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Abstract

In this paper, the concepts of n-fold implicative ideals and n-fold obsti-
nate ideals in BL-algebras are introduced. With respect to this concepts,
some related results are given. In particular, it is proved that an ideal is
an n-fold implicative ideal if and only if is an n-fold Boolean ideal. Also, it
is shown that a BL-algebra is an n-fold integral BL-algebra if and only if
trivial ideal {0} is an n-fold obstinate ideal. Moreover, the relation between
n-fold obstinate ideals and n-fold (integral) obstinate filters in BL-algebras
are studied by using the set of complement elements. Finally, it is proved
that ideal I of BL-algebra L is an n-fold obstinate ideal if and only if % is
an n-fold obstinate BL-algebra.
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1. INTRODUCTION

B L-algebras are the algebraic structure for Hajek basic logic [7] in order to inves-
tigate many valued logic by algebraic means. His motivations for introducing BL-
algebras were of two kinds. The first one was providing an algebraic counterpart
of a propositional logic, called Basic Logic, which embodies a fragment common
to some of the most important many-valued logics, namely Lukasiewicz Logic,
Godel Logic and Product Logic. This Basic Logic (BL for short) is proposed as
"the most general” many-valued logic with truth values in [0, 1] and B L-algebras
are the corresponding Lindenbaum-Tarski algebras. The second one was to pro-
vide an algebraic mean for the study of continuous t-norms (or triangular norms)
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n [0, 1]. In 1958, Chang [1] introduced the concept of an MV-algebra which is
one of the most classes of BL-algebras. Turunen [12] introduced the notion of an
implicative filter and a Boolean filter in BL-algebras. Boolean filters are an im-
portant class of filters, because the quotient BL-algebra induced by these filters
are Boolean algebras. The notion of (fuzzy) ideal has been introduced in many
algebraic structures such as lattices, rings, MV-algebras. Ideal theory is very
effective tool for studying various algebraic and logical systems. In the theory of
MYV -algebras, as various algebr aic structures, the notion of ideal is at the center,
while in BL-algebras, the focus has been on deductive systems also filters. The
study of BL-algebras has experienced a tremendous growth over resent years and
the main focus has been on filters. In 2013, Lele [6], introduced the notions of
(Boolean, prime) ideals and analyzed the relationship between ideals and filters
by using the set of complement elements. In 2017, Yang and Xin [11], introduced
implicative ideals in BL-algebras and studied some characterizations of them by
the pseudo implication operation and proved the implicative ideals coincide with
Boolean ideals in BL-algebras.

This motivates us to introduce the notions of n-fold implicative and n-fold
obstinate ideals in BL-algebras and investigate the relations among n-fold im-
plicative ideals, n-fold obstinate ideals and the other ideals in BL-algebras. In
particular, we prove that an ideal is an n-fold implicative ideal if and only if is
an n-fold Boolean. Also, we prove that a BL-algebra is an n-fold integral BL-
algebra if and only if trivial ideal {0} is an n-fold obstinate ideal. Moreover,
we study rela tion between n-fold obstinate ideals and n-fold (integral) obstinate
filters in B L-algebras by using the set of complement elements. Finally, we prove
that ideal I of BL-algebra L is an n-fold obstinate ideal if and only if % is an
n-fold obstinate BL-algebra.

2. PRELIMINARIES

In this section, we give some fundamental definitions and results. For more
details, refer to the references.

Definition [7]. A BL-algebra is an algebra (L,V,A,®,—,0,1) of type (2,2,2,2,
0,0) such that

(BL1) (L V,A,0,1) is a bounded lattice,

(BL2) (L,®,1) is a commutative monoid,

( )z<x—>y1fand0nly1fx®z<y,foralla:y,zEL

(BL4) zANy=20 (x —vy),

(BL5) (x—y)V(y—z)=L1
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n—times

———
We denote 2" =2 ® --- Oz, if n > 0 and 2° = 1, for all z,y € L.

A BL-algebra L is called a Godel algebra (1-fold implicative BL-algebra) if
2> =20z =2z, forall x € L and L is called an MV-algebra if (x7)~ = x, for
all x € L, where x— = z — 0. A BL-algebra L is called a Boolean algebra if
xVaz~ =1, forall z € L.

Proposition 1 [2, 3]. In any BL-algebra the following hold:
(BL6) z <y if and only if v —» y =1,
(BL7) y<zxz—y, and 20y <z,
)
) (@—=y) "= =y,
) (oY) T =z 0y,
BL11) (zx@y) =z —vy,
)
)
)
)
)

T T =, x<z " andzx Oz =0,

x <y implies y~ <x~,

z <y implies zOx <20y,

(xANy) " =x" " Ay, forallx,y,z € L.
n—times

Note that by (BL13) (x — (- (x = (v = y)))---) =a" — y, for all z,y €
L. The following theorems and definitions are from [4, 5, 8, 10] and we refer the
reader to them, for more details.

Definition. Let L be a BL-algebra, n be a natural number and F' be a nonempty
subset of L. Then

(i) Fiscalled a filterof Lifx®y € F, for any z,y € F andif x € Fandx <y
then y € F, for all z,y € L. A proper filter F' is called a mazimal filter of L
if it is not properly contained in any other proper filter of L.

(ii) F is called an n-fold implicative filter of L if 1 € F and for all x,y,z € L,
2" = (y—z2) € Fand 2" — y € F imply 2" — z € F.
(iii) A proper filter F' is called an n-fold obstinate filter if for all z,y € L,
x,y € Fimply 2" -y € F and y" — z € F.
(iv) A proper filter F' is called an n-fold integral filter if for all z,y € L,

(" ©@y™)” € F implies (z")” € F or (y")” € F.
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Definition [10]. Let L be a BL-algebra and n be a natural number. Then
(i) L is called an n-fold integral BL-algebra if for all x,y € L

2" ®y" =0 then 2" =0 or y" =0.

(ii) L is called an n-fold obstinate BL-algebra if L is an M V-algebra and z" = 0,
for all z € L\{1}.

Definition [6, 8, 9]. Let L be a BL-algebra and I be a nonempty subset of L.
Then
(i) I is called an ideal of L, if x @y := 2= — y € I, for any =,y € I and if
y €Il and x <y then x € I, for all x,y € L. The operation @ is associative.
Moreover, a set I containing 0 of L is an ideal if and only if for all z,y € L,
- Oy€elandz el implyyel.
(ii) A proper ideal I of L is called a prime ideal of L if x Ay € I implies z € T
ory €l forall z,y € L.
(iii) A proper ideal I is called a mazimal ideal of L if it is not properly contained
in any other proper ideal of L.
(iv) An ideal I of L is called a n-fold Boolean ideal if ™ A (z")~ € I, for all
r € L and an ideal I of L is called a Boolean ideal if x N x~ € I, for all
z € L.

v) An ideal I of L is called an n-fold integral ideal, if for all z,y € L,
An ideal I of L i lled fold [ ideal, if for all L
(r®y)" €I implies 2" € Tor y" € I.

Let L be a BL-algebra, we define the pseudo implication operation — by =z —
y:=zxz Oy, for any z,y € L. It is easy to see that z < z @ y if and only if

z—=x <.
n—times

———
Moreover, we denote 27 = x @ --- @ z, when n is a natural number.
Lemma 2 [11]. Let L be a BL-algebra, for any x,y,z € L, we have:
(i) z <y implies z—~y<z—x andz — z <y — z,
(ii

(iii) r—=0=2z,0—~2=0,z —2z=0,

(—y) —z=@—2)—~y=2—(y02),

(v) (z—=2)<(y—=2) 0@ —y),

)
(iv) (# =2)=(y—2)<z—y,
)
(Vi) z<z0x.

Lemma 3 [11]. Let I be a nonempty subset of a BL-algebra L. Then I is an
ideal of L if and only if it satisfies:
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(i) 0 e,
(ii) for any z,y € L, ifx —~y €1 andy € I, then x € I.
Lemma 4 [11]. Let I be an ideal of BL-algebra L. Then the following hold: for
any x,y,z € L
(i) x =y el ifand only if y~— = a~ € I.
(i) x —yelifand only if x=—— —y e 1.
(iii) (y ~a~)—zelifand only if (2~ =y~ ) a2~ €1.
(iv) z € I if and only if x=— € 1.

Theorem 5 [11]. Let P be a proper ideal of BL-algebra L. Then P is a prime
ideal if and only if x =~y € P ory—x € P, for all z,y € L.

Definition [6]. Let L be a BL-algebra and X any subset of L. Then the set of
complement elements (with respect to X)) is denoted by N(X) and is defined by

NX)={zeL|z €X}.

Theorem 6 [6]. Let I be an ideal of BL-algebra L. Then the binary relation =
on L which is defined by

=5y ifand only if v~ Gy el andy GOz el

s a congruence relation on L. Define -, —, U, T on % , the set of all congruence
classes of L, as follows:

[z] - [yl =z Oy, [z] = [y = [z — y]

[ZlUfy] = [z Vy], [z]N[y] = [z Ayl

Then (%,-,A,I_I,I_I7 [0],[1]) is a BL-algebra which is called quotient BL-
algebra with respect to I. In addition, it is clear [x]”~ = [x], for all z € L.
Consequently, the quotient BL-algebra via any ideal is always an MV -algebra.

Theorem 7 [9]. Let I be an ideal of L. Then the following conditions are equiv-
alent:

(i) I is an n-fold integral ideal of L,
(i1) I is a mazimal and n-fold Boolean ideal of L,
(iii) I is a prime and n-fold Boolean ideal of L,
(iv) I is a proper ideal and for all x € L, 2™ € I or (z")” € I.

Theorem 8 [9]. Let I be an ideal of L. Then I is an n-fold integral ideal if and
only if N(I) is an n-fold obstinate filter of L.
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Theorem 9 [9]. Let F' be a proper filter of L. Then F is an n-fold integral filter
if and only if N(F) is an n-fold integral ideal of L.
Theorem 10 [9]. In any BL-algebra L, the following conditions are equivalent:
(i) {0} is an n-fold integral ideal of L,
(ii) any ideal of L is an n-fold integral ideal,
(iii) L is an n-fold integral BL-algebra.

Theorem 11 [9]. Let I be an ideal of L. Then I is an n-fold integral ideal of L
if and only zf% is an n-fold obstinate BL-algebra.

Theorem 12 [9]. Let L be a Boolean algebra or a Gddel algebra. Then every
ideal of L is implicative.

From now on, in this paper (L, A, V,®,—,0, 1) (or simply) L is a BL-algebra,
unless otherwise stated.

3. N-FOLD IMPLICATIVE IDEALS IN BL-ALGEBRAS

In this section we introduce two new class of ideals in BL-algebras that called
n-fold implicative ideals and we give some related results.

Definition. A nonempty subset I of L is called an n-fold implicative ideal if it
satisfies:

(i) 0 e,
(i) (z—y) =25 €landy — 23 €l imply x — 2, € I, for all z,y,2z € L.

An 1-fold implicative ideal is called an implicative ideal of L.

Example 13 [6]. Let L = {0,a,b,c,d,e, f,1} be such that 0 < a < b < ¢ < 1,
O<d<e< f<l,a<eandb< f. Define ® and — as follows:

Table 1
©@l0]la|blc|d|le| f]1
0O |0|0O|J0O]OJO]0O]0O]O
a |0Olalala|0|lal|lala
b |0la|lal|b|0]lalal|b
c |0]la|blc|O0]lal|b]|ec
d|0]0|0]0|d|d|d]|d
e |0Ola|lala|ld|e|e]e
fl0lalal|b|d|e|elf
1 (0lalblc|d|el|f]|1
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Table 2
= |0lal|b|c|d|el|f]|1
O (1|11 ]1j1]1]1|1
a |d|1]1|1|d|1]|1]|1
b |d| fl1|1|d]|f|1]1
c |dle|fllld|le|f]|1
d |c|lclclell|1l|1]1
e |0jclclc|d|1l]1]1
fl10lblclecld| f|1]|1
1 |Oja|blc|d]je|f]1l

Then (L,A,V,®,—,0,1) is a BL-algebra. Let I = {0,d}. Then I is a 2-fold
implicative ideal of L.

Proposition 14. Let I be an n-fold implicative ideal of L. Then I is an ideal
of L.

Proof. Suppose that I is an n-fold implicative ideal of L and z,y € L. If
r—yeclandyel then(z —~y) =0} =2—yclandy—0} =ycl By
hypothesis = o — 03 € I, hence I is an ideal of L. [ |

The following example shows that the converse of Proposition 14, does not
hold in general.

Example 15 [6]. Let L = {0,a,b,1}, where0 < a < b < 1. Let xtAy = min{z, y},
x Vy = max{z,y} and operations ® and — are defined as the following tables:

Table 3 Table 4
®l10jal|b]l —|0|lal|b]|1
0j]0|0|10]|0O O (11|11
a |0]0]0|a a |bl1|1]1
b 0|0 |alb b |la|lb|1]|1
1 {0fal|b]|1l 1 |0|la|b]|1

Then (L,V,A,®,—,0,1) is a BL-algebra. Now, let I = {0}. Then I is an
ideal of L and since (1 = b) = b=0b"0b  =a®a=0€l,b—~b=000b" =
bOa=0€land1l =~b=10b" =a &I, then I is not a 1-fold implicative ideal
of L.

Theorem 16. Let I be an ideal of L. Then the following conditions are equiva-
lent:
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(i) I is an n-fold implicative ideal of L,
(i) for any a € L, the set Iop :={x € L |z — ag, € I} is an ideal of L.

Proof. (i) = (ii) Suppose that I is an n-fold implicative ideal of L and a € L.
For any z,y € L, if ¢ — y € Iy and y € Ion, then (x = y) = af € I and
y —ag € I, hence v — afy, € I, and so x € Ia%. Moreover, since 0 — ag, =
0© (ag)” =0 € I, we obtain 0 € I,p. Therefore, I, is an ideal of L.

(ii) = (i) Suppose that Ign is an ideal of L, for any a € L. For any z,y,z € L,
if(x—y)—2fe€landy —, 2% €l,thena —ye I.n and y € In. Now, sinc
e Iz% is an ideal of L, we have = € IZ%, and so x — z € I. Therefore, I is an
n-fold implicative ideal of L. [ |

Theorem 17. Let I be an n-fold implicative ideal of L. Then for any a € L, Loy
is the least ideal of L containing I and a.

Proof. Let I be an n-fold implicative ideal of L and a € L. Then by Theorem
16, Ion is an ideal of L and by (BL7), forany z € I, v = ap = 2©(a3)” < z, we
get © — af, € I, and so x € Ion. Hence I C Ign. Moreover, by (BLT), (BL12),
(BL14) and (BL15),

a—al =a—(ay'0a)=a0 (¢ ' @a)”
=a® ((a%‘l)f —>a>_ <a®a =0.

Hence, a — a}, =0 €I, and so a € Ia%. Now, if J is an ideal of L containing I
and a, then for any = € Ion , we get that x — afy, € I C J. Since J is an ideal of

n—times
—— —
L and a € J, we have ay, =a©---©a € J and so v € J. Therefore, Ia% cJ
and so Ian is the least ideal of L containing I and a. [ |

Theorem 18. Let I be a nonempty subset of L. Then the following conditions
are equivalent:
(i) I is an n-fold implicative ideal of L,
(i1) I is an ideal of L and for any z,y € L, x — y%‘H € I implies v — yj € 1,
(ili) I 4s an ideal of L and for any x,y,z € L, (v — y) — 23 € I implies
(x—23) = (y—2p) €1,
(iv) 0 € I, and if (x — y4™) = 2 € I and z € I, then x — y3 € I, for any
x,y,2 € L.
(v) 0 €1, andz’f(xéy%“) —z¢€l and z € I, then v — y}, € I, for any
x,y,z € L.

Proof. (i)=(ii) Let I be an n-fold implicative ideal of L. Then by Proposition
14, I is an ideal of L. Now, if z — y%‘H € I, for z,y € L, then by Lemma
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2(ii), (z — y) — y% = v — y%' € I and since by Lemma 2(ii) and (iii),

y=oup =y Yoy =y =y Sy =0 gy =0 € I, we get
r—yp €l

(ii) = (ili) Assume that (ii) holds. Let x,y,z € L and (x — y) — 2 € I. By
Lemma 2(i), (ii) and (iv),

(= (y—25) —~2p) ~ 2=z —25) =~ (y = 2p) =25 < (x—y) = 25,
Th N DY 2 S W, A NN N N 2 A NN (nt+n—1)+1
en ((zx = (y = 23)) = 25) =25 €l,andso (zr — (y = 23)) — 2, €

I and by hypothesis (z — (y — 23%)) = zg”rn*l) € I. By continuing this process
we get that (z — (y — 23)) — z(®n+1) € I. Hence, (z — (y — 20)) — 25 € 1.
Therefore, (z — 20) = (y — 23) € I.

(iif) = (iv) Assume that (iii) holds. Obviously, 0 € I. Let (z — y5™") =z €
I and z € I, for x,y,2z € L. Since I is an ideal of L, we have z — y%JF" el
Now, since by Lemma 2(ii), (z — y2) — y% = = — y4'™ € I, then by (iii),
(x —yl) = (y% — ys) € I and since y — y2 =0, then z — y{ € I.

(iv) = (i) Suppose that (iv) is valid. Firstly, we show that I is an ideal of L.
For any z,y € L,if x =y € L and y € I, then

(6= 05 =y = (- @=0) =0 —0)) =y
)

= z—~yel.

And since y € I, it follows that by (iv), z = & — 07 € I. Hence, I is an ideal of
L. Now, let (x = y) = 23 € [ andy — 2, € I, for z,y,2 € L. Then by Lemma
2(ii) and (iv),

(z=25) = 25) =~ (y—=2) < (e —=25) 2y=(r—=y) =z

And since (z — y) — 23 € I, we obtain ((x — 2) — 23) — (y — 2) € I, hence
(x = 25™) — (y — 28) € I. Now, since y — 2% € I, so by (iv), z — 25 € I.
Therefore, I is an n-fold implicative ideal of L.

(iv)= (v) Let (x — ygﬂ) —z€Tland z €1, for x,y,z € L. Then by the

similarly proof ((iv) = (i)), I is an ideal of L. Moreover, since ygﬂ < yot", we

conclude that by Lemma 2(i), z — y&4™ < z — y™. Hence, (z — y4™) — 2 <
z — (y&t) — z and since (z — y4t') — z € I, we get (z — y4t") =z € I
Now, since z € I, we have by (iv), z — y{ € I.

(v)=-(ii) By the similarly proof ((iv)=-(i)), I is an ideal of L. Now, if

z— y»t eI, then (x — y%™) = 0€ I and so by (v), z — y3 € I. |
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Theorem 19. Let I C J, where I and J be two ideals of L and I be an n-fold
implicative ideal of L. Then J is an n-fold implicative ideal, too.

Proof. Let I be an n-fold implicative ideal of L, I C J and (z — y) — 2 € J,
for #,y,2 € L. Denote u = (x — y) — 2. Then by Lemma 2(i) and (iii),
(z—u)—y —~25)=(z—y) = 2) ~u=u—u=0¢€I. Sincel isan
n-fold implicative ideal of L, it follows by by Theorem 18,

(@ —u)—=2B) = (y— ) €I C .

Hence, by Lemma 2(ii), ((x — 2&) = (y — 2{)) — u € J and since J is an ideal
of L and u € J, we have (x — 2J) — (y — 233) € J. Therefore, by Theorem 18,
J is an n-fold implicative ideal of L. [ |

Lemma 20. For any BL-algebra L and x,y € L,
(i) (23)” = (&)™

(i) («")” = (z7)5.
(ili) (z0y) "~ =27~ 0y .
(iv) (roy)” == =y .

Proof. (i) For any z € L, by (BL9), (BL11) and (BL12),
(r7 =) =z —ox =z —z =(x Oz ).
Then (= —wz)” =(2” —m2)” " =(z" Oz ) =27~ Oz =z Oz .
Hence,
(zox) =@ —z) =z Oz .

Now, since the operation © is associative, we get

n—times

_ —_——N— —
(@) = G009
(n—1)—times

—
=(z0--0x)0x)”

(n—1)—times

—_—N— _

(n—2)—times

—N———
n—times
=1 00z
= (7)™
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(ii) For any = € L, by (BL9), (BL11) and (BL12),

(o)

Now,

= (=0

(x —

xr
T
T

n—times

=(x®---

n

= (27)5-

(iii) Let z,y € L. Then by the definition @ and (BL9), (z@y)~~ =
=a~

T oYy T =T QY.

(iv) Let x,y € L. Then by the definition @, (z©y)~ =

(BLY), (BL11) and (BL12),

((z7 = y)7)

And by (BL10) and (BL12),

(= —y)”

Therefore, (zx©y)” =2~ =y~

@) =@o---0x)"
(n—1)—times
= ((x @ ..

(n—1)—times

Ox)”

Qx

= (a7 =y

= (@ =)

(== 0y)7)"

R
(z- oy ).

z)")
)

I A
T = ax
Qx .

Ox)ox)”

Qx

(n—2)—times

e N
=(z0z) @ ©---

n—times

:x_®...

@x)

- Sy

r Oy~

r Oy
x =y

(7 —y)”

265

(= —y)”

. Now, by
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Theorem 21. Let I be an ideal of L. Then I is an n-fold implicative ideal of L
if and only if it satisfies the condition

(n-PI): (y = (2™)") = z€ I and z™ — y € I imply ™ — z € I, for any
x,y,z € L.

Proof. Let I be an n-fold implicative ideal of L. For any z,y,z € L, let (y —
(")7) = z €I and 2" — y € I. Then by Lemma 4(i) and (iii), (2~ = y~) —
(™)” € I 'and y~ — (2")~ € I. Now, by Lemma 20(ii), (2~ =y~ ) = (")} €[
and y~ — (27)% € I and since I is an n-fold implicative ideal of L, we have
2z~ — (27)% € I. Now, by Lemma 4(i), ((z7)%)” — 2=~ € I and so by Lemma
20(i), (x77)™ — 27~ € I. Moreover, since by (BL12) and (BL15), "™ < (z~7)",
it follows that by Lemma 2(i), 2™ — 27~ < (7 )" = 2"~ andsoa” — z=~ € I.
Hence, z" ® (277)~ € I and so 2™ ® 2z~ € I. Therefore, z" — z € I.

Conversely, let I satisfy the condition (n-PI) and (z — y) — 23 € I,
y — 25 €1, for x,y,z € L. Then by Lemma 2(ii), x — y @ 2 € I and so by
Lemma 4(i), (y © 28)” — 2~ € I and (2)” — y~ € I. Now, by Lemma 20(iv),
(y= = ((2%)7)7) = 2= € I and so Lemma 20(i), (y~ — ((¢7)")") =2~ €1
and since (z7)" — y~ € I, we get by condition (n-PI), (27)" — z~ € I. Hence,
by Lemma 20(ii), (23)” — «~, and so by Lemma 4(i),  — 2, € I. Therefore, I
is an n-fold implicative ideal of L. [ |

Theorem 22. Let I be an n-fold implicative ideal of L. Then I is an (n+1)-fold
implicative ideal of L.

Proof. Let I be an n-fold implicative ideal of L and x — y%+2, for z,y € L.

Then by Lemma 2(ii),

n+1

(z—y) ~yil=r—yoyl =z -yt el

Now, by Theorem 18, (z — y) =y € I and so z — ygﬂ =@x—y —ysel
Hence, by Theorem 18, I is an (n + 1)-fold implicative ideal of L. [

Theorem 23. Let I be an ideal of L. Then I is an n-fold implicative ideal of L
if and only zfx%" —uxp €1, forany x € L.

Proof. Let I be an n-fold implicative ideal of L and x € L. Since by Lemma 2(i
(22 — all) = 2l = o2 = 2l o2l =22 =22 =0€l,andzly ~ 2% =0¢€
we get a:Z@" —xp el

Conversely, suppose that for any =z € L, x2®" —zxf el and (z = y) — 2} €
I,y — 2} €1, for x,y,z € L. Then by Lemma 2(ii) and (iv), ((z — 2%) —
25) = (y—=25) < (x—2}) ~y=(r—y) = 25 Since (x = y) — 2, € I and
I is an ideal of L, we have

i),
I,

(z=25) = 2p) = (y—=25) € L.
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And since y — 2% € I, by Lemma 3,
(x = 25) = 25 € 1.
Moreover, by Lemma 2(v),
r— 20 < (20 @2y — 20) 0 (x — 25 @ 2yp).

And since v — 23 020, = (v — 2%) — 22, € I and by hypothesis 2 © 20} — 2% =
22— 20 € 1, we have (23 @ 25 — 22) @ (z — 25 © 25) € I. Hence z — 22 € 1.
Therefore, I is an n-fold implicative ideal of L. [ |

Theorem 24. Let I be an ideal of L. Then I is an n-fold implicative ideal of L
if and only if I is an n-fold Boolean ideal of L.

Proof. Let I be an n-fold implicative ideal of L. Then by Theorem 22, xzn —
xf € I, for any x € L. By Lemma 2(ii),

g = 1p = 2B 01 = TG
= ((z3)” = 23) =
2)©
o)

( )

— 1p)

= ((z3)” — 25
= (z5)” o ((=
= (23)” ANag,
= x5 A (x5)".

Hence, for any = € L, 2% A (z%)~ € I and since ()% — (27)% € I, by similar
way (z7)5% A ((z7)%)~ € I. Now, since by Lemma 20(i), ((z7)%)” = (=7 )",
then (z7)% A (z77)" € I and since by (BL12), (z7)3 Ax™ < (27)3 A (27 7)",
we get (z7)% A x™ € I. Moreover, by Lemma 4(iv), ((z7)% Ax™)”~ € I. Hence,
applying (BL16), we have ((z7)%)~~ A (2")”~ € I. Now, by Lemma 20(i),
((z)8) = (= )B))" = (&))" = (&))" = (a")". Hence,

By (BL12), 2™ < (2™)"~ and so (z™)” Az™ < (z")” A (2™)"~ and since I is
an ideal of L, we have (z")~ Az™ € I, for any x € L. Therefore, I is an n-fold
Boolean ideal of L.

Conversely, Let I be an n-fold Boolean ideal of L. Then for any z € L,

((z7)™)~ A(xz7)™ € I. By Lemma 20(i),

((z)7)" Alaz)” = ((&7)")" A7) e L.
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Since [ is an ideal of L and by (BL12),
2o A ()" < (25)"" Aag)” = ((25)7)” Azp)™,

we obtain z{) A (z(})” € I, and so x2®" — zy € I. Therefore, by Theorem 23, I is
an n-fold implicative ideal of L. [ |

Theorem 25. In a BL-algebra L, the following conditions are equivalent:
(i) any ideal I of L is an n-fold implicative,

(i1) {0} is an n-fold implicative ideal of L,

(ili) for any a € L, the set L(a) = {x € L | x — af, = 0} is an ideal of L.

Proof. (i) < (ii) It follows from Theorem 19.

(ii) < (iii) For any a,z,y € L,if x — y € L(a) and y € L(a), then (z — y) —
ap, =0¢€ {0}, y — a =0 € {0} and since {0} is an n-fold implicative ideal of
L, we have x — a, € {0}. Hence, z — af, = 0 and so x € L(a). Therefore, L(a)
is an ideal of L.

(iii) & (ii) Let (z — y) — 23 € {0} and y — 27 € {0}, for z,y,2z € L.
Then (z — y) € L(2%) and y € L(2}) and since L(z}) is an ideal of L, we get
x € L(2}), and so  — 2 = 0. Hence, {0} is an n-fold implicative ideal of L. m

Proposition 26. Let L be Boolean algebra or Gddel algebra. Then any ideal of
L is an n-fold implicative ideal of L for any natural number n.

Proof. It follows from Theorems 12 and 22. [

Theorem 27. Let I be a proper ideal of a L. Then the following conditions are
equivalent:

(i) I is a maximal and n-fold implicative ideal of L,

(i) z,y &1 implyx =yl €l andy — x}, € I, for all v,y € L,
(ili) if x & I, then there exists natural number m such that ((x3)”)5 € 1,
(iv) (z7)p el or((7)g)” €1, forallxz € L,
)
(vi)

Proof. (i) < (ii) Let I be a maximal and n-fold implicative ideal of L and =,y ¢
I. Then by Theorem 17, Iyn = {z € L | = = yg, € I} is the least ideal of L
containing I and y and since [ is maximal ideal of L and y & I, we have Iyg =1L,
and so x € Iy%. Therefore, x — y7, € I. By similar way y — 27, € I.

(ii) < (iii) Suppose that = ¢ I. Since [ is a proper ideal, we have 1 ¢ I and
so by hypothesis 1 — 2% = (z{})~ € I. Hence, for some natural number m,
() )2 € 1.

I is a prime and n-fold implicative ideal of L,

I is a prime and n-fold Boolean ideal of L.
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(ili) & (iv) For any o € L, if 2~ € I, then (x7)7 € I. Assume that 2~ ¢ I,
then there exists natural number m such that (((z7)7%)7)% € I and since by
Lemma 2(vi), ((z7)%)” < (((7)%)7 )% and I is an ideal of L, we get that
((z7)%)~ € I. Thus, (iv) is valid.

(iv) e (v) Let (z7)% € I or ((x7)%)” € I, for all € L. Then by Lemma
20(ii), (™)~ € I or (z")~~ € I, for all x € L, and since [ is an ideal of L, we
obtain (™)~ € I or z™implicationalgebranl, for all x € L. Now, by Theorem 7,
I is a prime and n-fold Boolean ideal of L and so by Theorem 24, I is a prime
and n-fold implicative ideal of L.

(v) < (vi) It follows from Theorem 24.

(vi) < (i) Let I be a prime and n-fold Boolean ideal of L. Then by Theorem
7, I is a maximal and n-fold Boolean ideal of L. Hence, by Theorem 24, I is a
maximal and n-fold implicative ideal of L. [ |

4. N-FOLD OBSTINATE IDEALS IN BL-ALGEBRAS

In this section we introduce a new class of ideals in B L-algebras that called n-fold
obstinate ideals and we give some results.

Definition. Let I be an ideal of L. [ is called an n-fold obstinate ideal if it
satisfies:
z,y g Iimplyx =yl € I andy —zf, € I, forall z,y € L

Example 28. [6] Let L = {0,a,b,1}, where0 < a < b < 1. Let xtAy = min{z, y},
x Vy = max{z,y} and operations ® and — are defined as the following tables:

Table 3 Table 4
®l10jal|b]1l —|0|lal|b]|1
0]0j]0j0]0O O (11|11
a |0]0]ala a |a|l]1]1
b |0]a|b|b b Ojlal|l]l1l
1 {0fa|b]|1l 1 |0|la|b]|1

Then (L,V,A,®,—,0,1) is a BL-algebra. Now, let I = {0}. Then I is a
2-fold obstinate ideal of L, but it is not a 1-fold obstinate ideal. Indeed, a,b ¢ {0}
andb—a=b0a =boGa=a¢{0}.

Theorem 29. Let I be an ideal of L. Then I is an n-fold obstinate ideal of L if
and only if I is an n-fold integral ideal of L.

Proof. It follows from Theorems 7 and 27. [
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Theorem 30. Let I be a proper ideal and F be a proper filter of L. Then
(i) I is an n-fold obstinate ideal if and only if N(I) is an n-fold obstinate filter
of L.
(ii) F is an n-fold integral filter if and only if N(F') is an n-fold obstinate ideal
of L.

Proof. It follows from Theorems 8, 9 and 29. [ |

The following theorem describes the relationship between n-fold obstinate
ideals and n-fold integral BL-algebras.

Theorem 31. In any BL-algebra L, the following conditions are equivalent:
(i) {0} is an n-fold obstinate ideal of L,

(ii) any ideal of L is an n-fold obstinate ideal,

(iii) L is an n-fold integral BL-algebra.

Proof. It follows from Theorems 10 and 29. [ |

Theorem 32. Let I be an ideal of L. Then I is an n-fold obstinate ideal of L if
and only zf% is an n-fold obstinate BL-algebra.

Proof. It follows from Theorems 11 and 29. [ |

Example 33. Let L be BL-algebra given in Example 28 and I = {0}, which is a
2-fold obstinate ideal of L. We have % = {[0], [a], [1]}, where [0] = {0}, [a] = {a}
and [1] = {b,1}. Note that Z is an MV -algebra and [a]? = [a?] = [0]. Hence, £
is a 2-fold obstinate BL-algebra.

5. CONCLUSION

The results of this paper are devoted to study two new classes of ideals that
is called n-fold implicative ideals and m-fold obstinate ideals. We presented a
characterization and several important properties of n-fold implicative ideals and
n-fol d obstinate ideals. In particular, we proved that an ideal is n-fold implicative
ideal if and only if is an n-fold Boolean ideal. Also, we proved that a B L-algebra is
an n-fold integral BL-algebra if and only if trivial ideal {0} is an n-fold obstinate
ideal. Moreover, we studied the relation between n-fold obstinate ideals and n-
fold (integral) obstinate filters in BL-algebras by using the set of complement
elements.
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