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1. Introduction

The class of distributive lattices plays a key role in the theory of lattice (Boolean
algebras). Many authors generalized the concept of distributive lattice in different
aspects, one of them, Swamy and Rao [8] introduced the concept of Almost
Distributive Lattice (ADL) as a common abstraction of ring theoretic and lattice
theoretic generalization of a Boolean algebra which satisfies almost all conditions
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of a distributive lattice (L,∧,∨, 0) except the commutativity of ∧, ∨ and the
right distributivity of ∨ over ∧. In fact, each one of these three conditions are
equivalent to each other. The authors also introduced relatively complemented
ADLs and studied broadly. In [7], Ramesh and Rao introduced weakly relatively
complemented ADLs and obtained some equivalent conditions for an ADL to
become weakly relatively complemented. For an ADL L with dense elements, the
authors introduced the set BD(L) = {a ∈ L/ there exists b ∈ L such that a∧b = 0
and a∨b is a dense element} and proved that BD(L) is always a weakly relatively
complemented ADL.

In this paper, we introduce weak relative complements in ADLs and obtain
several properties on them. We present a class of weakly relatively complemented
subADLs in an ADL. We characterize weakly relatively complemented ADLs
in terms of annihilator ideals. We derive a sufficient condition for an ADL to
become a weakly relatively complemented ADL. Also, we obtain some necessary
and sufficient conditions for a weakly relatively complemented ADL to become a
Boolean algebra. Finally, we obtain a sufficient condition for a weakly relatively
complemented ADL with dense elements to become a generalized stone ADL.

2. Preliminaries

At first, we remind that the notion of almost distributive lattice and necessary
properties.

Definition [8]. An algebra (L,∧,∨, 0) of type (2, 2, 0) is said to be an almost

distributive lattice (abbreviated: ADL), if it satisfies the following

(i) 0 ∧ a = 0

(ii) a ∨ 0 = a

(iii) a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

(iv) (a ∨ b) ∧ c = (a ∧ c) ∨ (b ∧ c)

(v) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c)

(vi) (a ∨ b) ∧ b = b

for all a, b, c ∈ L.

Definition [8]. Let X be a non-empty set. Fix x0 ∈ X. For any x, y ∈ X, define

x ∧ y =

{

x0 if x = x0
y if x 6= x0

x ∨ y =

{

y if x = x0
x if x 6= x0.

Then (X,∧,∨, x0) is an ADL with x0 as its zero element. This ADL, which is
not a lattice, is called a discrete ADL.
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Throughout this paper L stands for an ADL (L,∧,∨, 0) unless otherwise
mentioned. For any a, b ∈ L, we say that a is less than or equal to b and write
a ≤ b if a ∧ b = a or, equivalently a ∨ b = b. It is easy to observe that ≤ is a
partial ordering on L. An element a ∈ L is said to be the greatest element, if
x 6 a for all x ∈ L.

Lemma 1 [8]. For any a, b, c ∈ L, we have the following:

(i) a ∧ 0 = 0 and 0 ∨ a = a

(ii) a ∧ a = a ∨ a = a

(iii) a ∨ (b ∨ a) = a ∨ b

(iv) ∧ is associative

(v) a ∧ b ∧ c = b ∧ a ∧ c

(vi) a ∧ b = 0 ⇐⇒ b ∧ a = 0

(vii) a ∧ b ≤ b and a ≤ a ∨ b

(viii) (a ∨ b) ∧ c = (b ∨ a) ∧ c

(ix) a ∨ b = b ∨ a ⇐⇒ a ∧ b = b ∧ a.

Lemma 2 [8]. The following are equivalent in L:

(i) (a ∧ b) ∨ a = a, for all a, b ∈ L

(ii) a ∧ b = b ∧ a, for all a, b ∈ L

(iii) a ∨ b = b ∨ a, for all a, b ∈ L

(iv) (L,∧,∨) is a distributive lattice.

A non-empty subset I (resp., F ) of L is said to be an ideal (resp., filter), if
for any a, b ∈ I (resp., F ) and x ∈ L, a∨ b, a∧x ∈ I (resp., a∧ b, x∨ a ∈ F ). For
any non-empty subset S of L, (S] = {(

∨

n

i=1
si)∧ x | s1, s2, . . . , sn ∈ S, x ∈ L and

n is a positive integer} is the smallest ideal containing S. In particular, for any
a ∈ L, (a] = {a∧x | x ∈ L} is the principal ideal generated by a. For a, b ∈ L, the
greatest lower bound of (a] and (b] is (a∧ b] and the least upper bound of (a] and
(b] is (a ∨ b]. For any non-empty subset A of L, the set A∗ = {x ∈ L | a ∧ x = 0,
for all a ∈ A} is called the annihilator of A in L. It becomes an ideal in L. In
particular, for any a ∈ L, {a}∗ = (a)∗, where (a) = (a] is the principal ideal
generated by a.

Lemma 3 [3, 4]. For any a, b, c ∈ L, we have the following:

(i) a ≤ b =⇒ (b)∗ ⊆ (a)∗

(ii) (a)∗∗∗ = (a)∗

(iii) (a ∨ b)∗ = (a)∗ ∩ (b)∗

(iv) (a ∧ b)∗∗ = (a)∗∗ ∩ (b)∗∗



8 R. Sirisetti and G. Jogarao

(v) (a)∗ ⊆ (b)∗ ⇐⇒ (b)∗∗ ⊆ (a)∗∗

(vi) a ∈ (a)∗∗

(vii) (a ∨ b)∗ = (b ∨ a)∗

(viii) (a ∧ b)∗ = (b ∧ a)∗

(ix) (a)∗ = (b)∗ ⇐⇒ (a)∗∗ = (b)∗∗.

An element d in L is said to be dense, if (d)∗ = {0}. Let us denote by D
the set of dense elements in L. Then D is a filter (provided D 6= ∅). Moreover,
if d ∈ D, then d ∨ x, x ∨ d ∈ D for all x ∈ L. An element m ∈ L is said to be
maximal, if m ∧ x = x for all x ∈ L. It is easy to observe that every maximal
element is dense.

Definition [8]. Given a, b in L, an element x of L is said to be a relative com-

plement of a with respect to b, if a ∧ x = 0 and a ∨ x = a ∨ b.

Definition [7]. L is said to be weakly relatively complemented, if for any a, b ∈ L,
there exists x ∈ L such that a ∧ x = 0 and (a ∨ x)∗ = (a ∨ b)∗.

Theorem 4 [7]. If every non-zero element is dense in L, then L is weakly rela-

tively complemented.

3. Weak relative complements

In this section, we introduce weak relative complements in ADLs. We present a
class of weakly relatively complemented subADLs in an ADL. We obtain several
properties on the sets of weak relative complements.

Definition. Given a, b in L, an element x of L is said to be a weak relative

complement of a with respect to b, if a ∧ x = 0 and (a ∨ x)∗ = (a ∨ b)∗.

Example 5. Every relative complement element is a weak relative complement.

Remark 6. But a weak relative complement element need not be relative com-
plement. For, see the following:

Example 7 [7]. LetX2 = {0, a} andX3 = {0, b1, b2} be two discrete ADLs. Then
X2×X3 = {(0, 0), (0, b1), (0, b2), (a, 0), (a, b1), (a, b2)}. Take L = {0, c1, c2, c3,m1,
m2}, where 0 = (0, 0), c1 = (0, b1), c2 = (0, b2), c3 = (a, 0),m1 = (a, b1),m2 =
(a, b2). Define ∧, ∨ on L as follows:
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∧ 0 c1 c2 c3 m1 m2

0 0 0 0 0 0 0

c1 0 c1 c2 0 c1 c2
c2 0 c1 c2 0 c1 c2
c3 0 0 0 c3 c3 c3
m1 0 c1 c2 c3 m1 m2

m2 0 c1 c2 c3 m1 m2

∨ 0 c1 c2 c3 m1 m2

0 0 c1 c2 c3 m1 m2

c1 c1 c1 c1 m1 m1 m1

c2 c2 c2 c2 m2 m2 m2

c3 c3 m1 m2 c3 m1 m2

m1 m1 m1 m1 m1 m1 m1

m2 m2 m2 m2 m2 m2 m2

Then (L,∧,∨, 0) is an ADL but not a lattice. For any a, b ∈ L, define x by

x =











b, if a ∧ b = 0

0, if a is dense or a ∨ b = a

c3, otherwise.

Then x ∈ L, a∧x = 0 and (a∨ x)∗ = (a∨ b)∗. Therefore x is a weak relative
complement of a with respect to b. Now, for c3, c1 ∈ L, c2 is a weak relative
complement element of c3 with respect to c1. But c2 is not a relative complement
element of c3 with respect to c1 (because c3 ∧ c2 = 0 and c3 ∨ c2 = m2 6= m1 =
c3 ∨ c1).

Given a, b ∈ L, the relative complement of a with respect to b exists and is
unique [8], but a weak relative complement of a with respect to b exists and need
not be unique. See Example 7, for c3, c1 ∈ L, there exist x1 = c1, x2 = c2 ∈ L
such that c3∧x1 = 0, (c3∨x1)

∗ = (c3∨c1)
∗ and c3∧x2 = 0, (c3∨x2)

∗ = (c3∨c1)
∗.

So that x1 = c1 6= c2 = x2. Therefore x1 and x2 are two different weak relative
complements of c3 with respect to c1.

Given a, b in L, the set of weak relative complements of a with respect to b
is denoted by 〈a, b〉. For any a ∈ L, 〈a, 0〉 and 〈0, a〉 are non-empty.

The following theorem has a straightforward proof from the definition of a
weakly relatively complemented ADL.

Theorem 8. L is weakly relatively complemented if and only if 〈a, b〉 is non-

empty, for all a, b ∈ L.

L is a disjunctive ADL [2], if for any x, y ∈ L, x 6= y implies (x)∗ 6= (y)∗.

Theorem 9 [7]. If L is disjunctive, then every weak relative complement element

is relative complement.

Now, we have the following theorem.
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Theorem 10. Let a, b ∈ L such that 〈a, b〉 6= φ. Then 〈a, b〉 is closed under ∧
and ∨. Moreover 〈a, b〉 ∪ {0} is a weakly relatively complemented subADL of L.

Proof. Let x, y ∈ 〈a, b〉. Then a∧x = 0 = a∧y and (a∨x)∗ = (a∨b)∗ = (a∨y)∗.
Therefore a ∧ (x ∧ y) = (a ∧ x) ∧ y = 0 (by Lemma 1(iv)) and a ∧ (x ∨ y) =
(a ∧ x) ∨ (a ∧ y) = 0. Now,

[a ∨ (x ∧ y)]∗∗ = [(a ∨ x) ∧ (a ∨ y)]∗∗ (by Def. 1.1(L5)[8])

= (a ∨ x)∗∗ ∩ (a ∨ y)∗∗ (by Lemma 3(iv))

= (a ∨ b)∗∗.

Therefore [a ∨ (x ∧ y)]∗ = (a ∨ b)∗. Hence x ∧ y ∈ 〈a, b〉. Similarly,

[a ∨ (x ∨ y)]∗∗ = [(a ∨ (x ∨ y))∗]∗

= [(a)∗ ∩ (x ∨ y)∗]∗ (by Lemma 3(iii))

= [(a)∗ ∩ ((x)∗ ∩ (y)∗)]∗ (by Lemma 3(iii))

= [((a)∗ ∩ (x)∗) ∩ ((a)∗ ∩ (y)∗)]∗

= [(a ∨ x)∗ ∩ (a ∨ y)∗]∗ (by Lemma 3(iii))

= [(a ∨ b)∗ ∩ (a ∨ b)∗]∗

= (a ∨ b)∗∗.

Therefore [a∨ (x ∨ y)]∗ = (a ∨ b)∗. Hence x∨ y ∈ 〈a, b〉 and 〈a, b〉 is closed under
∧ and ∨. Thus 〈a, b〉 ∪ {0} is a subADL of L. Let x ∈ 〈a, b〉 and x 6= 0. Then
a ∧ x = 0 and (a ∨ x)∗ = (a ∨ b)∗. For t ∈ 〈a, b〉,

t ∈ (x)∗ ⇒ t ∧ x = 0

⇒ t ∧ x = 0 = t ∧ a (since t ∈ 〈a, b〉)

⇒ t ∈ (a ∨ x)∗ = (a ∨ b)∗ (since x ∈ 〈a, b〉)

⇒ t ∈ (a ∨ t)∗ (since (a ∨ t)∗ = (a ∨ b)∗)

⇒ t ∧ t = 0 = t.

Therefore x is dense in 〈a, b〉. Hence every non-zero element in 〈a, b〉 ∪ {0} is
dense. By Theorem 4, 〈a, b〉 ∪ {0} is a weakly relatively complemented subADL
of L.

Lemma 11. For any a, b ∈ L, we have the following:

(i) 〈a, a〉 = {0}

(ii) 〈a, 0〉 = {0}

(iii) 〈a ∨ b, b〉 = {0}

(iv) 〈a, a ∧ b〉 = {0}.
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Proof. (i) and (ii) are trivial. (iii) Let x ∈< a∨ b, b >. Then (a∨ b)∧x = 0 and
[(a ∨ b) ∨ x]∗ = [(a ∨ b) ∨ b]∗. Therefore x ∈ (a ∨ b)∗ and [(a ∨ b) ∨ x]∗ = (a ∨ b)∗

as (a ∨ b) ∨ b = a ∨ b (by Lemma 1(vii)). So that x ∈ [(a ∨ b) ∨ x]∗. Hence
x ∧ x = 0 = x.

(iv) Let x ∈< a, a ∧ b >. Then a ∧ x = 0 and (a ∨ x)∗ = [a ∨ (a ∧ b)]∗.
Therefore x ∈ (a)∗ and (a)∗ = (a ∨ x)∗ as a ∨ (a ∧ b) = a (by Lemma 1(vii)). So
that x ∈ (a ∨ x)∗. Hence x ∧ x = 0 = x.

Lemma 12. For any a, b ∈ L, we have the following:

(i) If 0 ∈ 〈a, b〉, then (a)∗ ⊆ (b)∗

(ii) If a ∈ 〈a, b〉, then a = 0 = b

(iii) If d is dense in L and d ∈ 〈a, b〉, then a = 0 and b is dense.

(iv) b ∈ 〈a, b〉 if and only if a ∧ b = 0.

Proof. (i) If 0 ∈ 〈a, b〉, then a ∧ 0 = 0 and (a ∨ 0)∗ = (a ∨ b)∗. Therefore
(a)∗ = (a)∗ ∩ (b)∗ (by Lemma 3(iii)). Hence (a)∗ ⊆ (b)∗.

(ii) If a ∈ 〈a, b〉, then a ∧ a = 0 and (a ∨ a)∗ = (a ∨ b)∗. Therefore a = 0 and
(0)∗ = (b)∗. Hence b = 0.

(iii) If d ∈ 〈a, b〉, then a∧ d = 0 and (a∨ d)∗ = (a∨ b)∗. Therefore a = 0 and
(a∨ b)∗ = (a∨ d)∗ = {0} (since d is dense). So that (b)∗ = {0}. Hence a = 0 and
b is dense.

(iv) If b ∈ 〈a, b〉, then a ∧ b = 0. The other direction is trivial.

Given an ADL L with dense elements, define BD(L) = {a ∈ L | there exists
b ∈ L such that a∧ b = 0 and a∨ b is a dense element} [7]. It is always a weakly
relatively complemented ADL (by Theorem 4.2 [7]).

Lemma 13. For any a, b ∈ L, we have the following:

(i) If a is dense, then 〈a, b〉 = {0}

(ii) If b is dense, then 〈a, b〉 ⊆ BD(L)

(iii) If b is maximal, then 〈a, b〉 ⊆ BD(L)

(iv) If b is dense, then 〈0, b〉 = D.

Proof. (i) If a is dense, then a ∧ 0 = 0 and (a ∨ 0)∗ = (a ∨ b)∗ = {0}, for
any b ∈ L(since a, a ∨ b are dense). Therefore 0 ∈ 〈a, b〉. So that 〈a, b〉 6= φ. Let
x ∈ 〈a, b〉. Then a∧x = 0. Therefore x = 0 (since a is dense). Hence 〈a, b〉 = {0}.

(ii) Let x ∈ 〈a, b〉. Then a ∧ x = 0 and (a ∨ x)∗ = (a ∨ b)∗. Since b is dense,
(a ∨ x)∗ = (a ∨ b)∗ = {0} (since a ∨ b is dense) . Therefore a ∨ x is dense. Hence
x ∈ BD(L). Thus 〈a, b〉 ⊆ BD(L).

(iii) Since every maximal element is dense, 〈a, b〉 ⊆ BD(L).
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(iv) Suppose b is dense. Now,

〈0, b〉 = {x ∈ L | 0 ∧ x = 0 and (0 ∨ x)∗ = (0 ∨ b)∗}

= {x ∈ L | (x)∗ = (b)∗}

= {x ∈ L | (x)∗ = {0}} (since b is dense)

= {x ∈ L | x ∈ D}

= D.

Therefore 〈0, b〉 = D.

Theorem 14. If L is weakly relatively complemented and a, b ∈ L, then, (b)∗ ⊆
(x)∗, for all x ∈ 〈a, b〉.

Proof. Let a, b ∈ L. Then there exists x ∈ L such that a∧ x = 0 and (a∨ x)∗ =
(a ∨ b)∗. Now, for this x,

(x)∗∗ = [x ∧ (x ∨ a)]∗∗ (by Lemma 1.4(2)[8])

= (x)∗∗ ∩ (x ∨ a)∗∗ (by Lemma 3(iv))

= (x)∗∗ ∩ (a ∨ b)∗∗ (since (a ∨ x)∗∗ = (a ∨ b)∗∗)

= [x ∧ (a ∨ b)]∗∗ (by Lemma 3(iv))

= [(x ∧ a) ∨ (x ∧ b)]∗∗ (by Definition 1.1(L4)[8])

= (x ∧ b)∗∗ (since x ∧ a = 0 and by Lemma 1(vi)).

Therefore (x)∗∗ = (x)∗∗ ∩ (b)∗∗. So that (x)∗∗ ⊆ (b)∗∗ and hence (b)∗ ⊆ (x)∗ (by
Lemma 3(ii)(v)).

By Theorem 8 and 14, we have the following:

Corollary 15. Let a, b ∈ L such that 〈a, b〉 6= φ. Then (b)∗ ⊆ (x)∗, for all

x ∈ 〈a, b〉.

Theorem 16. For any a, b, c ∈ L, we have the following:

(i) 〈a, c〉 = 〈a ∧ c, c〉

(ii) 〈a, c〉 ∩ 〈b, c〉 ⊆ 〈a ∨ b, c〉.

Proof. (i) Let x ∈ 〈a, c〉. Then a ∧ x = 0 and (a ∨ x)∗ = (a ∨ c)∗. Therefore
a ∧ c ∧ x = 0. Now,
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[(a ∧ c) ∨ x]∗∗ = [x ∨ (a ∧ c)]∗∗ (by Lemma 3(vii))

= [(x ∨ a) ∧ (x ∨ c)]∗∗

= (x ∨ a)∗∗ ∩ (x ∨ c)∗∗ (by Lemma 3(iv))

= (a ∨ c)∗∗ ∩ [(x)∗ ∩ (c)∗]∗ (since (a ∨ x)∗∗ = (a ∨ c)∗∗)

= (a ∨ c)∗∗ ∩ (c)∗∗ (since (c)∗⊆(x)∗ and by Corollary 15)

= ((a ∨ c) ∧ c)∗∗

= (c)∗∗.

Therefore [(a ∧ c) ∨ x]∗ = (c)∗. Hence x ∈ 〈a ∧ c, c〉. On the other hand, let
x ∈ 〈a ∧ c, c〉, then a ∧ c ∧ x = 0 and ((a ∧ c) ∨ x)∗ = ((a ∧ c) ∨ c)∗ = (c)∗ (by
Lemma 1.4(1) [8]). Therefore a∧x ∈ (c)∗. So that a∧x∧ ((a∧c)∨x) = 0. Hence
a ∧ x = 0. For t ∈ L,

t ∈ (a ∨ x)∗ ⇒ t ∧ a = 0 = t ∧ x

⇒ t ∧ a ∧ c = 0 = t ∧ x

⇒ t ∈ ((a ∧ c) ∨ x)∗

⇒ t ∧ c = 0 (since ((a ∧ c) ∨ x)∗ = (c)∗)

⇒ t ∈ (a ∨ c)∗.

Therefore (a∨ x)∗ ⊆ (a∨ c)∗. Similarly we can prove (a∨ c)∗ ⊆ (a∨ x)∗. So that
(a ∨ c)∗ = (a ∨ x)∗. Hence x ∈ 〈a, c〉. Thus 〈a, c〉 = 〈a ∧ c, c〉.

(ii) Let x ∈ 〈a, c〉 ∩ 〈b, c〉. Then a ∧ x = 0 = b ∧ x and (a ∨ x)∗ = (a ∨ c)∗,
(b ∨ x)∗ = (b ∨ c)∗. Therefore (a ∨ b) ∧ x = 0. For t ∈ L,

t ∈ (a ∨ b ∨ x)∗ ⇒ t ∧ a = t ∧ b = t ∧ x = 0
⇒ t ∈ (a ∨ x)∗ = (a ∨ c)∗

⇒ t ∧ c = 0
⇒ t ∈ (a ∨ b ∨ c)∗.

Therefore (a ∨ b ∨ x)∗ ⊆ (a ∨ b ∨ c)∗. Similarly (a ∨ b ∨ c)∗ ⊆ (a ∨ b ∨ x)∗. So
that (a ∨ b ∨ x)∗ = (a ∨ b ∨ c)∗ and (a ∨ b) ∧ x = 0. Hence x ∈ 〈a ∨ b, c〉. Thus
〈a, c〉 ∩ 〈b, c〉 ⊆ 〈a ∨ b, c〉.

Theorem 17. For any a, b, c ∈ L, we have the following:

(i) 〈a ∧ b, c〉 = 〈b ∧ a, c〉

(ii) 〈a ∨ b, c〉 = 〈b ∨ a, c〉.
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Proof. Let a, b, c ∈ L. Then, for any x ∈ L,

(a ∧ b) ∧ x = 0 ⇐⇒ (b ∧ a) ∧ x = 0 (by Lemma 1(v))
[(a ∧ b) ∨ x]∗ ⇐⇒ (a ∧ b)∗ ∩ (x)∗ (by Lemma 3(iii))

⇐⇒ (b ∧ a)∗ ∩ (x)∗ (by Lemma 3(viii))
⇐⇒ [(b ∧ a) ∨ x]∗.

Therefore 〈a ∧ b, c〉 = 〈b ∧ a, c〉. Similarly we can prove 〈a ∨ b, c〉 = 〈b ∨ a, c〉.

Lemma 18. If L is weakly relatively complemented and a, b, c ∈ L, then, 〈a, b〉 =
〈a, c〉 ⇐⇒ (a ∨ b)∗ = (a ∨ c)∗.

Proof. Suppose that 〈a, b〉 = 〈a, c〉. Let x ∈ 〈a, b〉. Then a∧x = 0 and (a∨x)∗ =
(a ∨ b)∗ = (a ∨ c)∗. Conversely suppose that (a ∨ b)∗ = (a ∨ c)∗. Let x ∈ 〈a, b〉.
Then a∧x = 0 and (a∨x)∗ = (a∨b)∗. Therefore a∧x = 0 and (a∨x)∗ = (a∨c)∗.
So that x ∈ 〈a, c〉. Hence 〈a, b〉 ⊆ 〈a, c〉. Similarly we can prove 〈a, c〉 ⊆ 〈a, b〉.
Thus 〈a, b〉 = 〈a, c〉.

Theorem 19. Let I be an ideal in a weakly relatively complemented ADL L.
Then I∗ is a weakly relatively complemented subADL of L.

Proof. It is easy to prove that I∗ is a subADL of L. Let a, b ∈ I∗ ⊆ L. Then
there exists x ∈ L such that a ∧ x = 0 and (a ∨ x)∗ = (a ∨ b)∗. Since a, b ∈ I∗,
we have a ∧ y = 0 = b ∧ y, for all y ∈ I. So that y ∧ (a ∨ b) = 0, for all y ∈ I.
That y ∈ (a ∨ b)∗, for all y ∈ I. Therefore I ⊆ (a ∨ b)∗ = (a ∨ x)∗. Hence
a ∨ x ∈ (a ∨ x)∗∗ ⊆ I∗ (by Lemma 3(v)(vi)). So x = (a ∨ x) ∧ x ∈ I∗ (since I∗ is
an ideal). Therefore I∗ is weakly relatively complemented.

The above theorem characterizes a class of weakly relatively complemented
subADLs in an ADL. It is not known if an arbitrary subADL of a weakly relatively
complemented ADL is weakly relatively complemented.

Theorem 20. If (a)∗ is a principal ideal for all a ∈ L, then L is weakly relatively

complemented.

Proof. Let a, b ∈ L. Then there exist x, y ∈ L such that (a)∗ = (x] and (b)∗ =
(y]. For t ∈ L,

t ∈ (a ∨ x)∗ ⇒ t ∈ (a)∗ ∩ (x)∗ (by Lemma 3(iii))
⇒ t ∈ (x] ∩ (x)∗ = {0} (by Definition 3.1[3])
⇒ t = 0.

Therefore a ∨ x is dense in L. Similarly we can prove b ∨ y is also dense in L.
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Take c = x ∧ b. Then a ∧ c = a ∧ x ∧ b = 0 ∧ b = 0 (since a ∧ x = 0). Now, for
t ∈ L,

t ∈ (a ∨ c)∗ ⇒ t ∧ a = 0 = t ∧ c
⇒ t ∧ a ∧ b = 0 = t ∧ x ∧ b
⇒ t ∧ b ∧ (a ∨ x) = 0
⇒ t ∧ b = 0 (since a ∨ x is dense)
⇒ t ∧ (a ∨ b) = 0
⇒ t ∈ (a ∨ b)∗.

Therefore (a ∨ c)∗ ⊆ (a ∨ b)∗. Now,

(a ∨ c) ∧ (a ∨ b) = a ∨ (c ∧ b) (by Definition 1.1(L5) [8])
= a ∨ (x ∧ b ∧ b)
= a ∨ (x ∧ b) (by Lemma 1(ii))
= a ∨ c.

Therefore (a ∨ c) ≤ (a ∨ b). So that (a ∨ b)∗ ⊆ (a ∨ c)∗(by Lemma 3(i)). Hence
(a ∨ b)∗ = (a ∨ c)∗. Thus L is weakly relatively complemented.

4. Some results on weakly relatively complemented ADLs with

dense elements

In this section, we prove necessary and sufficient conditions for a weakly relatively
complemented ADL with dense elements to become a Boolean algebra. We derive
a necessary condition for a generalized stone ADL with dense elements. Finally,
we prove a sufficient condition for a weakly relatively complemented ADL with
dense elements to become a generalized Stone ADL.

Theorem 21. If L is weakly relatively complemented with dense elements, then

the following are equivalent:

(i) L has exactly one dense element

(ii) L is a Boolean algebra

(iii) L is disjunctive.

Proof. Let L be a weakly relatively complemented ADL.

(i) ⇒ (ii) Assume that L has exactly one dense element, say d. For any
a ∈ L, there exists x ∈ L such that a∧x = 0 and (a∨x)∗ = (a∨ d)∗ = {0} (since
a ∨ d is dense). Then a ∨ x is dense and a ∨ x = d. Therefore a ≤ a ∨ x = d, for
any a ∈ L. Therefore d is the greatest element in L. Hence L is complemented
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and bounded. For any a, b ∈ L,

a ∧ b = a ∧ b ∧ d (since d is the greatest element)
= b ∧ a ∧ d (by Lemma 1(v))
= b ∧ a.

Therefore L is a bounded distributive lattice with the least element 0 and the
greatest element d (by Theorem 1.13 [8]). Hence L is Boolean algebra.

(ii) ⇒ (iii) Assume that L is a Boolean algebra. Let a, b ∈ L. Suppose
(a)∗ = (b)∗. For this a, b ∈ L, there exist x, y ∈ L such that a∧x = 0 = b∧ y and
a ∨ x = 1 = b ∨ y, where 1 is the greatest element in L. Therefore x ∈ (a)∗ and
y ∈ (b)∗. So that x ∈ (b)∗ and y ∈ (a)∗ (since (a)∗ = (b)∗). Hence b∧x = 0 = a∧y.
Now,

a = a ∧ 1
= a ∧ (b ∨ y)
= (a ∧ b) ∨ (a ∧ y) (by Definition 1.1(L4) [8])
= a ∧ b. (since a ∧ y = 0)

Therefore a ≤ b. Similarly we can prove b ≤ a. Hence a = b. Thus L is
disjunctive.

(iii) ⇒ (i) Assume that L is disjunctive. Suppose L has two dense elements,
say a, b. Therefore (a)∗ = (b)∗. Since L is disjunctive, a = b. Hence L has exactly
one dense element.

L is a generalized stone ADL [4], if for any a ∈ L, (a)∗ ∨ (a)∗∗ = L. Now, we
have the following:

Theorem 22. Every generalized stone ADL L with dense elements is weakly

relatively complemented.

Proof. Suppose that L is a generalized stone ADL. Let x, y ∈ L. Then (x)∗ ∨
(x)∗∗ = L = (y)∗ ∨ (y)∗∗. Choose a dense element in L such that d = a ∨ b for
some a ∈ (x)∗ and b ∈ (x)∗∗ (since L is a stone ADL (i.e., L = (x)∗ ∨ (x)∗∗)). For
s ∈ L,

s ∈ (a ∨ x)∗ ⇒ s ∧ a = 0 = s ∧ x
⇒ s ∧ a = 0 = s ∧ b (since s ∈ (x)∗ and b ∈ (x)∗∗)
⇒ s ∧ (a ∨ b) = 0
⇒ s ∧ d = 0
⇒ s = 0. (since d is dense)

Therefore a ∨ x is dense. Take t = a ∧ y. Then x ∧ t = x ∧ a ∧ y = 0 (since
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a ∧ x = 0 and by Lemma 1(vi)), and

(x ∨ t) ∧ (x ∨ y) = x ∨ (t ∧ y) (by Definition 1.1(L5) [8])
= x ∨ (a ∧ y ∧ y)
= x ∨ (a ∧ y) (by Lemma 1(ii))
= x ∨ t.

Therefore (x ∨ t) 6 x ∨ y. Hence (x ∨ y)∗ ⊆ (x ∨ t)∗(by Lemma 3(i)). For s ∈ L,

s ∈ (x ∨ t)∗ ⇒ s ∧ x = 0 = s ∧ t
⇒ s ∧ x ∧ y = 0 = s ∧ a ∧ y
⇒ s ∧ y ∧ (x ∨ a) = 0 (by Lemma 1(v))
⇒ s ∧ y = 0 (since x ∨ a is dense)
⇒ s ∧ (x ∨ y) = 0
⇒ s ∈ (x ∨ y)∗.

Therefore (x ∨ t)∗ ⊆ (x ∨ y)∗. Hence (x ∨ t)∗ = (x ∨ y)∗. Thus L is weakly
relatively complemented.

Remark 23. The converse of above statement need not be true. For, see the
following:

Example 24. Let L = {0, a, b, c, 1} be an ADL whose Hasse-diagram is

0

a b

c

1

Then L is weakly relatively complemented. For a, b ∈ L, (a)∗ = {0, b} and
(a)∗∗ = {0, a}. Therefore (a)∗ ∨ (a)∗∗ = {0, a, b, c} 6= L and hence L is not a
generalized stone ADL.

L is a normal ADL [5], if for any x, y ∈ L, x∧ y = 0 implies (x)∗ ∨ (y)∗ = L.

Now, we have the following.
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Theorem 25. If L is weakly relatively complemented and normal with dense

elements, then L is a generalized stone ADL.

Proof. Let d be a dense element in L and x ∈ L. Then there exists y ∈ L such
that x ∧ y = 0 and (x ∨ y)∗ = (x ∨ d)∗ = {0}. Therefore x ∧ y = 0 and x ∨ y is
dense. So that y ∈ (x)∗ also (x)∗∗ ⊆ (y)∗ (by Lemma 3(v)). For s, t ∈ L,

s ∈ (x)∗ and t ∈ (y)∗ ⇒ s ∧ x = 0 = t ∧ y
⇒ s ∧ x ∧ t = 0 = t ∧ y ∧ s
⇒ s ∧ t ∧ (x ∨ y) = 0 (by Lemma 1(v)
⇒ s ∧ t = 0 (since x ∨ y is dense)
⇒ t ∈ (x)∗∗ (since s ∈ (x)∗)
⇒ (y)∗ ⊆ (x)∗∗.

Therefore (x)∗∗ = (y)∗. Since L is normal and x ∧ y = 0, (x)∗ ∨ (y)∗ = L.
Therefore (x)∗ ∨ (x)∗∗ = L. Hence L is a generalized stone ADL.
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