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Abstract

A generalized hypersubstitution of type 7 = (n;);cs is a mapping o which
maps every operation symbol f; to the term o(f;) and may not preserve ar-
ity. It is the main tool to study strong hyperidentities that are used to
classify varieties into collections called strong hypervarieties. Each gener-
alized hypersubstitution can be extended to a mapping & on the set of all
terms of type 7. A binary operation on Hypg(7), the set of all generalized
hypersubstitutions of type 7, can be defined by using this extension. The
set Hypg () together with such a binary operation forms a monoid, where
a hypersubstitution ¢jq, which maps f; to fi(z1,...,2,,) for every i € I,
is the neutral element of this monoid. A weak projection generalized hy-
persubstitution of type 7 is a generalized hypersubstitution of type 7 which
maps at least one of the operation symbols to a variable. In semigroup the-
ory, the various types of its elements are widely considered. In this paper,
we present the characterizations of idempotent weak projection generalized
hypersubstitutions of type (m,n) and give some sufficient conditions for a
weak projection generalized hypersubstitution of type (m,n) to be regular,
where m,n > 1.

Keywords: idempotent, regular, generalized hypersubstitution, weak pro-
jection generalized hypersubstitution.
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1. INTRODUCTION

Let n be a natural number. Let X,, = {z1,...,x,} be an n-element set. The set
X, is called an alphabet and its elements are called variables. Let {f; : i € I}
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be the set of operation symbols, indexed by a nonempty set I. The sets X,, and
{fi : i € I} have to be disjoint. To every operation symbol f;, we assign a natural
number n; > 1, called the arity of f;. Asin the definition of algebra, the sequence
T = (n;)ier of all arities is called the type. The classes of algebras are described
by logical expressions. This formal language is built up by variables from an
n-element set. With these notations for operation symbols and variables, we can
define the terms of type 7, (see [5, 6, 7]).
Let n > 1, the n-ary terms of type 7 are inductively defined as follows:

(i) every variable z; € X, is an n-ary term of type T;

(ii) if t1,...,t,, are n-ary terms of type 7 and f; is an n;-ary operation symbol,
then fi(t1,...,t,,) is an n-ary term of type .

The set W-(X,) = Wr({z1,...,2,}) of all n-ary terms of type 7 is the
smallest set which contains x1,...,x, and is closed under finite application of
(ii). We denote the set of all terms of type 7 by

Wo(X) = | Wr(Xp).

n>1

Terms can be visualized by tree diagrams, where the vertices are labelled
by operation symbols and the leaves are labelled by variables (see [2]). Trees
have many applications in mathematics, computer science, linguistic and in other
fields. For instance, the following tree corresponds to the term:

F(f(z1,22), f(f(21,22), f(71,72)))

In universal algebra, identities are used to classify algebras of the same type
into varieties, and hyperidentities are use to classify varieties of the same type into
hypervarieties. The concept of hypersubstitutions was introduced by Denecke,
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Lau, Poschel and Schweigert [3] as a way of making precise the concept of hyper-
identity and hypervarieties. In [11], Leeratanavalee and Denecke generalized the
concepts of hypersubstitutions and hyperidentities to the concepts of generalized
hypersubstitutions and strong hyperidentities, respectively. They used the gen-
eralized superpositions to study the concept of generalized hypersubstitutions.
A generalized superposition of terms is a mapping S* : (W, (X)) — W,.(X)
which is defined by the following steps.

(i) If t = z; € X, where 1 < j <k, then Sk(wj,tl, coty) =1
(ii) If t = z; € X \ X, where j > k, then Sk(xj,tl,...,tk) = ;.

(iii) If t = fi(s1,...,5n,) and assume that S¥(s;,t1,...,t;) are already defined
for all 1 < j < n;, then

Sk(fi(sl, N 73ni),t1, e ,tk) = fi(Sk(sl,tl, N ,tk), e ,Sk(sni,tl, e ,tk)).

A generalized hypersubstitution of type 7 is a mapping o : {f; : 1 € [} — W (X)
which maps each operation symbol of type 7 to a term of the same type which
may not preserve arity. We denote the set of all generalized hypersubstitutions
of type 7 by Hypg(7).

The generalized hypersubstitution ¢ can be extended to a mapping & :
W.(X) — W;(X) on the set of all terms of type 7 inductively defined as fol-
lows:

(i) &[x] := =z for any variable x € X;

(i) o[fi(t1,... tn,)] == S™(a(fi),6[t1],...,0tn,]) for every m;-ary operation
symbol f; and assume that 6[t;] is already defined for all 1 < j < n,.

In [11], the authors defined a binary operation og on Hypg(7) by o1 og 03 :=
d1 00y where o is usual composition, and showed that the structure Hypg (1) :=
(Hypg(7);0a, 0iq4) is @ monoid where oiq is an identity hypersubstitution. More-
over, if Hyp(7) denotes the set of all arity-preserving hypersubstitutions of type
7, then Hyp(7) forms a submonoid of Hypg(7) under og.

In 2000, Leeratanavalee and Denecke used generalized hypersubstitutions as
a tool to study strong hyperidentities and used such strong hyperidentities to
classify varieties into collections called strong hypervarieties. An identity s ~ t
of a variety V is called a strong hyperidentity if the equation d[s] ~ &[t] holds
in V for every generalized hypersubstitution o € Hypg (7). If M := (M;0q, 0iq)
is a submonoid of Hypg(7), then s ~ ¢ is called an M -strong hyperidentity if
G[s] = o[t] are identities for every o € M. A variety V is called M-strongly
solid if every identity satisfied in V' is an M-strong hyperidentity, and in case of
M = Hypq(7), we will say V' is a strongly solid variety. The set of all strongly
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solid varieties of type 7 forms a complete sublattice of the lattice of all varieties
of type 7, (see [8, 9, 10, 11]). Moreover, they used the extensions of generalized
hypersubstitutions to define tree transformations. It turns out that the algebraic
properties of the set of tree transformations are described by algebraic properties
of the set of all generalized hypersubstitutions [4].

These results suggest the importance of studying the particular monoid of
generalized hypersubstitutions and its submonoids in both specific choices of 7
and in general. In [5], Denecke and Wismath studied M-hyperidentities and
M-solid varieties based on submonoids M of the monoid Hyp(7). They de-
fined a number of natural such monoids based on various properties of hypersub-
stitutions. Later in [9], Leetatanavalee extended these concepts to generalized
hypersubstitutions. A number of fairly natural examples of submonoids of the
monoid Hypg(7) of all generalized hypersubstitutions of a given type 7 were
given, (see [9]).

In semigroup theory, it is of interest to consider various types of its elements,
including regular, idempotent, completely regular, etc. In [14], the authors char-
acterized idempotent elements of Hypg(2) and determined the order of each
generalized hypersubstitution of this type. All regular elements of the monoid
of all generalized hypersubstitutions of type (2) were studied by Puninagool and
Leeratanavalee [10]. The generalized results were also given in [15], in fact, the
idempotent and regular elements of Hypg(n) were determined.

In 2007, Puninagool and Leeratanavalee [13] continued in this vein, by study-
ing the semigroup properties of the submonoid pre-generalized hypersubstitutions
of Hypa(2,2). Indeed, they characterized idempotent elements of pre-generalized
hypersubstitutions with a specific type (2,2). Later in 2016, Lekkoksung and
Jampachon gave a generalization of the results of this paper in [12] by consid-
ering idempotent elements of pre-generalized hypersubstitutions of type (m,n)
where m,n > 1.

The idempotent elements of the set of all weak projection generalized hyper-
substitutions of type (2,2) were characterized in [10] by Leeratanavalee. In the
present paper, we generalize the results of the paper given by Leeratanavalee,
(see [10]). In fact, we extend his results to the type (m,n), where m,n > 1.
Moreover, we give some sufficient conditions for a weak projection generalized
hypersubstitution of type (m,n) to be regular.

2. WEAK PROJECTION GENERALIZED HYPERSUBSTITUTIONS OF TYPE (m,n)
In this section we provide the definitions of projection generalized hypersub-

stitutions, weak projection generalized hypersubstitutions and pre-generalized
hypersubstitutions of type (m,n).
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Definition. Let f and g be operation symbols of arity m and n, respectively.
We denote the generalized hypersubstitution o with o(f) = ¢; and o(g) = t2 by

Oty,to-

(i) A generalized hypersubstitution o of type (m,n) is called a projection gen-
eralized hypersubstitution if the terms o(f) and o(g) are variables. We de-
note the set of all projection generalized hypersubstitutions of type (m,n)
by Pg(m,n).

(ii) A generalized hypersubstitution o of type (m,n) is called a weak projection
generalized hypersubstitution if the term o(f) or o(g) is a variable. We
denote the set of all projection generalized hypersubstitutions of type (m,n)
by WPqg(m,n).

(iii) A generalized hypersubstitution o of type (m,n) is called a pre-generalized
hypersubstitution if the terms o(f) and o(g) are not variables. We de-
note the set of all pre-generalized hypersubstitutions of type (m,n) by
Preg(m,n). That is, Preg(m,n) := Hypg(m,n) ~ WPg(m,n).

Throughout this paper, we let f and g be operation symbols of arity m and
n, respectively.

In [9], the author showed that Pg(7) U {ciq} and WPq(7) U {0iq} are sub-
monoids of Hypq(7), moreover, P (7) U {0iq} forms a submonoid of WPg(7) U
{oia}. It is easy to see that every projection generalized hypersubstitution is
idempotent and oyq is also idempotent, (see [9]).

3. IDEMPOTENT WEAK PROJECTION HYPERSUBSTITUTIONS

For any semigroup S, an element e of S is idempotent if ee = e. This element is
called an idempotent element of S, (see [1]). The concept of idempotent elements
plays an important role in many branches of mathematics, for example, in semi-
group theory and semiring theory. In this section, we give some sufficient and
necessary conditions for elements of WPg(m,n) \ Pg(m,n) to be idempotent.
Firstly, we present some notions which are used to prove our results.

Let F be a variable over the two-element alphabet {f, g}. For an arbitrary
non-variable term ¢ of type (m,n), we define semigroup words P*(t), where i € N,
over {f,g} by the following steps. For t1,...,t; € W, ,)(X), where j € {m,n},

(i) if t = F(t1,...,t;) where F has arity j and j < i, then P'(t) = F,

(ii) ift = F(t1,...,24,...,t;) where F has arity j and x; € X, 1 <7 < j, then
Pi(t)=F,
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(iii) if t = F(t1,...,;,...,t;) where F has arity j and t; € W, ) (X) N X,
1 <i<j, then Pi(t) = F(P!(t;)).

Instead of Fy(Fy(--- Fy,)---) we will use Fy1Fy--- F, --- for the semigroup words
Pi(t).

Let t = F(t1,...,t;) where F' has arity j € {m,n} and i < max{m,n}, we
define M'(t) by

(i) if t; € X, then M*(t) = t;,

(i) ift; = F'(s1....,s,) where F” has arity k € {m,n} and assume that M?(s;)
are already defined, then M*(t) = M'(s;).

For example, let f and g be operation symbols of type 3 and 2, respectively, and
t = f(x4,x3, f(z1,22,9(x1, f(z1,21,22)))). This term ¢ can be visualized by the
tree:

Then
PH(t) = f, P3(t) = ffg,
PYt) = f, PY(f(x1,m2,9(x1, f (71, 21,22)))) = f,
Pg(f($1,$2,g($1,f($1,$1,$2)))) = fga 1(g($1, ($1,$1,$2))) =9,
P*(g(x1, f(z1,21,22))) = gf, P3(g(x1, f(z1,21,22))) = g,
and
M (t) = ay, M2(t) = z3, M?3(t) is not define,

M?(g(x1, f(21,21,22))) = 1, M3(f(21,21,22)) = 2.
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For i > 1 and t € W, 5,)(X), we denote:

var(t) := the set of all variables occurring in the term ¢,
op(t) := the number of all operation symbols occurring in the term ¢,
ops(P*(t)) := the set of all operation symbols occurring in the semigroup
word Pi(t),
firstop(t) := the first operation symbol (from the left) occurring in
the term ¢.

The following proposition is a characterization of idempotent elements of
generalized hypersubstitutions of type (m,n).

Proposition 1. Let oy, 1, be a generalized hypersubstitution of type (m,n). Then
the following statements are equivalent:

(i) ot,4, is idempotent;
(11) 5}1,@ [tl] = tl and 6t1,t2 [tg] = t2.
Proof. (i) = (ii): By the assumption,
Oty 2 [t1] = Ot,t [Uthtz (f)l = (Utl,tz °G Uthtz)(f) = Oty,tz (f) =t
Similarly, we obtain 6y, 4, [t2] = ta.
(ii) = (i): By our hypothesis, we obtain
(Uthtz °G Uthtz)(f) = Oty,t» [Uthtz (Nl = Ot,t ] =t1 = Otq,t2 (f)-
Similarly, (o4, +, 0G 0t,,t,)(9) = 04, 4,(g). Hence, oy, ¢, is idempotent. |

We will give the exact forms of the terms ¢; and to that a weak projection
generalized hypersubstitution o, ¢, is idempotent.

Lemma 2. Let oy, +, € WPg(m,n)\ Pg(m,n) be idempotent. Then we have the
following.

(i) If t1 € X and op(ta) =1, then the operation symbol occurring in ts is g.
(ii)) Ifte € X and op(t1) =1, then the operation symbol occurring in tq is f.

Proof. (i) Since op(tz) = 1, the term ty begins with the operation symbol f or

g. If to = f(x1,...,2y) where z1,...,2, € X, then 64, 4,[t2] is a variable, this
is a contradiction. Thus, ty = g(x1,...,x,) where x;....,z, € X.
(ii) This is similar to (i). ]

Next, we give sufficient and necessary conditions for elements of WP (m,n)~
Pg(m,n) to be idempotent, where there is only one operation symbol occurring
in one of these terms.
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Proposition 3. Let 0y, 1, € WPg(m,n)\ Pg(m,n), t1 € X, ta € W, ) (X)NX
and to = g(s1,...,8,) where op(ty) = 1. Then the following statements are
equivalent:

(i) o4+, is idempotent;
(ii) if z; € var(ta) where 1 < j < n, then s; = x;.

Proof. (i) = (ii): Assume that oy, 4, is idempotent. Let z; € var(ty) where
1 < j < n. Suppose that s; = x; where j # [. By the assumption, we consider

&tl,tz [t2] = Sn(o-tl,tz (g)a 6t1,t2 [31]7 s ’&tl,tz [ijl]’ z, a-tl,tz [SjJrl]a s 76151,152 [Sn])
- Sn(t27 a-tl,tg [81]) .. ,&thtz [ijl]a Zy, &tl,tg [3j+1], .. ,&thtz [Sn])

Thus, we replace z; in the term ty by z;. It follows that &y, 4,[t2] # t2. This is a
contradiction. Thus, s; = x;.

(ii) = (i): It is clear that &y, 4,[t1] = t1. We now consider &y, 4,[t2] =
Gty to19(515 - -y 8n)] = S™(t2, 64y 15 [51)s - -+, Oty 1o [5n]). Then, if x; € var(ty) where
1 < j <n, wereplace z; in the term ty by 6¢, 1,[s;] = ;. Hence, ¢, 1,[t2] =t2. ®

Similarly, we obtain the following result.

Proposition 4. Let 0y, 1, € WPg(m,n)\ Pg(m,n), ta € X, t1 € W, ) (X)NX
and t1 = f(s1,...,8m) where op(ty) = 1. Then the following statements are
equivalent:

(1) o4+, is idempotent;
(ii) if ; € var(t1) where 1 < j < m, then s; = x;.

Next, we present sufficient and necessary conditions for o, 1, € WPqg(m,n)~\
Pg(m,n) to be idempotent, where the number of operation symbols occurring in
one of these terms is more than one.

Proposition 5. Let 04,4, € WPg(m,n) \ Pg(m,n), where t1,t2 € Wy, ) (X),
t] = x; € Xy, op(ta) > 1 and Pi(ty) = Fy--- F}, where Fy € {f,g}, 1 <1 < k.
Then the following statements are equivalent:

(1) o4, 4, is idempotent;

(2) in Pi(ty) there exists the smallest positive integer | € {1,...,k} such that
Fy = g with the subterm ti, of to where th = g(s1,...,s,) such that s, €
W(mm)(X) and 1 < p < n, and the following conditions are satisfied:

(i) if xj € var(tz) and s; € X where 1 < j < n, then s; = x;;
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(ii) if z; € var(tz) and s; € Wiy ny(X) N X where 1 < j < n, then
ops(P'(s;)) = {f} and M'(s;) = =;.

Proof. (1) = (2): Since Pi(t3) = F} --- F}, where I} € {f, g} for 1 <1 <k, then
there must exist ¢ € {1,...,k} such that F, = g since otherwise 6y, 4, [t2] € X,
which is a contradiction. Let ¢ € {1,...,k} be the smallest positive inte-
ger such that F, = g with the subterm ¢, of to where t;, = g(s1,...,s,) and
81,580 € Wipn)(X). Now, ops(Fy---Fy_1) = {f} or F1 = I, = g. Since

Ot,,t, 1S idempotent, we have that

lo = &t17t2 [tZ]

= &t17t2 [t,Z]

- &tl,tz [9(817 L 7371,)]
= 5"(011,t2(9), 61 1o [51], - - Gy o [Sn])
= 5" (2, Ot,t [s1],- - 1Oty [sn])-
From the last equality, S™(t2, 6+, t,[51], .-, 0t t2[5n]) = t2, we consider the fol-

lowing cases.

(i) If z; € var(ty) and s; € X where 1 < j < n, then we replace z; in the

term to by 6y, +,[5;]. Since 6y, +,[t2] = t2, we have that 6y, 4,[s;] = x;. Thus,
S5 = Tj.

(ii) If z; € var(tz) and s; € Wiy, ) (X) N X where 1 < j < n, then s; =
f(ri,...,rm) or sj =g(r},...,r},), where r1,... 7,7, ..., 7, € Wi,y (X).

Suppose that s; = g(ry,...,ry,), where r1,...,7r, € Wy, ) (X). Then, we
have that

ty = Gy ty[to]

= Gy 15 [t5]

= 041 t2[9(S15 -5 855+ 8n)]

= S"(01,,t5(9), Oty 15[81]5 - -+, Oty 15 [S5] - -+, Oty 12 [Sn])
= S"(t2, 0, 45[51])s - -+ Oty t2[S5]s - -+ s Oty 12 [Sn))-

Since x; € var(ty), we replace x; in the term to by 6y, 1,[s;]. We see that the
term S™(ta, G4y 15515 -+ s Oty 12[S5], - -, Oty 1o [Sn]) is longer than the term ¢y since
s; = g(ry,...,r},) is a subterm of t5. Hence, 6y, 4,[t2] # t2, this is a contradic-
tion. Thus, s; = f(r1,...,7m) where r1,..., 7 € Wiy, (X). Next, we show
that ops(P'(sj)) = {f}. Suppose that ops(P*(s;)) # {f}. By the definition of
Pi(t), we have that ops(P'(s;)) # 0. Thus, there is P'(sj) = Fy -+ F}, for some
k € N such that F;, = g for some 1 < ¢ < k. Let [ be the smallest positive

integer such that F; = g with the subterm ¢4 of s; where t§ = g(s},...,s),) and
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sh,...,80 € Wi (X). Now, ops(Fy---F,_1) = {f} or F; = F, = g. Since
1 (7) q q

ren
Ot,,t, 1S idempotent, we have that

ty = Gy 1y [to]

= &t17t2 [té]

= a’tth[g(Sl, e ,Sj, Ce ,Sn)]
= Sn(0t1,t2 (9)7 6't1,t2 [31]7 s 76't1,t2 [Sj]v <. 7&t17t2 [Sn])
= Sn(tg, 6't1,t2 [81], e ,a'tth [Sj], . 76't1,t2 [Sn])

Since x; € var(ty), we replace x; in the term to by 6y, 4,[s;]. We see that the

term S™(ta, G4, t5[S1], - - Oty £2[S5], - - -, Oty 1o [Sn]) is longer than the term ¢y since
ty = g(s},....sy) is asubterm of s;. Hence, 6y, ¢, [to] # 2, this is a contradiction.
Thus, ops(P*(s;)) = {f}. Finally, we assume that M"*(s;) = x; where [ # j. Since

ops(P'(s;)) = {f}, then we have that

ty = Gy 1 [t2]
= a'1517152 [té]
= S"(011,45(9), Ot to[51]5 - -+, Gy 1o [85 1]
S0ty (f)s Oty 12 [11]s -+ -5 Gty o [Ti1]s @0, Gty o [Tik1]s - - -5 Oty o [Tl
Gt1toSit1)s - o3 Ot ta]Sn])
= S"(t2, Gty to[S1)s -+, Oty 10 [Sj—1) 15 Oty 40 [Sjt1])s - -+ s Oty t0]Sn])-
Since z; € var(tz), we replace z; in the term ¢p by ;. This is a contradiction
since 6y, t,[t2] = to. Therefore, M*(s;) = x;.

(2) = (1): In P%(ty), let [ be the smallest positive integer such that F; = g
where 1 < [ < k with the subterm t§ of ¢ty where t5 = g(51,...,5,). Then
ops(Fy---Fy_1) ={f} or Fy = F, = g and

a-tl,tz [t2] = a-tl,tz [tg]
= S"(04,,4,(9), 011 15515 - - -, Oty 10 [5n])
= Sn(t% 6151,152 [gl]’ oo ’a-tl,tz [gn])
We consider these two cases.

(i) If z; € var(t2) and 5; € X where 1 < j < n, then we replace z; in the term
to by Zj.

il) If x; € var(te) where 1 < j <n and s; € W,,.,)(X) ~ X, then we replace
i J (m,n)
z; in the term to by z; since ops(P(s;)) = {f} and M'(s;) = x;.

It follows that S™(t2, 64, t,[51]s - - -+ Ot t5[5n]) = t2. Thus, oy, +, is idempotent.
| |
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On the other hand, we obtain the following proposition.

Proposition 6. Let 04,4, € WPg(m,n) \ Pg(m,n), where t1,ta € Wy, ) (X),
ty = x; € Xy, op(t1) > 1 and P'(t;) = Fy -+ Fy where F; € {f,g}, 1 <1 < k.
Then the following statements are equivalent:

(1) o4, 4, is idempotent;

(2) in P'(t1) there exists the smallest positive integer | € {1,... k} such that
Fy = [ with the subterm t| of t\ where t| = f(s1,...,8m) such that s, €
Wimn)(X) and 1 < p <m, and the following conditions are satisfied:

i) if x; € var(ty) and s; € X where 1 < j < m, then s; = x;;
J J J j
il) if z; € var(ty) and s; € Wi (X) N X where 1 < 5 < m, then
J J = TW(mnm)
ops(P'(s;)) = {g} and M'(s;) = z;.

Lemma 7. Let 04,1, € WPg(m,n) \ Pg(m,n), where t1,ta € Wy, ) (X). If
tr =x; € X N\ Xy, op(tz) > 1 and oy, 4, is idempotent, then firstop(ts) = g.

Proof. Suppose that firstop(te) = f. Thente = f(s1,...,8m,) where s1,..., 8y, €
Wim,n)(X) and they are not all variables. Consider

ty = Gy 1y [t2]

= 5"(0t,4,(f), Ota ta[51], - - -, Gty 5 [Sm])
= Sm(x“ &tl,tz [81], ces 76't1,t2 [Sm])
= X;.
This is a contradiction. Thus, firstop(t2) = g. |

Proposition 8. Let 04,4, € WPg(m,n) \ Pg(m,n), where t1,ta € Wy, ) (X).
Let t1 = x; € X N X,y and op(te) > 1. Then the following statements are
equivalent:

(1) o4, 4, is idempotent;

(2) t2 = g(s1,...,8n) where s, € Wy, ) (X), 1 <7 < n, and if x; € var(tz)
where 1 < j < n, then s; € X and sj = x;.

Proof. (1) = (2): By Lemma 7, we have that to = g(s1,...,s,) where s, €
Wimn)(X) and 1T < 7 < n. Assume that x; € var(tz) where 1 < j < n. Let
s; € X. Then either s; = f(s},...,s],) or s; = g(s{,...,s]) where s},s/ €

W(mm)(X), 1<k<mandl1l<l<n.
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o If 55 = f(s},...,8),) where s, € W, ,y(X) and 1 < k < m, then we consider
&tl,tz [t2] = Sn(atl,tz (g)a 5-t1,t2 [81]7 s ’a-tl,tQ [Sj]a s aa-tl,tz [Sn])
= S"(t2, 6ty ta[51)s - ST (011,12 () Gt 12 [81])5 -+ Gty 1 [T
s 76't1,t2 [371])
= Sn(t27 a-tl,tg [31]7 o 76-t1,t2 [Sj—1]7 X, a'1517152 [Sj-l-l]a o 7&t1,t2 [Sn])

Since x; € var(tz), then we replace x; in the term ty by z;. It follows that
Gy 1z [t2] 7# o

o If 5 =g(s,...,s,) where s € W, ,)(X) and 1 <1 < n, then we consider

r n

a'151,152 [t2] = Sn(o-m,tz (g), OA-t1 12 [31]’ s ?&tl,tz [Sj]’ s ’&thtz [Sn])
= Sn(tg, 6t1,t2 [81], N ,5’t1,t2 [ijl],

Sn(atl,tz (g)v 61517152 [8,1/]’ s ?&t17t2 [3;;])’ 5t1,t2 [SjJrl]’ o ,&thtz [Sn])

Since x; € var(t1), we replace x; in the term to by

= Sn(atl,tz (9)7 6't17t2 [3,1/]7 s 76't17t2 [Slré])

After replacing, the term

Sn(t% &t17t2 [Sl]a SRR 6151,152 [ijl]’ t 5t1,t2 [3j+1]’ ce ’&tl,h [Sn])

must be longer than the term to. Thus, 6y, 1, [t2] # to.

Altogether, we have s; € X. If s; = x; where [ # j, then we consider

&thtz [t2] = Sn(0t17t2 (g)a &t17t2 [51]7 s 76't17t2 [Sj]7 s 76't1,t2 [371])
= Sn(t27 a'1517152 [31]7 vy &tl,tg [Sj—l]a x, a-tl,tg [$j+1]7 ey &tl,tg [Sn])
Since x; € var(tz), we replace x; in the term to by x;. This implies that 6y, ¢, [ta] #
to. This is a contradiction. Therefore, x; = s;.

(2) = (1): It is clear that 6y, +,[t1] = t1. We now consider &y, 4,[t2]
Oty t219(S15- .- 8n)] = S™(t2, G4y to[51)s - -+, Oty 10[sn]). If z; € var(tz) where 1
J <n, we replace x; in the term ty by 6y, 4,[s;] = x;. Hence, 6y, 4,[t2] = to.

m N

Similarly, we obtain the following lemma and proposition.

Lemma 9. Let 04,1, € WPg(m,n) \ Pg(m,n), where t1,t2 € W, ) (X). If
to =x; € X N X, op(t1) > 1 and oy, 4, is idempotent, then firstop(t,) = f.
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Proposition 10. Let oy, 4, € WPg(m,n) \ Pg(m,n), where t1,ta € Wy, ) (X).
Let to = z; € X N X,, and op(ty) > 1. Then the following statements are
equivalent:

1. 04,4, 15 idempotent;

2. t1 = f(s1,...,8m) where s, € W, 3 (X), 1 <7 < m, and if x; € var(ty)
where 1 < j < m, then s; € X and s; = x;.

4. REGULAR ELEMENTS OF WEAK PROJECTION HYPERSUBSTITUTIONS

An element a of a semigroup S is regular [1] if there is € S such that a = aza. In
this section, we give some sufficient conditions for a weak projection generalized
hypersubstitution of type (m,n) to be regular.

Proposition 11. Let 0y, 4, be a weak projection generalized hypersubstitution of
type (m,n). Then the following statements hold.

(i) Ift; € X and op(ty) =1, then oy, 1, is reqular.
(i) Ifta € X and op(t1) = 1, then oy, 1, is regular.

Proof. We prove only (i). For (ii) can be proved using similar arguments. As-
sume that t; € X and op(t2) = 1. If to = f(s1,...,5m) and x; € var(ta),
1 < j <'m, then we put t4 = t; and t3 = g(51,...,5,) where 5; = 53, if z; = s,
for 1 < j,k < m and 55 = xj if xjy & var(tz) for 1 < j° < n. By simple
calculation, we obtain oy, ¢, 0G Oty 1, OG Oty ts = Oty t,- 1f to = g(s1,...,5,) and
xj € var(tz), 1 < j < n, then we put t3 = t; and t4 = g(51,...,5,) where 5; = z,
if z; = s; for 1 <j,k <nand 5y =z, if x5 & var(tz) for 1 < j" < n. By simple
calculation, we obtain oy, , oG 0t;.t, 0G Oty t5 = Ot,,t,- That is, oy, 1, is regular. ®

Proposition 12. Let oy, 4, be a weak projection generalized hypersubstitution
of type (m,n) where t; = x € X, op(tz) > 1 and ty = g(s1,...,8,) for s, €
Winn)(X), 1 < p <n. Then oy, 1, is reqular if one of the following conditions
are satisfied:

(i) if zj € var(ta), 1 < j < n, then s = x;j for some 1 <k <mn;

(i) ifx; € var(ty) where 1 < j < n, then ops(P™(sy)) = {f} and M7 (sy) = z;
for some 1 < k <n and fix € N.

Proof. To find o, 1, € WPg(m,n) such that oy, 1, 0G 0ty.1, 0G Oty 1y = Oty 1y 1t
is clear that (o, 4, 0G Ots.ts 0G Ot t2)(f) = 04 ,(f) for all oy, 4, € WPg(m,n)
since t; is a variable. Thus, we have to find oy, € WPg(m,n) such that
(041 ts OG Oty .ty OG Ot145)(9) = 0t,,(9). By assumption, we put t3 = zg, and
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ts = g(51,...,5,) where 5; = x;, and 55 = xj if z; & var(ty), 1 < j' < n. It
follows that

(O-tl,t2 OG Ot3,t4 ©G Utl,tz)(g) = a-tl,tz [51537154 [t2H = a-tl,tz [g(xlv s axn)] = ta.

Therefore, oy, 1, is a regular. [ |

Proposition 13. Let oy, 4, be a weak projection generalized hypersubstitution
of type (m,n) where t; = x € X, op(ta) > 1 and ta = f(s1,...,5m) for s, €
Winn)(X), 1 <p <m. Then oy, 1, is reqular if one of the following conditions
are satisfied:

(i) if xj € var(ta), 1 < j < n, then s = x; for some 1 < k < m;

(ii) if x; € var(ts) where 1 < j < m, then ops(P™(sy)) = {g} and M/®(s}) =
xj for some 1 < k <m and fir € N.

Similarly, we obtain the following propositions.

Proposition 14. Let 0y, 4, be a weak projection generalized hypersubstitution
of type (m,n) where to = x € X, op(t1) > 1 and t1 = f(s1,...,5m) for s, €
Winn)(X), 1 <p <m. Then oy, 4, is reqular if one of the following conditions
are satisfied:

(i) if xj € var(t1), 1 < j < m, then s, = x; for some 1 < k < m;

(ii) if z; € var(ty) where 1 < j < m, then ops(P™(sy,)) = {g} and M7 (s},) =
xj for some 1 <k <m and fir € N.

Proof. The proof is similar to Proposition 12 by choosing t3 = f(51,...,8m)
where 5; = xj, and 5 = xj if ;) & var(ta), 1 < j' < m and t4 = fix. ]

Proposition 15. Let oy, 4, be a weak projection generalized hypersubstitution
of type (m,n) where to = x € X, op(t1) > 1 and t; = g(s1,...,8,) for s, €
Winn)(X), 1 < p <n. Then oy, 1, is reqular if one of the following conditions
are satisfied:

(i) if xj € var(t1), 1 < j < n, then s, = xj for some 1 <k <n;

(i) ifx; € var(t1) where 1 < j < n, then ops(P™(sy)) = {f} and M7 (sy) = z;
for some 1 < k <n and fix € N.
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5. CONCLUSION AND OPEN PROBLEMS

The theory of strong hyperidentities and strong hypervarieties is based on the
monoid Hypg(7) of a fixed type 7. Moreover, the algebraic properties of the
monoid Hypg(7) of a fixed type 7 can be used to describe the algebraic properties
of tree transformations, (see [4, 11]). Theses reasons demonstrate the importance
of studying the monoid properties of Hypg (7) and its submonoids. For our future
research, we will determine all maximal idempotent submonoids of the monoid of
weak projection generalized hypersubstitutions of type (m,n), where m,n > 1.
We pose the following open problems.

1. Give the characterization of a weak projection generalized hypersubstitu-
tions of type (m,n) being regular.

2. Determine Green'’s relations on Hypg(m,n).
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