,y € M and o € T'.

Definition 3. A I'-semiring M is said to have zero element if there exists an
element 0 € M such that 0+ =2 = 2+ 0 and Oax = za0 = 0, for all z € M,
ael.

Definition 4. Let M be a I'-semiring. An element 1 € M is said to be unity if
for each x € M there exists o € I" such that zal = lax = .

Definition 5. In a I'-semiring M with unity 1, an element a € M is said to be
left invertible (right invertible) if there exist b € M, € I' such that baa = 1
(ach = 1).

Definition 6. In a I'-semiring M with unity 1, an element a € M is said to be
invertible if there exist b € M, « € I" such that aab = baa = 1.

Definition 7. A T'-semiring M is said to be field I'-semiring if M is a commu-
tative I'-semiring with unity 1 and every non zero element of M is invertible.

Definition 8. Let M be a I'-semiring. An element a € M is said to be regular
element of M if there exist x € M, a, 5 € I such that a = aaxfa.

Definition 9. Let M be a I'-semiring. If every element of M is a regular, then
M is said to be regular I'-semiring.

Definition 10. Let M be a I'-semiring. An element a of M is said to be idem-
potent of M if there exists a € I" such that a = aaa and a is also said to be
a-idempotent.
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Definition 11. If every element of a I'-semiring M is an idempotent of M, then
M is said to be idempotent I'-semiring M.

Definition 12. A non-empty subset A of a I'-semiring M is called
(i) a I'-subsemiring of M if (A, +) is a subsemigroup of (M, +) and A'A C A.

(ii) a quasi ideal of M if A is a I-subsemiring of M and A'M N MT'A C A.

(iii) a bi-ideal of M if A is a I'-subsemiring of M and ATMT A C A.

(iv) an interior ideal of M if A is a I'-subsemiring of M and MTAT'M C A.

(v) aleft (right) ideal of M if A is a I'-subsemiring of M and MT A C A(AT'M

C A).

(vi) an ideal of M if A is a I'-subsemiring of M, ATM C A and MT'A C A.
(vii) a k-ideal if A is an ideal of M, x € M, v +y € Aand y € A, then z € A.
(viii) a left (right) bi-quasi ideal of M if A is a I'-subsemiring of M and MT AN

ATMTA(ATM N ATMTA) C A.

(ix) a bi-quasi ideal of M if A is a left bi-quasi ideal and a right bi-quasi ideal
of M.

Definition 13. A I'-semiring M is a left (right) simple I'-semiring if M has no
proper left (right) ideal of M.

Definition 14. A I'-semiring M is a bi-quasi simple I'-semiring if M has no
proper bi-quasi ideal of M.

Definition 15. A T'-semiring M is said to be simple I'-semiring if M has no
proper ideals.

3. BI-INTERIOR IDEALS OF I'-SEMIRINGS

In this section, we introduce the notion of bi-interior ideal as a generalization of
bi-ideal, quasi-ideal and interior ideal of I'-semiring and study the properties of
bi-interior ideals of I'-semiring. Throughout this paper M is a I'-semiring with
unity element.

Definition 16. A non-empty subset B of a I'-semiring M is said to be bi-interior
ideal of M if B is a I'-subsemiring of M and MI'BI'M N BTMT'B C B.

Definition 17. A I'-semiring M is said to be bi-interior simple I'-semiring if M
has no bi-interior ideals other than M itself.

In the following theorem, we mention some important properties and we omit
the proofs since proofs are straight forward.

Theorem 1. Let M be a I'-semiring. Then the following are hold
(1) Every left ideal is a bi-interior ideal of M.
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—~
[\)
~—

Every right ideal is a bi-interior ideal of M.

(3) Every quasi ideal is a bi-interior ideal of M.

If A and B are bi-interior ideals of M ,then AI'B and BI'A are bi-interior
ideals of M.

(5) Every ideal is a bi-interior ideal of M.

(6) If B is a bi-interior ideal of M, then BT M and MTB are bi-interior ideals
of M.

—
e~
N~—

Theorem 2. FEvery bi-ideal of a I'-semiring M is a bi-interior ideal of M.

Proof. Let B be a bi-ideal of the I'-semiring M. Then BI'MT'B C B. Therefore
BI'MT'BNMTU'BT'B C BITMTI'B C B. Hence every bi-ideal of I'-semiring M is a
bi-interior ideal of M. [

Theorem 3. Every interior ideal of a I'-semiring M is a bi-interior ideal of M.

Proof. Let I be an interior ideal of the I'-semiring M. Then ITMTINMTITM C
MTIT'M C I. Hence I is a bi-interior ideal of M. [ ]

Theorem 4. Let M be a simple I'-semiring. Every bi-interior ideal of M is a
bi-ideal of M.

Proof. Let M be a simple I'-semiring and B be a bi-interior ideal of M. Then
MTI'BI'M N BI'MTI'B C B and MI'BT'M is an ideal of M. Since M is a simple
I'-semiring, we have MT' BI'M = M. Then
MI'BIMNBI'MI'BCB
=M NBI'MI'BCB
=BI'MI'B C B.

Hence the theorem. []

Theorem 5. Let M be a I'-semiring. Then M is a bi-interior simple I'-semiring
if and only if MTal'M Nal'MTa = M, for all a € M.

Proof. Suppose M is a bi-interior simple I'-semiring and a € M. We know that
MTal'M Nal’'MTa is a bi-interior ideal of M. Hence MT'al'M Nal'MTa = M,
for all a € M.
Conversely suppose that MT'al'M Nal'MT'a = M, for all a € M. Let B be a
bi-interior ideal of the I'-semiring M and a € B. Now
M = MTal'M Nal’'MTa
CMI'BIMNBIMI'BCB

Therefore M = B.

Hence M is a bi-interior simple I'-semiring. [ |
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Theorem 6. If L is a minimal left ideal and R is a minimal right ideal of a
I-semiring M, then B = RU'L is a minimal bi-interior ideal of M.

Proof. Obviously B = RI'L is a bi-interior ideal of M. Suppose A is a bi-interior
ideal of the I'-semiring M such that A C B. Now

MTACMTB=MTRI'LCL, since L is a left ideal of M.
Similarly, we can prove AI'M C R.
Therefore MT'A=L, AI'M = R.
Hence B=ATMTI'MTL C ATMTA
B=RI'L=RI'MI'AC MTAC MTAT'M.

Therefore B C ATMTANMI'AT'M C A. Therefore A = B. Hence B is a minimal
bi-interior ideal of M. [ ]

Theorem 7. The intersection of a bi-interior ideal B of a I'-semiring M and a
I'-subsemiring A of M is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal B of the I'-semiring M and A be a I'-
subsemiring of M. Suppose C = B N A. Since A is a I'-subsemiring of M and
C C A. Then

CTATC C ATATACA ---(1).
Now CTAT'C C BTAI'B C BTMT'B
MI'CTM C MT'BI'M
CTATCNMI'CTM C BTMI'BNMI'BI'M C B
CTATCNMICTM C CTATC C A, from (1).
Therefore CTATC N MT'CTM C BNnA=C.

Hence the intersection of a bi-interior ideal B of the I'-semiring M and the I'-
subsemiring A of M is a bi-interior ideal of M. [

Theorem 8. Let A and C be T'-subsemirings of a I'-semiring M and B = AT'C.
If A is the left ideal, then B is a bi-interior ideal of M.

Proof. Let A and C be T'-subsemirings of the I'-semiring M and B = AI'C.
Suppose A is the left ideal of M. Then

BTMTB = ATCTMTATC = ATCTAI'C C AI'C = B.
BI'MI'BNMI'BI'M C BITMT'B C B.

Hence B is a bi-interior ideal of M. [ ]
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Corollary 9. Let A and C be I'-subsemirings of a I'-semiring M and B = AI'C.
If C' is a right ideal, then B is a bi-interior ideal of M.

Theorem 10. Let M be a I'-semiring and T be a I'-subsemiring of M. Then
every I'-subsemiring of T containing TUCMTT UMIUTT M is a bi-interior ideal of
M.

Proof. Let B be a I'-subsemiring of T" containing TTMT'T U MI'TT M. Then
BIrMI'BCITMIT CTTMITUMITIM C B.

Therefore BTMT'BN MI'TTM C B. Hence B is a bi-interior ideal of M. [ ]

Theorem 11. Let M be a regular I'-semiring. Then every bi-interior ideal of M
is an ideal of M.

Proof. Let B be a bi-interior ideal of the regular I'-semiring M. Then

BIrMI'BN MI'BI'M C B
=BI'M C BI'MTI'B, since M is regular
=BI'M C MI'BT'M
=BI'M C BTMI'BN MT'BI'M C B.

Similarly, we can show that MI'B C BI'MT'B N MTI'BI'M C B. Hence the
theorem. -

Theorem 12. Let M be a I'-semiring. Then the following statements are equiv-
alent

(i) M is a bi-interior simple T'-semiring.
(ii) MTa = M, for all a € M.

(ili) < a>= M, for all a € M and where < a > is the smallest bi-interior ideal
generated by a.

Proof. Let M be a I'-semiring.

(i) = (ii) Suppose M is a bi-interior simple I'-semiring, a € M and B = MTa.
Then B is a left ideal of M. Therefore, by Theorem 1, B is a bi-interior ideal of
M. Therefore B = M. Hence MT'a = M, for all a € M.

(ii) = (iii) Suppose MT'a = M, for all a € M. Then

MTaC<a>CM
=M C<a>C M.
Therefore M =< a > .
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(iii) = (i) Suppose < a > is the smallest bi-interior ideal of M generated by a,
< a>= M, A is the bi-interior ideal and a € A. Then

<a>CACM
=M CACM.

Therefore A = M. Hence M is a bi-interior simple I'-semiring. [ |

Theorem 13. If B is a bi-interior ideal of a I'-semiring M, T is a I'-subsemiring
of M and T C B such that BI'T is a subsemigroup of the semigroup (M,+), then
BI'T is a bi-interior ideal of M.

Proof. Suppose B is a bi-interior ideal of the I'-semiring M

(BIT)I'B C BTMTB

(BI'T)I'B C MTBT'M
= BI'TTB C BTMTBNMTBI'B C B
= BI'TTBI'T C BI'T.

Hence BI'T is a I'-subsemiring of M.

We have MT'BI'TTM C MI'BI'M
and BI'TTMT'BI'T C BITMI'B
=MI'BT'TTM N BI'TTMTI'BI'T C MI'BI'M N BI'MT'B C B.

Hence BI'T is a bi-interior ideal of the I'-semiring M. [ |

Theorem 14. Let B be a bi-ideal of a I'-semiring M and I be an interior ideal
of M. Then BN 1 is a bi-interior ideal of M.

Proof. Suppose B is a bi-ideal of M and I is an interior ideal of M. Obviously
BN 1 is a I'-subsemiring of M. Then

(BNI)TMT(BNI)C BTMTBC B and MT(BNI)I'M C MTITM C I.

Therefore (BNI)I'MT'(BNI)NMT(BNI)I'M C BNI. Hence BN is a bi-interior
ideal of M. ]

Theorem 15. If B is a minimal bi-interior ideal of a I'-semiring M, then any
two non-zero elements of B generate the same right ideal of M.

Proof. Let B be a minimal bi-interior ideal of M and x € B. Then (z)gr N B
is a bi-interior ideal of M. Therefore (x)r N B C B. Since B is a minimal bi-
interior ideal of M, we have (z)r N B = B = B C (z)g. Suppose y € B. Then
(y)r C (z)g. Similarly we can prove (z)r C (y)r. Therefore (z)r = (y)r. Hence
the theorem. [ ]
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Corollary 16. If B is a minimal bi-interior ideal of a I'-semiring M, then any
two non-zero elements of B generate the same left ideal of M.

Theorem 17. Let M be a I'-semiring and T be a I'-subsemiring of M. Then
every I-subsemiring of T containing MIU'TTM NTTMI'T is a bi-interior ideal
of M.

Proof. Let C be a I'-subsemiring of T" containing MTTTM NTTMTT. Then
MTCTMNCTMTC C MTTTM NTTMTT C C.
Hence C' is a bi-interior ideal of M. [

Theorem 18. Let M be a I'-semiring. If M = MTa, for all a € M. Then every
bi-interior ideal of M is a quasi ideal of M.

Proof. Let B be a bi-interior ideal of the I'-semiring M and a € B. Then

MTBI'M NBI'MI'B C B and MI'a C MT'B
M CMI'BCM
=MI'B=M
=BI'MI'B = BI'M
=MI'BNBI'M C MI'B'M N BTMI'B C B.

Therefore B is a quasi ideal of M. Hence the theorem. [ |

Theorem 19. Let M be a regular I'-semiring. Then B is a bi-interior ideal of
M if and only if MUBT'M N BT MT'B = B, for all bi-interior ideals B of M.

Proof. Suppose M is a regular I'-semiring, B is a bi-interior ideal of M and
x € B. Then MT'BITMNBI'MT'B C B and there exist y € M, «, 8 € I such that
x = zaypBx € BIMT'B. Therefore x € MI'BI'M N BTMT'B. Hence MI'BT'M N
BT'MT'B = B.

Conversely suppose that MI'BI'M N BI'MT'B = B, for all bi-interior ideals
B of M. Let B= RN L, where R is a right ideal and L is a left ideal of M. Then
B is a bi-interior ideal of M. Therefore MT'(RNL)TMNRNLTMTRNL = RNL

RNLCRNLI'MTRNL C RTMI'L C RTL
CRNL, (since R'L C L and RT'L C R).

Therefore RN L = RI'L. Hence M is a regular I'-semiring. [ |

Theorem 20. Let M be a I'-semiring. If B is a bi-interior ideal of M and B
1s a reqular I'-subsemiring of M, then any bi-interior ideal of B is a bi-interior

ideal of M.
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Proof. Let A be a bi-interior ideal of bi-interior ideal B of the I'-semiring M.
Then by Theorem 19, BTATBNAT'BT'A = A. We have M BTMNBTMTB C B.

—BTATBNATBTA=ACB
—MTBTM N BTMTBC B

—(MTATM N ATMT A) N (MTBTM N BTMTB) C AN B
—MTATM N ATMTAC ANBC A.

Hence A is a bi-interior ideal of M. []

Theorem 21. Let M be a I'-semiring and B be a bi-interior ideal of M. Then
B is a minimal bi-interior ideal of M if and only if B is a bi-interior simple
I'-subsemiring of M.

Proof. Let B be a minimal bi-interior ideal of the I'-semiring M and C be a bi-
interior ideal of B. Then CTBI'C " BI'CT'B C C. Therefore CTBI'C " BI'CT'B
is a bi-interior ideal of M. Since B is a minimal bi-interior ideal of M,

CI'BICnBI'CT'B=1B
=B =CI'BICNnBI'Cl'BCC
=B =C.

Conversely suppose that B is a bi-interior simple I'-subsemiring of M. Let C be
a bi-interior ideal of M and C' C B. Now

CI'BICNnBICTBC CTMI'CNnMI'CI'M CC
= CTMI'CNnMI'CTM C BTMI'BN MI'BI'M C B,
= CI'BITCnNnBIcrcccnBcCC
= B=C.

Since B is a bi-interior simple I'-subsemiring of M. Hence B is a minimal bi-
interior ideal of M. [ |

Theorem 22. The intersection of bi-interior ideals { By | A € A} of a T'-semiring
M is a bi-interior ideal of M.

Proof. Let B = (o4 Bx. Then B is a I'-subsemiring of M. Since B) is a bi-
interior ideal of M, we have

B\TMTB\NMTByNMC By, forall \e A
=(NB\I'MTB,) N MT'(NBy) N M C (NB,)
=(BI'MTB)N (MTBTM) C B.

Hence B is a bi-interior ideal of M. [ ]
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Theorem 23. Let B be a bi-interior ideal of a I'-semiring M, e be a S-idempotent
and eI'B C B. Then el'B is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal of the I'-semiring M. Suppose z € BNel' M.
Then z € B and z = eay,aa € I';y € M.

x = eay = efeay = ef(eay) = efx € el'B.
Therefore BNel'M C eI'B
e'BC B and eI'B C eI'M
=el'BC BNnel'M
=el'B=BnNel'M.

Hence eI'B is a bi-interior ideal of M. []

Corollary 24. Let M be a I'-semiring and e be a a-idempotent. Then eI’ M and
MTe are bi-interior ideals of M.

Theorem 25. Let e and f be a a-idempotent and a B-idempotent of a I'-semiring
M respectively. Then e’ MT'f is a bi-interior ideal of M.

Proof. Suppose e and f be a a-idempotent and a S-idempotent of the ['-semiring
M respectively. Then

el’MIUf Cel'M and eI'MTf C MT'f
= eI'MTf Cel'M N MTf.

Let a e e’'M N MT' f. Then a = eac = dBf, c,d € M.
a = eac = eaeac = eaa = eadfSf € e’ MT' f.

Therefore el’'M N MT'f C eI’ MT' f. Hence eI’ M N MT' f = eI’ MT' f. Thus el MT f

is a bi-interior ideal of the I'-semiring M. [ |

Theorem 26. Let B be I'-subsemiring of a reqular I'-semiring M. Then B can
be represented as B = RI'L, where R is a right ideal and L is a left ideal of M if
and only if B is a bi-interior ideal of M.

Proof. Suppose B = RI'L, where R is right ideal of M and L is a left ideal of M.
Then BTMT'B = RULTMTRI'L C RI'L = B. Therefore MI'BI'M N BI'MT'B C
BI'MT'B C RI'L = B. Hence B is a bi-interior ideal of I'-semiring M.

Conversely suppose that B is a bi-interior ideal of the regular I'-semiring M.
By Theorem 19, MI'BTM NBTMT'B = B. Let R= BI'M and L = MT'B. Then
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R = BI'M is a right ideal of M and L = MT'B is a left ideal of M.

BIrMNMI'BC MT'B'M NnBT'MI'B =B
=BI'MNMI'BCB
=RNLCB.
We have BC BITM = Rand BC MI'B =1L
=BCRNL
=B =RNL=RIL, since M is a regular I'-semiring.

Hence B can be represented as RI'L, where R is the right ideal and L is the left
ideal of M. Hence the theorem. [ |

The following theorem is a necessary and sufficient condition for I'-semiring
M to be regular using bi-interior ideal.

Theorem 27. Let M be a I'-semiring. Then M is a regular I'-semiring if and
only if BNINLC BUIT'L, for any bi-interior ideal B, ideal I and left ideal L
of M.

Proof. Suppose M is a regular ['-semiring, B, I and L are bi-interior ideal, ideal
and left ideal of M respectively. Let a € BN IN L. Then a € al'MT'a, since M
is regular.

a € al'MT'a Cal'MT'al' MT'al'MT a
C BT'ITB
C BITMTB
a € al'MT'a Cal'MT'al' MT'al'MT a
C MTBTM
a€ BTMTBNMI'BT'M = B.

Hence BNINLC B.

Conversely suppose that BN I N L C BI'ITL, for any bi-interior ideal B,
ideal I and left ideal L of M. Let R be a right ideal and L be a left ideal of M.
Then by assumption,

RNL=RNMNLCRI'MI'LC RT'L.
We hav R'L C R, RI'L C L.

Therefore RI'L C RN L. Hence RNL = RI'L. Thus M is a regular ['-semiring. m

Theorem 28. If I'-semiring M is a left (right) simple T'-semiring, then every
bi-interior ideal of M is a right (left) ideal of M.
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Proof. Let B be a bi-interior of the left simple I'-semiring M. Then MT'B is a
left ideal of M and MT'B C M. Therefore MT'B = M. Then

MTBI'M = MT'M C M
=BI'MT'B = BI'M
=MI'BI''M NBI'MI'B=MnNBI'M = BI'M
=BI'M C MT'BI'M
=BI'M C BITMI'B
= BI'M C MI'BI'M N BTMI'B
=MI'BI''M NBI'MT'B = BT'M C B.

Hence every bi-interior ideal is a right ideal of M. Similarly we can prove for the
right simple I'-semiring M. Hence the theorem. [ |

Theorem 29. Let B be a I'-subsemiring of a I'-semiring M. If B is a bi-interior
ideal of M, then B is a left bi-quasi ideal of M.

Proof. Suppose B is a bi-interior ideal of the I'-semiring M. Then MT BI'M N
BI'MTBC B. MI'BNBI'MI'B C MI'BI'M N BTMTB C B and Hence B is a
left bi-quasi ideal of M. [ |

Theorem 30. Let B be a I'-subsemiring of a I'-semiring M. If B is a bi-interior
ideal of M, then B is a right bi-quasi ideal of M.

Proof. Suppose B is a bi-interior ideal of the I'-semiring M, then MT'BI'M N
BI'MT'BC B. BTMNBT'MT'BC MT'BITMNBTMI'B C B. Hence B is a right
bi-quasi ideal of M. [ |

Corollary 31. Let B be a I'-subsemiring of a I'-semiring M. If B is a bi-interior
ideal of M, then B is a bi-quasi ideal of M.

Theorem 32. Let M be a I'-semiring. If B is a bi-interior ideal of M and T is
a non-empty subset of B such that BI'T is a I'-subsemiring of M, then BI'T is
a bi-interior ideal of M.

Proof. We have MI'BITM N BITMT'BC B

= (MTBTM N BTMTB)IT C BI'T
= MTBTMTT N BTMTBTT C BIT
— MTBTTTM N BTTTMTBI'T € MTBTMTT N BTMTBIT C BIT.

Hence BI'T is a bi-interior ideal of M. [ ]
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Theorem 33. If M is a field I'-semiring, then M is a bi-interior simple I'-
semiring

Proof. Let B be a proper bi-interior ideal of the field I'-semiring M,z € M
and 0 # a € B. Since M is a field ['-semiring, there exist b € M,« € I' such
that aab = 1, then there exists § € I' such that x = aabfzx. Then x € BI'M.
Therefore M C BI'M. We have BI'M C M. Hence M = BI'M. Similarly we can
prove MT'B = M.

M =MI'B=BT'MI'BCB
MCB
=M = B.

Hence field I'-semiring M is a bi-interior simple I'-semiring. [ |

CONCLUSION

As a further generalization of ideals, we introduced the notion of bi-interior ideal
of I'-semiring as a generalization of ideal, left ideal, right ideal, bi-ideal, quasi ideal
and interior ideal of I'-semiring. We introduced the notion of bi-interior simple
I'-semiring and characterized the bi-interior simple I'-semiring, the regular I'-
semiring using bi-interior ideals of I'-semiring. We proved every bi-interior ideal
of I'-semiring is a bi-quasi ideal and studied some of the properties of bi-interior
ideals of I'-semiring. In continuity of this paper, we study prime bi-interior ideals,
maximal and minimal bi-interior ideals of I'-semiring.
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