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Abstract

In this paper, as a further generalization of ideals, we introduce the
notion of bi-interior ideal as a generalization of quasi ideal, bi-ideal and
interior ideal of semigroup and study the properties of bi-interior ideals of
semigroup, simple semigroup and regular semigroup.
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1. INTRODUCTION

The notion of ideals was introduced by Dedekind for the theory of algebraic
numbers. The notion of ideals was generalized by E. Noether for associative
rings. The one and two sided ideals introduced by her, are still central concepts
in ring theory. The notion of the bi-ideal in semigroups is a special case of (m,n)
ideals introduced by Lajos. In 1952, the concept of bi-ideals for semigroup was
introduced by Good and Hughes [1] and the notion of bi-ideals in associative rings
was introduced by Lajos and Szasz [4, 5]. We know that the notion of an one
sided ideal of any algebraic structure is a generalization of notion of an ideal. The
quasi ideals are generalization of left ideals and right ideals whereas the bi-ideals
are generalization of quasi ideals. Steinfeld [9] first introduced the notion of quasi
ideals for semigroups and then for rings. Iseki [2] introduced the concept of quasi
ideal for a semiring. Murali Krishna Rao [7] introduced bi-quasi-ideals and fuzzy
bi-quasi-ideals in I'-semigroups. Jantanan and Changphas [3] studied 0-minimal
(0,2)-bi-ideals. Palakawongna Ayutthaya and Pibaljommee [6] studied ordered
quasi k-ideals. In this paper, as a further generalization of ideals, we introduce the
notion of bi-interior ideal as a generalization of quasi ideal, bi-ideal and interior
ideal of semigroup and study the properties of bi-interior ideals of semigroup.
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2. PRELIMINARIES

In this section we will recall some of the fundamental concepts and definitions,
which are necessary for this paper.

A semigroup is an algebraic system (5,.) consisting of a non-empty set S
together with an associative binary operation ” -/ . A subsemigroup T of S is a
non-empty subset T of S such that TT C T. A non-empty subset T of S is called
a left (right) ideal of S if ST C T(T'S C T'). A non-empty subset T of S is called
an ideal of S if it is both a left ideal and a right ideal of S. A non-empty subset
Q of S is called a quasi ideal of S if QS N SQ C Q. A subsemigroup T of S is
called a bi-ideal of S if TST C T. A subsemigroup T of S is called an interior
ideal of S if ST'S C T. An element a of a semigroup S is called a regular element
if there exists an element b of S such that ¢ = aba. A semigroup S is called a
regular semigroup if every element of S is a regular element. An element 1 € §
is said to be unity if x1 = lx = x for all z € S.

A subsemigroup A of S is called a left( right) bi- quasi ideal of M if SAN
ASA(ASNASA) C A. A subsemigroup A of S is called a bi- quasi ideal of M if
A is a left bi- quasi ideal and a right bi- quasi ideal of M.

A semigroup M is a left (right) simple semigroup if M has no proper left
(right) ideal of M. A semigroup M is a bi-quasi simple semigroup if M has no
proper bi-quasi ideal of M. A semigroup M is said to be simple semigroup if M
has no proper ideals.

3. BI-INTERIOR IDEALS OF SEMIGROUPS

In this section, we introduce the notion of bi-interior ideal as a generalization
of bi-ideal and interior ideal of semigroup and study the properties of bi-interior
ideals of semigroups, simple semigroups and regular semigroups.Throghout this
paper, M is a semigroup with unity.

Definition 3.1. A non-empty subset B of semigroup M is said to be bi-interior
ideal of M if MBM N BMB C B.

Definition 3.2. A semigroup M is said to be bi-interior simple semigroup if M
has no bi-interior ideals other than M itself.

In the following theorem, we mention some important properties and we omit
the proofs since proofs are straight forward.

Theorem 3.3. Let M be a semigroup. Then the following are hold.
(1) Every left ideal is a bi-interior of M.
(2) Every right ideal is a bi-interior of M.
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(3) Every quasi ideal is a bi-interior of M.

(4) If L is a bi-interior ideal of semigroup M then LL C L.

(5) Intersection of a right ideal and a left ideal of M is a bi-interior ideal of M.

(6) If B is a bi-interior ideal of M, then BM and MB are bi-interior ideals
of M.

(7) If A and B are bi-interior ideals of M, then AN B is a bi-interior ideal
of M.

(8) If B is a bi-interior ideal and T is a subsemigroup of M, then BNT is a
bi-interior ideal of semigroup M.

(9) Every ideal is a bi-interior ideal of M.

Theorem 3.4. Let M be a simple semigroup. Every bi-interior ideal is a bi-ideal
of M.

Proof. Let M be a simple semigroup and B be a bi-interior ideal of M. Then
MBMNBMB C B and M BM is an ideal of M. Since M is a simple semigroup,
we have MBM = M. Hence MBM NBMBCB,=MNBMBCB,= BMB
C B. Hence the theorem. [ ]

Theorem 3.5. Let M be a semigroup. Then M is a bi-interior simple semigroup
if and only if MaM NaMa = M, for all a € M.

Proof. Suppose M is a bi-interior simple semigroup and a € M. We know that
MaM NaMa is a bi-interior ideal of M. Hence MaM NaMa = M, for all a € M.

Conversely suppose that MaM NaMa = M, for all a € M. Let B be a bi-
interior ideal of semigroup M and a € B. M = MaM NaMa C MBMNBMB C
B. Therefore M = B. Hence M is a bi-interior simple semigroup. [ |

Theorem 3.6. Let M be a regular semigroup. Then every bi-interior ideal of M
is an ideal of M.

Proof. Let B be a bi-interior ideal of regular semigroup M. Then BMB N
MBM C B and BM C BMB,BM C MBM. Therefore BM C BMB N
MBM C B. Similarly, we can show that MB C BMBN MBM C B. Hence
the theorem. [ |

Theorem 3.7. Let M be a semigroup. Then the following statements are equiv-
alent:

(i) M is a bi-interior simple semigroup.

(il) Ma = M, for alla € M.

(iii) <a>= M, for alla € M and where < a > is the smallest bi-interior ideal
generated by a.
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Proof. Let M be a semigroup.

(i)=-(ii): Suppose M is a bi-interior simple semigroup, a € M and B = Ma.
Then B is a left ideal of M. Therefore, by Theorem 3.3, B is a bi-interior ideal
of M. Therefore B = M. Hence Ma = M, for all a € M.

(ii)=(iii): Suppose Ma = M, for all a € M. Then Ma C<a >C M, = M C<
a >C M. Therefore M =< a > .

(iii)=(i): Suppose < a > is the smallest bi-interior ideal of M generated by
a, < a >= M, A is the bi-interior ideal and a € A. Then < a >C A C M,
= M C A C M. Therefore A = M. Hence M is a bi-interior simple semigroup.

Theorem 3.8. Every bi-ideal of semigroup M is a bi-interior ideal of M.

Proof. Let B be a bi-ideal of semigroup M. Then BM B C B. Therefore BM BN
MBM C BMB C B. Hence every bi-ideal of semigroup M is a bi-interior ideal
of M. -

Theorem 3.9. Every interior ideal of semigroup M is a bi-interior ideal of M.

Proof. Let I be an interior ideal of semigroup M. Then IMI N MIM C MIM
C I. Hence [ is a bi-interior ideal of semigroup M. [ |

Theorem 3.10. If L is a minimal left ideal and R is a minimal right ideal of
semigroup M, then B = RL is a minimal bi-interior ideal of M.

Proof. Obviously B = RL is a bi-interior ideal of M. Suppose A is a bi-interior
ideal of semigroup M such that A C B. MAC MB = MRL C L, since L is a
left ideal of M. Similarly, we can prove AM C R. Therefore MA =L, AM = R.
Hence B = AMML C AMAB = RL = RMA C MA C MAM. Therefore
B C AMANMAM C A. Therefore A = B. Hence B is a minimal bi-interior
ideal of M. [ |

Theorem 3.11. The intersection of a bi-interior ideal B of semigroup M and a
subsemigroup A of M is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal of semgroup M and A be a subsemigroup of
M. Suppose C' = BN A. Then C is a subsemigroup of M, C C A and CAC C
AAACA.-.-(1). CAC C BABC BMB,MCM C MBM, = CACNMCM C
BMBNMBM C B,CACNMCM C CAC C A from (1). Therefore CAC N
MCM C BN A= C. Hence the intersection of a bi-interior ideal B of semigroup
M and a subsemigroup A of M is a bi-interior ideal of M. [ |

Theorem 3.12. Let A and C' be subsemigroups of semgroup M and B = AC. If
A is the left ideal then B is a bi-interior ideal of M.
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Proof. Let A and C be subsemgroups of semgroupM and B = AC. Suppose
A is the left ideal of M. BMB = ACMAC = ACAC C AC = B. Therefore
BMBNMBM C BMB C B. Hence B is a bi-interior ideal of M. [ ]

Corollary 3.13. Let A and C be subsemigroups of semigroup M and B = C A.
If C is a right ideal then B is a bi-interior ideal of M.

Theorem 3.14. M 1is a reqular semigroup if and only if BNINL C BIL, for
any bi-interior ideal B, ideal I and left ideal L of M.

Proof. Suppose M is a regular semigroup, B, I and L are bi-interior ideal, ideal
and left ideal of M respectively. Let « € BN 1IN L. Then a € aMa, since M is
regular. a € aMa C aMaMaMa C BIB C BMB,a € aMa C aMaMaMa C
MBM,a e BMBNMBM = B. Hence BNINLCB.

Conversely suppose that B NI N L C BIL, for any bi-interior ideal B, ideal
I and left ideal L of M. Let R be a right ideal and L be a left ideal of M. Then
by assumption, RNL=RNMNLC RML C RL. We have RLC R, RL C L.
Therefore RL C RN L. Hence RN L = RL. Thus M is a regular semigroup. ®

Theorem 3.15. Let M be a semigroup and T be a non-empty subset of M.
Then every subsemigroup of T' containing TMT U MTM is a bi-interior ideal of
semigroup M.

Proof. Let B be a subsemigroup of T containing TMT U MTM. Then BMB C
TMT C TMT JUMTM C B. Therefore BMB N MBM C B. Hence B is a
bi-interior ideal of M. [

Theorem 3.16. If B is a bi-interior ideal of semigroup M, T is a subsemigroup
of M and T C B then BT is a bi-interior ideal of M.

Proof. Suppose B is a bi-interior ideal of semigroup M, T is a subsemigroup of
M and T' C B. Then (BT)BT C BBT C BT. Hence BT is a subsemigroup of M.
We have MBTM C MBM and BTMBT C BMB, = MBTM N BTMBT C
MBM N"BMB C B. = MBTM NBTMBT C MBM N BMB C B and
BT C B. = MBTM N BTMBT C BT. Hence BT is a bi-interior ideal of
semigroup M. [ |

Corollary 3.17. Let M be a semigroup and e be an idempotent. Then eM and
Me are bi-interior ideals of M respectively.

Theorem 3.18. Let B be a bi-ideal of semigroup M and I be an interior ideal
of M. Then BN 1 is a bi-interior ideal of M.
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Proof. Suppose B is a bi-ideal of M and I is an interior ideal of M. Obviously
B N1 is asubsemigroup of M. Then (BNI)M(BNI)C BMB C B and M (BN
I)M C MIM C I. Therefore (BNI)M(BNI)NM(BNI)M C BnNI. Hence
BN 1 is a bi-interior ideal of M. [

Theorem 3.19. Let M be a semigroup and T be a subsemigroup of M. Then
every subsemigroup of T containing MTM NTMT is a bi-interior ideal of M.

Proof. Let C be a subsemigroup of T" containing MTM NTMT. Then MCM N
CMC C MTMNTMT C C. Hence C'is a bi-interior ideal of semigroup. [ |

Theorem 3.20. Let M be a semigroup. If M = Ma, for all a € M. Then every
bi-interior ideal of M is a quasi ideal of M.

Proof. Let B be a bi-interior ideal of a semigroup M and a € B. Then M BM N
BMBCB,=MaCMB,=MCMBCM,=MB=M,=BMB=BM,
= MBNBM C MBM NBMB C B. Therefore B is a quasi ideal of M. Hence
the theorem. [ |

Theorem 3.21. Let M be a reqular semigroup. Then B is a bi-interior ideal of
M if and only if MBM N BMB = B, for all bi-interior ideals B of M.

Proof. Suppose M is a regular semigroup, B is a bi-interior ideal of M and x €
B. Then MBMNBMB C B and there exists y € M, such that x = xyx € BM B.
Therefore x € MBM N BMB. Hence MBM N BMB = B.

Conversely suppose that M BM N BM B = M, for all bi-interior ideals B of
M. Let B = RN L, where R is a right ideal and L is a left ideal of M. Then
B is a bi-interior ideal of M. Therefore MRN LM NRNLMRNL = RN L,
RNLC(RNL)M(RNL)C RMLC RLC RNLsince RLC L and RL C R.
Therefore RN L = RL. Hence M is a regular semigroup. [ |

Theorem 3.22. If M is a group then M is a bi-interior simple group.

Proof. Let B be a proper bi-interior ideal of group M,x € M and 0 # a € B.
Since M is a group, there exists b € M such that ab = 1. Then abxr = x = xab.
Then x € BM. Therefore M C BM. We have BM C M. Hence M = BM.
Similarly we can prove M = M B.

Therefore BM C MBM and BM C BMB, = BM C MBM N BMB,
=M =BM C MBMNBMB C B. = M = B. Hence group M is a bi-interior
simple group. [ |

Theorem 3.23. The intersection of {Byx | A € A} bi-interior ideals of a semi-
group M is a bi-interior ideal of M.
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Proof. Let B = (\,c4 Bx. Then B is a subsemigroup of M. Since B) is a bi-
interior ideal of M, we have B\M B\ N M B\M C B, forall A\ € A, = (NB\M N
B)) N M(NBy\)M C (NB,), = (BMB)N (MBM) C B. Hence B is a bi-interior
ideal of M. [ |

Theorem 3.24. Let B be a bi-interior ideal of semigroup M and e be an idem-
potent such that eB C B. Then eB is a bi-interior ideal of M.

Proof. Let B be a bi-interior ideal of semigroup M. Suppose z € BNeM. Then
r € Bandx = ey,y € M. 2 = ey = e’y = e(ey) = ex € eB. Therefore
BneM CeB,eBC BandeB CeM,=eBC BNeM,= eB = BnNneM. Hence
eB is a bi-interior ideal of M. [

Theorem 3.25. Let e and f be idempotents of semigroup M. Then eM f is a
bi-interior ideal of M.

Proof. Suppose e and f be idempotents of semigroup M. Then eMf C eM
and eMf CMf, =eMf CeMNMf. Let a € eM NMf. Then a = ec = df,
c,d € M. a=ec=cec=ea=cedf € eMf. Therefore eM N M f C eM f. Hence
eMNMf=eMf. Thus eM f is a bi-interior ideal of semigroup M. [

Theorem 3.26. Let M be a semigroup and B be a bi-interior ideal of M. Then
B is a minimal bi-interior ideal of M if and only if B is a bi-interior simple
subsemigroup of M.

Proof. Let B be a minimal bi-interior ideal of semigroup M and C be a bi-
interior ideal of B. Then CBCNBCB C C. Therefore CBCNBCB is a bi-interior
ideal of M. Since B is a minimal bi-interior ideal of semigroup M, CBCNBCB =
B,=B=CBCNnBCBC(C,=B=C.

Conversely suppose that B is a bi-interior simple subsemigroup of M. Let C
be a bi-interior ideal of M and C C B. CBCNBCB C CMCnNMCM C C,
= B = C. Since B is a bi-interior simple subsemigroup of M. Hence B is a
minimal bi-interior ideal of M. [ |

Theorem 3.27. Let M be a semigroup. If B is a bi-interior ideal of M and T
s a non-empty subset of B such that BT is a subsemigroup of M then BT is a
bi-interior ideal of M.

Proof. We have MBM NBMB C B = MBTMNBTMBT CMBMNBMB
CB.= MBTMnNBTMBT C BT. Hence BT is a bi-interior ideal of M. [ ]

Theorem 3.28. Let B be subsemigroup of a regular semigroup M. Then B can
be represented as B = RL, where R is a right ideal and L is a left ideal of M if
and only if B is a bi-interior ideal of M.
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Proof. Suppose B = RL, where R is right ideal of M and L is a left ideal of M.
BMB=RLMRL C RL,= MBMNBMB C BMB C RL = B. Hence B is a
bi-interior ideal of M.

Conversely suppose that B is a bi-interior ideal of regular semigroup M.
By Theorem 3.22, MBM N BMB = B. Let R = BM and L = MB. Then
R = BM is a right ideal of M and L = MB is a left ideal of M. Therefore
BMNMBCMBMNBMB=B,=BMNMBCB,=RNLC B. We have
BCBM=Rand BCMB=L,=BCRNL,=B=RNL=RL,since M
is a regular semigroup.

Hence B can be represented as RL, where R is the right ideal and L is the
left ideal of M. Hence the theorem. [ |

Theorem 3.29. If B is a bi-interior ideal of semigroup M, then B is a bi-quasi
ideal of M.

Proof. Suppose B is a bi-interior ideal of a semigroup M. Then M BMNBMB C
B.MBNBMBC MBMNBMBC Band BMNBMBC MBMNBMB C B.
Hence B is a bi-quasi ideal of M. [ |

Theorem 3.30. If B is a bi-interior ideal of semigroup M and T is a non-empty
subset of B such that BT is a subsemigroup of M, then BT is a bi-interior ideal
of M.

Proof. We have MBM NBMB C B= (MBMNBMB)T C BT,= MBMTnN
BMBT C BT, = MBTMNBTMBT C MBMTNBMBT C BT.
Hence BT is a bi-interior ideal of M. [ ]

Theorem 3.31. If semigroup M is a left (right) simple semigroup then every
bi-interior ideal of M is a right (left) ideal of M.

Proof. Let B be a bi-interior ideal of left simple semigroup. Then MB is a
left ideal of M and M B C M. Therefore MB = M. Then BM C MBM and
BM =BMB,=BM CMBMNBMB,=BMCMBMNBMB C B.

Hence every bi-interior ideal is a right ideal of M. Similarly we can prove for
right simple semigroup M. Hence the theorem. [ |

Corollary 3.32. If semigroup M is a simple semigroup then every bi-interior
ideal of M is an ideal of M.

Theorem 3.33. Let M be a regular semigroup. If B is a bi-interior ideal of
M and B is a reqular subsemigroup of M then any bi-interior ideal of B is a
bi-interior ideal of M.



BI-INTERIOR IDEALS OF SEMIGROUPS it

Proof. Let A be a bi-interior ideal of bi-interior ideal B of semigroup M Then by
Theorem 3.21, BABNABA =Aand MBMNBMB =B.---(1). = A= BABN
ABA C MAM N AMA.---(2). From (1) and (2), we get MAM N AMA = A.
Hence A is a bi-interior ideal of M. [ |

4. CONCLUSION

As a further generalization of ideals, we introduced the notion of bi-interior ideal
of semigroup as a generalization of ideal, left ideal, right ideal, bi-ideal,quasi
ideal and interior ideal of semigroup and studied some of their properties. We
introduced the notion of bi-interior simple semigroup and characterized the bi-
interior simple semigroup,the bi-interior regular semigroup using bi-interior ideals
of semigroup,We proved every bi-interior ideal of semigroup is a bi-quasi ideal and
studied some of the properties of bi-interior ideals of semigroup. In continuity
of this paper, we study prime bi-interior ideals, maximal and minimal bi-interior
ideals of semigroup.
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